Edubull

MAXIMA & MINIMA
EXERCISE # 1

Question
based on

Q.1

Sol.

Q.2

Sol.

Q.3

Local Minima & Maxima
If the function y = _ax+#b has an
xX-DH(x-1

extremum at P(2, -1), then the values of
aandb are -
(A)a=0,b=1
(©a=1,b=0
[C]

Sol.

(B)a=0,b=-1
(D)a=-1,b=0

. ax+b
X% —5x+4
. _ (ax® —5ax +4a) — (ax+ b) (2x —5)
(x=D?* (x—4)?
_ —ax” +4a—2bx +5b
(x-1)?% (x—4)*
:yl(Z,fl)ZO
= —4a+4a-3b=0=b=0
& 2a+b=2
Put b = 0 in above equations
= a=1,b=0

y

f(x):sinpxcosqx(p,q>0;0<x<%)has

point of maxima at -

(A)x=tan" (Bj (B) x = tan™* [HJ
q p

(D) None of these

Q.4

(C) no such point exist
[Al

f'(x) = sin”x . g cos?x (= sin x)
+cos"X . p sin®*x cos x

= sin’x . cos™ (- q tan x + p cot x)

Sol.

_ sin® x cos? x
tanx
+ 4

tan! \/E
q

The range of values of k for which the function
f(x) = (2k — 3)(x + tan 2) + (k — 1) (sin*x + cos’x)
does not possess critical points, is-

(p— q tan’x)
Q5

A) (— o0, %j U (2,%) (B) [% 2j

oft-)

[A]
f'(x) = 2k — 3) + (k— 1)
(4 sinx cos x — 4cos®x sin X)
=2k —3+ (k— 1) 4 sin x cos X (sin? — cos*X)
=2k -3+ (k—1) (-sin 4x)
=2k — 3 -k sin 4x + sin 4x
>0 or <0

(D) (2, «0)

1)>0

K> 3—S!n 4x
2 —sin 4x

1

> —
2 —sin 4x

> 2

(2)<0

+1

1
<—
2 —sin 4x

k<i
3

+1

The function g(x) = m X # 0 has an
X

extreme value when-
(A) g’ (x) = f(x)
(C)xg' (x) =1(x)
[D]

g9'(x)=
_ x[f'(x)—g(x)]

X2

(B)f(x)=0
(D) g () =f(x)

xf'(x)—f(x)
2

Let f(x) = (x —a)" g(X) , where

g"@=0;n=1,2 3..then

(A) f(x) has local extremum at x = a,
whenn=3

(B) f(x) has local extremum at x = a;
whenn=4

(C) f(x) has neither local maximum nor local
minimum at X = a, whenn=2
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Sol.

Q.6

Sol.

Q.7

Sol.

QS8

Sol.

Q.9

(D) f(x) has neither local maximum nor local
minimum at x = a, when n =4

[B]

') =n(x-2a)""g(x) +g'(x) (x—a)"

= (x-a)" {L(X) . g'(x)}

(x-a)

= (x—a)" " [ng(x) + g '(x) (x —a)]
For extremumat x = a

(n — 1) must be odd

nis even

Let f (x) = (x* =1)" (X* + x — 1) then f (x) has
local extremum at x = 1 when -

(A)n=2 B)yn=3
Cn=1 (D)n=5
[A]

f(x) = (x —1)" (x + 1)" (x* + x + 1)
(n—1) odd

nis even

If y = a log |x| + bx? + x has its extremum
values at x = -1 and x = 2, then

(A)a=2,b=-1 (B)a=2,b=-1/2
(C)a=-2,b=1/2 (D) None of these
[B]

y=alogx+bx’+x ;x>0
alog(-x)+bx*+x;x<0
y'= 2 +20x+1=0
X
2bx% +x+a
X
=at+2b=1
8b+a=-2
Solving (1) & (2)
b:_i
2
a=2

0

(D)
Q)

If h(x) = f(x) + f(-—x), then h(x) has got an
extreme value at a point where f'(x) is -

(A) even function (B) odd function

(C) zero (D) None of these

[A]

h'(x) =f'(x) - f'(-x)

Equation of a straight line passing through
(1, 4) if the sum of its positive intercept on the
coordinate axis is the smallest is

(A)2x+y-6=0
Cy+2x+6=0
Sol. [A]
y—4=m(x-1)
> mx-y=m-4
m-4
m

(B)yx+2y-9=0
(D) None of these

+4-m

f(m) =

:5_m_i

3

m=£2
1)2x-y+2=0
2)-2x-y+6=0

Question

Wiy Global Minima & Maxima

Q.10 f(X)=1+[cosX]x, in0<x< g ,where[]—G.I.F.

(A) has a minimum value 0
(B) has a maximum value 2

(C) is continuous in [0, ﬂ

(D) is not differentiable at x = g
Sol. [C]

f(x):l;O£x£§
continuous

value of the
1 Al

—,VJ3|Is-

J3 }

(B) %—% log 3

Q.11 The greatest

f(x) = tan 'x — % log x in [

(A) %+% log 3

function



Sol.

Q.12

Sol.

Q.13

Sol.

Q.14

n 1 n 1
C) ——=1log3 D) —+=log3
()649 ()349

[A]

frpg= L1

14x% 2
_ —(x-p?
2x(x? +1)

+ —

f(x) ¥ inx>0

o (K)o = f(%}
f[i)_z_z.ogi

JV3) 6 2 743
Function f(x) , g(x) are defined on [-1, 3] and
f”(x)>0,g" (x) >0 forall x e [-1, 3], then
which of the following is always true?
(A) f(X) — g(x) is concave upwards on (-1, 3)
(B) f(x) g(x) is concave upwards on (-1, 3)
(C) T (X) g(x) does not have a critical point on (-1, 3)
(D) f(x) + g(x) is concave upwards on (-1, 3)

[D]
Clearly

,Osx<1t
, X1

¢
Let f(x) =|*" 5 hen
3-2x
(A) f(x) has local maximaat x =1
(B) f(x) has local minimaat x = 1
(C) f(x) does not have any local extrema at x =1
(D) f(x) has a global minima at x =1
[A]
y

0 1

cont.atx=1
LHD =0
RHD = -2

The difference between the greatest and the

least value of f(x) = coszg sinx, x € [0, ] is

Sol.

Question
based on

Q.15

Sol.

Q.16

Sol.

Q.17

Sol.

(A)% (B)g (C)g (D)%

[A]

f1x) =sinx. 2| cosX —sin X | +cos? X cos x
2 2 2

2
=cos x.cos? X — SI_X
2 2

=cos? X | _3sin? X 4 cos? X
2 2 2

=cos*X [1-3tan2 2
2 2

f(0)=0
f(n)=0

(ch 3 \/§
fl=|=—x—
3) 4 2
Difference:%

Point of Inflection

The cubic polynomial function passing through
(1, 2) with origin as the point of inflection is-
(A) X +2x*+3 (B) 2x°

(C) X+ 7% +2 (D) None of these

[B]

y=2x°

If the point (1, 3) serves as the point of
inflection of the curve y = ax® + bx® then the
value of ‘a’ and ‘b’ are
(A)a=3/2&b=-9/2(B)a=3/2&b=9/2
(C)a=-3R&b=-92 (D)a=-3/2&b=9/2
[D]

y'(1,3)=0

=6a(l)+2b=0

b=-3a

(A) & (D) any one can be ans.

The set of value (s) of ‘a’ for which the function
3
f(x) = %+ (a+2)x*+(a—1)X + 2 possess a

negative point of inflection-

(A) (c©,-2)u(0,) (B){-4/5}
(©) {2, 0} (D) empty set
[A]

f'(x)=2ax+2(@a+2)=0




Question
based on

Q.18

Sol.

Q.19

Sol.

Q.20

x=_3%2 g ac(,-2) U (0,0)
a
Applications

In a submarine telegraph cable the speed of
signaling varies as x* log (1/x) where X is the
ratio of the radius of the cable to that of
covering. Then the greatest speed is attained
when this ratio is

(A)1:4Je B)Je :1(C)e:1 (D)1:e
[A]
f(x) = x? )\n(lj
X
f'(x):xz.x.(__j+2x)\n(£] =0
X X

1.k
X
oL

Je

A cone of maximum volume is inscribed in a
given sphere. Then the ratio of the height of the
cone to the diameter of the sphere is

1 1 2
®3 ©7 OfF

3
A) 5

[O]

V= %nchosze.R(l + 5in6)

3
av_R° (cos®0 — 2 cos0 sind (1 + sin 0))
do 3
=0 = c0s%0 = 2 sin 0 + 2 sin’0

(1-sin6) (1 +sin©)=2sin 6 (1 +sin 6)

= sinezl

3
h=_R> L:g
3 2R 3

Letf(x) = Vx—1 + v2—x &g(x)=x*+bx +¢c
are two given functions such that f(x) and g(x)
attain their maximum and minimum values

Sol.

Q.21

Sol.

Q.22

respectively for same value of x then the value
of bis

(A) 1 (B) 2 (C)3 (D)-3
[D]
1 1

f'(x) = _ -
) 2Ux -1 2J2-x
2-x=x-1
x=3

2
Now,
(3
o(3) =
:2(§j+b:0

2
b=-3

Let x and y be real numbers satisfying the
equation x> — 4x + y* + 3 = 0. If the
maximum and minimum values of x? + y* are
a and b respectively. Then the numerical value
ofa—bis-
(A) 1

[D]

XX +y? —4x+3=0
Let x> +y? =\
AN=4x-3
(x-2°+y*=1

y=y1-(x-2)°

Domain-1<x-2<1
Alternate
(x-2+y' =1

(B) 2 €7 (D)8

X, Y)

-
-

-
-
-

’(1, OW (3,0)

max=(3)’=9=a
Amin=(1)’=1=b
a-b=8

In a regular triangular prism the distance from
the centre of one base to one of the vertices of
the other base is A . The altitude of the prism
for which the volume is greatest.




Sol.

Q.23

Sol.

(A) M2
[B]

N

(B)MA3 (C)NM3 (D) M4

2 L
OB = V3% —h?

AB =2 OB cos 30°

- \/§ /kz_hz
V = (AABC) . h

5

:7§X3(V—h3h

d_V = )\2_3h2
dh
+ —

<=1

Two sides of a triangle are to have lengths
‘a’ cm and ‘b’ cm. If the triangle is to have the
maximum area, then the length of the median
from the vertex containing the sides ‘a’ and ‘b’
is

(A) =Va? +b? (B) 220
2

3
a% + b2 a+2b
C D
©) 5 (D) 3
[A]
D
a b

Area = % ab sin 0

Ammax = 1 ab
2

6 =90°

Q.24

Sol.

Q.25

Sol.

a

h= %\/az +b?

The lateral edge of a regular rectangular
pyramid is ‘a’ cm long. The lateral edge makes
an angle a with the plane of the base. The
value of o for which the volume of the pyramid
is greatest, is

T - 2
A) — B) sin™.|—=
( )4 (B) \/;
(C) cot V2 myg
[C]

1 2 . 1
V== x(2acosa) xasinox =

2 3
= 2 2% costasin

3
Vv _,
da

= %as [cos?o . cOS o — Sin o . 2 ¢os o . Sin o

=0
cofa=2= a=cot’ 2

A rectangle has one side on the positive y-axis
and one side on the positive x-axis. The upper

right hand vertex on the curve y= An_zx . The
X

maximum area of the rectangle is

Ae! ®e? (©)1 (D) e
[A]
ArcaA= X _ 9A _ 1—Aznx

X dx X

d—A =0=>X=¢e

dx
A=1=0

e

True or false type questions

Q.26

Sol.

f(x) = (3 — ) € — 4x - e* — x has neither
maxima nor minima at x = 0.

[True]

f'(x) = 6x &> — ™




Q.27

Sol.

Q.28

Sol.

—2x% e 4"
—4xP et -1
neither maxima nor minima atx =0

The greatest value of the function
log,(1/9) — logy X, (x > 1) is —4.

[True]
15) e
f(x) = 9) WX
An X an3
)
fog= )1 21
(nx)? x 3 x
)
-1 9 2
= .
X | (nx)®> A3

The shortest distance of the line y = x + 1 from

y2 =X is 33
7
[False]
2y y'=1
=1
2y
1.
2y
y=i
2
1
X==
4
‘i_;+1 3
Dist. = =
J2 42

Fill in the blanks type questions |

Q.29

Sol.

Q.30

The co-ordinates of the point on the
parabola y* = 8x which is at a minimum
distance from the circle x> + (y + 6)°= 1 are

x<1
x>1

[x-1]+a ,
Let f(x) = { oyt 3

If f(x) has local minimum at x =1anda>5
thena=..........

Sol.

Q.31

Sol.

Q.32

Sol.

L
yas
/ 1

a=>5

The coordinates of the point on the curve
X3 =y (x — a)’, (a > 0) where the ordinate is
minimum is..............

3x*=2
T k=
y'= (x—a)? 3x? —x* 2(x—a)

(x-a)*
X2 (x —a) [3x* (x —a) — 2]
= x% (x—a) [x—3a]

+: +: — :+
0 a 3a
X =3a
273
y= 5
4a
Suppose
—x3+22-3+2 ; 0<x<1
f(x) =
2x—3 ;o 1<x<3

If f(x) is smallestat x = 1 then A e...............
f(1)=2-3=-1<f(1)
fl)=—(1-h®+2°-3+2>-1
AP—3+2>-1+(1-h)

A2-30L+2>0

re (—oo0, 1] U [2, )




EXERCISE # 2

Only single correct answer type
guestions

Q.1

Sol.

Q.2

Sol.

Q3

Sol.

Q.4

jy = (x—a)2" (x—b)®7 n, p e N, then the

function y = f(x) attains amin. at x = ....
(A)a (B)b
©o (D)a+b
[B]
- - F
a b
fmin at Xx=Db

The greatest value of the function
f(x) = 8 — tan*x — 4 sec?x is-

(A) 4 (B)2
(C)6 (D) None of these
[Al

f'(x) = — 4 tan®x sec’x — 8 sec’x tan x
= — 4 tan x sec® (2 + tan®x)
+ —

1
< T rd

nm

fX)max at X =nn
frax = 4

Letf(x) =
|x3+x2+3x+sinx|(3+sinlj , X #0
X
0 , X=0

Then value of point where f (X) attains its
minimum is -

(A0 B)1 (©)3 (D) infinite
[A]
f(x)>0
for x=0+and x=0—-
0 (3 +sin 1/x)
A A
®ve ®ve
S fF(X)is min=0
atx=0

The minimum value of the function
-q

f(x)= —+X—,Where E+l =1,p>1is-
q p q

Sol.

Q5

Sol.

Q.6

Sol.

(A)1 (B)O0
©)2 (D) None of these
[Al

frx)=xPtoxat
=x ¥ (xP 1)

fin=f()= 241 =1
P g

Ifa<b<c<d&Xx e R then the least value of the
function f(x) =[x —a| + [x —b| + [x —¢| + [x —d]| is

(A)c—d+b-a (B)yc+d-b-a
(C)c+d-b+a (D)c-d+b+a
[B]

f(x)=4x—(a+b+c+d);x>d
=3x—(a+b+c+d);c<x<d
—-(@+b-c-d);b<x<c
—2x—(a—b-c-d);a<x<b
(@a+b+c+d)-4x;x<a
fnn=—a-b+c+d

The set of values of p for which the points of
extremum of the function
f(x) = x> = 3px* + 3 (p?— 1)x + 1 lie in the
interval (-2, 4), is
(A) (-3,9)
€ 13
[C]
f(x) = 3x* — 6px + 3(p>— 1)
(1)D>0
36p?—36 (p°-1)>0

1>0

peR
(2)-2<p<4
3)f(2)>0
= -8-12p+6p°-6+1>0

6p°—12p+13>0

peR
4 f4)>0
64—48p +12p°—12+1>0
= 12p>—48p + 57> 0

peR

Sope(2,4)

(B) (-3.3)
(D) (-1,9)




Q.7

Sol.

QS8

or
f'(x)=0
=>x=p-1,p+1
p-1e(-24)
pe(-1,5)

p+le (-2 4)

pe (-3,3)
pe(-1,3)

Number of solution (s) satisfying the equation,
32— 2x* = log, (x* + 1) — log, x is

(A)1 (B)2
(©)3 (D) none
[A]
f(x) = 3% — 2x°
f(X) = 6x — 6x°
=6Xx (1 -X)
-+
0 1
Domain x>0
g(x) = logy(x + 1) — log,x
g (= ok
M2 (x2+1) xan2
N
2 x(x?+1)
-+ +
1 0 1
14
1\
One solution

The equation of the line through (3, 4) which
cuts the first quadrant a triangle of minimum
area is

(A)4x+3y-24=0
(C)2x+4y-12=0

(B)3x+4y—-12=0
(D)3x+2y—-24=0

Sol.

Q.9

Sol.

Q.10

[A]
y—4=m(x-23)

X-intercept = 3 — 4
m
y-intercept =4 — 3m

A=L@_am@-4)
2 m

A=1(2a-om-15,
2 m
for Amin 9m = E
m
m=_%
3

=4x+3y-24=0

The minimum value of a tan? + b cot’x equals
the maximum value of a sin?0 + b cos’0 where
a>b >0, when
(A)a=b

(C)a=23b

[D]

f(x) = a tan’ + b cot’0
AM > GM

f(x) > 2+/ab

g(x) = a sin’0 + b cos’0
=(a—b)sin0 +b

(B)a=2b
(D)a=4b

9()max = @
Now,
a= 2./ab
= a’=4ab
= aa—4b)=0
a=4b

Let h be a twice continuously differentiable
positive function on an open interval J. Let
g(x) = In(h(x)) for each x e J.

Suppose (h'(x))? > h”(x) h(x) for each x e J.
Then

(A) g is increasing on J

(B) g is decreasing on J

(C) g is concave up onJ

(D) g is concave down on J




Sol.

Q.11

Sol.

Q.12

Sol.

[D] Q.13

oy — N'(X)
g'(x) = W
g"(x)= h(x) h”(ﬁ(() ))(h 0)° - = negative Sol.

g(x) concave down inJ

If a differentiable function f(x) has a local
minimum at x = 0, then the function y = f(x) +
ax + b has a local minimum at x = 0 for

(A)alla>0 (B)allb>0
(C)allaand b (D)allbifa=0
[D]

y'=f()+a

The graph of y = f(x) is shown. Let F(x) be an Q.14
antiderivative of f(x). Then F(x) has

yA
=1f(x)

\2/3 4/3/
A h Sol.

n/\—/\/?ﬂc/ 2 2n

(A) points of inflexion at x = 0, %ﬁ T, dn

3

and 2m, a local maximum at X = f, and a
2

Q.15

local minimum at x = 3_n
2

(B) points of inflexion at x = 0, %ﬁ I, %n

and 2=, a local minimum at x = T and a Sol.
2

local maximum at x = 3_n
2

(C) point of inflexion at x = «, a local maximum

atx = E and a local minimum at x = %ﬁ

(D) point of inflexion at x = =, a local minimum

atx = E and a local maximum at x = 3?“

[C]
Clearly from the graph

The value of the real number 'a' having the
property f(a) = a, is a relative minimum of
fx)=x*—x*—x*+ax+1,is

A1 ®2 (©3 O-1
[A]

f'(@Q)=4a>-3a°-2a+a=0

=a=0,1, —l

f"(a)=12a°—6a—1

£ (0)=-1, f" (1) = +ve, f" (_ %) = +ve

a = 0 not possible for minima
f@)=a=a=1

For a € [r, 2] and n e Z, the critical points of

fx) = “sinatan’ + (sina— 1) tanx + |3=2
3 8-a

are

(A)X=nmn (B) X =2nm

(C)x=(@n+1)n (D) none of these

[D]

f(x) = sin a tan’x secx + (sin a — 1) sec’x
= sin a sec’x — sec’x
= sec’ (sin a — sec’x)

ForO<a<1landb € R, then in (-a, a) the
function, f(x) = ax® — 3ax + b

(A) has exactly 2 roots

(B) can not have a root

(C) has atmost one root

(D) more than two roots

[C]

f'(x) = 3ax*—3a

=3a(x+1)(x-1)

+ - +

& + 1 S




SNy One or more than one correct
answer type questions

Q.16

Sol.

Q.17

Sol.

Q.18

Sol.

The function f(x) =M has no maxima or
sin(x +b)

minima if
(A)b—a=nm,nel

(B)b —a=@n+Lm,nel
Cb-a=2nm,nel

(D) none of these

[A B, C]

f'(x) =sin(x + b) cos(x + a) —sin(x +a) cos(x + b)

sin?(x +b)
= M =0=b-a=nnr
sin?(x +b)

The coordinates of the point P on the graph of
the function y = e !*! where the portion of the
tangent intercepted between the coordinate axis
has the greatest area, is
®) [—1, 3}
e

A (1, 5)

]

(©) (e, €9 (D) none of these
[A, B]

y=e”"

X

y=e™
tangent y— e =— 71 (X — Xg)

Area A = %efxl (X + 1) = Apax = X1 = 1

P = [1% curve is symmetric so other point
e

“1.1) willalso
e

The parabola y = x* + px + q cuts the straight

line y = 2x — 3 at a point with abscissa 1. If the

distance between the vertex of the parabola and

the x-axis is least then

A)p=0&Qg=-2

(B)p=-2&q=0

(C) least distance between the parabola and
x-axis is 2

(D) least distance between the parabola and
x-axis is 1

[B]

Q.19

Sol.

Q.20

(1,-1)
:71:1+p+q
p+gq=-2 ....(1)
Now.
2
Dist':p—_4q
2
=q-2
q 4
2
=_2- _p_
P 4
d(dist.) 2 _ 1
=-1-==_-Z(2+
dp 4 2( P)
+ _

2
dist. maxatp=-2

The coordinates of the points on the curve,
5x? — 6xy + 5y = 4 which are the nearest to the
origin are

(o3 m 23

© (% OJ, (— % Oj (D) None of these
[B]

(rcoso, rsind)

A particle is moving in a straight line such that
its distance at any time t is given by
t4

X = T—2t3+4t2+7.Then




Sol.

Q.21

Sol.

Q.22

Sol.

(A) velocity is max. att=(6 -2 V3 )3
(B) acceleration is min. att =2

(C) min. distance isatt=0, 4

(D) None of these

[A, B, C]
v=t - 6t° + 8t
a=3t"-12t+8

_12-48 _6-23
Vimnax at t = =

6 3

a'=6t-12
Aminatt=2
v=0

= t("—6t+8)=0

=t(t-2)(t-4)=0
-+ -+
0 2 4

dminatx=0, 4

Let f(x) = log (2x — %) + sin 7x/2. Then -

(A) graph of f is symmetrical about the line x =1
(B) graph of f is symmetrical about the line x = 2
(C) maximum value of fis 1

(D) minimum value of f does not exist

[A, C, D]

2x—x%in (0, 2)

. . . TX
is symmetric about x = 1 and also sin %

so (A) is true also for both at x = 1 point of
maxima so C is true.

tanx , |x]|<1
Let f(x) = 0 , |x]|=1then-
1-|x], |x]>1

(A) f(x) has no point of local minimum
(B) f(x) has one point of local maximum
(C) f(x) has two points of local maximum
(D) f(x) has one point of local minimum
[A, B]

1

f(X)_lerz o hexsd
=0 ;o x==%1
=-1 pox>1
=1 ox<-1

Q.23

Sol.

Q.24

Sol.

Q.25

Sol.

If f(x) = sin®x + A sin®, — g <x< g then-

(A) f(x) has a point of inflexion if A =0

(B) f(x) has exactly one point of maximum &
exactly one point of minimum if |A| < 3/2

(C) f(x) has exactly one point of maximum
and exactly one point of minimum if
A e (-3/2,0) U (0, 3/2)

(D) all above

[A, C]

f(x) = 3sin® cos X + 2 sin X €OS X

=sin x cos X (3sin X + 2X)

<
x<0 then -

x>0

Let f(x) = { X%

X log x +3x,
(A) there is no critical point
(B) fis continuous at x =0
(C) x = e * is a point of minimum
(D) f'(x) is continuous at x = 0

[B, C]
)= +3 (1-x) -4 +3x°;x<0
4+ \n X ; x>0
-+
< 2

For the function f(x) = An (1 — An x) which of
the following do not hold good ?
(A) increasing in (0, 1) and decreasing in (1, €)

(B) decreasing in (0, 1) and increasing in (1, )
(C) x = 1 is the critical number for f(x)

(D) f has two asymptotes

[A, B, C]

)
1-anx{ X
1
X(Anx-1)

)=

\
R




Q.26

Sol.

Let the function f(x) be defined as follows :

x2+x%-10x ; -1<x<0
f(x) = COS X ; 0<x<m/2
1+sin x D wl2<X<Tm

Then which of the following statement(s) is/are
correct

(A) Local maximumatx =0

(B) Local maximum at x = 7/2

(C) Absolute maximaatx =—1

(D) Absolute minimaat x =«

[A, B, C]

3x2+2x-10;-1<x<0

f'(x)= {—sinx ; O£x<g

COSX P <X T

N a

f(0)=1,f(0)=0
fOh<1=A
f(-1) = 10 = absolute maxima

Assertion-Reason type questions

Q.27

Sol.

The following questions 27 to 29 consists of two
statements each, printed as Assertion and
Reason. While answering these questions you
are to choose any one of the following four
responses.

(A) If both Assertion and Reason are true
and the Reason is correct explanation of
the Assertion.

(B) If both Assertion and Reason are true
but Reason is not correct explanation of
the Assertion.

(C) If Assertion is true but the Reason is
false.

(D) If Assertion is false but Reason is true

Assertion : " > °
Reason : The function x
maximum at x = e.

[A]

To prove

(A) el/e S 7tl/n

f(x) = x*

has maximaatx = e

U (x > 0) has a local

Q.28

Sol.

Q.29

Sol.

Assertion : If a is positive rational number and
b is irrational number then the maximum value
of sin ax + sin bx cannot be 2.

Reason : The number E is irrational.
a

[Al

sinbx +sinax=2

= bx & ax both must be 2nx + g form which

is possible
if both b & a are rational.

Assertion : The local maximum of the function
x cos X will occur between n/4 and n/3.
Reason : The function g(x) = x tan x is

. . . T
increasing in [O, Ej

T T
l1-g|—|>0and1-g|—|<0.
9(4) g@

[A]

f(x) = x cos x

f'(X) = —x sin X + cos x
=CosSX (—xtanx + 1)

f‘[%) +ve
f-@ ve

Column Matching type questions |

Q.30

Sol.

Four points A, B, C and D lie in the order on
the parabola y = ax’* + bx + ¢ and the
coordinates of A, B and D are known A(-2, 3);
B(-1, 1); D(2, 7).

Column | Column 11
(A) Thevalueof a+b+c= P)-1
(B) If roots of the equation Q) 8
ax’+bx+c=0are o & B
then o' + B’ =
(C) Least value of (R)3

(a+2)x*+ —(b+22) +c =

(D) If area of quadrilateral ABCD
is greatest and co-ordinates
of C are (p, q) then2p + 4q =

[A>R,B>P,C—>S D—Q]

()7




(A)da-2b+c=3
a-b+c=1
da+2b+c=7
b=1
a=1 c¢=1
a+tb+c=3

()
B)x*+x+1=0L 2

19 14
0o +o

2
>oto =-1

(C) f) =3+ = +1
X

:3(x2 +ij +1
X2

>7 (AM = GM)
(D) A(-2,3), D(2, 7)
B(-1, 1), C(p. q)

-2 3

1
P q
7
3

Area = —-2-Qq+7p+6+3-p-2q+14|

N |-

A:% |6p—3q+ 21|

Q.31  For the function f(x) = x* (12 Anx — 7), match

the following
Column | Column 11
(A) If (a, b) is the point of (P)3
inflectionthen a—bis
equal to

(B) Ife'is point of minima Q1
then 12t is equal to

(C) If graph is concave (R) 4
downward in (d, €) then

d + 3eis equal to
(D) If graph is concave upward (S) 8
in (p, ), then p is equal to
[A>SB>RC—-H>P,D->Q]
(A) () =x" [Ej + (120x—7) (4x)
X
f(x) = —16x° + 48x° Anx
f(X) = — 48%° + 48x° + 48 \n x . 3X°

x=1y=-7
a-b=8
(B) f'(x) = 16x° (3\nx — 1)
+ -4
N 0 él/'s
12x1_4
3

(C) f"(x) = 144x°\nx
concave 4 in (0, 1)
d+3e=3

(D) concave T in (1, )
p=1

Q32 LetfXx)=(x-1D"@2-x)m,ne N and

m,n>2

Column | Column 11

(A)Bothx=1landx=2are (P)miseven
the points of minima if

(B) x = 1 is a point of minima (Q) m is odd
and x = 2 is a point of
inflection if

(C) x =2 isapoint of minima (R) niseven
and x = 1 is a point of
inflection if

(D)Bothx=1andx=2are (S)nisodd
the points of inflection if  (T) mand n

both are even

[A->PRT,B>PS,C—>RQ,D—>Q,S]

at point of extrema f ' (x)

has odd power factor

i.e. f(x) has even power factor.




EXERCISE # 3

Subjective Type Questions |

2

X2 +2X + x<0

Q.1 Let f(x) = 2% _5
X+2;x20
Find all possible real values of a such that f(x)

possesses the smallest value at x = 0.
2

2 a -1
Sol. f(X): X +2X+E,X<O
X+2 ;x>0

f'(x)=2x+2+0=putf(x)=0
f'f(x)=2=>x=-1
For minima, f(a) < f(a + h) = f(0) < f(0 + h)
f(a) < f(a—h) = f(0) < (0 -h)
= f(0+h)>f(0-h)

2
(1P+2(D+ 2 Lco+2a" 520

2
1_2+a4‘132 3t 520
a“ -5

aj‘lss ‘a'~520

a" -5

—3a'-15>a*-1;a'"-5%0
—3a'-a’-14>0;a*"-5=0

Now, we have to find roots of 3a* —a> — 14 =0

3a4—a2—14:O:>a2:1i\/1+168
2x3

a2 = 1£+169
2x3

g2= 118 _ 7

2x3 3
a=+ |/
3

)-8
B

Q.2 Find all the values of k for which the point of
minimum of the function f(x) = 1 + k% — X3
2
satisfy the inequality X2+—X+2 <
X“+5x+6

0.

Sol. f(x) =1+ k2x —x3

Differentiating w.r.t. X, we get
f/(x)= 0+ k> =3x°
Put f'(x) =0=k*-3x°

2
(X +x+2) <0
(x? +5x +6)
x2+x+£—£+2
4 4

= <0
(x% +5x +6)

i)
X+5 ]+,
= <0

(x% +5x +6)

1Y, 7
[x+§j + " always positive.

Hence, (x* + 5x + 6) < 0
=>X+2)(x+3)<0
=-3<x<-2

Putx =+ LS in above inequality, we get

3
—_3< XK <

NE
2

=-3,3<k<-%
V3

3 2

>ke |- -2
S
Putx = LS involves inequality, we get
V3

:>—3<—L<—2

3

k

=2< <3
J3

=2.3<k<3,3
=ke (243,343)
Hence, k € (-34/3,-243) U (24/3,34/3)

which is required.




Q.3

Sol.

Q.4

Sol.

If f(x) = x* + ax® + bx + ¢ has a local maximum
at x = -1 and a local minimum at x = 3.
Determine the constants a, b, c.
f(x)=x3+ax2+bx+c

Differentiating above function w.r.t = x, we get
f/(x)=3x"+2ax+b +0

f/(x) = 3x°+ 2ax + b

f(X)1=3-2a+b=0

=2a-b=3

f'(X)|3=27+6a+b=0

= 6a+b=-27

Solving above two equations for a and b.
2a—b=3

6a+h=-27 —a=-3

8a+0=-24 b=2a-3=-6-3
b=-a
Hence, a=-3
b=-9 andceR

Show that (a—i—x) (4 — 3x%) has just one
o

maximum and one minimum value. Show also
that the difference between them is

3
g[OHlj . What is the least value of this
o

difference.

Let f(x) = (a N x) (4-3%2)
o

Differentiating w.r.t. x, we get

F() = (1) (4-3x) + [a_i_xj (0 6%)
o

= (3x2 —4) + 6x {x_(a—éﬂ

= 3x2— 4 + 6x% — 6x (a_1j4 .. ()

o

Again differentiating w.r.t. x, we get

f(x) = 18X — s(a_lj— 0
o

£7(x) = 18X — 6 (q—ij (i)
o

from equation (1), put f'(x) =0

Taking + ve sign

I

18
60L—E+60c+E
X = o o
18
X = E(x— E—(x
18 3

Taking — ve sign

R

18
60(—E—60c+E
X=_ o o
18
X:__llez__le
18 o 3 o
Hence,x:__zl,zoc
3 a 3

From equation (2),

f(x) = 18x — 6((1_1)

o
f'(x)| , ,=18 XL__ZOLJG(X +E
X=—=" 3 o
=_ 276a+ E
o o

=—6a-2 =—ve
a




Hence, at x = _?2 l, f(x) would be maximum.
(04
001, 2, =182 0-6(u-2)
X:?X 3 o
=120 60+ 2
(04
=060, +E
(0

= 6£a_lj

(04
= +ve

Hence, at x = % a, f(x) will be minimum

LX) :[a—i—xj(4—3x2)
ng“ o

= [a—l—g:aj(4—3xéa2)
3 9

(04

X=—a
3

4 1)}
= frnax— fmin=— ((l+—j . proved.
9 o
4 1)
Let f(o) =4 [a +_)
9 a

Differentiating f(a) w.r.t.= a, we get

f(a) = gx 3[(1%)2. (a—%)

Again differentiating w.r.t a;, we get

r - 4 1 1 1
(o) = §x 2 x [OHEJ [1—;} (1—;]
2

4 1 2
3 (o) < (5)
2
f”((X): %X(a+lj [14_%} + %X

[0

2
1
[O“L_zj XLs
o o

Put f'(a)=0
2 2
= ﬂx?,x (OHEJ (1_LJ X i
9 a OLZ (13
Put f'(a)=0

2 2
:>ﬂx3x oc+£ 1_i =0
9 o ogz

> o=zl

Ata:+1lf”(a):§x2x(0)+ §x4xl
3 3 1
:g>0
3

Ata=-1,f'(a) = §x2x(0)+§x4x E
3 3 1

:g>0

3
Ata=-1,f"(a)=0+0
Hence, f(a) would be least at o = +1

1

3
Least value of f(o) = g [1+1j =32

9

If b > a find the minimum value of
f(x) = [(x—a)’ +|(x-b)},x e R.
b>a




f(x) = |(x—a)¥ +|(x-b)3, x e R.

a b

when x < a,

f(x) = — (x—a)’ - (x - b)’
Differentiating w.r.t.x, we get

f'(x) = =3 (x —a)? — 3(X — h)?

Again differentiating w.r.t. X, we get
f'(x)=-6(x—a)—6 (x—h).

Now, put f'(x)=0

= —3(x—a)’-3(x—b)*=0

= (x—a)’=— (X — b)?

which is not possible due to negative sign.

when a< x < b, then

f(x) = (x—a)° - (x - b)’
Differentiating w.r.t. X, we get
f/(x)= 3(x — a)* - 3(x — b)?
Again differentiating w.r.t.x, we get
f7(x) =6(x-a) — 6 (x -h)
Now put, f'(x) =0

= 3(x—a)*—3(x—h)*=0

= (x—a)’= (x—h)?

= (X—a)=%(x-h)
=>Xx—-a=—-(x-h)

=X—-a=-x+bhb

=2Xx=a+b
_ x= ath
2

f"(X) =6(x—a)—6(x—Db)
f" (X) = 6x — 6a — 6x + 6b
f" (x) = 6(b-a)

= +ve

Hence f(x) would be minimum

2

f(X)IXZ[ﬂ] =[(x—2a)* ~(x~ b)s]x[a”’J

2

Q.6

Sol.

I
TN
o
N |+
(o

|

®

e

a+b—2aj3 (a+b—2bj3

2

=(b-a)¥4
FO)Imin = (b ~8)°/4

When, x > b

f(x) = (x—a)° + (x - b)’
Differentiating w.r.t.x, we get
f/(x)= 3(x -a)* + 3(x — b’
Again differentiating w.r.t.x, we get
fr(x)=6(x—a) +6 (x—h)
Now, put f'(x)=0

= 3(x—a)’+3 (x—b)>=0
= (x—a)’=— (x—h)’

which is not possible.

Find the range of the function,
f(x) = An((cos X)°®*+ 1), x (0, gj

g(x) = (cos x)** " + 1
g' (x) = (cos x)*** .
COSX

[— (=sin x) +An cos x.(—sin x)}
COSX

=—sin x . (cos x)°**

+ —
& 3 >

411
cos =
e

(1 + \n cos x)

9(0)=2




A function y = f(X) is given by the parametric
equations x = t° — 5t — 20t + 7 and

y = 48 — 3t 18t + 3, where — 2 < t < 2.
Investigate the maxima and minima.

dy 12t° -6t-18
dx  5t* —15t% - 20
_ 6(2t*—t-3)
5t 32— 4)
_ 6(2t2 =3t+2t-3)
5t —4t? 1t —4)
6(t+1) (2t—3)
5(t2 +1) (t+2) (t-2)
+ -+ -+
2 1 32 2

Q7

Sol.

Min. at t=-1

Max. at t= E
2

Find the point of local maxima/minima of
following functions
(a) f(x) = 2x° — 21x* + 36x —20
(b) f(x) = — (x— 1)° (x + 1)°
(c) f(x) = xAnx
Sol. (a) f'(x) = 6x°—42x + 36
= 6(x* - 7x + 6)
=6(x—1) (x-6)
+ - .+

1 6

Q8

Min. x=6
Max. x=1
(b) f'()=—-(x-1)°=(x+1)
— (X +1)?3(x — 1)?
—(x+1) (x—1)*(2x-2+3x +3)
—(x+1) (x—1)* (5x + 1)

-+ =
1 15 1
Min x=-1
Max x:—l
5
() f'(x)=1+Anx

-+
1
e

Q9

Sol.

Q.10

Min.le
e

—X 0<x<1

Let f(x) :{32 b x>1 Find the set of
X°+ X >

value of b such that f(x) has a local minima at
x=1

AN

f()<2
=1+Ab<2
O<b<e

Find the absolute maxima/minima value of
following functions

X2 9
a) f(X) =4x—— ; xe|-2,=
(@ f(x) 5 e[ 2}
(b) f(x) = 3x*—8x> + 12x° — 48x + 25; x < [0, 3]

(€) f(x) =sin x+%cos 2X; X € {Oﬂ

(d) f(x)=x++x; xe(0,4)
(e) f(x) = 12x*® - 6x** x e [-1, 1]

Sol. (@) f'(x)=4-x

(b)

f(-2)=-8-2=-10

f(g) -15-8_88

2 8 8

f min.=-10

f max.=8

f'(x) = 123 — 24x% + 24x — 48
=12 (x*— 2x* + 2x — 4)
=12 (x-2) (¢ +2)
- +

min. x=2




(©)

(d)

(€)

Q.11

f(0)=25

f(3)=16

f(2)=-39

f'(X) = cos x —sin 2x
=c0os X (1 —2sinx)

= -2 C0S X (sin X —%j

+ —

& + S
T

/6

max. atx = =~
6

—]__E:l
2 2

_,,
VR
N3
N—
|

frpo=1+ 1 >0

2Jx
f(x) 7T
f(X)min =(0)
=0
F(X)max =F(4)
=4+2=6
2X
f'(x)=16x"- 2
X2/3
_ 16 1
- +
1/8
min. X = E
8
f(1)=6
f(-1)=18

For a given curved surface of a right circular
cone when the volume is maximum, prove that

. . .. 1
the semi vertical angle is sin *—.

V3

Sol.

Q.12

Sol.

A
& —
S=TI\
v=Lah
3

1 1
| | =
a a
= =
[N
>
N
I
—
N

1
Wl

-

wn
N

|
a

N

-
SN

a=sint [Lj
A
s=3" g =\
r.1
L3
Prove that the area of a right angled triangle of

given hypotenuse is maximum when the
triangle is isosceles.

X2 + y2 = a2
B
(90°-O\_,
X
— 90° 0
A y C

a is given as hypotenuse

Area of triangle, A = % X.y




A:%XXX va?-x?
A= %XX Va2 —x?

Differentiating above expression w.r.t. x, we
get

A= a2 x2+ Xx 1 x(-2x)
dx 2 2 S fa2_y2

dA = az—X2 _ X2

dx 2 2/a? - x2

= % [a® —x* — X°]/ Va? —x?

da -1 @*-2x%)

dx 2 /a2 _x>2

Again differentiating w.r.t. x, we get

d*A = 1
dx? 2
(0-4x)va® —x? —(a? —2x2)M
2va? —x?
(@%-x?)
2 0.2
(_4x)1la2_xz +M
d’A_ 1 va® —x?
dx?2 2 (a® —x?)
_ 1 (-4x)@*-x*)+(@° —2x°)x
2 (a2 —x2)a? —x2
d’A _ 1 [-4xa® +4x% +xa® - 2x°]
dx2 2 (aZ_X2)3/2
2
d°A_1 [2x¢ —3xa?]/(a2 —x)*?
x> 2
2 2
Put d_A:0:> 1 M:O; but x = +a
dx 2 Ja2_x2
:>x2:£
2
= x|=-L
2
3
a a 2
X ——=—3Xx——xa
d’A _1 { 2V2 2 }
2 2
P =2 ? (6212

Q.13

Sol.

_a3_3a3}

2 2

_(azlx/E)z

N |-

2a’
]
a®/1242
22 a®
=-2
Hence, A would be maximum

N |-

from y? = a> —x? = a® —a’/2

=a%2
=lyl=a/v2 =[x =1yl
= 0 =45°

= triangle will be isosceles.

Amax: %x X X w/az_xz

:lx ix i
2\ 2
2

T4

Anax = a4

A closed rectangular box with a square base is
to be made to contain 1000 cubic feet. The cost
of the material per square foot for the bottom is
15 Rs. the top is 25 Rs. and for the sides 20 Rs.
The labour charges for making the box are
Rs.3/-. Find the dimensions of the box when
the cost is minimum.

B X C
X
X
A D
x Y X
' X !
X B C*;X
X
A!
X D’




Let squares ABCD & A’'B'C'D’ have dimensions of
X & AA'=BB’' = CC’' = DD’ =y foot
Material cost for bottom square = 15x? paise
Material cost for top square = 25x? paise
Material cost for side rectangle = (20xy) x 4

= 80xy paise
labour charges = Rs.3/- = 300 paise
Total cost, ¢ = (15x% + 25x* + 80xy + 300)
paise
Also, x* x y = 1000 (feet)?

_ 1000

X2

=Yy

Put value of y in the expression of total cost,
¢ = 40x* + 80xy + 300

1000

¢ = 40%° + 80X x > +300

X

80000
X

Cc = 40x° + +300

Differentiating w.r.t. X, we get

dc _ gy 80000, 4

dx Xz

Again differentiating w.r.t X, we get

2
d’c _ gg . 160000
dx? x3
put 9 = 0 = goox = 8000
dx x?2
— x* = 1000
= x =10 feet
Also, y = 1000 _ 1000 _ 4

x?2 100

Q.14

Sol.

2
From, ﬁ =80+ 160000

dx? 1000
=80+ 160 = 240 = +ve

Hence cost will be minimum

Cmin = Minimum cost

= (40X + 80xy + 300)|y =10 paise

=40 x 100 + 80 x 100 + 300

= 4000 + 8000 + 300

=12000 + 300

= 12300 paise

Dimension will be 10, 10, 10 feet respectively.

A box is constructed from a square metal sheet
of side 60 cm by cutting out identical squares
from the four corners and turning up the sides.
Find the length of the side of the square to be
cut so that the box is of maximum volume.
Hence, volume of box = x x (60 —2x)?

V = x x (60 —2x)?
Differentiating w.r.t. X, we get

60cm
X
X X
= 60 -2x) X §
(&)
8 (6 *2X) 8
X
X X |
X v
60cm

g_" = x x 2 (60 ~2) (-2) + 1. (60 —2x)?
X
j_" = (60 —2x) [60 — 2x —4x]

X

v (60 -2x) (60 —6%)
dx
Again differentiating w.r.t. X, we get

d’v _ (-2) (60 —6x) + (60 —2x) (-6)
dx?

2
9V _ 190 + 12x -360 + 12X

dx?




Q.15

Sol.

2
4V _ oy 480
dx?

put Y=o

dx
= (60 —2x) (60 —6x) =0
=x=10, 30

— =240 480 =-240

x=10cm

=24 x 30 -480 = 720 480 = +ve

Xx=30cm
Hence, volume would be maximum when

x=10cm

Given the sum of surfaces of a cube and a
sphere. Show that the edge of the cube is equal
to the diameter of the sphere, if the sum of their
volumes is minimum.
Surface of cube = 6x°

Volume of cube = x°

Surface of sphere = 47R?

Volume of sphere = % mR?

Given, sum of surface of cube and sphere,
6x> + 4nR* =5 ()

sum of volume = x3 + g nR® ... (ii)

2 2
from (i), X = (%J: X = %

Put value of x in equation (ii), we get

2\3/2
vz [S-4R?) L 4 o
6 3

Differentiating w.r.t. R, we get

dv 1 3 2172
WV = 47R?* + Z (S -4nR —8nR
dR 63/2 (2) ( ) )

= 47R%+ L (-127R) (S ~47R)"
6

Again differentiating w.r.t. R, we get

d?V _ grR + (°127)
dRZ 63/2

1(S—4nR? +Rm}
[( i )1 VS—4nR?

=8nR — 12n {(S 47R )1 ﬂjl

6 VS—4nR?

Put, d_V— 0
drR

= 4xR? + I2MR) (5 4nR?)2 = 0
6

121‘CR

= 4nR’ = (S —4nR?)"?

—R= _>_(S-4nR)"
63/2

= 6¥°R = 3(S —4nR?)"?
Squaring both sides, we get
= 6°R? = 9(S —4nR?)

= 36 x 6 x R* = 9(S- 47R?)
= 24 x R? = (S —47R?%)

= 4R*(6+m)=S

= R?=S/4(r + 6)

=R = /S/4(n+6)

= 2R=D= [S/(n+6)




d?v
dr?

Put value of R in ——

dv_g [ S 12n
dR? 4n+6) 62

S
dr————
4mtxs 4(m+6)
4 6
(m+ ) S—4nx 5
4(mt+6)

_8t [ S 12n
2 \n+6 %2

n+6
\) 4(ﬂ:+6)

n+6
8t [ S 12n 6S = \/ s
2 \(n+6) %2 {\/4(n+6)\/€X n+6}

sd4n | S __1m [ [s x [
(n+6) 6%2| 2 Vn+6 JgVn+6

-4 S 12n 6— 21t

-— TE —
Vr+6 632 (rc+6)

=4n [ S 12 | S (g _on
n+6 36x2 \ (n+6)

2

dov _ S x Ax {1_6—211}

dR? (m+6) 24

S {24—6+2n}
6

=4 X

24

= +ve.

Hence, sum of their volumes will be minimum
from

6x° +4nR*= S

S

6X% + 47 X =
4(mt+6)

6x°=S—
(m+6)
Snt+6S—nS
(m+6)

2 S S

X = =>X=
(t+6) (m+6)

6x% =

S
n+6

.. 2R = Diameter = x =

Q.16

Sol.

Hence proved.

One corner of long rectangular sheet of paper
of width 1m, is folded over so as to reach the
opposite edge of the sheet. Find the minimum
length of the crease.

Let length of crease to be x m.

i.e. AB = x metre

when point disfolded over opposite edge at
point C.

B

C

(n—260) 0

P D
Angle /BAD = /CAB =
ZCAP = (p —20)
® AD = AC

AD

From AABD, cos 6 = ——
X

= AD =xcos0=AC

Also, from APAC, cos (n —26) = PA
AC

= PA =-AC cos 20

= PA = —x cos 0 cos 20

Hence, PD = PA + AD
1=xcos 0 —xcos 6. cos 26
1
c0s0 (1-cos20)
Differentiating w.r.t. 6, we get
0.c0s6 (1—co0s26) —1.(cosO.2sin 20 —

dx _ —sinB(1-cos20)
do (cosO (1—c0s26))?

d_x _ —C0s0.2sin 20 +sin 0 (1 c0s20)

do cos? 0 (1-cos260)?

Since cos 20 =2 cos’6-1=1-25sin’ 0
= 25sin” 0 = (1 - cos 26)

dx _ —cos0x4sin cosO+sin 0x 2sin® 0
do cos® Ox4sin 0




_ —4cos’0+2sin”0
4cos® Oxsin3 0

Again differentiating w.r.t. 6, we get
(8sin Hc0s0 + 4sin Hcos0)(4cos? Oxsin® )

d? X _ —(2sin?0—4cos’ 0) x[-8cosOsin® 0+12cos® Hsin? 0]
d62 (4cos? Oxsin® 0)?

Now, put ax - 0
de

=2 2
N 2sin“0—4cos“ 0 -0
4cos® Oxsin® 0
= 2sin? 0 = 4 cos?0

= tan’0 = 2
/3
2
f Q.17
1
=tan0=+.2
sind=.21/43
cos0=1/,3
d— = Sol.
de? O=tan1v2
JE 1 ( 1 2}
vl —+4 Ve |axzx2
[ J§ V3 33
2 4 2
P ESIVIVED ¥ IV IR W
(Xs 3” XIX 33 3J
1 242)
4 -x—=
3733
12><\/§><§—0
=3 9 =+ve
(82 /194/3)2

Hence, x to be minimum.
When, tan 0 = —./2 ,

=sin0=-v2/3
cos 0 = +1/./3

d’x _

do?

-J2) 1 1 242
o) o2 2E)-

=+ve butsin®=0and cos6 =0
Hence, only possible value, tan 6 = + /2

1
(X)min = |
cosOx (1- 00529)|tane:ﬁ

1
cosOx2sin’ 0

o=tan*/2

Two cars are travelling along two roads which
cross each other at right angles at A. One car is
travelling towards A at 21 meter/h, while the
other is travelling towards it at 28 meter/h.
If initially their distances from A are 1500
meter and 2100 meter respectively, prove that
the least distance between them is 60 meter.
AB = 1500 feet

AC = 2100 feet

y

B Ve=21 miles/hr
B!
1500 feet
cC C A X
V¢ = 28 miles/hr
2100 feet

Let least distance is x feet i.e.

x=B'C’

Let in time t, car B travels to B’ and car C
travels to C’

Then BB = 21 x t = BB’ = 21 x %

CC’:28><t:>CC’:BB'xg

Hence, X = (AB')* + (AC')?
x? = (1500 — BB')? + (2100— 4/3 BB')?
Differentiating x* w.r.t. (BB'), we get

24



Q.18

Sol.

4% = 51500 - BBY) (1
o =2 ) (-1)

+2 (2100 — 4/3 BB') x (-4/3)
Again differentiating w.r.t. (BB'), we get
d®(x*) — 949y 16_18+432_50_,
d(BB')? 9 9 9
Hence, distance x to be least. Sol.
d(x?) _ 0
d(BB")
= 2(1500 - BB') (-1) +
2 (2100 —4/3BB’) (-4/3)=0
= 2(1500 — BB') = 2(4/3 BB’ —2100) x 4/3
= 1500 — BB’ = 16/9 BB’ — 2800
= 4300 = 25/9 BB’
= BB’ =43 x 36
BB’ = 1548 feet
Hence, x* = (1500 —1548)° +
(2100 — 4/3 x 1548)°
= (-48)% + (2100 — 2064)>
= (48)" + (36)°
x? = 2304 + 1296
x? = 3600
X = 60 feet proved.

Q.19

Now, put

Let p(x) be a polynomial of degree 4 having

extremumatx =1, 2 and lim (1+ Mj =2

x—0 X2

then the value of p(2) is
p(x) = ax* + bx® + cx? + dx + e

lim (1+ &) =2

x—0 X2

) ax* +bx3+cx? +dx +e )| _
= lim |1+ =2

Q.20

x—0 X2

d=0,e=0

c=1

Now,

p'(X) = 4ax’ + 3bx* + 2x

=4a+3b=-2 ...(1)

= 32a+12b=-4 ...(2)

= 16a=4 Sol.

a=

N

b=-1

p(x) = %x“—x3+x2

p(2)=0

Find the intervals of monotonicity of the
function f(x) = 2sinx + cos2x ; (0 <x < 2m).
Also find the point of local maxima & minima.
f(x) = 2sin x + cos 2x ; (0 £ x £ 2n)
Differentiating w.r.t.x, we get

f’ (x) =2 cosx-2sin 2x

=2C0S X—2 X 25sin X X CoS X

=2cos x (1-2sin x)

Put cos x = 0 = cos n/2

=X=2nn+n/2;n=0, £1, +2

n =20, x = /2 (only)

n=1, x=3n/2 (only)

Put (1 — 2 sin x) = 0 = sin x = 1/2 = sin 7/6

= X =nn+ (-1)" /6; n e Integer

Only acceptable values

X = 7/6, 57/6

I+VeI -ve | +ve , Ve +ve

0 n/6 n/2 516

|
3n/2 2n

Hence, monotonically increasing function in
x € (0, ©/6) U (n/2, 57/6) U (31/2, 2m)
monotonically decreases function in

X e E,Eju 5_7{3_“)
6 2 6 2
A cylinder is obtained by revolving a rectangle

about the x-axis, the base of the rectangle lying
on the x-axis and the entire rectangle lying in

X &the

x% +1

x-axis. Find the maximum possible volume of
the cylinder.

the region between the curve y =

(X, y)

(X25 y)




XXo =1

() (v

x2+1) \ x

_ - (x=x%

e (x% +1)?

dv _ (1-3x%)(x? +1)% — 2(x? +1)2x
dx ' (x?+1)*

Z—V:O:(l—sz) 02+ 1) = 45 - 4x*
X

= x= /2 -1 = volume = %
Q.21  Find the area of the largest rectangle with lower

base on the x-axis & upper vertices on the
curvey = 12 — x4

12
(—t,12—t)/ (t,12-1)
Sol.
I
(-1, 0) (t, 0)
Area=2tx 12 -t
= 24t - 2
A _ o _at
dt
+ —
) 6
max. at t=6
max = (24 X 6) — 72
=144 -72=72

Q.22 A beam of rectangular cross section must be
sawn from a round log of diameter d. What
should the width x and height y of the cross
section be for the beam to offer the greatest
resistance (a) to compression, (b) to bending.
Assume that the compressive strength of a
beam is proportional to the area of the cross
section and the bending strength is proportional
to the product of the width of section by the
square of its height.

Sol. () ¢ =kxy

d

NS

¢ = kx+/d? - x?
c'= _ox(=2%) +kyd? —x?

2d? —x?
=K oty

Vd? = x2

) ( , dzj
—_ - X —_——
d? —x? 2

- + L~
< _d i'
J2
d
X= ==Yy
V2
(b) B = kxy’
= kx (d? - x%)
B' = k(d? - 3x%)
- + L~
44
3 3
d 2
X=_—_— = _d
NERRE

Q.23 The value of 'a' for which f(x) = x* + 3(a — 7)x?
+ 3(@% - 9)x — 1 have a positive point of
maximum lies in the interval (a1, a) U (a3, as).
Find the value of a, + 11a; + 70a,.

Sol.  f'(x)=3x*+6(a—7)x +3(a%-9)

x>0

roots are > 0
__b>0 £>0
2a a
2@-7)>0
a<7

@+3)(@a-3)>0

ae (— oo, -3) U (3, ©)

ae (—wo,-3)uU(3,7)
ap d a3 &

= ap+1laz + 70a,

=-3+33+490

=520

Q.24  The mass of a cell culture at time t is given by,

3
M(t) =
® 1+4et




(a) Find tLim M(t) and It_im M(t)

(b) show that M = L vz - m)
dt 3
Sol. (8) Lim n
to- 1+ 4e”
t
Lim £ =0
- g" +4
Lim ——> =3
too 1+4e—t
dM _ -3(-4e-1)
dt  (L+4e™)?
_ 12e™
(1+4e™)?

Q.25

Sol.

= M2 ie’t
3

_M (5-M)
dt 3 M

=M
3

B-M)

From a fixed point A on the circumference of a
circle of radius 'a', let the perpendicular AY fall
on the tangent at a point P on the circle, prove
that the greatest area which the AAPY can have

a2
is 3\/§E sq. units.

AP = \[2a? + 2a (- c0s 20)

= \J2a%(1-cos 20)

=2asin0
AY =2asin 0 cos 0
PY = 2asin®0

Area = 2a* (sin®0 cos 0)

Q.26

Sol.

Q.27

0A _op [- sin0 + cos?0 . 3 sin%0]
de
= 2a® sin’0 [ sin®0 + 3c0s%0]
= —2a” sin%0 cos®0 [tan®0 — 3]

for Apax 0= =~
3

3W3 1
8

Apay = 282 %

8
A given quantity of metal is to be casted into a
half cylinder i.e. with a rectangular base and
semicircular ends. Show that in order that total
surface area may be minimum, the ratio of the
height of the cylinder to the diameter of the

semi circular ends is ©/(w + 2).

2
Tr
V="_xh

A =qrh + r’ + 2rh

:Tcxﬂ+nr2+2x2_v
mr Tr
:2_V+Tr,r2+4_v
r mr
d_A___ZV +2r +ﬂ
dr r? r
—& + 2r _4_V =
r mr
2I’n—&+ﬂ
r T
rS:X+2—\2/
T T
2 2
:>r3:r_+r_
2 T
2r 2+m
= — =
h oL
L_ L
2r m+2

Consider the function y = f(x) = An (1 + sin x)
with — 2 < x < 2z, Find

(a) the zeroes of f(x)

(b) inflection points if any on the graph

(c) local maxima and minima of f(x)

(d) asymptotes of the graph




(e) sketch the graph of f(x +r+s)+(AN+m+n)+ Xy +x) + (K +w).
Sol. (8) An (1 +sinx)=0 Sol. a=0 c=4
sinx=0 b=2 d=6
X=-2m, -n, 0,7, 2n e=8 p=2
f=q g=4
b) f'(x) = 2% sinx =1 - -
(169 1+sin x [ : r_g Xl_g
. R S = X5 =
fr(x) = (14 sin x) (=sin x) — cosx (cos x) _ 2:
0 A=3 n==6
(1+sin x)
) m=6 t=9
f"(X):M k:3 W:4
(1+sin x)?
No. inflection pt. Q.29  The graph of the derivative f ' of a continuous
0. Inflection p function f is shown with f (0) = 0
(O e S A
I y
2 2 2 2 3 T
Max at x=-3% T f'(x) \ 7
22 1
f(X)max = An 2 > X
O ol A1 12312150 7/8 |9
@dx=-%, 3" 1 7 S
2 -2
{ (i) On what intervals is f increasing or
decreasing?
(if) At what values of x does f have a local
©) ST i maximum or minimum ?
— — (iii) On what intervals is f concave upward or
2 2 downward ?
(iv) State the x-coordinate(s) of the point(s) of
inflection.
Q.28 The graph of the derivative f ' of a continuous Sol (Y) }A;sulm Igg tha; fg(O) = 0, sketch a graph of f.
function f is shown with f(0) = 0. If ol. () [1.6] - [8,9]
vA L [0,1] U [6, 8]
(if) max = 6
4 min =1, 8
. 3 ai (iii)cu=1[0,2] U[3,5] U [7, 9]
®) 5 (i)=[2,3]1uU][57]
1 (iv)x=2,3,5,7
| - X
R 3141516 [7/8 |9
9 vl
(i) f is monotonic increasing in the interval (v) —
[a, b) U (c, d) U (e, f] and decreasing in 12/3
(P, Q) (1, 5).
(ii) f has a local minima at x = x; and X = X,.
(iii) f is concave up in (A, m) U (n, ]
(iv) f has inflection point at x = k Q.30  The function f(x) defined for all real numbers x

(v) number of critical points of y = f(x) is 'w'
Find the valueof @+b+c+d+e)+(p+q

has the following properties




Sol.

Q.31

Sol.

f(0) = 0, f(2) = 2 and f '(x) = k(2x — x*)e ™ for
some constant k > 0. Find
(@) the intervals on which f is increasing and
decreasing and any local maximum or
minimum values.
(b) the intervals on which the graph f is
concave down and concave up.
(c) the function f(x) and plot its graph.
@@ f'(X)=k@x-x})e*
= ke * x(2 - x)
-+ -
0 2
7100, 2]
d [0, 0] U (2, )
(b) f7(x)=—k (2x—x%) e *+ ke ™ (2 —2X)
=ke™[-2x + X* +2-2X]

= ke ™ [x*—4x + 2]
+ - +
4-J8 2+42

2
at= (—o0, 2—/2) U[2++/2, ]
CD=[2-2, 2+42]

) | /\
\

Use calculus to prove the inequality,
Sinx>2x/min0<x < m/2

Use this inequality to prove that,
cosX<1-x4min0<x< /2

2X

T

f(x) =sin x —

f'(x)=cosx—3

a

+

& 1
T

cos‘l(gJ

T

- Frax at cos‘l(gj
T

f(0)=0

S

S f(x) =0
Now,

2
g(x) = 1- X _cosx
T

g'(x) =2 + sin X
Y

(using above result)
90 T

gmin

=9(0)=0

Sgx)=0

Passage based objective questions

Passage | (Q.32 to 34)

Q.32

Suppose f(x) is a real valued function of degree
6 satisfying the following condition

(A) ‘f’ has minimum value at x =0 & 2

(B) “f” has maximum value at x = 1

G
(C)forallx, lim=an| 0 1/x* 1|=2
x—0 X
1 0 1/x

On the basis of above information, answer the
following questions.

Number of solutions of the equation
8f(x)—1=0is

(A) one (B) two

(C) three (D) four

Xx—0 X

Sol.[D] lim = xn(f(x) ] 2
X

f) =ax®+bx® + ¢+ ox* + dx? +ex + f
here

d=e=f=0=¢g

2 3
lim an(cx+ bx“+ax®+1) 5
x—0 X

lim an(cx+ bx 2+ ax3+1)
x—0 x(c+ bx+ axz)
(c+bx+ax?) =2

c=2

f(x) = ax® + bx® + 2x*

f' (x) = 6ax’ + 5bx”* + 8x°

6a+5b+8=0

24a+10b+8=0

a=2/3 b= —12
5




Q.33

Sol.

Q.34

Sol.

f(x)= zxa—Ex5+ 2x4
3 5

]

-1 1 2

Range of f(x) is -

32 4

@ -2 @)

2
© (—oo,E} (D) None of these
[A]

8 3

f =__=
@=3-3 128432
=128 (1_§j -2

5 15

If the area bounded by y = f(x), x-axis, x = £ 1;
is % , where a & b are relatively prime then the

value of tan"* (a—b) is -

(A) /4 (B) —n/4

(C) /3 (D) /6

[B]

jf(x)dx 4,414 _a
21757105 b

tan '(-1) = —

Passage 1 (Q. 35 to 37)

Let there is a cylindrical capacitor whose cross
sectional area is as shown in the figure. The
thickness of the wall of capacitor is 1 cm. and
volume is 277 cm®. Let x and h are the radius
and height of the cylinder respectively and

v(X) =1 {(x +a)+ b + %} , where v(x) shows
X X

the volume of the material required to form the
cylinder, which is expressed as a function of
radius of the cylinder.

Q.35

1cm

=
-y

On the basis of above passage, answer the
following questions :
The value of ab s

c

(A) prime but not even (B) even but not prime
(C) even prime (D) irrational

Sol.[C] 27 = nx°h

Q.36

Sol.

V(X) :n{(x+a)2+3+%}
X X
V= q[(x+1)%(h+1) — xh]

= n[(x +1)22—Z+ (x +1)? —27}

_ 7{(”1)2 54 27}
X

a=1, b=54,

c=27

If the cost of the material to form the cylinder
is minimum, then which of the following
relation in x and h is true

(A)x=h (B)2x=h
(C) x=2h (D) none of these
[A]
av {2(x+1)— 54 5431}
x2 X
= 2—n[x4+ x3- 27 x— 27]
3
= 2T (- 27) (x +1)
3
-, +r - 7
-1 0 3
VminatX =3
Now,
27 n=mnxh
h=3




Q.37

SoX=h

If function v(x) is redefined such that
vV : Rg = R then the number of solutions of
v(x) = 0 will be

A1 (B) 2
(€) 3 (D)4
Sol. [B]
V= n((x +1)? +%+2—Zj
X X
Vmin = 7'5(—27)
=v(xX)=0
= 2 roots
M 0 3

Passage 11 (Q. 38 to 40)

Q.38

Sol.

Q.39

Two functions are defined as follows

f(x) =ax’*+bx+c,a b ceR, a0
gix)=dx®+ex+f d e feR d=0

Real part of complex roots of both the
equations f(x) = 0 and g(x) = 0 are same.
Minimum value of f(x) is same as negative of
maximum value of g(x).

On the basis of above passage, answer the
following questions :

Which statement is correct -
(A) bd = ¢ (B) bd = ea
(C)bc=ef (D) None of these
[B]
b*—4ac<0
e’ —4fd<0
b 3
2a  2d
= bd =ae

If y = f(|x]) has only one critical point, then-
(A) minimum value of y is same as minimum
value of f(x)

Sol.

(B) minimum value of y is greater than
minimum value of f(x)

(C) minimum value of y is smaller than
minimum value of f(x)

(D) (A) or (B) is correct

[O]
a>0
d<0
f(x)
f(Ix))
f(x0)

Q.40

Sol.

If y = |g(|x|)| has three critical points, then -

(A) maximum value of y can be evaluated

(B) minimum value of y is same as minimum
value of f(x).

(C) minimum value of y can be same as
minimum value of f(]x|)

(D) (B) and (C) are correct

[D]

Small cases as above




EXERCISE # 4

Old IIT-JEE Questions |

Q.1

Sol.

Q.2

Sol.

Let f (x) = (1 + b%) x* + 2bx + 1 and m (b) is
minimum value of f (x). As b varies, the range
of m (b) is- [IIT Scr. 2001]
(A)[0,1] (B)(0,1/2] (C) [1/2, 1] (D) (0, 1]
[D]
f(x) = (1 + b)x? + 2bx + 1
Differentiating w.r.t.x, we get
f(x)= (1 +b?)x2x+2b+0
Again differentiating w.r.t. x, we get
f(x)=2 (1 +b%

=+veforallb e R
Now, put f'(x) =0 = (1 +b?) x2x+2b =0
= (L+b%)x2x=-2b=x=—b[, .

Hence, f(x)|X: b = frin

(1+b?)

b? -b
= (1+ b%). 5 +2b( 2j+1

1+b%) 1+b
__bt
1+b%) 1+b?
_ b?2-2b%+14b% _ 1
(1+b?%) (1+b?)

= m(b) = iptet

=1 =
1+b? m (b)
=pb= L_l =b= w
\ m(b) \ m(b)
b= Lm0 iy -0
m(b)

For b to be exist, 1 —m(b) >0
=>m() <1
= m(b) € (0, 1]
.. option [D] is correct answer.
The max. value of (cos a,) - (Cos a,)...(CoS a,),
under the restrictions 0 < oy, a,,.....a, < 1/2

and (cot a.;)-(cot a,).....(cot o)) = 1 is :

[1IT 2001]
1 1 1
(A) I (B) o (©) o D)1
[A]
f(o) =cos oy.COS Q3 ....... cos o,

under the restrictions

0<oy. 0003 ......... on < /2

and (cot a) . (cot ay) .....(cot a) = 1

=> C0S 0. COS Oy ...... €OS Oy = SiN oy, SiN .. ..
sin a,

Differentiating above function f(a) w.r.t.ay,

(o) = ((— sin o). COS 01».COS Q3. ....cOS ap) +
(cos ay. (=sin ay). €OoS as...... cos o) +

(cos ay. COS ap(—Sin az) ....cos o) +.......... +
(cos ay. €OS aip. COS Ql3......... (-sin o))
= COS aly. COS 0.COS Oz...... coS o

[-tan oy —tan o, —......... —tan ay]
=f(a) [-tan oy —tan o, —....... —tan o]
f'(a) = f(a) [-tan oy — tan o,— .....—tan a,]
Again differentiating w.r.t. ay, oy,....., o, We get
f'(a) = (o) [-tan oy — tan ap —.....— tan o)
+ f(o) [-sec? oy — sec® o, — .......— sec’ay]
=f(o) [-tan oy —tan o, —tan oz — ... —tan o]’
+ f(o) [-sec? oy —sec? oy — ......— sec’oy]
Now, put f'(a) =0
= flo)[-tan o —tan o —........ —tan o, =0

= tan oyt tan a, + ...+ tan o, = 0 but f(a) = 0
This is only possible when

tano; =0 = a;=0

tana, =0 = a,=0

tanaz;=0 = a3=0

M

M

tano,=0=a,=0

But, we use restrictions

cot a4, cot a,, cot as,....... ,cota, =1

= cot (0). cot (0)...... cot (0) = 1 doesn't exist
Hence, cos o;. COS ap. COS O ....... cos oy,
=sin oy. Sin ay. Sin os........sin o,

holds only for

= 0 = O3 =......... = o, =7l4

Hence,

f”(x)|(n/4) =_ve
(o) would be maximum.
f(a)|(n/4) = f(a)max

T T T Y
=CO0S— .COS— .COS—.....cOS—
47747, 4

-1 11 1
= 5T 7




Q3

Sol.

Q.4

Sol.

1
2”/2

.. option [A] is correct answer.

A straight line L with negative slope passes
through the point (8, 2) and cuts the positive
coordinate axes at points P and Q. Find the
absolute minimum value of OP + OQ, as L
varies, where O is the origin. [11T-2002]
L:(y-2)=m(x-8),m<0

The points P and Q are (8—%,0] and
(0, 2 —8m) respectively.
Then OP + 0Q = (s_ij +(2—8m)

m

=10+ (—£+(—8m)]
m
AM.>G.M.
- (%) +(-8m) > 2416

(as - 2 and — 8m are +ve)

m
:>—(£+8mj >8
m
m

— 10— [£+8mJ >10+8

= OP+0Q>18
.. Minimum value of OP + OQ is 18, which

occurs only when — 8m = =2 ie.
m
_ -1
m= - (asm<0)

The value of ‘0’; 6 € [0, «r] for which the sum
of intercepts on coordinate axes cut by tangent

at point (3 /3 cos 6, sin 6) to ellipse
XZ
Z_ +y*=1is minimumiis :
27

Y
(A) 5

[A]
x2
—+
27
Equation of tangent at P(3 V3 cos 0, sin 0)

[IIT Scr. 2003]

Y T Y
(B) 3 ©) 2 (D) 3

2

y'=1

Q5

————— 2 +ysinf=1
> y

x/§cose
9

x(3J§ c0s0)
7

X+ysing=1

X + y =1

(o) w)

y

=

P(3/3¢0s 6, sin 0)

B

—
Y

9 1

+
J3coso sind
Differentiating w.r.t. 6, we get

sum of intercept, S =

E = S sec 0. tan 6 —cosec 0 cot 0
do 3
Again differentiating w.r.t. 6, we get
2
d—i -9 [sec 6. tan?0 + sec’0]
de? 3
— [-cosec 6 cot’d —cosec’0]
9 2 3
=—[sec 6. tan“ 0 + sec’ 6]
J3

+ [cosec 6 cot?0 + cosec’0]
Now, put E =0
do

:i secO. tan 6 — cosec 6 cot 6 =0

V3
9 1 . sind _ 1 . coso
J3 cos® cos® sind sind

3.4/3 sin®0 = cos’0

1

1 _
33 (3)

1
tan0=—=0=7n/b
V3
ds 9 |2 1 8
—=— | —=x—+——|+[2x3+8]=+ve
do? \/5{\/5 3 3\/5}
Hence, s to be minimum.
. [A] is correct answer.

tan®0 =

Find the point on x* + 2y? = 6 nearest to the
linex+y=7. [11T 2003]




Sol.

Q6

Sol.

Let us taken a point P(+/6 cosB, 4/3 sin 6) on
2 2
X_+y_ =1.
6 3
Now to minimize the distance from P to given
straight line x + y = 7, shortest distance exists
along the common normal.
VA
Slope of normal at P :M —J2tan6 =1
V6 coseco
2 . 1
So, cos6= \/: and sing= —
3 J2
Hence, P(2, 1)
For the circle x* + y* = r?, find the value of r for
which the area enclosed by the tangents drawn
from the point P(6, 8) to the circle and the
chord of contact is maximum. [I1T 2003]
X2 + y2 - r2
Equation of chord QR : 6x + 8y = r?
y
/ \Q , P(6, 8)
M X
R
Let PM be perpendicular on QR
2 2
M| = 136+64-r?|_ [100-r?|
| J36+64 | | 10 |
Now, solving x* + y°= r* and 6x + 8y = I
Lx=-8y
6
2 2
(r —ByJ + yz =2
6

2 2 _ 2
("~ 8y) + 36y22— er
r* + 64y? — 16yr’ +36y° = 36r

100 y? — 16r%y + (r* — 36r%) = 0
sum of roots,
16r?

+ =
yit+Yye 100

4 2
—36r
roduct of roots, = I —eor -
p 100 Y1y

= yz)22= (y: + yz)zzf 4y1y,
(Yr—Y2) = (Y1 + Y2)" — 4y1y>

2
1612 ax (r* —36r?)
100 100

256r*  4(r* —36r?)
100x100 100
_ 256r* —400(r* —36r?)
100x100

_ 400x36r° —144r"
100x100

_ 144r?(100-r?)

100x100

(Yi—Y2) = % X /100 - r?

Now, from 6x + 8y = r?
X1 + 8y, = 1

6X, + 8y, = 1

= 6x; + 8y1 =6X, + 8y2
= 6(X1 —X2) = 8(Y2— V1)

= (X1 —X2) = %8 (Yi-Y2) = _?4 (Y y2)

= (X1 — X2) :_?4 (Yi—Y2)
= (X1 — Xz)2 = % X (y1— y2)2

= @ X &
9 100x100
Hence, QR? = (1 — x2)* + (Y1 — ¥2)°
= Ex ﬂx(loo_r2)+ ﬂ
9 100x100 100x100
(100 — r?)

2
144" (100 1) x [EH}
100<100 9

(100 -9

2
= 147 100_)x B
100x100 9

IQR| = %x gx V100 —r?

Hence, Area of APQR, A = % x QR x PM




2
_ %x [1oo—r Jx 12r %(100—01’2

10 100

- 12x5 r (100 — I,2)3/2
100x6x10

Differentiating w.r.t. r, we get
A_ 1, 1.(100—r2)%/2 i3
dr 100 2

(100— r2)1/2(—2r)}

dA_
dr 100

1 21312 2 2\1/2
= _— x[(100 —r =3r° (100 —r
100 [( ) ( )

Again differentiating w.r.t.r, we get
d’A_ 1

3 2\1/2
—— X| —(100—r -2r)-3
oz 100 [2( ) c(=2r)

froo—r2f'2 1. r?

= L x| 3ruoo-r?)"2 -3
100

—:a{zr(loo—rz)l’z—L
V100 -2
= ﬁx {—3r(100—r2)1’2—3
_3{2r(100—r2)—r3H
V100 -r?
1 212 200r —3r®
w5 | 3r(100-r2)Y2 -3 {WH
_ 1 a2 9r® —600r
Tk _ 3r(100—r?) +m]
_1 _—3r(100—r2)+9r3—600r}
100 | J100-r2
_1 _—300r+3r3+9r3—600r}
100 | V10012
_1 _12r3—900r]
100 | \i00-r?
Now, put d_A: 0
dr

L xfaoo-r2)¥2 4 r_g (100—PA)2(2n)]

; (_Zr)]
2v/100—r?

Sol.

= (100 — rA)¥2 = 3r% (100 — r*)"?
=100-r’=3r = 4*=100
=r=25==5

Al _ 1 x[12r3—900r]
i R N i b
ar” |5 100 | vioo-r? |, ¢
1, [1500-4500]_
100 J75

Hence, area would be maximum.

If p(x) be the cubic polynomial satisfying
p (1) = 10, p(1) = — 6 and p(x) has maximum
at x = -1 and p’(x) has minima at x = 1. Find
the points of local maxima and minima, also
find the distance between these two points.

[1IT 2005]
Let P(x) = ax® + bx? + cx + d
Pl)=-a+b-c+d=10
=>b+d=10+a+c ...(0)
P(1l)=a+b+c +d=-6
—a+b+c+d=-6 ...(11)

P'(x) = 3ax’ + 2bx +¢c=0

P'(x)|(x}1) =3a-2b+c=0
—c=2b-3a ....(iii)
P"(x) =6ax +2b +0

= P"(x)|(X:1) =6a+2b=0

=b=3a=0 ...(1v)
Now solving equations (i), (ii), (iii) and (iv),
we get
b=-3a
c=2b-3a=-6a-3a
c=-99

b+d=10+a+c
atb+c+d=-6
(b+d)+(@a+c)=-6
10+(@+c)+(a+c)=-6
2(a+c)=-16=(a+c)=-8
=((@-9)=-8
=a=1
bh=-3
c=-9
d=10+1-9+3
d=5
Hence, P(x) = x* —3x*—9x + 5
P'(x) = 3x° —6x -9 +0
Now, put P'(x) =0
= 3x*6x-9=0
=x—2x-3=0
=X -2x-3=0




QS8

Sol.

Q.9

Sol.

=x*-3x+x-3=0
=>X(X-3)+1(x-3)=0

> X-3)(x+1)=0
=x=-1,3

P"(x)=6x—-6+0

P"(x) = 6(x 1)

P"(x)| ) = 6(-2) =-12

X = -1 give maxima

from, P(x) = x> —3x* —9x + 5
P(X)|(x:_1) =-1-3+9+5=10
Hence, point of maxima (-1, 10)
P"(x)|(X:3) =6(3-1)=12

x = 3 gives minima

P(X)|(x:3) =27-27-27+5=-22
Hence, point of minima (3, —22)
(-1,10)=(3,-22)

Distance = /(3+1)2 + (~22—10)?

= \16+1024 = V1040

= 4./65 unit.

f(x) is a cubic polynomial such that f(3) = 18,
f(-1) = 2 and f(x) has local maximum at x = —1.
If f'(x) has local maximum at x = 0, then
[1IT 2006]
(A) f(x) is increasing for x e [1, 2\/§]
(B) the distance between (-1, 2) and (a, f(a))
where x = a is the point of local minimum

is 2./5

(C) f(x) has local minimaatx =1
(D) the value of f(0) =5
[A, B,C]

The total number of local maxima and local

minima of the function [1IT 2008]
3
F(x) = {(24;/);) , —3<x<-1lg
X', -1l<x<?2
(A)0 (B)1 (€2 (D)3
[C]

Q.10 The maximum value of the function

Sol.

Q.11

Sol.

Q.12

Sol.

f(x) = 2x® — 15x% + 36x — 48 on the set

[7]

A={XpP+20<9x}is ..... [11T 2009]
f(x) = 2x° —15x° + 36x — 48

f'(x) =6(x-2) (x-3)
O A={x|x*+20-9x <0}
4<x<5
so f(x) is increasing for x € [3, «)
S0 (f (X))max at X € [4, 5] is f(5)
50 (f(X))max = f(5) = 7
Let f, g and h be real-valued functions defined
on the interval [0, 1] by f(X) = e’ e ,
9() =xe*’* +e" and h(x) = x2e*” + e . If
a, b and c denote, respectively, the absolute
maximum of f, g and h on [0, 1], then

[11T 2010]
(A)a=bandc b (B)a=canda=xb
(C)ax bandc b (D)a=b=c
[D]
f'(x) = 2x( (exz —e_xz)
g'(x) = X (2X2 —-2X +1)
h(x) = 2x%*
® all f'(x), g'(x), h'(x) are positive so all
attains absolute maxima at x = 1
So@ f(l)=g(l)=h(l)=e+e’=a=b=c
Let f be a function defined on R (the set of all
real numbers) such that f '(x) = 2010 (x —2009)
(x —2010)* (x —2011)% (x —2012)*, for all x e R.
If g is a function defined on R with values in
the interval (0, ) such that f(x) = An {g(x)},
for all x € R, then the number of points in R at
which g has a local maximumis [T 2010]
g(x) = ™




Q.13

Sol.[5]

g0)=e™f ()

g'(x)=0=f’(x) =0= x=2009, 2010, 2011,
2012

Points of local maxima = 2009, = only one
point

Let f: IR — IR be defined as f(x) = x| + x> — 1.
The total number of points at which f attains
either a local maximum or a local minimum is

[11T 2012]
f) = x]+[x=1][x+1]
x>1 fx) =x*+x-1 f'(x) =
2x+1 +ve
0<x<1l f(X)=1-x*+x f'(x)=1
—2X x>1—ve
2
~1<x<0 f(X)=1-x*—x f'(x)=—
2x -1 x>—1 —ve;x<—£ +ve
2 2
x<-1 fx)=x*—x—1 f(x) =
2x -1 —-ve
112 0 1/2 1

Q.14

Sol. [9]

Let p(x) be a real polynomial of least degree
which has a local maximum at x = 1 and a local
minimum at x = 3. If p(1) = 6 and p(3) = 2,

then p’ (0) is [11T 2012]
P'(1)=0,P'(3)=0
P'(x) = K(x-1) (x-3)

=K —4x+3) P'(0) = 3K

P(X) = §x3—2Kx2+3Kx+x

%—2K+3K+k=6, K—18 K+9K+A=2
dk+n=6, dk=4

3

K=3

P'(0)= 9




EXERCISE # 5

Q.1

Sol.

Q.2

Sol.

Q.3

Sol.

The function f(x) = 3 + 2(a + 1)x + (@ + 1)x* —x°
has a local minimum at x = x; and local
maximum at X = X, such that x; < 2 < x», then a
belongs to interval(s)

3 3
o) e

(C) (0, ) (D) (1, )

[A, D]

f'(x)=2@+1)+2@+1)x-3x

Clearly it is opening downward graph (coeff of
X% — Ve)

f'(2)=2@+1)+4@*+1)-12>0

7
m

4 +2a-6>0

2a®+a-3s>0

2a®+3a—2a-3>0

(a+1) (2a+3)>0 = a e (-, -3/2) U (1,

)

Letg'(x)>0and f'(x) <0 V x € R, then

(A) f(f(x + 1)) > f(f(x — 1))

(B) f(g(x — 1)) > f(g(x + 1))

(C) g(f(x + 1)) <g(f(x- 1))

(D) g(g(x + 1)) > g(g(x - 1))

[A, B, C, D]

g() Tandf(x){

then fog and gof will be 4

while fof and gog will be T Hence A, B, C, D
all the true

A housing corporation wants to build some
flats. The ground plane of a flat consists of a
semicircle with a rectangle constructed on its
diameter. Given that the perimeter of the flat is
50 meter, find its dimensions in order that the
area covered is maximum.

Let radius of semi circle be x meter and

dimensions of rectangle be y meter and 2x

metres.

y

Given perimeter of plate,

X + 2y + 2x = 50

y+x+2Zx=25
2
=25-x[1+Z
Y (+2)
2
Area of flat, A = %+ 2xy
_ x?
A= T4 2x[25 X (1+ n2)]
_ TcX2 2
A=+ 50x 24" (2+1)
2
A= %+50x —nx* —2x°

2
A= % + 50X —x? —2%°

A =50x — 2x° —x’/2
Differentiating above function w.r.t. x, we get

9A _50_4ax— nx

dx
=50 (4 + m)x
Again differentiating w.r.t. X, we get

2
aA A=Of(4+1t)
dx?
= (@+)
=-ve
Putz_A=O:5Of(4+n)x=O
X

— X = 50/(4 + )




Q.4

Sol.

50 _ 50
L2 5007

= X = 7 meters

y=25-X(n+2)
2

=251(£+2j
2 |7

=251 (22+14j=251x 36 25 18
7 2 7

2

= 7 meters.
X =7 meters and y = 7 meters.

Let f(x) = sin® x + Asinx, —g< X <§. Find

the intervals in which A should lies in order that
f(x) has exactly one minimum and exactly one
maximum. [I1T 1985]
The given function is,
f(x) = sin® + A sin’ for — /2 < x <
/2
f'(x) = 3 sin® cos X + 21 sin X cos X

= % sin 2x (3 sin x + 21)

So, fromf’' (x)=0,wegetx=00r3sinx+2L=0

Also, f” (X) = cos 2x (3 sin X + 2A) + g sin 2x

COS X

Therefore, for A = _73 sin X, we have

f" (x) = 3 sin X cos’X = —2A C0s°X
Now, if 0 < x < w/2, then -3/2 < A < 0 and
therefore f” (x) > 0,
= f(x) has one minimum for this value of A.
Also for x = 0, we have f” (0) = 2A < 0, That
is, f(x) has a maximumat x = 0
Again, if —m/2 < x <0, then 0 < A < 3/2 and
therefore f "(x) = -2\ cos’x < 0.
So that f(x) has a maximum.
Also for x =0, f"(a) = 2k > 0 so that f(x) has a
minimum.
Thus, for exactly one maximum and minimum
value of f(x), A must lie in the interval
-3/2<A<0 or 0<Ai<3/2

Q.5

Sol.

Q6

ie., Ae (-3/2,0)u (0, 3/2).

Let P(x) = a5 + a;x° + ax* + ...+ a X" be a
polynomial in a real variable x with
0<a,<a <a,<...<a, The function P(x)
has- [11T-1986]
(A) neither a maximum nor a minimum
(B) only one maximum
(C) only one minimum
(D) only one maximum and only one minimum
[C]
The given polynomial is
P(X) = ag + apx® + ax* +....+ax?", x € R

and O<agp<a<a<...<a,

Method 1 Here we observe that all
coefficients of different powers of X, i.e., ap, ay,
a2, oue.n. an are positive.
Also only even powers of x are involved.

". P(x) can not have any max. value.

More over P(x) is minimum, when x = 0, i.e.,
dp.

.. P(x) has only one minimum.

.. ‘C’ is the correct answer.

Method 2 : We have P "(x) = 2a;x + 4a,x°
+....+ 2nax®™* clearly P(x) increases for all

x > 0 and decreases for all x < 0.

P ’(x) has ho max. value and min. value at x =0
*. ‘C’ is the correct answer.

Method 3 : We have P’ (X) = 2a,x + 4a,x°

+... 4 2nax®™t

P'"X)=0=>x=0

P (X) = 2a; + 12a,X* +....+ 2n (2n — 1) apx*™?
P"(X)|x=0o=+Vveasa; >0

.. P(x) has only one minimum at x = 0.

.. ‘C’ is the correct answer.

Let A (p% —p), B(d% q), C(r% —r) be the vertices
of the triangle ABC. A parallelogram AFDE is
drawn with vertices D, E and F on the line
segments BC, CA and AB respectively. Using
calculus, show that maximum area of such a

parallelogram is % (P+a)@+n(p-n).

[11T 1986]




Sol.

A M F B

(®*, ) (9°, )

® AEDF is a parallelogram.

Let AF=x=ED

and AE=y=FD

Then from similar A 's CED and CAB, we have
CE_CA o b=y _b
ED AB X c

Let P denote the area of | |gm AFDE.
Then P=2AAEF=2. E Xy sin A

(b —y) sin A [Using eqg. (1)]

crlo

— P=S snApy-y) . PP _ € snAp-2y)=0
b dy b

2
Above givesy = g and d_': = % SinA(2)=-ve

Hence area is maximum when y = b/2 and its

value is
P= 9 E(b_gj SinA= 1 bcsmA:E .AABC
2 b 2 4 2
L IO -p 1
Now, A:E q> q 1
> —r 1
Operating R, — R; and R; — Ry, we get
. p’ -p 1
=5 q’-p> q+p O
r2—p? p-r 0
Lane- )‘ w
+p) 1

=§ @+p)(P-n(@+n)

Thus max. area of | |°™ AFDE is

:gA:§m+mm+nm—n

Q.7 The smallest positive root of the equation,
tan x —x =0 lies in- [11T-1987]

Sol.

T
@(o3)
(-3

[C]
Let f(x) = tan x — x
(A) If x € (0, ©/2) then
f'(x)=sec’™x—1>0,0<x< /2
= f(x) is monotonically increasing in (0, 7/2)
Also f(0) =0 and f(x) > 0 for 0 < x < w/2
[Keeping in mind that tan x > x for x € (0,
n/2)]
. f(x) =0 has no root in (0, w/2)
(B) If X € (n/2, ) i.e. ©/2 < X < 1t then consider
X=7/2+a
S>n2<n2 ta<n=0<a<mn/?2
s f(x) =tan (/2 + o) — (/2 + @)
=—[cota+m/2+ 0] <0
As the above is true for any o € (n/2, wr)
. f(x) =0 has no root in (7/2, ).
(C) If x € (m, 3n/2) then f(x + 0)
= |!'Lno f(r+h)= |!'Lno [tan (= + h) — (7 + h)]

ofs o
o 3.2

= lim [tanh—-nw—-h]=-7n<0
h—0

And f(3n/2 - 0) = lim f(3n/2 —h)
h—>0

r!im0 [tan (3/2 — h) — (3n/2 — h)]

lim [coth—3m/2 + h]
h—0

=+w

i.e. sign of f(x) changes from —ve to +ve in the
interval (r, 3n/2)

- 3 X e (m, 3n/2) such that f(x) = 0

Hence the root of f(x) = 0 lies in (r, 37/2)

Thus the smallest +ve root of the given
equation lies in (i, 31/2)

". (C) is the correct answer.




Q8

Sol.

y=X
yt /
X=n/2 X=m c=3n/2

A A P A

v

/]

v v y v v v

Alternative
It is clear from the graph that the curves

y =tan x and y = x intersect at P in (r, 31/2)
Thus the smallest +ve interval in which tan x
has solution is (rt, 3n/2)
. (C) is the correct answer.

Find the point on the curve 4x* + a%y* = 4a%
4 < a® < 8 that is farthest from the point
(0, -2). [T 1987]

P(a cos6, 2 sino)

il /N
V7

(a 0)

(0, _2)

The equation of given curve can be expressed
as
X2y
a? 4
where 4 <a’<8
Clearly it is the equation of an ellipse
Let us consider a pt P (a cos 6, 2 sin 6) on the
ellipse.
Let the distance of P (a cos 0, 2 sin 6) from
(0,-2)isL
Then, L?=(acos6—0)*+ (2sin @+ 1).cos
— Differentiating with respect to 6, we have

2
% =0 = cos 0 [-2a°sinB + 8 sin® + 8]

Q.9

Sol.

For max or min value of L we should have

2
% =0 = cos 0 [-2a%sind + 8 sin® + 8] = 0
— either cos® =0 or (8—2a%)sin®+8=0
= 0=" or sino= _*
2 at-4

Since a’<8=a’-4<4

- 4 >1-sine>1
at-4
where is not possible
2n 2
Also 9 (LZ) =c0s 0 [~ 2a° cos 6 + 8 cos 0] +
do
(~sin 6) [~ 2a’sin 6 + 8 sin 6 + 8]
20 2
Ato=" 9(U) —g_116-24=2(*-8)
2 de?

<0 as a’<8
.. L is max. at 6 = /2 and the farthest pt is (0,
2)

A point P is given on the circumference of a
circle of radius r. Chords QR are parallel to the
tangent at P. Determine the maximum possible
area of the triangle PQR. [11T-1990]

As QR || XY diameter through P is L QR.
Now area of APQR is given by

1
_EQR.AP
But QR=2.0A
=2rsin 20
and PA=0A+0OP
=rcos20+r

A= %.Zr sin 26. (r + r cos 26)

=r?.2sin0cos 0.2 cos’® = 4r° sin 0
cos’0
For max. value of area (jj_'g‘ =0

= 4r” [cos’0 — 3 5in’0 cos’0] = 0




Q.10

Sol.

= ¢0s°0 (cos?0 — 3sin’0) = 0

1
= tan6= —
J3
= 0 =30°

2
Also d_'? = 4r[- 4 05’0 sin 6 — 6 sin 6 cos’0
do

+ 6 5in°0 cos 0]
=4r |- SIN © COS™O + b SIN"O COoS
4r°[— 10 sin 0 cos®0 + 6 sin®0 cos O

2
A s =48 —1O.E.£+6.l.£
do? 2 8 8 2
o ~15J3 3.3
—_ +_
8 8
= 4r° [_12‘/§J =-ve

oo Alis max. at © = 30°
ANnd  Apax = 4r% sin 30° cos*30°

1.3/3 3/3 »

=4rfx = x V2 _ VO

A window of perimeter P (including the base of
the arch) is in the form of a rectangle
surmounted by a semi circle. The semi circular
portion is fitted with coloured glass while the
rectangular part is fitted with clear glass
transmits three times as much light per square
meter as the coloured glass does. What is the
ratio for the sides of the rectangle so that the
window transmits the maximum light?
[11T-1991]

A B
Let ABCEDA be the window as shown in the
figure and let
AB=xm
BC=ym
Then its perimeter including the base DC of
arch

= [2x+2y+n—2xj m

P= [2+ng+2y (D)

Now area of rectangle ABCD = xy
and area of arch

2
DCED = 3(5)
202

Let A be the light transmitted by coloured glass
per sq. m, Then 3A will be the light transmitted
by clear glass per sg. m

Hence the area of light transmitted

=3) (xy) + 7{%(%)2}

2
= A=l {3xy+%} (2

Substituting the value of y from (1) in (2), we
get

2
A=L 3x1 P—(4+njx L
2 2 8
2
= | 3PX_3(4+m) 2, w7
2 4 8

d_A =\ {3_P_3(4+”)X+ﬂ}
dx 2 2 4

For A to be maximum d_A =0

7

- X=
-7 (12+3n
—+
4 2
= X = E X L = X = 6P
2 5n+24 5n+24
2
Also  47A ;| Z8¢+m T g
dx?2 2 4
6P

- A'is max when x =

5n+24
=  bax+24x=6 [(—4;“jx+2y}

[Using value of P from (1)]
= (Gn+24-12-3n)x=12y

= @n+12)x=12y = X:_TCEG
X




Q.11

Sol.

.. The required ratio of breadth to length of
the rectangle = (ngj

What normal to the curve y = x? forms the
shortest chord? [11T-1992]
The given curve is  y = x? (D
Consider any pt. A(t, t) on (1) at which normal

chord drawn is shortest.
Then eq. of normal to (1) at A (t, %) is

y—tf=- dy; (x-1)
(dxj(t,tz)

[where j_y = 2x from (1)]
X

1
—tP=— = (x—t
y 2t( )

= X+ 2ty =t +2t° .2
This normal meet the curve again at pt B which
can be obtained by solving (1) and (2) as
follows :
Putting y = X in (2), we get
22+ x—(t+2)d=0
D=1+8t(t+2t)=1+8t+16t'= (1 + 4t)?
_ 1414417 -1-1-4t7

X H
4t 4t
:t,_i—t
2t
y=t, t?+ 1
412
Thus, B —t—i,t2+i+l
2t 412

.. Length of normal chord

2 2
AB= [[ot+ 1) 4L 41
2t 4t

2 2
Consider Z=AB’= (ZH%j J{iﬂj

4t?
Z:L+i+3+4t2,d_2=o
16t*  4t? dt
= -1 3 igt=0=-1-62+32°=0
4t® 213

= R B)°’-6-1=0=(2f-1) (16t'+ 8%+ 1) =

0
= t’= % (leaving —ve values of t*)

2
= t:i_ii d_zzi+i+
4t® 2t

2 2 dt?

Q.12

Sol.

2 2
a9z =+ ve also a°’z =+ve
dt? Ll dt? o 1
V2 V2
L 1 1
 Zisminatt= — or ——
V2 V2
Fort= 1 normal chord is (from (2))
J2
X+ 2y =42
1 .
Fort =— — normal chord is
J2
X— 2y =—2
s (B*—b*+b-1)
-X'+————""2, 0<x<1
Let f(x) = (b?+3b+2)
2X -3, 1<x<3

Find all possible real values of b such that f(x)

has the smallest value at x = 1. [11T-1993]
b®-b%+b-1
_J-x3+——"" = 0<x<1
We have f(x) = b3 +3b+2
2x -3, 1<x<3

We can see from definition of the function, that
f1)=2(1)-3=-1

Also f(x) is increasing on [1, 3], f '(x) being

2>0

- f(1) =— 1 is the smallest value of f(x)

Again f'(x) =—3x*forx € [0, 1) s.t. f'(x) < 0

= f(X) is decreasing on [0, 1)

.. For fixed value of b, its smallest occur at

Xx—1

ie, m f@ — h) = lim - @ - h’ +
h—0 h—0

b*-b*+b-1_ , , b®-b’+b-1
b?+3b+2 b?+3b+2
As given that the smallest value of f(x) occur at x =
1
.. Any other smallest value > f(1)

1+

3 2 3 2
T e ST L L b SR
b2 +3b+2 b? +3b+2
(B’ +D(bB-D 54
(b+2)(b+1)
= b-1)b+1)(bO+2)=0
- + — +
= | | |

-2 —ll 1
=>be(-2-1)uU(l, o)




Q.13

Sol.

2 — —
If £(x) = 33X +12x -1, 1<x<2 then:
37 —X, 2<x<3
[11T-1993]

(A) f(x) is increasing on [-1, 2]

(B) f(x) is continuous on [-1, 3]

(C) '(2) does not exist

(D) f(x) has the maximum value at x = 2
[A, B, C, D]

We are given that

2
f(x) = {BX +12x-1, -1<x<2

37-X, 2<x<3
Thenon [-1, 2], f' (X) = 6x + 12
for -1<x<2,-6<6x<12
= 6<6x+12<24
= f'(x)>0,Vxel[-1,2]

. fisincreasing on [-1, 2]

Also f(x) being polynomial for xg[-1,2) U (2,
3]

f(x) is cont. on [-1, 3] except possibly at
Atx=2, LHL= lim f2—h) = lim 3(2-h)?

+12(2-h)-1=35
RHL =|im f(2+h)=1lim 37-(2+h)=35
h—0 h—0

and f(2)=3.2°+122-1=35
LHL = RHL = f(2) = f(x) is continuous at X =
2
Hence f(x) is constinuous on [-1, 3]
Againat x=2
RD = fim f(2+h)-f(2)
h—0 h
- I|m 37—(2+h)—35 —
h—0 h
~ i @ -f@-h)
h—>0 h
2
_ i 3873(2-h)°-12(2-h)+1
h—0 h
= Iim 35-3(4—4h+h?)-24+12h +1
h—0 h

35-12+12h—3h? —23+12h

1

f ' (2) does not exist. Hence f(x) can not
have max. value at x = 2
Thus (A), (B), (C) are the correct options.

The circle x* + y* = 1 cuts the x-axis at P and
Q. Another circle with centre at Q and variable
radius intersects the first circle at R above the
x-axis and the line segment PQ at S. Find the
maximum area of the triangle QSR. [11T-1994]

Q.14

Sol.

< P 0S Q X
(-1,0) (1.0)

1

y

Thegivencircleis x*+y*=1  ....(1)
which intersect x-axis at P(—1, 0) and Q(1, 0).
Let radius of circle with centre at Q(1, 0) be r,
where r is variable.

Then equation of this circle is, (x — 1)* + y* = r?

.2

Subtracting (1) from (2) we get,
(x—1)2-x*=(*-1)
2
— x+1=rP-1=x=1- %

Substituting this value of x in (2), we get

2 2
r 2 / r
— + +r = =+7 1—-—
4 y2 y 4
r2 r2 .
R 1—?,r 1—I pt. above x-axis.

.. Area of AQRS = % SQ x ordinate of pt. R

[ 2
— A:l XXy 1_r_
2 4

A will be max. if A? is max.

p=rtf )
4 4 4 16
Differentiating A’ w.r. to r, we get
dA?  , 35

- =rc—==T
dr 8




2
For A2to be max. 92° =0 = p° (1_§r2j=o
dr 8
o
J3
d*(A%) _ g2 15 4
dr? 8
2 2
= d (A ) = §_EX% = -ve
dr? 2.8
3
242

. A% and hence A is max. when, r =

3

vocaa= (2] 1 (22

- fE L 5w
16 27 9 27

4 43

= 7 — V2 sq. units.

33

Let P be a variable point on the ellipse

Q.15
x? y?
— +=5 = 1 with foci F, and F,. If A is the
a’? b?
area of the triangle PF;F, then the maximum
value of A is.............. [11T-1994]

Sol.

P(a cos 0, b sin 0)

F, (e, 0) F. (ae, 0)

AN
N

Let P (a cos®, b sinB) be any point on the

ellipse

XZ y2

2+ 2 =1 with foci F; (ae, 0) and F, (— ae, 0)
a? b?
Then area of AP F; F; is given by
acosd bsing 1
ae 0 1

—ae 0 1

A=

N |-

Q.16

Sol.

:% |- bsin O (ae + ae) | = abe | sin 0 |

Osin0]|<1 .. Apx=abe
Let (h,k) be a fixed point, where h >0, k >0,
A straight line passing through this point cuts
the positive direction of the coordinates axes at
the points P and Q. Find the minimum area of
the triangle OPQ, O being the origin.

[T 1995]
Let equation of linebey =mx + ¢
k=mh+c=c=(k-mh)
y =mx + (k—mh) = —mx + (k—-mh)

N

(h, k)
P
(0]
X Yy _
T mhK)  (kemh)
m
Hence, OP = [mh—kj
m
0Q = (k— mh)

Area of triangle OPQ, A :% x OP x 0Q
y (mh—kj x (k— mh)
m

x L x (-1) x (mh - ky?
m

A

A

1
2
1
2

A=_L [m?h? + k* — 2mhk]
2m

2
A=1 [—mhsz— + 2hk]
2 m

2
A—E[th—k——mh]
m

D|fferent|at|ng w.r.t.m, we get

2
d_A_l[o k__h]
dm 2 m?

Again differentiating w.r.t m, we get

d’A 1. 2k?
35 [*—3*0]




Q.17

Sol.

Q.18

d?A
dm

2
Now put, 9A oK
dm m?
= m? = (k/h)?
= m=zxk/h
2
a°A = _KI(KIhY?

= —k?/(k/h)®
dm k]

m=——
h

=+ve
Hence, area will be minimum at m = —k/h

2
Amm:l 2hk+k—xh+5xh2 = 2hk
2 k h

The function f(x) = |px — q| + r ||, X € (—o0, )
where p >0, g >0, r > 0, assumes its minimum

value only at one point if [HT 1995]
(A)p=q (B)r=q
C)r#p DO)p=q=r
[C]
f(x)=|px—q/+r|x;xeR
p>0,9q>0,r>0
when, 0 <x<qg/p = |X|=x
Ipx —q| = —(px —q)

f(x) =— (px —q) + rx

f(x) = (r—p)x+q

() =(-p)

(r —p) may be either positive or negative.
When x > q/p = |px —q| = (pX —q)

f(x) = (px —q) +rx

f(x)=(p+nx—q

f(X)=(p+r)=+ve

f'(x)=0

Hence, f(x) would be minimum whenp +r =0
=Sp=-T =p#T

.. option [C] is correct answer.

Determine the points of maxima and minima of
the function f (x) = % logx — bx + x% x > 0,

where b > 0 is a constant. [11T 1996]

—= —K*m? Sol.

f(x) :%Iog X—bx+x% x>0
Differentiating w.r.t. x, we get
Fi(x) = b + 2x
8x
Again differentiating w.r.t.x, we get
1
f'"xX)=——-0+2
(X) ™,

1
f(x)= 2
() o

Now, putf’(x):0:>8i—b+2x:0
X

= 1-8bx+16x*=0
= 16x* - 8bx+1=0

.= 80EV64b? b’

2x16

.= b8 b% -1
2x16

b++b%—

X:Tl,b203b>1

16

" 1
f (X)|X:b+\/§2— :2—§X (b—‘r— ,bz—_l)z

£(x)|, b1
4

1 16
8 (b2 +b2—1+2bvb% 1)
- 2
(2b% + 2byb? ~1-1)
_ 2[2p° +2bvb% -1-1-1]
(2b? +2byb? —1-1)
4[b% +byb? -1-1]

= =+veforb>1

(2b? + 2byVb? —1-1)

f”(X)|X:b— b21=2— 1y
4

=2

16
[b_mf

2
(b2 +b? —1— 2bxy/b? —1)

=2|1- L
2b% —2byb? —1-1

_) 2b% —2bvb?-1-1
202 —2b\/b? ~1-1

=2 -




Q.19

Sol.

Q.20

Sol.

4[b% —byVb?-1-1] _

= =—veforb>1

[2b% —2byVb? —1-1]

. b-vb%-1
Hence maxima at X = —

b++vb% -1
4

minima at x =

Find a point (a, B) on the ellipse 4x* + 3y* = 12
in the first quadrant, so that the area enclosed
by the linesy = x, y = B, X = a and the x-axis is
maximum. [IT-1997]
(3/2, 1)

Suppose f(x) is a function satisfying the
following conditions -

Hf@O=2f)=1

(ii) f has a minimum value at x = 5/2 and

(iii) for all x

2ax 2ax—1 2ax+b+1
f'(x) = b b+1 -1
2(ax+b) 2ax+2b+1 2ax+Db

Where a, b are some constants. Determine the
constants a, b and the function f (x).
[HT 1998]
Applying Rz - R; — R; — 2R, we get
2ax 2ax—a 2ax+b+1

f'(x)=| b b+l -1 | =
0 0 1
2ax 2ax—1_ 2ax -1
b b+l | | b 1

= f'(x)=2ax+b
Integrating, we get, f(x) = ax* + bx + C
where C is an arbitrary constant. Since f has a
maximum at x = 5/2,
f'(5/2)=0=5a+b=0 ...(D)
Also f0)=2=C=2andf(l)=1=a+b+c=
1
sath=-1
Solving (1)&(2) for a,b we get, a =1/4, b = -
5/4

(2

Thus, f(x)= 2x%— 2x+2.
40 2

Q.21

Sol.

Q.22

Sol.

The number of values of x where the function

f(X) = cosx + cos (\/Ex) attains its maximum is
[1IT 1998]

(A0 (D) infinite

[B]

f(x) = cos x + cos (\/E X)

Differentiating w.r.t. X, we get

f(x) = —sin x — V2 sin (V2 x)

Again differentiating w.r.t.x, we get

f"(x) = — cos X — 2 cos J2 x

f’(xX) = —[cos x + 2 cos J2 X]

Now, put f'(x) =0

= —(sinx + /2 sin (¥/2 x)) = 0

=sinx=- \/Esin(ﬁx)

It holds only at x =0

f'(x)|,_,=-[1+2.1]=-3

(B) 1 ()2

Hence, f(x) would be maximum.
.. option [B] is correct answer.

x2 -1

109 = ~——

, for every real number x, then
X

the minimum value of f : [11T 1998]
(A) does not exist because f is unbounded
(B) is not attained even though f is bounded
(C)isequalto 1
(D) is equal to -1
[D]

x2 -1
T = x2+1
Differentiating w.r.t. X, we get
2x(x% +1) — (x? -1).2x

f(x) =

(1+x2)2
_ 233+ 2x2 —2x® +2x o 4Ax
- 212 =)= 212
1+x°) @+x9)

Again differentiating w.r.t. x, we get
2y2 2
£7(x) = 4.1(1+x7) 4);.24(1+x ).2X
(1+x%)
_ 4L+ x*)% -16x° (1+x°)
@+x?)*

Now, put f'(x) =0
X

1+x?)?

=0=x=0




Q.23

Sol.

Q.24

Sol.

, _4.-0
f (X)|x:0 - 1

Hence, f(x) would be minimum

=4

21
f(x =f..= X =1
( )|(x:0) min [Xz +1j
(x=0)
for 0 <2
Let f(x) :{l x| for 0<|x| , then at
1 for x=0
x =0, fhas - [IIT Scr. 2000]

(A) a local maximum (B) no local maximum
(C) a local minimum (D) no extremum
[A]
f 0 <2
) = [ x|for 0<|x]|
1for x=0
x for 0<x<2
=4J-x for -2<x<0
1 for x=0
For local maximum, f(a) > f(a — h)
f(a) > f(a+h)
= f(0) >f(0-h)
f(0) > f(0 + h)
= 1 >0 which is true.
1>0
For local minimum,
f(a) <f(a-h)

f(a) < f(a+h)

= f(0) < f(a—h)
f(0) < f(a+h)

= 1 <0 which is not true
1<0

Hence, option [A] is correct answer.

If 'f' is differentiable and 'g' is a double
differentiable function such that f (x) € [-1, 1]
and f' (x) = g(X). If f2(0) + g° (0) = 9 then prove

that there exist some ¢ e (-3, 3) such that

g9(c) g "(c) <0. [11T 2005]
Given that f(x) is a differentiable function such
that

f’(X) = g(x), then
[[oeodx=[t (ax =19 = 13) - )

But |[f(X)|<l=-1<f(X)<1,VxeR
f(3) =f(0) € (-2, 2)

similarly [* gax=|" (0 dx = [f(0) - (3]

€ (-2,2)

Also given [f(0)]? + [g(0)]* =9

= [90))* = 9 - [fO)I°

= 0O >9-1 [0]f(x)]|<1]
= 19(0) |>2V2

= g(0)>2v2 or g(0)<- 22

First let us consider g(0) > 24/2

Let us suppose that g " (x) be positive for all x
€(-3,2)

Then g "(x) > 0 = the curve y = g(x) is open
upwards.

Now one of the two situations are possible.

(i) g(x) is increasing

y=g(X
242

-t

0 A

Usg(x)dx > area of rect. OABC
0

3
i.e. Jog(x)dx > 642 >2

a contradiction as Jlg(x) dx € (-2, 2)
0

y=g(x)

X=—

v

A @)

.. at least at one of the pt. C € (-3, 3)
g'(x) <0.Butg(x)>0o0n (-3, 3)

Hence g(x) g "(x) < 0 at some X € (-3, 3).
(i) g(x) is decreasing

UO g(x)dx| > ar of rect. OABC
-3




>3.2J2=6V2>2

i.e. J'_Osg(x) dx

a contradiction as JO g(x) dx € (-2, 2)
-3

. at least at one of the pt C € (-3, 3)

g "(x) should be —ve. But g(x) > 0 on (-3, 3).
Hence g(x) g "(x) <0 at some x € (-3, 3)
Secondly let us consider g(0) <— 242 .

Let us suppose that g () be —ve on (-3, 3).
then g "(x) < 0 = the curve y = g(x) is open
downward

A o]

v

-

c | 22,0

x=-3
Again one of the two situations are possible
(i) g(x) is decreasing then

‘Isg(x) dx| > At of rect. OABC =
0

3242 =642 >2

a contradiction as Igg(x) dx € (-2, 2)
0

.. At least at one of the pt. C € (-3, 3) g "(X) is
+ve. But g(x) <0on (-3, 3).

Hence g(x) g "(x) < 0 for some x € (-3, 3).

(ii) g(x) is increasing then

-3
“ g(x)dx
0
3.2J2=642>2

a contradiction as Io g(x)dx € (-2, 2)
-3

> Ar of rect. OABC

.. At least at one of the pt. C € (-3, 3)

g "(x) is +ve. But g(x) <0 on (-3, 3).

Hence g(x) g "(x) < 0 for some x € (-3, 3).
Combining all the cases, discussed above, we
can conclude that at least at one point in (-3, 3)

g(x) g "(x) <0.




ANSWER KEY

EXERCISE # 1

QNo. | 1 2 3 4 5 6 7 8 9 11011 ]12] 13| 14| 15
Ans. C|A|A|D B|A|B|A|A|C|A|D|A|A]|B
QNo.| 16 | 17 | 18 1 19| 20 | 21 | 22 | 23 | 24 | 25
Ans. DIA|[A|D|D]|D Bl]A|C]|A

26. True 27.True 28. False 29.(2,-4) 30.5 31. (33, 27a/4) 32. ) € (o, 1] U [2,)

EXERCISE # 2

PART-A

Q.No.| 1 2 3 4 5 6 7 8 9 11011 )12 ] 13| 14| 15
Ans. B|A|[A|A]|B C|A|A|D|D|D|J]C]|]A]|D]|]C
PART-B

Q.No. 16 17 18 19 20 21 22 23 24 25 26
Ans. | ABC| AB B B ABC|ACD| AB AC B,C |ABC|ABC
PART-C

Q.No. | 27 | 28 | 29
Ans. A A A

PART-D
30A—>R; B>P; C>S;, D—>Q 31.A->S;, B>R; C>P;D—>Q

32.A—->PRT; B>P,S;, C->QR,D—>Q,S

EXERCISE # 3

1 1
1.ae{—\/§,—54]u{54,\/§} 2. ke (243,343) 3.a=-3,b=-9,ceR

. : (b-a)® 1\
4. The least value of the difference is 32/9. 5. 6. | |1+ o ,An 2

4
7. Max.att=-1orx=31;ymax.=14; Minatt=3/2 or x =-1033/32 ; y min =-69/4

8. (a) Local maxima at x = 1; Local minimaatx =6, (b) Local maxima at x = -1/5; Local minimaat x =1
(c) Local minima at x = 1/e ; No local maxima
9. be (0,¢]
10. (a) maximum = 8; minimum = -10 (b) maximum = 25; minimum = -39
(c) maximum = 3/4 at x = ©/6; minimum = 1/2 at x = 0 & n/2
(d) Not defined (e) maximum f(-1) = 18, minimum f(1/8) = -9/4




13. Dimensions are 10, 10, 10, ft 14.10 cm 16. 3‘/§4m 18. 0

19. Increasing in (0, ©/6] U [n/2, 57/6] U [3n/2, =] and decreasing in [r/6, ©/2] U [57/6, 3n/2] 20. /4
. d d 2

21. 32 sqg units 22, (a)x:y:—,(b)x:_,y:\/:d 23. 320
V2 V3 3

24. (3)0,3 (c) 3/4, t=An4

27. (&) x=-2n, -, 0, w, 2n, (b) no inflection point, (c) maxima at X = /2 and —3%/2 and no minima,
(d) x=3n/2 and x = —n/2

28. 74

29. ()lin(1,6)uU (8,9 andDin (0, 1) L (6, 8);
(if) L.Min.atx=1and x =8; L.Max. x =6
(iii)CUINn(0,2) U (3,5 w (7,9)and CD in (2, 3) U (5, 7);
(iv)x=2,3,5,7

30. (a) increasing in (0, 2) and decreasing in (— «, 0) U (2, ), local min. value = 0 and local max. value = 2
(b) concave up for (—0, 2 — \/2) U (2 + /2, ®) and concave down in (2 — +/2), (2 + +/2)

©) f(x) = %e“ X

QNo. [ 321 33| 34|35 ]| 36| 37| 38| 39| 40
Ans. D A B C A B B D D

EXERCISE # 4

1.(D) 2.(A) 3.18 4. (A) 5 (2,1) 6. 5 units
7. Point of local max. (3, —22) ; point minima (-1, 10), distance =465 unit ~ 8.(A,B,C)  9.(C) 10. 7
11.D 12.1 13.5 14.9

EXERCISE # 5

1. (A, D) 2. (A,B,C,D) 3. Radius=7m, length=7m 4. ke(—g,OJu(O,gJ 5. (C)
33, , _ _
7. (C) 8. (0,2) 9. =5 10. 6+7:6 11. x++2 y=42 orx— 2 y=—2
43 :
12. b e (2,-1) U (L, o) 13. (A, B, C, D) 14. e sg. units  15. abe 16. 2hk  17. (C)

18. Minima at X=%|:b+\/b2 —1} and maximaatx=1/4[b— vb?-1];b>1

19. @1} 20. f(x):%xz— %x+2 21. (B) 22. (D) 23. (A)




