MATHS FOR JEE MAIN & ADVANCED

EXERCISE - 1

Single Choice

arc

angle = radins @) A
4+5+3=2mR 4 -
R= 3
= 6/n (L(jZB
5 5n R~
> 2A:§:?’ 2A
B C
B=—> =2 and \—/
"R 2™ 5
R 3

RZ

Area of AABC = ~R? sin2E +sin>" +sin = |
reao = 2 3 6 2 = 2

2

T
2

2 - 2

_BGBED 36 933+
4 > e

s T

4R%sin’ A N 4R*sin’ B N 4R*sin* C
sin A

=

sin B sin C
=4R’(sin A +sin B +sinC)Hsin§

A . A
=16R2Hcos?.Hs1n? =2R? sin A.sin B.sin C

—R? abc _abc _
8R> 4R
a
ED:E—ccosB A
a (a2+cz—b2J
=—-c
2 2ac B = 2 c
o a (32"'02—1)2] _a’-a’-c’+b’ b=’
2 2a 2a 2a

HINTS & SOLUTIONS

7. a+b+c=2s

Applying half angle formulae.

= s=2a

B tg_\/ R IR )
co 2 - €0 2 \G-a)s—c) s—a)s—b)
s
= =2
s—a
8 + _L
HTRT sCa)s—b)
3 3 2
H(rl +r2): 2 A abcz 2 - A (abf)s
(s—a) (s—b)(s—c) A
2 2
h (abc) s _4RAss — 4R
A A
Mat+n) _,
Rs
9. a=1
sinA +sinB+sinC
) 2s=6
3
(a+b+c]
= 2s= R
R=1
a . 1
» SinA =2R = smA=E

Al
6

10. Area(AADC) :%b.x , Area(ABCD) = ;—x.a

= A=;—x(b+a)

_2A
a+b

B3
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PROPERTIES & SOLUTION OF TRIANGLE

2. Using 1 =—"— 1 =—>_ -2 17. A= E _3h . (where s the altitude from A
. Usin, = , I, = I, = A=— =3h:
g I c-2) 2 5—-b) 3 s > ; (where h is the altitude from A)
b Also A= 228 (sing A= r-s)
_ - - SOA=—— (usingA=r1's
we get 2s—(a+Db)2s A(t3)+c))(2s (c+a)) 5 (using
21'r 6 3h r 2
_ = = = — ==
abc KR’ 64R° KR’ 2 2 h 7
A (@bey = @bcy  (abc) nowAPQ and ABC are similar
h-r PQ r
hence K =64 h 6 I_E:
5 5y ! 5_PQ o 30
14. s—a _ s—a ~ 77 % Y Q_7
Z A \/Z 1 18. Using cosine rule
(s—a)s—b) (s—a)s—b) ’ &
x*+4-1 x*+3 1 [ 3}
cosf = = =—|X+—
Z 1 4x 4x 4 X
—___Ss—a _ ! X é = tané B
z s(s—c) (s—a) s 2
\f 2 2 X 1
A D | v \ﬁ 203
A B C * Al c
> r:(sfa)tan?:(s—b)tanzz(s—c)tan?) “
hence cos0 is minimum if x= /3
(19)* +(17)* =¢*
15. cosC=——————>0 -, minimum value of cosf=2 N3 _N3
2:19-17 4 2
< (197 +(17) maximum value of = g
2<(18+12+(18—1)?
C2<2(182+ 1) 19. In AABP
2 C
c7<650 (1) 9=c2+x?—2cxcosB; but cosB=—_
¢>2 andc<26 3x
2<c<26 ...2) 9:cz+x2—2cxi
4<c*<676 —(3) X A
cis3,4,5, ... ,25
number of integral values of c is 23 . b
16. AH =2R cos A (distance of orthocentre from the vertex) 3 4
given sinA=3/5; cosA=4/5
a=39 B P <X 0 X C
2o 22 0r o 2r=6s ¢ b’
sinA > 3~ 7 - 9=x2+73 ..(I); 16=x+ 2 )
BN, M+Q)
4 0 1
AH=65- = =52 25:2x2+§(b2+cz):2x2+3x2
B u C
oD
—a=39—— = 5x=25 = x=.5; .. BC=35=445
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MATHS FOR JEE MAIN & ADVANCED

20. InAABC (= =9)

<>

X+y = X

sin108°  sin36°

X+y  sinl08°

X sin 36°

X sin36° cos
Yy _S5+1 -1
X 2 2

_ 2(5+1) :\/§+1
Y GS-DE5+)) 2

| >

tanC B sinC_ 1
sinB  sinB cosC’

21.

nowusing sine law

. . a’+b*-¢? 5
using cosine law cosC= ———— = —

tanC  sinC 1 10 16 32

sinB  sinB cosC 9 5 9

1 ) . C C
22. A=A +A,= EabsmC :absmzcosz

LS 1+ LeaanS = L1
2 SlIl2 22[811'12 :>a b

23. b2+ (b2 +c2—a)x+c?=0
Note: b?+c2—a?=2bccosA (from cosine rule)
let f(x)=b*x*+(2bccosA)x+c>=0 also A € (0, m)
in a triangle
cosAe(-1,1)
2bccosA € (—2bc, 2bc)

- 2 Ah2e2 = 4W2c2 20 _
= D=(2bccosA)-—4b-c*=4b“c (109‘52A4 31)

= D<0 = (A)iscorrect

24. Put a=2RsinA etc.
E=R[sin2B +sin2C +sin 2C + sin 2A + sin 2A + sin 2B]
=2R(sin 2A +sin 2B +sin 2C]

a b c abc
2R 2R 2R R’

25. BICI, is a cyclic quadrilateral with I, as the diameter

T A
also /ZBLLC=———
2 2
applying sine law in BCI,
a
=11,
COS—
2

2R-2siné-cosé
I, = 22 _gRsin=
CcOoS—

LA . B _C
l_III1 =64R sin - sin~ sin~- =16R"r

iR B €
(using sin > sin > sin > =71)
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PROPERTIES & SOLUTION OF TRIANGLE

_ abe N SPSPSP R [sin2A + sin2B + sin2C
26. R= E’ A= 5 6-6sin0 = [8sin0d 29. LHS [ : : : ]
2R [sinA +sinB + sinC]
a=b=6
0 ¢ ) __ 4sinAsinBsinC
sz N E = c=12 sz 2. 4cos% cos% cos%

LA B_C
= 4sin— sino sino =g

2
30. Numerator of RHS = ks? . 4R and denominator of
RHS=s>  (usingr,=s tan% etc.)

numerator 1
—— of RHS=k-4R=LHS=R = k=—
deno min ator 4

31. note that ANIM is a cyclic quandrilateral.

19« A 2x
:M:3secg = cosecT =— = 2x:rcosecé
4-18-sin0 2 2 2
27. a2+ b2<c? a2 +b%<a?+ b?—2ab cosC
cosC<0

= Cisobtuse = (B)

28. BC=BD+AD a=ptgq
or L 1+ 4
p p
using Sine lawin A BDC and in A ABD r 3 ?R R
. . X= = Xyz= = =—
s.1n3x _ 4 Sinx 2sin A 2.4Hsiné 2r 2
sin2x sin4x 2 2
N sin3x~s%n4x—.sinx-sin2x L 1. OA=HA
sin 2x -sin 4x .
R =2R cosA (distance of orthocentre from the vertex A
is 2R cosA)
1
= COSA= —
2

2sin3x - sindx —2sinx - sin2x =2sin2x - sin4x
(cosx —cos7x) — (cosx — cos3X) =c0s2X — cos6x
€083X — COS7X = c0S2X — cOSOX

2s8in5x - sin2x = 2sin4x - sin2x

as sin2x # 0

hence  sin5x =sindx
5x +4x=180°
= x=20° hence LA=180°-80°=100°
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MATHS FOR JEE MAIN & ADVANCED

33. a2+ b2=4R2[sin?(45° — 0) +sin?(135° — 0)]

B C
:4R2[sin2(45°—6)+cosz(45°—9)] ' @_ COSE.COSE.COSE _ Coté COtE COtg
C R 2 2 2

. A . B .
sin—sin—.sin—
2 2 2

A A
In a triangle HCOtE = ZCO'[E
45°-0 /\45°

L B
:4R2 38 : 2C*M<l N d A*B*3—n
. sin2C= SnAsnB OW procee =B=-
s(s—b) s(s-c s—a
34. cot— - cot— = ( ) ( )( ) _r
2 A A s—a and C= 4
s 2s 1<cos(A-B) = cos(A-B)=1 = A=B

s—a - 2s —2a
39. Extend CB and DA to meet at P.

butgiventhat a+b+c=4a = 2s=4a note that A PCD is right angle as shown.

B _ 4a "
Hence cot— -cotz = 9. now tan 30° = E
: ! [PAB is 30°-60°-90° triangle, hence PB =(2)(3) = 6]
a L e D
35. tanA= — = —ZtanA= 7 [ltanA
WETop T TR Sl
60°
_lfab ey 2
4\f g h

A-B a-b C

36. usetan > = atb cotE to getA—B=60° and
A+B=150° (given) P
= A=105°

A

37. x= -
X =rcosec

B C o 2bc é_ bx B
a—r(cot5+cotzj 40. AD=y= b+c°°52 ~ bix (asc=x)

B D C
| ale | X 1
E rat(R/OY T . h) | = =
rcot(B/2) rcot(C/2) y 1+ x2 1
X+ —
A A )
a B C). A sin.cos> 1
" C°t5+00t3 S = Ymax = 5 Since minimum value of the denominator s 2

B C
Sin—.S1in—
272 ifx>0 = (B)
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PROPERTIES & SOLUTION OF TRIANGLE

EXERCISE -2 o
Part # I : Multiple Choice 3. cosA+cosC=4sin"—
A+C A-C ., B
(A—Bj (a—b) C = Cos| ——— |.cos| —— |=2sin’ =
1. (A) » tan > =2+0 cotz ......... @)
2[A+Cj
=2cos
31 2
_(A=B) l-cos(A-B) 1—37 1
ot T = s(A—B) ~ 31 63 o[ A=C
1+§ 2 2 cotAcotC 2+l
A+C 1 2 2 2-1
A-B 1 cos 5
tan( J——’-) a=5 and b=4
2 37

A B C A B C
from equation (l), we get COt?+ COt?-i- COt? = COt?COt?COtE

1 5-4 C 1 1 C A C B
- _ | == ~ - _ - ~ — cot—+cot— =2cot—
3\/7 (5+4J CO'[2 = 3\/7 9COt2 ) 2 )
- tC 3 ) 2bc A
cot = = . = Py
2 7 P.= pc °7
(A) correct
l-tan’C/2 1-7/9 2 1 (B) incorrect
¥ cosC= 5 = =— ==
1+tan*C/2 1+7/9 16 8
A A
abccosec? abccosec?
b2 2_ 2 C —
¥ cosC= —2 ¢ v 2R(b+c¢) & (b+o)
2ab sinA ¢
= c¢?=a’+b*-2abcosC = c=6
be 2sin 2> cos 2
sl AV 1 beinfes) w4
(B), (O) Area = 5 absinC cosC = 2 = siné,(bﬂ;) = bro) 5 3
2
. 1 37
= sinC = 176_4 o 2A A besinA 1
(D)» 77—~ cosec — = T
(b+c) 2 (b+c) " . A
1 3ﬁ Sin—
Area= 7 x5x4x
2 8 A A
2bcsm5cos5 1 Ibe A
Area = $q. unit. = . = Ccos
q. uni (b+c) siné b+c 2
2
> Y, = E
From Sine rule sinA  sinB  sinC 6. (=) (,-0 (-1
4 asinC  5x3./7 —[ A —éj( A —é]( A —éj
= SsinA= = s—a s/\s-b s/ s—-c s
c 6x8
Alabe ( abcj
57 _ Alabe _ abe
inA = —— 2 A2
sin T s™.A 4A
s> 4A r
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MATHS FOR JEE MAIN & ADVANCED

9. Product of distances of incenter from angular points A B
sin — sin — sin —

r’ r — abe 2 2 2
- = B C
sinésingsing r/4R COS? COSE COSE
2 2 2
AR B (abo)r B (abe)r
a inA +sinB+sinC) ~ a b ¢
abc abe)(r abc)(r 4R.(Sln R(— — J
__rZZ(A)():( 0. 4 2R 2R 2R
A a s
' 2(abc)r 4RAr
= = =4Rr?
0.4 22 -2 2 2
A T et Tsoa s

= (s=b)s—c) B s(s—a)

A
= tan’ - =1 = A=90° N0 N0
2 B™D E

(B) 4R? (sin?A + sin’B + sin?’C) = 8R?
1 — (cos*A —sin?B) + sin’C=2
1 —cos(A+B)cos(A—B)+1-cos’C =2.
cosC cos(A —B) —cos’C=0

if we apply m-n Rule in A ABE, we get
(1+1) cotd = 1.cotB — 1.cotO

2. cotO = cotB — cotO

cosC[cos(A —B) —cosC] =0 3. cotd = cotB
cosC[cos(A—B)+cos(A+B)]=0 tan6=3tanB .. (i)
2cosAcosBeosC=0 = A=90° Similarly, if we apply m-n Rule in A ACD, we get
or B=90° or  C=90° (1+1)cot(m—0) = 1.cotd — 1.cotC.
©) r, =s. cotC=3cotd = tanO=3tanC ... (ii)
stan A/2 =s = tanA/2=1 = A=90° form (1) and (2) we can say that tanB = tanC
. aA 1 = B=C
D) Gha “s6-a) = sna @nA2 > A+B+C=n
= 2sin’A/2=1 .. A=n-(B+C) =m-2B
= l-cosA=1 = cosA =0 = A=90° 3 B=C
N N A é B L B é 5 B 2tan©
1. rl_ris—a s ~ s(s—a) fatanz . tanA=-tan2B =- ta—n =_ %
l1-tan’ B | tan 0
I1 = abct ét —t g ?
(r,—1) —acan2 an2 an2
A = tanA = —6 tzanO
= abclItan 3 tan” 6 -9
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PROPERTIES & SOLUTION OF TRIANGLE

C
14. lra+ lrb:labsinC . P
2 2 2 Statement : 1 ‘\‘ ,:"
r(a+b)=2A b a
~N L s IA L,/
/[2—-AI2
2A A I B A2
= (1
T a+h M ‘
2abc abc Y N%%
"™ 4R(2RsinA +2RsinB) ~ 4R’(sin A +sin B) BN
= @)
C ' !
lsox= cos—
alsox a+b 2
1 .
2-—absinC 2absingcosg
from(1) r= 2 = 22 2R, =4R R, =2R
a+b a+b A ABC s pedal triangle of AT I I,
C statement - 1 and statement - 2 both are correct
2abcos— C .
- 2 in— = xsin— — (©) and statement -2 also explains Statement - 1
a+b
3. Perimeter=10asi z
15. 1, :2r2: 3r3 s erimeter a sin 5
A 20 3A 1 2 3 O
= = = = = =
s—a s—-b s-c s—a s—-b s-c . /5
(1 (i) - (i)
From (i) and (i) weget a—-b=c/3 ..(1)
From (i) and (iii t 2a—-b=2 .2
(i) and (iii), we ge a c ?2) P——
From (ii) and (iii), we get a—5b=-5¢ «Q3)
let c =Kk, then from (1) and (2), we get For n sided polygon, perimeter = (2 asin Ej X n
n
5k 4k
a= 3 and b= 3 Hence statement 11 is false
.8 :E . Ezé 4. Angles of ADEF are m1—2A,n—-2B,n—2C
b 47 ¢ 3
Incentre of ADEF is the orthocentre of AABC
Part # I1 : Assertion & Reason
C . . .
1. I, I,=4R cos 5 if we apply Sine-Rule in A1 L, 1,
then

C C
Ll 4Rc0s§ B 4R cosE

2R="7A BY _(A+B) C
sin| —+— sin COS —
By 2 2 2
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MATHS FOR JEE MAIN & ADVANCED

EXERCISE -3

Part # I : Matrix Match Type

(A) > AA, and BB, are perpendicular

a?+b*=5¢?
2 b2
cz—a-g =5 = c=.5
5 cosm a’+b’—¢’ 16+9-5 5
T oab T 2x4x3 6
11
» sinC:£
6
|
AzzabsmC:\/ﬁ
A =11
(B) GM.>H.M.
3
(r,r,T, Zl T1
rl I.2 r3
= (r;r,r)"”>3r
- 423 r23 5597
r
O up o CCUESASES A8
© tan 2" sG-o a=5,b=
2s=9+c¢
_ O+c-10)9+c-8) cgl
9+c)9-c) 81-¢*
7 -1
= —= 5 = ¢*=36 = c=6
9 8l-c

(D) » 2a’+4b’+c*=4ab+2ac.
= (a—-2b)*+(a—c)*=0 = a=2b=c
a’+c’ b’

7
> cosB= ———mm =—
2ac 8

8cosB=7

3. Usep,=——>P2=——>P3
b
3
@) 1 1 1 < m (HM <GM)
—_— + — + —
P P2 Ps
cosA cosB cosC
(B) + +
P P, P;
acosA + bcosB + ccosC
B 2A
R@in2A + sin2B + sin2C)
B 2A
(-.a=2RsinA)
R.4.sin A.sinB.sinC 4R abc ~ 1
- 2A TIA8R® R
b2 2A (;2 2A a2 2A
—_——t——t+ —.—
© — e
2A [a3 + b’ +c3]
B abc
a’ +b’ +¢’
Now, ————=abc  (AM 2 GM)

a’ + b +¢?

abc

= 2A.[a3 + b +°3]26A.
abc

2

(®) Zp2=

Part # II : Comprehension

Comprehension # 1
Angles BEC,ABD, ABE and BAC are in A.P.

let BEC=a-3p
ABD=a-8
ABE=0+f
and BAC=a+38
now, o—3B=(ac+3B)+(aa+P)
[using exterior angle theorem]
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PROPERTIES & SOLUTION OF TRIANGLE

otP

and From AABD

OL—[3+OL+3|3=§

T T T
ZB=2(a+B)=—, LA=—, LC=—
@+p)=-. 5’ 3

= ABCis30°-90°-60° triangle

T
(i) Areaofcircle circumscribing AABC=mn (% > 7
Jﬁjf
i) ABOCisequilateral = == = —220 = 1
(ii) 1s equilatera’ r l ( E j 4 \/5
2(2
fij) BD= OB sin ~ = ~sin & = ¥3
(iii) = sin 3 22377
BB'=2BD—§

Comprehension # 2

1. Let ZLI1 =0

37172

Then angle of pedal triangle=nt—-20=A

=372

2. Side of pedal triangle= I,I,cos0 = BC

a

I%——Txii
COS| ———
2, W

A
LI = 4Rcos ?

R A
3. 111:4Rs1n3

A
1213 = 4R cosz

112+ L17=16R?

Comprehension # 3

InA OAD

n . T
OD=Rcos—,AD=Rsin—
n n
A = Area of circle (circumscribing polygon)
— Area of polygon
, no (2m)
A =nR"— —Rsin k—J
n 2 n
B, = Area of polygon — Area of circle (Inscribed)
oo, [27 2 2 (m)
B = —R°sin| — | —nR"cos k—
o2 n n
1. Ifn=6then

A =nR’— iRZ
2

n

B3
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MATHS FOR JEE MAIN & ADVANCED

2. Ifn=4 then value of

S nR? R2[4—n]
n_ - 2 -

2
n  2n
T — —sin—
3. An: 2 n
B, n . (2nj , T
—sin| — | — m.cos” —
2 n n
put T=n0
20 — sin26
we get

sin26 — 20cos* 0

0 — sin0.cos0O 0 — sin0.cos0O

sin0.cos® — 0.cos’ O B cosO(sin® — Bcos0)

Comprehension # 5
b=AC=3 and ratiois1:2,Hence

AD=1 and DC=2
1 1
(i) Now sinf= R = 9:sin’1£ Ans.
4 4
1 15
(ii) Obviously ZFDC=0=cos™' rin sin”! g = /FCD
hence A, B, C are correct.
now areaAADE=1 - ﬁl = i
248 4
BD
nowtan 0 = > (inABDC)
BD
Jis = = BD=2/I5
2~4/15
mmf4§:—wﬁ
215 |
S1 - \/a ( )
2015 2415
Is inA = = —7 =
also si1 : \/a = C \/a
2-2+/1
5 fis

Area of ADBC= 5 =

area. AADE  /15/4

area. ADBC ~ 2./15

_C _ip.
(iii) InAABC, 5o 2R;

o G4 2@
72sin972\/gix/g

Ans.

B3
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PROPERTIES & SOLUTION OF TRIANGLE

E IS = BDsin 0 BD sin 0 .
= AB= sin(@+¢@) ~ sin 0 cos ¢+ cosBsin ¢ (1)
1. LHS:l(a2+(b+cfa)+b2(c+afb) sinq):L and cos¢=L
2 p’+q’ Vp*+q’
1
= (@b + ¢~ @) +b(c? + a2~ b?) (Voo )sine
+o(a+ bi— ¢?) . from equation (i), we get AB = qsin® pcose
1 P’ +q’ \/p +q’
=5 (2abc cos A+ 2abc cosB + 2abce cosC)
' B (p° +q°)sin®
= abc (1+4sin%sin%singj h qsind+pcos®

4. cosA(sin B—sin C) + (sin 2B —sin 2C) =0
= cosA.(sinB-sinC)+2cos(B+C)sin(B-C)=0
> B+C=n-A
2. Sincea=2RsinA,b=2R sinB,and c=2R sinC, — cosA.(sin B—sinC) 2 cos A.sin(B—-C)=0
we have = cosA[(sin B —sin C)—2(sin B cos C—cos Bsin C)]=0
(b% - ¢?) cotA = 4R*(sin’B — sin’C) cotA
=4R%sin(B + C) sin(B — C) cotA

=4RA (1 + 4sinésinEsingj
2 2 2

= either cosA=0=>A=90° = right angled

or (sin B —sin C) —2(sin B cos C—cos BsinC) =0
cosA

in A = (b-c)-2 [b.
=—-4R%in(B - C) cos(B + C)

("> cos A=—cos(B + C))
=-2R*2 sin(B — C) cos(B + C)]

= 4R%sinA sin(B — C)

a’+b*—c*  at+ci-b’

—cC. =0
2ab 2ac

= a(b-c)-2(b*-c?)=0
(b-—c)[a—2(b+c)]=
b-c=0 = b=c

=-2R[sin2B — sin2C] ....(i) — isosceles

Similarly, (¢* —a?) cot B 5
=—2R?[sin 2C — sin2A] ....(ii0)

and (a?—b*)cotC hso=o| ©
=_2R?[sin 2A —sin2B] ....(iii) 5.

Adding eq. (i), (ii), and (iii), we get Waa LS AN

(b*—c?) cotA + (c*—a?) cot B

Area of ABAD = /3 x Area of ABCD
+(a2—b*)cotC=0

1 1 o
= EBDXBASinGZ\/g x EBCXBDSin(45 -0)

. cC_ 9 D
’ sin(45°-6)

e <« == — ... i

P BC \/_ sin© @
N ¢ A = From Sine-Rule
B
BC AB
If we apply Sine-Rule in A ABD , we get sin75°  sin60°
BD

%:m ) %_sinGOo_\/g\/E
sin ¢ “ BC  sin75° B+l

From equation (i)
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MATHS FOR JEE MAIN & ADVANCED

B2 1 1
W V3 {fcmeﬁ}
2 2(V3-1)
(\/§+1) =cot0-1 = 3 =cot0—1
= cotd= 3 = 0=30°

= Z ABD=30°

required distance = inradius of A ABC

> 28 =a+b+tb+ctc+ta
=2(a+tb+c)
s=a+b+c
> A :\/s(s7(a+b))(sf(b+c))(sf(c+a))

= \/(a+b+c)(abc)
A \J(@+b+c)(abe)

. required distance = — =
d s (a+b+c)

1
B abc abc 2
a+b+c a+b+c
7. () LH.S.=(r,+r)(r,+1,)sinC

Ab Aa P
" -a)s-c) (s—o)s—b) SIC

B abA?
~ (s—a)(s—b)(s—c)(s—c)

abs(s—a)(s—b)(s—c) abssinC
" (s—a)(s—b)(s—c)s—c) gC = (s—c)

sinC

R.H.S. =2r, o+ +1r, =2r, \/s_ =2sr,
L.H.S.=R.H.S.

1
(ii) L.H.S. =- A

(s—=b)(s—c) N (s—a)(s—c) N (s—a)(s—b)
(a=b)(c—a) (a-b)b-c) (c—a)b-c)

(s—b)(s—c)(b—c)+(s—a)(s—c)(c—a)+(s—a)(s—b)(a—b)
(a—b)(b—c)(c—a)

l—RIIS
Ai . . .

(iii) Firstterm = (r+r ) tan
~ (§+ A j(bcj A AQ2s-a)
s s—a/\b+c C0t2 ~ s(s—a)

b-c , s(s—a)
(b+cj' (s—b)(s—c)
=b-c
similarly second term=c—a
& thirdterm=a—-b
LHS.=b-c+c—at+ta-b=0=R.H.S.
(iv) r,+r,+r,—r=4R
(r,+r+tr,—ry=r’+r2+r2+r’=2r(r +r,+r)+
2, tnr) @)
> 1(r,+r,+r)=ab+bc+ca-s’

and rr,+rr, +rr =s’
from equation (i)
16R*=r*+r12+r1?+r1’ -2 (ab+bc +ca—s?) +2s
rHri+r+r?=16R*~4s*+2 (ab+bc+ca)
=16R?* —(a+b+c)*+2(ab+bc+ca)
=16R?*—a’>—b?>—¢?

8. (i) EIFAisacyclic quadrilateral

EF Al
sinA
A
F E
B D C

» Al=rcosecA/2
EF =rcosecA/2.sin A
=2rcosA/2

similarly DF=2rcos B/2 and DE=2rcosC/2.

B3
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PROPERTIES & SOLUTION OF TRIANGLE

(ii) IECD is a cyclic quadrilateral EXERCISE -5

Part#1: AIEEE/JEE-MAIN

C
ZICE=ZIDE = —~

2
similarly / IDF = / IBF = = L otanl®l=2.nl X222
Yy 2 . an;fzr,smn “9R
e - A .l . S
202 2 2 2 = r+R_E[cotE+cosecE}
2 n n
1 . a n
(iii) areaofADEF—EFD.DEsméFDE = r+R:§.cot 2
n
1 B C).(n A
— —| 2rcos— || 2rcos— |sin| ———
2 2 2 2 2 I Gl s(s—a)  3b
. a +C. =
ab be 2

A B C
=212 COS—COS—COS—
2 2 2 S 3b
= —(sfc+sfa):7
2 (2A 2A 2A
=\t —t+t—_ = a+b+c=3b. = a+c=2b
2\bc ca ab

- [sinA+sinB+Sian
r

4
= a,b,carcinA.P.

*[2A(a+b+ 2 217 As’
_r_[u} _rA2s 2048 A ¥
2 abc abc (abc)s
> AG= = x4=°
= — X4=—
ey A 1m 073773
(abc)s (abc)s 2 R°

1
Areaof AABG= 5 x AB x AG sin 30°

A
,56’
E
%0° < \
602
B B) C
Lol 16 81 3o AG
= —x X —X— = ——= [ —
273373727 o3 m AB
. ap_ 2AG _ 16
NENE

32
Areaof AABC =3(Areaof AABG)= m

sina +cos’a—1—sinacosa 1
4. cosp= - =—=
2sino.coso 2

= B=120°
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MATHS FOR JEE MAIN & ADVANCED

5.

£C=n2 B
C
r:(sfc)tanz C=90°
A
r=s—-2R c
» 2r+2R=2(s—2R)+2R.
=2s—-2R
=(a+b+c)— — > C=90°
sinC

=at+b+c—c=a+tb

2A 2A 2A )
T, arein H.P.
a b ¢

a b c 1 AP
= AN A are inA.P.
= a,b,careinA.P.

T 2
Letcos— = = forsomen>3,ne N ™
n

3 ..............
L LIS S
52<3< 2 = (.‘aOS3 <COSn <COS4
mT T T
T n_m
= 37n734

= 3 <n<4, which is not possible
so option (2) is the false statement
so it will be the right choice

Hence correct option is (2)

Part #1I : IIT-JEE ADVANCED

I =2n X area of A OA L,
1
= I =2nx E xA I <Ol

. o
= [ =nxsin — xXcos —
" n n

[0 In .
:>n—2s1nn. ..... >i)

On =2n X area of A OB101

1
= 0,=2nx 7 xB0,x00

T T
=nxtan— X1 = ntan—
n n

n .o
= O, :ntanH ...... (ii)
Now
2
0, |1+ 1[%) 0 [1 271
= —= = =0 |1+cos—
R.H.S. ) [ n ) n

, T , b4 , T
x2cos> — = 0O.cos*> — =ntan — .cos® —
n n n n n

n

n 2
— sin — =1

= L.H.S
2 n n

Let angle of the triangle be 4x, x and x .

Then  4x+x+x=180°

= x=30°

Longest side is opposite to the largest angle.
Using the law of sines

a b ¢
sinA sinB sinC =2R

a=R,b=R,c=+3R

2S=(2+3)R
c B
25 2443

Clearly the triangle is right angled. Hence angles are
30°, 60°and 90° areinratio 1 : 2: 3

D

30°

\/g 2
609\

B3
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PROPERTIES & SOLUTION OF TRIANGLE

4.

5.

Consid b—c k(sinB-sinC)
onsider = KSinA

B+C). (B-C
2cos sin| ——
2 2
- (A A
2sin| — |cos| —
2 2

(n Aj. (B—C)
COS| ——— |Ssin| ——
2 2 2

‘(B—Cj
sm| ——
2

Clearly P is the incentre of triangle ABC.

A \/(s—a)(s—b)(s—c)
T T S

Here 2s=T7+8+9 = s=12

[5.4.3
Here r= T2 - JS

.b.b.sinl20°= ?bz ......

AL
2

sin120°  sin30°
b

:>a:\/§b ......

SO

1
and A= \/gs and s= 5(a+2b)

= A= ﬁ(awb) .......... 3)
2

From (1), (2) and (3), we get A= (12+7+3)

el

We have AABC =AABD + AACD

1 . 1 A 1 A
= —bcsinA= —cADsin— + = b x ADsin —

2 2 2 2 g
A
AlA
512
E
B 5 C
/
AD= ccosé
= " b+c 2

A
Again AE = AD sec )

: 2bc
~ b+c

= AE is HM of b and c.

A 2x2bc A

EF=ED+DF=2DE=2XxADtan — = X COS =
2 b+c 2

. A 4bc @ A

X —_— = — —

Mo " pec

As AD 1 EF and DE = DF and AD is bisector
= A AEF is isosceles.
Hence A, B, C and D are correct answers.

In AABC, by sine rule

a 242 4
— = - —45°,C'=135°
sinA  sin30° sinC = C=45°C=135
When C=45° = A=180°—(45°+30°)=105°

When C'=135° = A =180°—(135°+30°)=15°

1 1
Area of AABC' = E AB .AC'sin ZBAC'= 5 X 4 x

242

232 sin(15°) = 442 x \/5\/__1 ~2(\3-1)

+91-9350679141
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MATHS FOR JEE MAIN & ADVANCED

Areaof AABC 5
1 1 10. —s1n2C+—sm2A——(acosC+ccosA)
ZEAB.AC.sinA:E x4x 22 sin (105%)=2 (\/§+1) c 2R

Absolute difference of areas of triangles

=12 (V3+1) —2 (V3-1)|=4

=2sinB = 2sin60° = /3

T (XD + X +x+1)—(2x+1)°

Alltel’ ]1. COSE = 2(X2 +X+1)(X2 _1)
NE) 3 (x* =1 + (x> +3x +2)(x* —x)
P 2(x* +x+1)(x*-1)
NE) 3 x> =D+ (x+D(x+2)x(x-1)
P 2(x* +x+1)(x* 1)
A
AD=2,DC=2
2x+ 1 X —1
Difference of Areas of triangle ABC and ABC' = Area of
triangle ACC’
1 1 /6
= —ADXCC' =— x2x4=4 B C
2 2 X2+ X + 1

A
9. cosB + cosC=4sin>—

x* —1+x(x+2)
2 = \/g: 2 1
B+C B-C zé XTHXx+
= 2cos 5 cos 4s = 30 Hx+1)=2x+2x—1
A = -2)x*+ -2)x+ +1)=0
= 2sin—[cos —2s1n—] (Jg )X (Jg )X (Jg )
2 on solving
B-C B+C 24 = = 1.
= cos( 5 chos( j 0 assm—io X +x=(33+5) =0 weget x= /3 +1,- 2+43)
B @ ¥ At x= f(2+\/§),Sidecbecomesnegative.
= fcoszcos5+3sin351 520 Sox=434+1
1
= tanE tang = 1 12. Areaoftriangle:—absinCZIS\/g
2 2 3 2
A
1 3
= <.6.10sinC=153 = sinc:£
2 2
c b
27 .
= C= — (Cisobtuse angle)
3
B = C
fixed base a’+b>-¢’
Now cosC= ——7
\/(s—a)(s—c) (s=b)s—a) 1 2ab
= . ==
s(s—b) s(s—c) 3 1 36+100-¢”
= —g=E— = c=14
s—a 1 2 2.6.10
= —— =7 = 2s=3a = b+c=2a
D S LA 1583 .
Locus of A is an ellipse ST T 5r10+14 =3 = r=3
2

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



PROPERTIES & SOLUTION OF TRIANGLE

13. a=2=QR

14.

(o
Il

¢}
I

s=

SN NV R SN ]

I
g
s

PQ

a+tb+c

L
2 4

2sinP —2sinPcosP

2sin? P
= 2 _ tan? B
2cos? P 2
2
_ (s=b)(s—¢)
- s(s—a)

(

cosP =

~ 8(n+1)(n+2)

U

Lu vl

(3l 2

AZ

2sin P(1—cosP)
2sinP+2sinPcosP  2sinP(I1+cosP)  1+cosP

_(s=b)’(s—c¢)’

(2n+2)"+(2n+4)’ —(2n+6)’ 1

4n’ —16

2n+4=20
2n+6=22

2(2n+2)(2n+4)

_L
3

3

1—cosP

B MOCKTEST oy

1.

Using properties of pedal triangle,
we have
Z MLN = 180° — 2A
= ZLMN-=180°-2B
= Z MNL=180°-2C
Hence the required sum
= sin2A + sin2B + sin2C = 4sinA sinB sinC

D)
b>+c?—a’ 64+81-49 145-49 96
COSA = = = = —
2bc 2.8.9 144 144
B a’+c?—b? ~ 49+81-64 7ﬁ7£
BT T e T 2.7.9 126 21
cosA:cosB:H
A
O'_l_G_p
B D C

From figure, we can observe that AOGD is directly
similar to APGA

GV

(2 4 cotm + cot=
002 002 002

_ s(s—a) N s(s—b) N s(s—c)

A A A
s s[3s—2s] 2
:Z[3s7(a+b+c)]:T:X
a+b+c) 4R 2 abc
( : )TWTR o> a- )
oA A
dlSOX:E:r_Z

B3
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MATHS FOR JEE MAIN & ADVANCED

C
5. tan—(atanA +btanB)=a+b AAB AD - BD
2 . . 8. In AABD. G 120° ~ sinls®
= acosBcos(A+—j+bcosAcos(B+—j:0
2 2 2\/5
___ 2 _
= (acosB—bcosA)cos(A+§j=0, = AD_\/§_1_3\/§+\/E
22
as cos(B+g)—cos(n—A—£)
2 2 A
= A =B, in either case B
45°
6. (B) 2
A 0
D C
PO 9. (B)

Let ‘O’ be the centre of circle and ‘P’ be its point of
contact with side AB. We have

H A A
AP =0P .cot— =cot— and
c 2 2
a=2+5
245 2++5 PB=0P tB tB
a + = .Col—/— =cot—
R=——— = 270 —Q2+43) 2 2
2sinA 2sin30°

2><l

A B
= AP+PB :cotz +cot5

Now AH =2RcosA=2(2+ ,/5)c0s30°=(2+/5)/3

s
7. (A) Inthe adjacent figure we have LZOCB = 3 -A
A
.(A+Bj
sin
__ 2 )
. D © = A _B AB
sin—.sin—
T T 2 2
= Z0DC=n—-|——A+0|=—+(A-0)
2 2 Similarly
if R, be the circumradius of AOCD, then
. (C+D
oC sin
NCIN S CD:C—2D
s1n(+(A9)j sin—.sin—
2 272
2R _ -\ Si A+B+C+D=2 AR _ €+D
== 1~ cos(A_0) ince =2n = , T,
As D>C = 050 L (A+Bj , (C+DJ
sin | ——— | =sin
= 2R1—> R 2 2
COsA AB.A,B_.C. cD
N R = -sin— .sin—: =sin— .sin— .
! 2cos A
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PROPERTIES & SOLUTION OF TRIANGLE

10. (D)
sl (L 1 1) )
S,: %) Mp g 1) e
A, A _ A A :(s—b;(s—c):s(sa—a) (a+b+c) (a+b—cj (a—b+cj
s—-b s—-c s—-a s = A A A
_sG-a) aw%:1 — A=90° (§+c—aj L
(=b)s—0) | b
S,: 4R* (D sin’ A) =8R? _8 629 b)) Gma) abe )’
. . . AT AT AT A A
= sin?A +sin’B +sin’C =2
= (4R)*= 16R?
= 2cosAcosBcosC =0
13. (A, C,D)
= AorBorC=90° . .
given expression (a —¢)’*+ (a—2b)*=0
A A _ _ :
S, 2r1:2s:>stan 3 — = tan 3 —1=A=90° = ?—Zband ¢ = a. Sides are 2b, b, 2b
= 1isosceles,
A B C
S,: 2R=4R [(sin— cos — cos ) _al+c-bt 7 7
4 2 2 2 > cosB=—F——=_"5 =
2ac 8b 8
fsinésinEsing] and cosA — b’ +¢’—a’ !
2 2 2 2bc 4
1 = 2sin écos(wj or 1 =2sin’A/2 14. @)
2 2 A A
r=—,; p=
= cosA=0 = A=90° S s—a
i1 (4,0 s A’ _sG-a)(s-b(s=0)
A=A +A s(s—a) s(s—a)
1 2
1b'A—1 'é+lb'é A
5 besinA=—cxsin— +- xbsin
12. (A,C,D)
c r b
22 A -
p= a ,qQ= b , I = c 0
B C
1 1 1 1)(a+b+c ( lj \\
A) (Zp) | Z—|=2A| —+—+— =(Za) | 2
(5L ) (22275) a5
= (s=b)(s—¢) = (s —b)? (> b=c¢c)
(©) (Zp) (Epq) (T1a) (2s—-2b)>  (a+b+c—2b)
= = (rb=c)
(ZA 2A ZAJ (4A2 4A° 4A2j 4 4
= | —+—+— + + abe
a b ¢ ab bc ca a’ 4R*sin” A )
= — = — = R?sin’A
4 4
_ 2A@b+botca) ., (a+b+o) Also ifZ/B=0 = ZA=n-260
abc abe o pr=RZsin*(n—20) = R%in’20 = Rsin’2B

=(Za) (Zab) (Tlp)
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MATHS FOR JEE MAIN & ADVANCED

15.

16.

17.

18.

19.

A 2A 3A
We have = =
s—a s—-b s-c

= a:b:c=5:4:3

)

Statement-II is true.

Statement-I tanA =tanB = tanC
(By using statement-1)

A=B=C 1e a=b=c
r1:r2:r3
A
L+ 4+ 3 I 5 s-a (a+b+cj
I r A “\b+c-a)
S
©
e T
2101 =, ZIBl,=
A
B P C

1

BICI, is cyclic quadrilateral
BP.PC=IP.1P

A

20. (B)
Statement-I :
a<b<c
s—a>s—b>s—c
s>s—a>s—b>s—c
A A A A
— < < <

S s—a s-b s-c

I'<I'1<I'2<I'3

Statement-I1 :

A A A A
rl:s—a’rzzs b’r3 s—c’r::
1 1 1 S 1
— . WA W
S A A r
2. A—>@E), @B)—=>(@, ©O)—>), [D)—>()

(A) (b+c)*—a’=2Abc
or b2+c?-at=(A-2)bc

or A-2<2
A<4
greatest value of A is 3.

(B) tanA +tanB +tanC=9
in any triangle tanA + tanB + tanC = tan A tan B tan C

tan> A +tan’ B+ tan’ C
3

k>3 (9"
k>9.3

> (tanA tanB tan C)*?

(C) Since the line joining the circumcenter to the incentre is
parallel to BC
r =RcosA

. . B . B
4Rsin 5 sin 5 sin 5 = RcosA

—1+cos A+ cosB + cosC =cosA
cosB +cosC=1

B3
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PROPERTIES & SOLUTION OF TRIANGLE

(D) a=5,b=4 or ab—c)-2(b—¢)=0
— (b—c)[a—2(b+c)]=0
cos(A—-B)= ==
32 s b—c=0orb=c
A-B a-b C 1 C o, isosceles
tan = cot— = —cot—
2 atb 2 9 2 (C) Combine first and third terms and put the value of cos B,
we get
1—-tan’ 2B . 9
_B)y= —— £ 2 1 2ia?_p? b
% cos(A-B) TA-B L= By+-.S i S
1+tan” —— ac b 2ca abc
1 ,C or 4b’+c*+a’-b?>=2a*+2b?
1——cot™—
3l__ 81 2 LobrHci=a
32 1 L€ L ZA=90°

sin(A-B)  k’(sin’ A —sin’ B)

31 C 3 C
31+ — cot’> =~ =32— — cot’>

81 <" 2 81 "2 ®) Sin(A+B) = K(sin’ A+sin’ B) 0¥ Sine formula
7 ,C_ sin(A-B)  sin(A - B)sin(A + B)
cot’— =1 - _
9 2 sinC sin® A +sin’ B
£ _2
cot 577 or SO B) B sinC } _
S sinC sin® A+sin’B
,C 7
I-tan"— 1—— 2 1
> cosC= (2: = 2 = == either sin (A-B)=0
1+ tan® 2 1+ 9 168 A=B ie. Ais isosceles
s s R or sin*A +sin’B =sin’C or a> + b*=¢?
,.) COSC—m = M;l A 'ht ld
2ab 2x20 8 1S nght angle
25+16-¢2=5 25
¢*=36 1 124 21 1
c=6 1.PG= 3 AD= 3 32 .absinC or = 3 bsinC
1
22. A->@E), @B)->@n, (O>@), D)—>(@r Cr A= 3 acsinB)
sinB b*+c*~a®? b 21 1
A) Si _ e QGG VO ) et 1
(A) Since cos A rsinC Ve have Tbe 2 . PG 2 acsinB 3 csinB
242 22 2 2 1
or bi+ci g =b'dag =2 2. Area of AGPL = (PL) (PG) and Area of AALD
Hence ¢ = a and so the AABC is isosceles {
(B) cosA(sinB—sinC)+(sin2B—sin2C)=0 =3 (DL) (AD)
or cosA(sinB—sinC)+2sin(B-C)cos(B+C)=0 1 1
> PL= < DL and PG= 3 AD
or cosA(sinB-sinC)—2cosAsin(B-C)=0 3
. 1
th A=0 A=90° -
either cos = . Areaof AGPL (PL) (PG)
or (sinB—sinC)— 2(sinB cosC — cosB sinC) =0 " Areaof AALD 1 (DL) (AD)
2
1 1
2 122 2,2 12 —(DL)x—(AD)
(bc)Z[b.a +b —c ° +a b}_o 7&21
2ab 2ca (DL) (AD) 9
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3. Area of APQR = Area of APGQ + Area of AQGR +

Area of ARGP

1
> Area of APGQ = 5 PG.GQ.sin(Z PGQ)

X

1
AD x EBE sin (t—C)

N | —
W | —

L2828
1 2 2A

18 a b ™"
21

) | .
= % X EbcsmA X > acsinB x sinC

C2
= — sin A.sinB.sinC
18

2

Similarly Area of AQGR = ?—8 sin A.sin B .sin C and

2

Area of ARGP = 11)_8 sinA.sin B.sinC

1
. From equation (i), we get Area of APQR = 13

(a2 + b2+ c?) sin A.sin B.sin C

24.

1.

2.

bx ¢y az ) ) )
T + ; + ? =bsinB+csinC+asinA=

b?+c? +a’
2R

k=2R

cotA+cotB+cotC= b2+c2—a’+c?+aZ—b’+a?

abe
+b2_c2)
R [4& 47 4_A2]

—_ + +
XZ y2 ZZ

R
- 2+ 2+ 2y —
abc &%+ et +a) abc

111
2 Yz

4AR 11 1
= A [—2+—2+—2]

B 4A’R
abc

abc Xy z
NEATEREL
- XZ y2 Z2
k=A

3 chinB+bsinC _ ZX+X_

=6
X X
25. (B,B,B)
AB) 4 1—tan® =lE 4
cos(A-B)= — = ==
3 1+ tan® 5
2tan2A_B |
- 2 9
. A—B_l 1_6—3 tg
= tan 5 73:37—3002
C
= cotEZI = C=90°

1
Area of triangle = 3 absinC

= Area:§X6><3X1:9

a _ \/a2 +b2
sinA 1
6
sin A

= = J45

2

= SsinA=

b

26. (8)

A
r=—
S

s=5ora+tb+c=10

abc
A= 4— or abc =60

Now  A?=s(s—a)(s—b)(s—c¢)
5=(5-a)5-b)(5-c¢)

=125-25(a+b+c)+5(ab+bc+ca)—abe
ab+bc+ca=38

a?+b*+c*=(a+tb+c)*—2(38)=24

or

or

27. (3)

atb—c=2

and 2ab-c?=4
=
= (b—-c)+(a—c)*=0
= a=b=c

Triangle is equilateral ;
hence a=2

= A=.3

B3
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a?+b?+c?+2ab—2bc—2ca=4=2ab-c?



PROPERTIES & SOLUTION OF TRIANGLE

28.

29.

2
We h ,C _s(s—¢)
e have  cos’S ab
So that
2ab Szg_@ s(s—c) s-c
(a+b+c)A 2 2sA ab A

1
Now, the area of triangle ABC is A = 5 Py

i.e., p, = 2A/a. Similarly, p, = 2A/b and p, = 2A/c.

1 1 1 a+b-c 2s-2¢c s-c

_+___
P P, D; 2A 2A A

@

a+c
2 2 \/ 2 . . )
\/a —ac+c sin“A—sinAsinC+sin” C

sinA +sinC

. A+C A-C
2sin cos
_ 2 2
\/l—cosZA ~ cos(A-C)—cos(A+C) N 1-cos2C
2 2 2

2\/§-fcosA2C

B \/2 —(cos2A +co0s2C)—cos(A—C)+cos(A+C)

A-C

\/ECOS

\/; —2cos(A+C)cos(A—C)—cos(A-C)

A-C

\/ECOS

A-C
2

3 =2cos
\/2 +cos(A—C)—cos(A-C)

. (6)

h +r h,+r h3+r>6
h,—r h,-r h,-r

2A
Similarly h, = B h,= S

h,+r h,+r
+ +
h—r h,-r

h,+r
h, —r

So

_2A/a+A/s+2A/b+A/s h 2A/c+A/s
2A/a—A/ls 2A/b—A/s 2A/c—Als

2s+a 2s+b 2s+c 4s 4s 4s
= + + = + +
2s—a 2s-b 2s—-c¢ 2s—-a 2s-b 2s-—c

1] 4s 4s 4s
=3 |- + + -3
_3{2s—a 2s—-b 2s—cH

3

>3 | 2s—a 2s—-b 2s-c | -3,
+ +

4s 4s 4s

Since (AM>HM) 2>6
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