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Questions
based on

Q.1

Sol.

Q.2

Sol.

HYPERBOLA
EXERCISE #1
Various form of Hyperbola 25x" — 144y” = 900.
2 —
The foci of a hyperbola coincide with the foci Q3 If the i;yperbolas, X +23xy + 2yt 2+ 3y_+ 2=0
5 5 and X~ + 3xy + 2y + 2x + 3y + ¢ = 0 are
of the ellipse );_5 + y? = 1. Find the equation conjugate of each other, the value of 'c' is equal
to -
of the hyperbola, if its eccentricity is 2. (A)-2 (B)4 ©o (D)1
2 2 2 2 Sol. [C]
Xy _ Xy _
(A)jr—zz—l (B)jr—zz—z H:x?+3xy+2y°+2x+3y+2=0
X2 y? X2+ 3xy +2y° +2x+3y+c=0
© FERTE (D) None of these A = abc + 2fgh — af? — bg? — ch?
(A] A XC+3xy+2y° +2x+3y+1=0
Foci of ellipse (ae, 0) (4, 0) A=0
_ 2
q=25(1-¢9) n+2 9 5, % g
4 2 4 4
e= — —
foci (4, 0) of hyperbola PR
oz o C+2=2
b®=a’(e’ - 1) - '
ae=4 ) 2 3(2x +3y+2)?
A4 x-1)'+y-2)) = ———
a=2=a’=4 Q -1+ =2) 13
b?=12 represents hyperbola whose eccentricity is -
equation of hyperbola @ 3
2 2 A= B = O3 @3
Xy V3 NE)
4 12 Sol. [C]
The equation of the hyperbola whose conjugate distance of P from the fous
axis is 5 and the distance between the foci is 13 distance of P from the directrix
is , y2 Here P is (1, 2)
(A) 9x2 — 144 y? = 900 (2% 43V 1 2)2
(B) 25x — 144 y* = 900 LRy -2) = %
(C) 25x° — 144 y* = 200 _ _
(D) None of these = taking square root both sides, we get
[B] 2 7 _ A3
X -1 —-2) = — (2x+3y+2
o VoD% (y-2)° = = (@x+3y+2)
25
p2= 2 VD2 +(y-2)°
4 = (2x+3y=2) =3
2ae-13169 ng
(ae)* = — s e=43
b?=a’(e*- 1) Q5 The equation of conjugate axis for the
,_ 144 2 _ 2
T4 hyperbola (x+y+D)” (x=y+2) =1lis-
4 9
x2 B y2 _1 (A)x+y+1=0 B)x-y+2=0
14414 25/4 (Cyx=-3/2 (D) None of these
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Sol. [A]
(xX+y+1)?2  (x—y+2)? 1
4 9
Letx+y+1l=Xandx-y+2=Y
X_2 — y_2 =1
4 9
Put X = 0 for conjugate axis
SLX+y+1=0

SIS Position of point & Auxiliary circle
based on

2 2

Q6 Parametric form of the hyperbolaxT _yE =—1is-

(A) (2tano, 3sech)
(C) (9seco, 4tanb)

(B) (3seco, 2tanb)
(D) None of these

Sol. [A]
XZ y2
Parametric formof — — — =-1
4 9
2 2
9 4
on putting (3 secO, 2 tano) the reqd form is given
by

C.oX=2tanb and y = 3secO
i.e. (2 tano, 3 secob)

Q.7 The position of the point (2, 5) relative to the
hyperbola 9x* —y? = 1 is

(A) Inside (B) Outside
(C) lie on (D) None of these
Sol. [A]

\

Equation of hyperbola = 9x* - y? = 1
point (2, 5)

S;=9x2°-5-1

=36-25-1

=36-25=11

11>0

.. Point lies inside the hyperbola

8 | ine & Hyperbola, tangent & Normal

Q.8  The tangent to the hyperbola 4x* — 9y* = 1
which is parallel to the line 4y = 5x + 7. The
points of contact are -
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Sol.

Q9

Sol.

7 8
+ yt
24161 34161
+ > ,x 8
24163 34163
5 8

© |+ T
24161 34161

(D) None of these

[C]

(A)

(B)

XZ y2
The hyperbola —- — bZ = 1 passes through the
a

point of intersection of the lines x 345 y=0

and /5 x — 2y = 13 and the length of its latus
rectum is 4/3 units. The coordinates of its focus
are -

(A) 2410, 1)
(C) (£2+10,0)
[C]

Point of intersection, P(S\/g,l) [Solving given
lines]

(B) (+3 10, 0)
(D) None of these

XZ y2
Hyperbola : —-—-=—-=1, passes through ‘P’
a b
45 1
——-—-=1 (
2 @
2b°
Also, — =3 [length of L.R.]
a
2a
b’= = (i
3 (i)
And b’ =2’ (e?-1)
2 2
b L ..(iif)
a
From (i) & (ii)
2a®+3a-90=0
2a(@a-6)+15(@-6)=0
a=6 or a= _—15
Lp= 220y
3
putting the value of a & b in (iii)
o = 4+36 _10
36 9
e=t —m
3
Focusx=+ae,y=0
(+24/10,0)
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Q.10

Sol.

The number of possible tangents which can be
drawn to the curve 4x* — 9y* = 36, which are
perpendicular to the straight line 5x + 2y —10=0
is -

(A)zero (B)1 ()2 (D) 4
[A]
Given equation of curve :
4x* — 9y = 36
2 2
= LA A 1
9 4

equation of straight line : 5x + 2y — 10 =0
slope of line perpendicular to it : %

for hyperbola condition of tangency is
c? = mia? — b2

= ¢’= i><9—4
25

302:—%

which is not possible
Hence, no tangents are possible to the given curve

it Chord of contacts, chord when mid

Q
point is given

Q.11

Sol.

(ORI

2 2
[Hint:Adding K%J —(2% }on LHS. & R.H.SJ

2_(E_£T _o® B
b 2b 4a’  4b?

with centre at E,E
2 2

Q.12 The locus of the middle points of chords of
2 —
The locus of the mid-point of the chords of the ;y_pe;rf?sla 3 =2y +ax -6y =0 parallel to
hyperbola (x*/a®) — (y*/b®) = 1 passing through - )
yF.) .( ) (YZ ) P g 4 (A)3x—-4y=4 (B)3y—-4x+4=0
a fixed point (a, p) is a hyperbola with centre
at (a/2, B/2) (C)4x—4y=3 (D) 3x—4y=2
’ ' Sol. [A]

(A) (x — al2)fa’ = (y — BI2)*Ib? = o’l4a’ — B4k
(B) (x + a/2)%/a? — (y — Pl2)*Ib? = ol4a? + Bl4b?
(C) (x — a/2)’la? — (y — PI2)*Ib® = o’l4a® + BI4b?
(D) None of these

[A]

Given equation of hyperbola
X2 y2

a’ b

Let the coordinate of the middle point of the
chord be (h, k)

Applying T = S, will give equation of chord with
mid-point as (h, k)
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Given equation of hyperbola is :
3 —2y* +4x—6y=0
Let the coordinates of the middle points of the
chords be (h, k).
It is given that the locus of chord is parallel to

y = 2X

so let the equation of locus of chord be
y=2x+c ..()
pass (h, k)

wegetk=2h+c .....(i1)

solving equation (i) with hyperbola we get
3 —2(2x +c)?+4x—6(2x+¢)=0

= 3%% — 2(4x° + ¢* + 4cx) + 4x — 12X — 6 = 0
/ X
\Xz

from the above quadratic equation
8(c+1)
5

= 5x’+x8(c+1)+2c°+6c=0

=2h

WegetX1+X2:—
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:>0=7@71 .....(iii)

8
putting value of ‘¢’ in equation (ii)
k=2h- 10h 1

8

—4k+4-3h=0
= 3h -4k = 4 is the required locus

o Diameter & Director circle &
M asymptotes & Rectangular Hyperbola

Q.13 The number of points from where a pair of

perpendicular tangents can be drawn to the
hyperbola, 3 sec? o.— y? cosec? o. = 1, o e (0, 7/4)
are -
(A)O
sol.  [D]
Given, x*sec?o. — y* cosec? o, = 1

2 2
X A

cos’a  sin®a
Here, a° = cos?a, b’ = sin’a..
then, equation of its director circle, is
X2 + yz =a?_p?
= x?+y?=cos?o —sin’a = 2 cos?o — 1
Director circle will exist as
2 cos’o, > 1 (when, a.e(0, ni/4))
2 cos’a—1>0
s0, there will exists infinite points.

(B)1 (C)2  (D)infinite

=

Q.14  The asymptotes of the hyperbola xy = hx + ky

are-
(A)x-k=0&y-h=0
(B)x+h=0&y+k=0
C)x-k=0&y+h=0
(D)x+k=0&y-h=0

Sol. [A]

Let, the equation of pair of asymptotes be

hx +ky—xy+A=0

then, A=0 [A = abc — 2gfh—af’ — bg?— ch?]

= A=hk

Now, hx + ky —xy —hk =0

X(-h+y)-k(y-h)=0

= (y-hy(x-k)=0

then, asymptotesarey —h =0

and x—k=0

2
For the rectangular hyperbola xy = a? the

Q.15

co-ordinates of its foci are -

(A) (V2 3, v2a), (V23,2 4a)
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Sol.

Q.16

Sol.

(B) (V2 a,- +2a), (-2 V2 a)
(C) (a, a), (*a, 7a)

® 55 [F%)
[c] 2

Rectangular hyperbola xy = a? Referred to

transverse and conjugate axes as co-ordinate axes,
the equation of hyperbola is

X2 — yz =32
It e be the eccentricity then

a’=a’(e’ - 1)

= e=42

.. co-ordinates of foci are (+ a V2 ,0)

y . a
Also its directoriesare X =+ —
2

Now rotating the co-ordinates axes though angle

%, the equation of hyperbola reduces to
2

xy = ¢® where ¢? = a? by putting =+

<

for

=

xand y
+y

... for foci , we get X a2 an =0

du
V2

LX+y=x2aandy=X

—x=y=ta=#+c 2

.. foci are (ix/E,iC«/E)

putc= i
V2

fociare (xa,+ta)
.. foci are (a, a) and (-a, —a)

Equation of asymptotes to the hyperbola
xX-1D(y-2)=4is-

(A)xy—2x-y+2=0

By xy-2x-y=0

C)xy—-2x-y-2=0

(D) None of these

[A]

(x — 1) (y =2) = 4 is the given hyperbola its
equation of asymptotes is

(x-1)(y-2)=0

=Xy-2x-y+2=0
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Q.17

Sol.

Q.18

Sol.

Q.19

Sol.

Hence xy —2x-y+2=0

Equations of directrices for the hyperbola
2

Xy = 2 are-
2
(A)x+y=i% (B)x+y=+a
a
C)x+y=+ — (D) None of these
V2

[B]
aZ
Xy = > is the eq" of rectangular hyperbola by

putting Xty and y-x for x and y the equation

2 ™R

of the directrices reduces to
X+y _, @
V2 T2

orx=y=ta

orx+y+a=0andx+y-a=0

If a ray incident on rectangular hyperbola
2
Xy = a7 along y = x then equation of reflected

ray will be -

(A)y=-x (B)y=x
(C)y=2x (D) None of these
[B]

It any ray incident on rectangular hyperbola
2
Xy = a? dong y = x then reflected ray will be the

same y =X

C is the centre of the hyperbola x*/a — y?*/b? =1
and the tangent at any point P meets the
asymptotes in the points Q and R. The equation
to the locus of the centre of the circle
circumscribing the triangle CQR is

(A) 4 (azxz B b2y2) - (az + b2)2

(B) 4 (@’ + b?y?) = (a® + b°)’°

(C) 4 (a2x2 B bzyz) - (az B bz)z

(D) None of these

[A]

N\
Wil
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Let, tangent at P(a sec0, b tan0), is

isece—xtanezl ()
a b
then,
b .
Asymptotes; y=—x ... (i)
a
...... (iii)

y=-—x
a

By solving (i) & (ii), we get
Q = (a(seco + tano), b(seco + tanb))
By solving (i) and (iii), we get
R = (a(secO — tan@), b(tan6b — sech))
Now, Let, circumcentre of ACQR be O(h, k).
Then
0C?=0Q?
= h? + k*= {h—a (sech + tanB)}* +
{k — b(sec + tan6)}*
= 2(ha + kb) = (sec6 + tan6) (a® + b%) ....(iii)
and, OC? = OR? we get
2(ha — kb) = (seco — tan@) (a° + b?)
Now, (iii) x (iv), we get
4{(ha)? — (kb)’} = (sec®0 — tan0) (a® + b?)?
= 4(h%a® - K°b?) = (a* + b°)?
= 4(X2a2 y y2b2) — (aZ + b2)2

(V)

True or false type questions

Q.20

Sol.

If the normal at P to the rectangular hyperbola
x? — y? = 4 meets the axes of x and y in G and g
respectively and C is the centre of the
hyperbola then 2PC = Gg.

[True]
N9
e
C G
00| \° N\

Rectangular hyperbola : x* — y* = 4

Normal : —2%_ i:a2 +b?
secO tano

2_X + i =8

secO tan®

P (2 secH, 2 tand)

G (4 seco, 0) [Lies on x-axis]

C(0,0),g (0,4 tanB) [Lies on y-axis]
PC: \/4sec? 0+ 4tan?0
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Q.21

Sol.

= 2ysec’ O +tan’ 0 (D)

Gg: V16sec’0+16tan2 0

= 4y/sec’ O +tan’ 0 ...(ii)
from (i) & (ii)
2PC=0Gg (True)

If P(\/E, 1) are point on the rectangular
hyperbola x> — y* = 1, C is centre and SS’ are
the two foci then SP . S’ P is equal to 4.
Rectangular hyperbola : x? —y* = 1

s at=pi=1

b® = a? (e? - 1)

1=e?-1

f=2=e=42

S(ae, 0) & S'(-ae, 0)
S=(42,0) & S(-+2,0)

o SP= (W2 -42)?+1=1
SP= (V2 ++4/2)? +1= /8+1=49=3

SP.SP=3
(.. False)

Fill in the blanks type questions |

Q.22

Sol.

Q.23

Sol.

The area of a quadrilateral formed by
asymptotes of the hyperbola xy = hx + ky with
Co-ordinates axes iS .......c.ceervene .

Asymptotes of the hyperbola xy = hx + ky are x
=kandy=h

N
D C —h
©.h) I kn
h
A J, B -
(0, 0) j&=——k— k,0
x=k

.. Area of quadrilateral ABCD
i.e. rectangle ABCD is
=kxh

= hk sg. unit

If the normals at P, Q, R on the rectangular
hyperbola xy = ¢ intersect at a point S on the
hyperbola, then co-ordinates of centroid of
APQR will be ...ccvvie :

. . c
Equation of the normal at point (CLY] on

xy =c?is
xtt—yt—ct'+c=0
it will pass through the point (h, k)
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L ht—kt—ct*+c=0.... (i)
Also T(h, k) lies on xy = ¢?
- hk=¢?

c

therefore h=cqand k= —
q

from (i) cqt® - St—ct+c=0
q

orqt3—£t—ct4+c:O
q

org2t —t—qt*+q=0

orq(qt3 +1) —t(qt* +1) =0

or(q—t) (qt*+1)=0

g=t

Lqt+1=0

The three points other than T are given by
gt +1=0

It co-ordinates of P(ctl,ti) Q(ctz,tij and
1 2

R[ctg,tiJ then from (i)
3
tl+t2+t3=0........ (iii)
tit + Gt + t3ty = 0.... (lV)
and bty =— ., (V)
from (iii), c(t; +t, +t3) =0

tltztg i-|-i+i =0
tl t2 t3
= (-1) i+i+i =0
tl t2 t3
. i+i+i =0
t 3

1 1 1
orcl—+—+—1| =0
[tl t2 tSJ
Hence ¢ i+i+i =0
t1 t2 t3
= centroid of DPQR is the origin
i.e. (0,0)
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EXERCISE # 2

Only _smgle correct answer type
questions

Q.1

Sol.

If AB is a double ordinate of the hyperbola
2 2

x_27y_= 1 such that AOAB (O is the origin)

a’ b?

is an equilateral triangle, then the eccentricity

‘e’ of the hyperbola satisfies -

Aye> 3 (B)1<e<%
(D)e> =

NE]

Ce=
[O]

\ 30°
/(0.0)

x2 y? .
Hyperbola : a—;—i;—i:l ...... 0

2
Ne

(X1,y1)

tan30°:ﬁ :i
3

i—i>0:£>l
a? b? a? 3
Ob?=a%(e*-1)

b>

—=e"-1

a2
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Q.2

Sol.

Q.3

Sol.

The point of intersection of two tangents of the
2 2
hyperbola X—Z—y—z =1, the product of whose
a“ b

slopes is c?, lies on the curve -

(A) y2 _ b2 — C2(X2 + a2)

(B) y2 + a2 — CZ(XZ . b2)

(C) y2 + b2 — CZ(XZ y aZ)

(D) y2 _ a2 — CZ(XZ + b2)

[C]
X2 y2
a? b7

y=mx+ va’m? —b?
(y — mx)? = a’m?— b?
y2+ m?¢ - 2mxy —a’m?+ b* =0
my

20,2 .2 2 2 A
m-(X"—a’)—-2mxy+y +b°=0

(X —a) y+y N,
m; m, = ¢
y2+b2_cz
x2_a?
(Y’ +b?) = (x*-a)

If x cos a + y sin a = p, a variable chord of the
2 2

X y
hyperbola — - —
P a’? 2a?
angle at the centre of the hyperbola, then the
chords touch a fixed circle whose radius is

equal to -

= 1 subtends a right

(A)v2a (B)v3a (C)2a (D)+5a
[A]
2 2
X y
Hyperbola : — ———=1
yP a? 2a’
Chord - XCosa+ysina _,
p
2 2 . 2
x* _y* _(xcosa+ysino
a? 2a? ( p ]
coeff. of x* + coeff. of y? = a
2 2
1—a—zcoszoc—1—a—2 sina =0
p
2
1.2 ,
2 p?
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Q4

Sol.

Q5

Sol.

1_a°
2_p2
p=+2a

X2 y2
If the normal at '0" on the hyperbola—- — =—=1
a b
meets the transverse axis at G then AG x A'G is
(where A and A' are the vertices of the
hyperbola)-
(A) a’sec
(C) a®(e*sec’® — 1)

[C]
N N
AQ))\

N
(-a,0
ax_ by > b2

(B) a®(e*sec0 + 1)
(D) None of these

N

Normal : =a +
secO tano
2 2
G(sece(a +b )’OJ
a
2 2
AG= JM
a
2 2
AG = \/a+sec6(a +b%)
a

AG x A'G = a’(e*sec’® — 1)

If the normal at P to the rectangular hyperbola
x? — y* = 4 meets the axis in G and g and C is
centre of the hyperbola, then -

(A) 2PG = PC (B) %Pg - pC
(C) V2 PG=Pg (D) Gg=2PC
[O]

9

\é(Zsece,Ztane)
C \\f\\
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Q6

Sol.

Q.7

Sol.

Normal : 2—X+ﬂ:8

secO tan6
X y

+ =
secO tan®
G(4sech, 0), g(0, 4tan0), C(0, 0)

Gg = V16sec? 0 +16tan? 0 = 4vsec? 0 + tan2 0

PC = 4sec? 0+ 4tan? 0 = 2/sec? 0+ tan2 0
Gg = 2PC

2 2

From any point to the hyperbola X—Z—Z—Z:l,
a

2 2
tangents are drawn to the hyperbolax—2 —z—z =2
a

The area cut off by the chord of contact on the
region between the asymptotes is equal to -

(A)a?b B)ab (C)2ab (D) 4ab
[D]

0

(0,0)

7

P (asec6, b tan6)
isece —Xtan 06=2
a b

b
y=——X
a

b
y=—X,
a
P [2a(sec 6 + tan ), 2b(sec 6 + tan 0)]
Q [2a(sec 6 —tan 0), 2b(sec 6 — tan 0)]
Area of AOPQ = 4ab

The locus of the foot of the perpendicular from
the centre of the hyperbola xy = ¢ on a
variable tangent is -

(A) (¢ -y =4c’xy (B) (< + ")’ = 2¢’xy
(C) (¢ +y?) =4c’xy (D) (< +y*)* = 4c’xy
[D]

% +yct=2c (i)

tangent:y—szE (x-h)
xh+yk=h?+K: ... (ii)
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oF:

Sol.

Q.9

compare :
c ct 2
ht k h2+k?
h® + k? = 2hct
(h? + k?)? = c?4h*? .....(iii)
k = ht? %)

divide (iii) by (iv)
(XZ +y2)2 - 4X2C2

y X
(¢ + y?)? = dyxc®

If the chords of contact of tangents from two
points (X, Y1) and (X, Y,) to the hyperbola

2 2
_ X1X5
x_z_y_z =1 are at right angles, then —1=2 s
a“ b Y1¥2
equal to -
a’ b2 b* a’

(A)_F (B)—a—2 ©) -
[O]

D)- =

a b*

Equation of AB
T=0
XX YY1 _4
a’®  b?
equation of BC, T =0
XXo _¥¥2 4
a’  b?
AB 1 BC
mym, = -1 [product of slope = —1]

x,/a% || x,/a? I
yi /0% ||y, /b

xx, b
Yi¥Yo a’
4
_, Xailey
Y1Y2 b

If PN is the perpendicular from a point P on a
rectangular hyperbola to its asymptotes, the
locus of the mid-point of PN is -

(A) circle (B) parabola

(C) ellipse (D) hyperbola
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Sol.

Q.10

Sol.

(2R [

Let equation of hyperbola
Xy = ¢

M _C L ok=¢
c k

= 2xy = ¢?
.. equation of hyperbola

2

2
X
If hyperbola 3 _Z_Z

= 1 passes through the

X P -
focus of ellipse _2+b_2 =1 then eccentricity
a

of hyperbola is -

(A) V2 2

(B) Nl ) 3
[C]

(D) None

it

x2 2 B
2 a2

b?> a
passes through (ae, 0)
a’e’

b2

~0=1

2
a 1 .
b_2 = e_2 e (1)
Let eccentricity of hyperbola be ¢'
a’=b%(e?-1)
e =e?-1 ...(iD)
from (i)
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Q.11

Sol.

2 _

=1

o 2 (iii)
put it in (iii)
2+1=¢”

e=4/3

Tangent at any point on the hyperbola
2 2

X Y —1cuttheaxesat Aand B respectively.

a’? b?

If the rectangle OAPB (where O is origin) is

completed then locus of point P is given by

a® b? _ a? b? _

(A)X_Z_F_l (B)7+7—1
a? b?

€ 5-—=1 (D) None of these
y© X

[A]

/ / P(h’x\
Tangent :

isece—xtane =1
a b

A L’o . B 0,__b
secO tan©

P(h, k)
-b o b2 .
k= —— =tan0= — ....
tan© k2 @
2
a z a ..
h= — = sec9= — ...
secO h? (i)
subtract equation (ii) — (i)
a’? b®
h2 K2
2 2
locus : a—z—b—zzl
X y
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Q.12

Sol.

Q.13

Sol.

The asymptotes of a hyperbola are parallel to
2x + 3y =0and 3x + 2y = 0. Its centre is (4, 2)
and hyperbola pass through (5, 3). Then its
equation is -

(A) X% +xy +y* — T4x — 76y + 199 =0

(B) 6x° + 13xy + ef —74x — 76y +199 =0

(C) 6x2 + 13xy + y* — 74x — 76y + 199 = 0

(D) None of these

[B]

Asymptotes are

2X + 3y =\

3X+2y =2,

passes through (4, 2)

2X+3y=14->1

3X+2y=16->1L,

L]_ . L2 +A=0

(2x+3y—14) (3x+2y-16)+A =0

passes through (5, 3) => A =-25

so equation of hyperbola :

6x2 + 6y’ + 13xy — 74x — 76y + 199 = 0

2 2

For the hyperbola X? ~ Y_ =1 then incorrect

3
statement is -
(A) the acute angle between its asymptotes is 60°

(B) its eccentricity is é

(C) length of the latus rectum is 2

(D) product of the perpendicular distances from
any point on the hyperbola on its
asymptotes is less than the length of its
latus rectum.

[A]
30°
30°
2 2
XY 4
9 3
b?=a’(e?- 1)
3i1-emes |22
9 3
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SN One or more than one correct
answer type questions

Q.14

Sol.

2
Length of L.R. = ﬁ: 2x3 =
a 3

2

Asymptotes

1 1
= = = -0
y P y J3x

angle = 60°

If (5, 12) and (24, 7) are the foci of a conic
passing through the origin then the eccentricity
of conic is -

(A) /386 /12
(C) /386 /25

(B) /386 /13
(D) /386 /38

[A. D]

(0,0)

P
S s
(5,12) (24,7)

Given foci of conic is : (5, 12) and (24, 7)

it is also given that the conic passes through

(0,0). There are two possibilities that stand :

(i) |SP-SP|=2a using distance formula
we can calculate :

— [13-25|=2a SP=13
—2a=12 SP=25
—~a=6 SS' = /386

we know that
2ae = /386 (O 2ae = distance between foci)

. /386
12
(i) Again |SP + S'P| = 2a
= 13+25=2a
= a=19
S . 2ae = /386
_ /386
38
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Q.15

Sol.

Q.16

Sol.

Equations of a common tangent to the two
XZ y2 y2 XZ )

hyperbolas — — = =1,and = — — =1lis-

P a2 b’ a?  b?

(A)y=x+ Va’ -b?

(B)y=x— va?-b?

(©)y=—x+ Va? -b?

(D)y=—x—+a?-b?
[A, B, C, D]
Given equation of hyperbolas are :
2 2 2 2
Xy Xy
—-—=1 and - -—=-1
a? b? b? a?
equation of tangent to hyperbola in slope form :

for first hyperbola: y = mx £ a’m? —b?

for second hyperbola : y = mx + +/(=b?)m? +a?

since they are common to the hyperbolas so
2m? — b? = (_bz)mz +32

= a'm’+b’m’=a’+ b’

>m=1

=>m=z1

so the possible equation of tangents are

y=x++a? —b?
y=—x++a?—b?

If (a secH, b tan 0) and (a sec¢, b tan ¢) are the
2 2

ends of a focal chord of X—2 — Z—Z = 1, then
a

tan 9 tan o equals to -

2 2

e-1 l-e
A) —= B) —=
) e+l ®) l+e

l+e e+l
C) — D) —=
©) e (D) o1
[B,C]

Given ends of focal chord are (a sec6, b tan6)
and (a sec ¢, b tan ¢)
Let the equation of focal chord be

icosa__ﬁ_lsin OL_—’_B :COSOL_—’_B
a 2 b 2 2
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=

Q.17

Sol.

it is given that it is a focal chord so it will pass
through (z ae, 0)
so passing (z ae, 0) we get

+ Ecos(x_ﬁ—gsin a+p :cosOHrB
a 2 b 2 2
—+e Cosa—_B:coso“L[3
2 2
=>te=
2

using compoundo and dividendo we can write it
as

cos(HBH:osOL_B CosgcosE
te+l 2 2 2
te-1 cos(HB—cosOL—_B —singsin%
e+l cot%eot and B o _cot%eoth
e-1 2 2 -e-1 2 2
1__e:tan2tanE = —e-1 :—tangtanE
1+e 2 2 —-e+1 2 2
= “—e:tangtan%

The equation of a tangent to the hyperbola
16x° — 25y* — 96x + 100y — 356 = 0 which
makes an angle n/4 with the transverse axis is -

(A)y=x+2 (B)y=x-4
C)x=y+3 (D)x=y+2
[A B]

16x% —96x —25y* + 100 y — 356 = 0

= 16(x* — 6x) — 25(y* — 4y) —356 = 0
= 16(x — 3)? —25(y — 2)? = 356 + 144 —100
= 16(x — 3)*— 25(y — 2)? = 400
L =9 (v-2°
25 16
eq" of hyperbola where sbpe is m is

Y =mx + Ya’m? —b?
y—2=m(x-3) £ ya’m? —b?
y—-2=(Xx—-3)+ 4/25-16

y-2=(X-3)+t3=>y-2=x-3%3
=>y-2=x-3+3 & y-2=x-3-3
=>y-2=X & y-2=Xx-6

Power by: VISIONet Info Solution Pvt. Ltd

Q.18

Sol.

Q.19

Sol.

>y=x+2 & y=x-4

If the normal at P to the rectangular hyperbola
x? — y* = 4 meets the axes in G and g and C is
the centre of the hyperbola, then -

(A) PG = PC (B) Pg=PC
(C) PG = Pg (D) Gg = 2PC
[D]

9

b

<

00)°

Rectangular hyperbola
2 2

Xy

4 4

Normal : 2—X+ﬂ:8
secO tan6

X y

secO tan6

P (2 secH, 4 tand)

g (0, 4 tan0) [® lies on y-axis]
G (4 sech, 0) [O lies on x-axis]
c(0,0)

PC = 4sec20+4tan2 0

= 2¢/sec’0+tan’0 ... @)
Gg = 416 sec’ 0 +16 tan’ 0

= 44/sec’0+tan?o ..(ii)
from (i) & (ii)
2PC = Gg

If the tangent at the point (a sec a, b tan o) to
2 2

the hyperbolax—z—:)/—2= 1 meets the transverse
a

axis at T, then the distance of T from a focus of

the hyperbola is -

(A)a(e—cosa)

(C)a(e+cosa)
[C]

(B) b (e + cos o)

(D) va®c® +b%cot’ a
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Q.20

Sol.

Q.21

Sol.

eq" of tangent at point (a seca, b tana) to

2 2
X
-1 =
a b
xseca  ytana _q
a b

it meets its transverse axis i.e. x-axis at T.
. . a
.. co-ordinates of T is (—Oj = (acosa, 0)
sec

focus of hyperbola is (ae, 0) or (-ae, 0)
distance of T from the focus (ae, 0) is

J(ae—acosa)?

= ae —a cosa
= a(e — cosa)
and distances of T from focus (—ae, 0) is

J(~ae—acosa)?

=ae+acosa
=a(e +cos a)

The locus of the point of intersection of two

perpendicular tangents to the hyperbola
2 2

X—2 Y —qs-

a?  b?

(A) directors circle  (B) x* +y* = a°

(C)x*+y?=a’—b*> (D)x*+y*=a’+b?

[B,C]

since the point of intersection of two
perpendicular  tangents to the hyperbola
2 2

X—z— y - 1 is the director circle

a’?  b?

.. Equation of director circle is given by
%+f:¥_w

If Hx, y) = 0 represent the equation of a
hyperbola and A (x, y) = 0, C (X, y) = 0 the
equations of its asymptotes and the conjugate
hyperbola respectively then for any point (o, ) in
the plane : H (o, B), A (o, B) and C (o, B) are in -

(A) AP. (B) G.P.
(C)H.P. (D) None
[A]

Let the equation of the hyperbola be

Power by: VISIONet Info Solution Pvt. Ltd

Q.22

Sol.

N

2
X
then A(X, y) © a—Z—Z—Z =0

is the equation of

2 2

Cx, y) = :—Z—Z—Z + 1 =0 is the equation of its

asymptotes  and

conjugate hyperbola
since H(a., B) + C(a., B) = 2A(a, B)
therefore H(a, B), A(a, B) and C(a, B) are in A.P.

If the normals at (x;, vi), i = 1, 2, 3, 4 to the
rectangular hyperbola xy = 2 meet at the point
(3, 4), then -

(A)X1+X2+X3+X4:3
B)Yyity2+ystys=4

(C) X1 X2 X3 X4 =—4

(D) y1Y2ysys=—4

[B]

Equation of the normal to the hyperbola xy = ¢ at
any point whose parameter is t is given by
xt-yt—ct*+c=0...... (i)

It fasces through (3, 4) then

ct4 3t3+0t2+4t—c=0........ (i)

Above equation is of fourth degree in t given us
four values of t showing that there will be four
points the normals at are of which will pass
through (3, 4)

Lttty = %

orcty+ct,+ctz+ct, =3

or Xy +Xo+ X3+ X4, =4

similarly y, +y, +ys +y, =4

and also X; X, X3 X4 =—4

andy1 Y, YsYa=—4

Assertion-Reason type questions

The following questions consist of two statements

each, printed as Assertion and Reason. While

answering these questions you are to choose

any one of the following four responses.

(A) If both Assertion and Reason are true
and the Reason is correct explanation of
the Assertion.
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Q.23

Sol. [A]

Q.24

Sol.[A]

Power by:

(B) If both Assertion and Reason are true
but Reason is not correct explanation of
the Assertion.

(C) If Assertion is true but the Reason is false.

(D) If Assertion is false but Reason is true.

Assertion : The point P F(H}}B(t—lﬂ
2 t) 2 t

2 2

lies on the hyperbola X—2 Y -
a

b_2 = 1 for infinite

values is of t.
Reason : Locus of point P is hyperbola if t € R.

Let x = 2 t+l
2 t

2X 1
= — =t+ —
a t
2
:(Z—Xj :t2+i2+2 .......... (i)
a t
b 1
and lety= — | t——
a ( j
= ﬂ t L
b t
2
2y 1
== =2+ = —2.......... il
( : j . (i)
subtracting (ii) from (i), me get
ax* 4yt
a’ b2
2 2
or X—2 S A 1
a b

which is a hyperbola

2
Assertion : Tangent to the hyperboIaXT— y?=1

at point P(4, +/3 ) meets circle x> + y* = 4 at Q,
then line passing through Q and parallel to
normal at P to the hyperbola will pass through
focus of hyperbola.

Reason : Foot of perpendicular on any tangent
to the hyperbola drawn from focus of hyperbola
will always lie on auxiliary circle of hyperbola.

VISIONet Info Solution Pvt. Ltd

Q.25

Sol.[A]

Q.26

(4,4/3)

\/ Q_/
pd

/\J\S(""e"’)

O foot of L"on any tangent to hyperbola drawn
from focus of hyperbola will always lie on
auxiliary circle.

Assertion : The locus of the mid-points of the
2 2

X VAl .
chords of the hyperbola % B 1 passing
through a fixed point (2, 4) is a hyperbola with
centre at (1, 2).

Reason : The equation of the chord is T = S;
whose mid point is (X, Y1) i.e.

2 2
% —% = % —i’)#z for standard hyperbola.
. X2 y2
Hyperbola : % x
Let mid point of chord be (h, k)
T= S]_
xh_yk_h® K
a’> b* a? b?

passes through (2, 4)
2h 4k_h2 k?

36 25 36 25

2x 4y x® y?

50x — 144y = 25x* — 36y?

25(x% — 2x + 1) — 36(y* — 4y + 4) = 25— 144

25(x — 1)~ 36 (y — 2)* = -119

.. Above equation is a hyperbola whose centre is
1,2

Assertion : If acircle xX°+ y? + 2gx + 2fy + k=0
cuts a rectangular hyperbola xy = ¢? at 4 points
29

<

Reason : The mean position of the point of
intersections of a rectangular hyperbola and a
circle lies at the mid point of the line joining
their centres.

thent1+t2+t3+t4:—
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Sol. A->P;B->Q;C>P;, D-S
(A) Area of the triangle is constant

Sol.[A] Parametric equation of hyperbola [ct,%)
By the property of hyperbola and is equal to ab

solving hyperbola with circle

X2+ yP+ 2gx + 2fy + k=0 :‘2'r><32:12
(ct)® + (c/t)? + 2g(ct) + 2f(c/t) + k=0 ® Y 4
2t2+C2 +2get+2fS + k=0 > @
¢ 2 ge R ~ XsecO ytano
tangent : — =1
¢t + c? + 2gct® + 2fct + kt? = 0 J5 3
) 2 . 3X-y=-A
..t1+t2+t3+t4—*T (1) SeCG_tane__l
let, point of intersection of hyperbola and circle is 35 3 A
(Xi, y,) i= 1,2,3,4
so, from equation (i) seco = —% , tand = —E
Xy + Xo+ X3+ X4 =29 A M
Xi+Xy, +X3+X, —-g+0 E_izl
SO, = 7\’2 7\’2
4 2
similarly, M=36=2%=6
2 2
Yi+Yo+Ys+Y, —f+0 (C) ¥y _
4 2 16 18
Hence, the reason is true. Xcosa +ysino | 1
> =
Column Matching type questions X_g_y_z_[XCOSa+ ysin ajz
Q.27 Columnl Column 11 16 18 P
(A) The area of the (P) 12 x> y? x?cos’a  y’sin‘a , 2xysin a.coso
triangle that a tangent 6 18 p2 | p? p?
at a point of the hyperbola coeff. of X2 + coeff. of y? = 0
x> 2 2 "
X _ Y —1makes 1 cosPa) [ 1 sina) .
169 16 p? 18 p?
with its asymptotes
(B) Ifthe line y = 3x + A Q) 6 i_i_iz (cos% + sincr) = 0
touches the curve 16 18 P
9x? — 5y? = 45 then |A| is 11 1
(C) If the chord (R) 24 P2 16 18
Xcosa +ysinoa=P 1 9-8
2 2 2
X<y P 144
of the hyperbola——-=—=1
e 16 18 i_1
subtends a right angle at P 12
the centre, then the radius P=12
of the circle concentric with (D)16(X° + 2x + 1) — 9(y* — 4y + 4) = 164 + 16 — 36
the hyperbola to which 16(x + 1)> —9(y — 2)* = 144
the given chord is a tangent is (x +1)? (y- 2)? 1
(D) If A be the length of (S) 32 9 16
the latus rectum of the ob?  2x16 32
hyperbola LR.= - " 3 3

16x° — 9y’ + 32x + 36y — 164 = 0,
then 3 is equal to

Power by: VISIONet Info Solution Pvt. Ltd
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3h=3x 2_ 3 - _
3 (y-)
2 _
Q.28 Column I Column I1 (y-1)"=4(x-1)
. directrix: X +a=0
(A) Th_e equation of the P) 0 Xx—1+1=0
axis of the parabola x=0
9y? — 16x — 12y —57 =0'is 2y 1
(B) The parametric equation Q7 C) — A
of a parabolais x = t* + 1, 144 , 81 2‘2’
y =2t + 1. The cartesian X Y _
equation of its directrix is 144/25 81/25
(C) The foci of the ellipse (R) 3y=2 81 144
x2 2 2% 25 -1
l—+y——1andthe 81
6 b 2 9 m +1= 62
X y- 1
hyperbola — - <—=—
yP 144 81 25 ez
coincide. Then the value 12
of b? is foci (3, 0)
(D) If the tangent and the (S) x=0 ae =3
normal to x? — y* = 4 for ellipse
. . 2 = 2 2
at a point cut off intercepts b® = g (1 N 92)
ay, @, on the x-axis and R
by, b, on the y-axis, A 16-9
respectively, then the 2‘ ! ,
value of a;a, + byb, is (D) Y 4
So. A-5R;B»S;C>5Q;D>P 4 4
(A) 9y’ —16x—12y—-57=0 Wt xseco _ytan® _,
, 4 4 2 2
9ly"——=y+—| —16x=57+4 X
8 9 Normal ; ——+—— y _
22 secO tano
9ly-=| —16x=61 2
3 A(4 seco, 0), —e
2\ 16(_ 61 )
73) "9 C(0, 4 tano), ( —ej
Axis Y=0 s
2 a1a, + bib, = | 4secH x 4tan©Ox
y- 3 0 secO tan o
5 =8-8
y=3=38=2 =0
(B) x=t+1 ~JC(by)
tP=x-1 ....(0)
y=2t+1
1 Aay)
t=2 = B(a)
2 2
—1)? D(b,)
= [yTlJ (i)
Divide (i) & (ii)
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EXERCISE # 3

Subjective Type Questions |

Q.1

Sol.

Q.2

Sol.

Find the equation to the hyperbola, whose

eccentricity is % whose focus is (a, 0), and

whose directrix is 4x — 3y = a. Find also the
coordinates of the centre and the equation to
the other directrix.

e= % , fours (a, 0) directrix 4x -3y = a
Let P(x, y) be any point on the hyperbola, then by
focus directrix property.

distance of P from the focus
distance of P from the directrix

J(x—a)2+(y-0)?
’ 4x—-3y-—a

v16+9
= 44/(x-a)’ +y? =(4x-3y-a)

= 16{(x —a)* + y*} = (4x -3y — a)*
= 16{x* + b* —2ax + a’}= {(4x — 3y) — a}*
— 16x* + 16y” —32ax + 16a’

= 16x2 + 9y2 —24xy + a* — 8ax + Bay
= Ty? + 24xy —24ax + 15a* — 6ay = 0
. Reqd eq" is
7y? + 24xy — 24ax — 6ay + 15a° =0

5
:e:_
4

3
4

Find the equation to the hyperbola of given
transverse axis whose vertex bisects the
distance between the centre and the focus.

Ny

0 (a,0) (ae,0)
‘V’ bisects OS, then,
2a=ae
=e=2
Now, b® = a’(e? — 1)
= b? =33’
equation of hyperbola is

Power by: VISIONet Info Solution Pvt. Ltd

Q3

Sol.

2 2
X
Y=t
a‘ b

2 2
X
:>_2_y_2:
a“ 3a
= 3x*—y* =33’
2 2

The hyperbola X—Z—é = 1 passes through the
a

point of intersection of the lines, 7x + 13y —87 =0
& 5x — 8y + 7 = 0, the latus rectum is 32 J2 1.
Find'a' &'b".

X2 y2

a? b’
point of intersection
35x + 65y —435=0
35x —56y +49=0

_ + _

= 1is given hyperbola

121y = 484
y=4
oo 5X =8y -7
s bx=32-7=25
X=5

. (5, 4) is the point of intention through which
16

hyperbola passes 2—? -— =1
a
25 16 .
a_z =1+ F ................. (l)
a 5
b2 16+/2a
5
b2 = 16*5/56‘ ............... (ii)

from (i) and (ii)

§:1+E

a? b2
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Q.4

Sol.

S _,,.5
a? a2
2
:{Ej _ 5 -1=0
a av?2

sa 1 _ 3
a 242 22
E: 1 + 3
232 242
S 4 -
a 242
5.0
5
a:_
2
.b2:16\/§.a
5
o= 62 5
5 2
- b2=16
b=4

If two points P and Q on the hyperbola
x?la® — y?Ib* = 1 whose centre is C be such that
CP is perpendicular to CQ and a < b, then
prove that (1/CP?) + (1/CQ?) = (1/a°) — (1/b).

Let the equation to cp be y = mx. its intersection

2 2
with :—2— Z—Z =1isgiven by
XZ(bZ o aZmZ) — aZbZ

soep? =X+ Y2 = X2 + mAxP
Replacing m by — i are get
m

2 22 a2
QP = 1+m _ a‘h“.m

m?  b’*m?-a?
_ (1+m?)a?p?

b2m?2 — a2

Power by: VISIONet Info Solution Pvt. Ltd

Q5

Sol.

Q6

Sol.

1 1
- 4+ -
cP?  cQ?
_ 1 b2(+m?)-a2(l+m?)
1+m?) a’b?

1 1 1 1
+

"eP2 cQ?  a? bl

Chords of the hyperbola x? — y? = a? touch the
parbola y* = 4 ax. Prove that the locus of their
mid points is the curve (x —a) y* = X°.

The equation of the chord of the hyperbola whose
middle point is (h, k) is given by
T= S]_
= xh—-yk=h?-K?
= yk = xh —h? + k?
- Ex_ h2 _ K2
J k k
me know that the line y = mx + ¢ will touch the

parabola if ¢ = 2
m

Hence —

h? — k2 ka
h

:—%(hz—kz)za
= h(h? k% = — ak®
= h3—hk?=—ak?

= h3=hk?-ak?

= h®=(h-a)k?

.. locus is

X} = (x—a)

If the normal at a point P to the hyperbola
x*la® — y?Ib* = 1 meets the x-axis at G, show
that SG = e.SP, S being the focus of the

hyperbola.
|
1
p
N\ RS
1
of:|,s G
1 \(ae,0)
|
1
a
X=—
e
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SP = e(MP)
= e(SP) = e*(MP)

=¢? {asece —3}
e

=ae {esecH -1} ()]
Now,
Normal at P : ﬁ—ﬁza2 —b?
secO tano®
oA by o
secO tano

putting y = 0, we get

G = (ae® sech, 0)

then, SG = ae? sec — ae
=ae(e seco — 1)
=¢(SP) [.. from ()]

Q.7 Find the coordinates of the points of contact of

common tangents to the two hyperbolas

x*—y*=3a? and xy = 2a%.

Sol. Let, the tangent of xy = 2a? be %+ yt= 2J2a

=>y= (—tizjx+(2\{[§a]

But, it is also tangent to x* — y? = 3a®
So, ¢?=3a’ (m*-1)

- (2] o2

8 3
p— t—zft—4+3:0
=3t'+8°-3=0
=3t'+9t? - t2-3=0

= 3t(tP+3) -1 (t?+3)=0
= (Bt2—1) (?+3)=0

:tzzé or -3

1

7

. c
then, points are (Ct’Tj

=>t= [© t? = -3 not possible]

Power by: VISIONet Info Solution Pvt. Ltd

Q.8

Sol.

Now, the equation of tangent

(R

—y=-3xt2J6a ..()
Now, x? — y? = 3a* (i)
solving (i) and (ii), we get,
X = iia, theny = La
46 46
S0, points (iia,LaJ
46 a6

The perpendicular from the centre upon the

normal on any point of the hyperbola

x? y? .
— -2 =1 meets at R . Find the locus of R.

a? b?
(h.k)

XZ y2
Equation of hyperbola is —-— W =1
a

it is given that perpendicular is drawn from
origin to the normal of hyperbola.

So we can write equation of normal in slope
point form as

h
—k=—-——(x-h
y I((X )

=yk+xh+h>+k*=0 ()
write parametric equation of normal
A L by a2 (i)
secH tan®
comparing (i) and (ii) we get
a b
secO _ tang _ a2 +b’
h k  k*+h?
from above relation we get
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Q.9

Sol.

Q.10

a _a’+b? and b a’+b’

hsecO k2 4+h? ktan® k2 +h?
2 2

= sec O = Z((szrEz; ...(ii)
a’+
2 2

— tan = % (i)
a’+

(i) — (iv)2 = 1

_ (2 +h?) * (b(k?+h?) 2_1
h(a® +b?) k(a? +b?)
b2(a2+b2)2 k2(a2+b2)2

. (k2+h2)2 (az sz

(@2 +b?)2 K2

h? K2
= (k2 + h2)2 (a2k2 _ b2h2) — (a2 + b2)2 (h2 k2)
Hence required locus is

(X2 + y2)2 (a2y2 _ b2X2) — (aZ + b2)2 X2y2

From points on the circle x* + y* = a® tangents
are drawn to the hyperbola x* — y? = a?; prove
that the locus of middle points of chord of
contact is the curve (% — y?)? = a° (% + y?).
Any point on the circle x* + y? = a® is given by (a
cos6, a sinb).

chord of contact of this point w.r.t. the hyperbola
2

X —y?*=a’is
x(a cosb) — y(a sind) = a*
or Xxcosb—sinb=a........... )
It its mid-point be (h, k), then it is same as
T= Sl
orhx—ky=h>—K* ... (ii)
comparing (i) and (ii), we get
cosO _ sind _ a
h y k - h2 _ k2
But cos?0 +sin’9 = 1

[ ah j [ ak J B
+ =
h? —k? h? —k?
Hence the locus o the mid-point (h, k) is

2’ (¢ +y7) = (¢ -y’
A point P divides the focal length of the
hyperbola 9x* — 16y’ = 144 in the ratio
SP:PS=2:3where S& S are the foci of the
hyperbola. Through P a straight line is drawn at
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Sol.

Q.11

an angle of 135° to the axis OX. Find the points
of intersection of this line with the asymptotes
of the hyperbola.

Equation of hyperbola

ox*—16y° =144 a=4

2 2 2
:}X——y—:]_ e= b_+1=E
16 9 Vaz 4

coordinates of foci are (z ae, 0) = (x5, 0)
Let P be (h, 0)
then. —-5x3+5x%x2 h
5
h=-1
hence coordinates of ‘P’ (-1, 0)
using slope point we write equation of a line with
m=-1(as 6 = 135°)
so equation of line is
y=—(x+1)
=>y+x+1=0
Now, equation of asymptotes are
Xy nd X_y

b a b
solving the line with the asymptotes separately
X _Z(x+)) X _Z((x+1)
a b a b
X —(x+1) X x+1
- —_—= = —-=—
4 3 4 3
= 3X+4x=-4 =>x=-4
= x:—i&lzi so_—4:—l
7 3 4 4 3
3x(-4)
SO y= =3
y 4x7 =Y
-3
jy: —_—

. . . -4 -
So intersection points are (773j & (-4, 3)

Prove that the locus of the middle point of the
chord of contact of tangents from any point of the
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Sol.

2 2

y

circle x> + y? = r* to hyperbola X——— =1lis
a’

><

2
given by the equation (—2—#] = (0 +yA) Ir?

Equation of hyperbola : X—2 b_2

it is given that chord of contact is drawn from

contact points of tangents from circle

N yz =P

so let the points be (rcoso, rsind)

then equation of tangent from (rcos6, rsind) to

the hyperbola will be

Xrcoso yrsin@
a’ b?

so, let the coordinate of the middle points of the

chord be (h, k)

then applying T = S, we get

=1 ()

a—z—b—2=a—2—b—2 .....(i1)
comparing (i) & (ii) we get
rcos® rsin®
R
L L h2 k2
a? b2 a2 p?
rcoso 1 rsin 6 1
h o n K Tk K
a’ b? a’ b?
h
= c0s0 = (Z—I(zj ....(1)
a’? b2
e 4w (i)

squaring (i) and (ii) and adding them we get
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Q.12

Sol.

Q.13

Sol.

cos°0 +
2 2

h? k?> (h? k2
R T IR

Hence the required locus is

1 X2y
= XC+y)= | 5=
r? a2 b

Find the asymptotes of the hyperbola

2x% — 3xy — 2y* + 3x — y + 8 = 0. Also find the
equation to the conjugate hyperbola & the
equation of the principal axes of the curve.
H:2x*—3xy—2y?+3x—y+8=0
A:2x2—3xy—2y*+3x—y+c=0

A=0

abc + 2fgh — a’f — bg? — ch® = 0

c=1

A:2X-3xy—2y*+3x—-y+1=0
C+H=2A

C+8=2

C=-6

C:2x°—3xy—2y°+3x—-y-6=0
Asymptotes are

X-2y+1=0
2X+y+1=0
equations of bisectors
x—2y+1:+2x+y+1
V5 B
X—2y+1=2x+y+1 | x-2y+1=—-(2x+y+1)
x+3y=0 X-y+2=0
A tangent to the parabola x* = 4ay meets the

hyperbola xy = k? in two points P & Q. Prove
than the middle point of PQ lies on a parabola.
P:x*=day

H:xy=k

y=mx—am’=mx—-y—am’=0 ...(i)
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Chord
kx + hy = 2hk ....(i1)
compare (i) & (ii) equation

k 1 am?®

m h 2hk
2k = —am?
—hk=m
2k = —a(-hk)?
2k = —ah?k®
h2 = __2

ak
locus ; x? = 2

ay

it is a equation of parabola

Passage based objective questions |

Passage | (Q. 14 to 16)

Q.14

Sol.

If Equation of hyperbola is S = 0 then the eq" of
its asymptotes is S + A = 0, which will be a pair
of lines for which using discriminant = 0 we get
L. Say we get eq” of asymptote A =0

Let eq" of conjugate hyperbola is say S; = 0

S*Si_ A Also if

then we have a formula

eccentricities of hyperbola & its conjugate

hyperbola is e; & e, then we havei2 + iz =1

€ &
Now, statement of question is as the equation
of hyperbola is 16 x* — 9y? = 144.
On the basis of above information, answer
the following questions :

The equation of asymptotes is -

1 16
(A)Y = =X (B)x'= 3
(C)y* = %xz (D) None of these
[A]

16x% — 9y? = 144
Asymptotes passes through origin
So, 16x* — 9y* = A

pass (0, 0)
A=0
16x°—9y* =0
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Q.15

Sol.

Q.16

Sol.

y =X

Eccentricity of conjugate hyperbola -

5 5 5
(A) 3 (B) 2 © 2 (D) None
[B]
Conjugates hyperbola will be
S =16x2—9y* =144
eccentricity of conjugate hyperbola

a® =b%(e?-1)

9=16(e’—1)

%,

— =g
16

5
e:_
4

For what value of A does the liney = 2x + A
touches the given hyperbola -

(A) 245 (B)3+/5
(C) 445 (D) None of these
[A]

c¢? = a? m* — b? [Condition of tangency]
A2=9x4-16

L=245

Passage 11 (Q. 17 to 19)

Q.17

Sol.

A rectangular hyperbola passing through
(3, 2) having centre at (1, 2) and its asymptotes
are parallel to linesx +y=2and x—y = 3.

On the basis of above information, answer
the following questions :

The equation of asymptotes are -
(A)(x+y-3)(x+y-1)=0
(B) (x+y-3)(x-y+1)=0
(C)(x+y+3)(x-y+1)=0
(D) None of these

[B]
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N
NN

D
AB:x+y+A;=0
pass (1, 2)

A=-3
AB:(x+y-3)=0
CD:x-y+Xx;=0

pass (1, 2)

r=1

X-y+1=0

equation of asymptotes
=(x+y-3)(x-y+1)=0

Q.18 The equation of rectangular hyperbola is -
(A) (x+y-3) (x-y+1)=4
(B) (x+y-3)(x—y+1)=8
C)x+y+3)(x-y+l)=4
(D) None of these
Sol. [A]
Hyperbola: (x +y—-3) (Xx-y+1)—A3=3
pass (3, 2)
7\.3: 4
equation(x +y—-3) (x—-y+1)=4
Q.19 Distance between foci is -
(A) 4 (B) 442
©) 22 (D) None of these

Sol. [B]
The above hyperbola can be written in the form

x-0°_ (y-2°_,

4 4
a=2
2a=4
e=+/2

.. Distance between foci = 2ae = 4\/5

Passage 111 (Q. 20 to 22)
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2 2

For the hyperbola X—2 - é =1, the normal at
a

P meets the transverse axis AA’ in G and the
conjugate axis BB’ in g and CF be
perpendicular to the normal from the centre.
Q.20 PF.PG=kCB? thenk=
1
(A)2 B)1 ©) > (D) 4

Sol.  [B]

</

PgésecO,btan0)

C G\
D

Equation of normal at P

ax by oo

secO tan®

solving this with x-axis & y-axis

2 2 2 2
G((a +ba)sec6,0J & g(o, (a +bb)tan9]

equation of tangent at P
isece - Xtan 0=1
a b

length of L from origin

-1 3 ab
sec?® tan?0 | +b2sec?0+a’tan?0
a2 + b2

PF=CD=

2
2 2
PG = \/(asece—wJ +b%tan?0
a

PG =

\/{az secO—a’secO—b?tan0

2
} +b%tan?0
a

4 2 22 2
PG=\/b Sec 6+2 b“tan“ 0
a

PG = E\/b2 sec’0+a’tan’0
a

Now PF . PG = kCB?
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Q.21

Sol.

Q.22

Sol.

ab

=
Jb2sec?0+a2 tan? 0

><E\/bzsec26+a2 tan?0 =kb?
a
b? x 1 = kb?
k=1

PF . PG equal to —
(A)CA* (B)CF> (C)CB? (D)CA.CB
[A]

(a® +b?)tan 6]2

Pg = \/azsecze{btane— -

4 2
a*tan®0
= \/azsecze+—

b2
= %\/bz sec’0+a%tan?0
Now, PF . Pg
2 Jb?sec?0+a? tan? 0 x ab
b Vb2 sec? 0+a2tan?0
PF.Pg=a’
a? = CA?
. PF.Pg=CA%

Locus of middle point of G and g is a
hyperbola of eccentricity —

(A) #

e
B) —°
e? -1 R Vve? -1
)2 e? -1 (D)%
[B]

J 0 (a® +b?)tan®
’ b

(h.k)

Q{(az +b?)secod 0]
—
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h= (a? +b?)secO
a

2

sec 6 = 2 b2
(a® +b?)tano
b
2kb
a?+b?
sec’® —tan’0 =1
4a’h? 4k%p>
@2+b?%)? (@2+b?)?

2k =

tan 6 = .....(10)

2 | 12y2
b*)
a®C_ b2 = (a”+
v 4
2 2

X \ y 3
(5312+b2)2 (5312+b2)2
43° 4h?
a2 +b?)? a2 +b?)?
( 2 ) = ( 2 ) (eg _1)
4h 43
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EXERCISE #4

Old IIT-JEE questions |

Q.1

Sol.[D]

Q.2

Sol.[B]

Q3

Sol.[A]

The equation of the common tangent to the

curves y?=8xand xy =—1is-  [IIT 2002]
(A)3y=9x+2 B)y=2x+1
(C)2y=x+8 (D)y=x+2

Any point on y* = 8x is (2t 4t), where the
tangent is yt = x + 2t

solving it with xy = — 1, and y(yt —2t%) = -1
orty’— 2ty +1=0

for common tangent, it should have equal roots
sAt - 4t=0

=1t=0,1

.. the common tangentisy = x + 2

(when t =0, it is x = 0 which can torch xy = -1 at
infinity only)

.. Reqd common tangentisy = x + 2

X2 y2
If — — —>
cos“a  sin“a

= 1 represents family of

hyperbolas, where o varies then - [IIT Scr.2003]
(A) e remains constant

(B) abscissas of foci remain constant

(C) equation of directrices remain constant

(D) abscissas of vertices remains constant
2 2

X y
cos’a  sinla
0 ae = Va2 +b? where a® = cos?a, b’ sin® o

ae = \/cosza+sin2a =1

.. abscissas of foci remain constant

=1

The point at which the line 2x +\/€y =2

touches the curve x> — 2y* = 4, is -
[11T Scr. 2004]

(A) (4,-6) (B) (+/6,1)
1 1 T
okw @k

As we know, equation of tangent at (xg, y;) is
XX —2yy; = 4
which is same as

2X + \/Ey:Z
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Q.4

Sol.

Q5

Sol.[C]

DX 2
)

<
.-»

4
2

S

=>xl=4andyl=- JE
.. point of contact is

(4, 6)
A tangent is drawn from a point on the hyperbola
X2 y2

T =1 to circle x* + y* = 9 find the locus

of mid-point of chord of contact.  [IIT 2005]
Let any point on the hyperbola is (3sec8, 2tan6)

... chord of contact of the circle x2 + y2 =9 w.r.t.
the point (3secO, 2tanf)y =9 ........... (i)

let (X4, y1) be the mid-point of the chord of antact
= equation of chord in mid-point form is

XXy +yYy = X2+ yi

since (i) and (ii) are identically equal

~ 3sced _ 2tan6 _ 9
Cox oy X3P+ Y7
= secH = % and tan6 = %
3(x1 +Y1) 2(x1 +Y1)
thus eliminating '6' from above equation, we get
81x? 81y?

o(x{ +y7)?  AxE+yi)?
2

2 2 242
.. Required locus X? S A E+y)”

4 81

The curve described parametrically by
x=t+t+1,y=t"—t+1represents [IIT 2006]
(A) Pair of straight lines

(B) An ellipse

(C) A parabola

(D) A hyperbola
Givenx=t"+t+1.y=t"—t+1

Hence x +y = 2(t* + 1)

and x —y =2t
2
Xty =t?+1= [—X_yj +1
2 2

=2x+y)=(x-y)’+4
=x2-2xy +y?—2x -2y +4=0
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Q.6

Sol.

Q7

on comparing with ax? + 2hxy + by® + 2gx + 2fy
+c=0

a=1,h=-1,b=1,g=-1,f=-1,¢c=4

. abc + 2fgh — af® — bg? — ch?

=114+ 2(-1)(-1)(-1)-1.1-1.1-1.4
=4-2-2-4

#0

and h? = ab

.. curve is a parabola

If a hyperbola passes through the focus of the

x? y? : .

—+=2—=1 and its transverse and conjugate

25 16

axes coincide with the major and minor axis of

ellipse, and product of eccentricities is 1, then
[1IT 2006]

(A) Focus of hyperbola is (5, 0)

(B) Focus of hyperbola is (5+/3 , 0)
2 2

(C) The equation of hyperbola is% - % =1

2 2

(D) The equation of hyperbola is % _I_e =1

[A,D]

2 2
X_+y_ =1
25 16

Eccentricity of ellipse = e = /LE = /i _
25 25 5
5

= eccentricity of hyperbola = 3

since transverse and conjugate axes of hyperbola
coincide with the major and minor axes of ellipse

2y

in equation must be ;(—2— b_2 =1

make it pars through foci (x 3, 0) of the ellipse to
get b? = 16

= equation of hyperbola is

y2

=— =1 whose foci are (= 5, 0)
16

X2
T
A hyperbola, having the transverse axis of
length 2 sin6, is confocal with the ellipse
3x? + 4y? = 12. Then its equation is -
[11T-2007]
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Sol.[A]

Q8

Sol.

(A) x’cosec? 0 — y?sec? = 1

(B) x%sec?0 — y?cosec?0 = 1

(C) x? sin?0 — y?cos?0 = 1

(D) x?cos?0 — y?sin? 0 = 1

The equation of ellipse 3x2 + 4y2 = 12 can be
written as

ek
Herea=2and b= 43

It e is the eccentricity of the ellipse, then
b’ =a2(1 - ¢

= 3=4(1-¢?)
L=l

4
=e=—

Foci of the ellipse are (ae, 0) and (—ae, 0)

i.e. (1,0) and (-1, 0)

If 2a, is the length of transverse axis, and 2b, the
length of the conjugate axis and e, is the
eccentricity of the hyperbola, thena,e, =ae =1
and b; = sin®

Since b? = a? (e? ~1) me get

.. An equation of the hyperbola is

2 2
X Yy -1

cos® 0 sin?
= x%sec’0 — y? cosce’d = 1

Match the statements in Column | with the
properties in Column 1l and indicate your
answer by darkening the appropriate bubbles in
the 4x4 matrix given the ORS [1IT 2007]
Column |

(A) Two intersecting circles

(B) Two mutually external circles

(C) Two circles, one strictly inside the other
(D) Two branches of a hyperbola

Column 11

(P) have a common tangent

(Q) have a common normal

(R) do not have a common tangent

(S) do not have a common Normal

A->PQ; B->PQ; Co>QR; D>QR
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tangent

(A) _G_}g_,} _~Normal
C C'

(B)

(©)

Q.9

Sol.

tangent
i.e. two intersecting circles have a common
tangent as well as a common normal

tangent
/ g

Normal

7

i.e. two mutually external circles have a
common tangent as well as common normal

N\ tangent

L “@ _/_N_ormal

i.e. two circles, are strictly inside the other do
not have a common tangent but have a common
normal

(D) Two branches of a hyperbola do not have a
common tangent but can have a common
normal which is transverse axis of hyperbola.

Consider a branch of the hyperbola

X2 -2y —2:2x 442y -6=0

with vertex at the point A. Let B be one of the
end points of its latus rectum. If C is the focus
of the hyperbola nearest to the point A, then the

area of the triangle ABC is- [11T-2008]
2 3

Al- . |—= B) ,[—-1

(A) . (B) i
2 3

C)1+ .= D —+1

© ,/ 3 (D) 5

[B]

Vg
/
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Q.10

Sol.

2

Hight=b—, Base=ae-a
a

2
:>A:1 xb— x (ae —a)
2 a

Hyperbola is
(x-+2)Y-2(y+2)'=4
(x—v2)? _(y+42)* _,

4 2
2=4(%-1)
1 :e271:>e2:§ jezﬁ
2 2 V2

_1 2 V3o [ [3
RENERNE

The locus of the orthocentre of the triangle
formed by the lines [11T-2009]
(L+p)x—py+p(l+p)=0
(I+agx-ay+q(l+qg)=0,
andy=0,wherep=q,is:

(A) a hyperbola (B) a parabola
(C) an ellipse (D) a straight line
[D]

Intersection points of given lines are (—p, 0), (-q,

0), [pa, (p +1) (g + 1)] respectively.

A(pg, (p +1) (g + 1)

B (-p, 0) D C(-q,0)

Now equation of altitudes AD and BE are x = pq,
andgx +(q+1)y+pg=0

their point of intersection is (pg, —pq)

so,h=pq, k=-pq

so locus is h = -k

h+k=0
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Q.11

Sol.

Q.12

Sol. [2]

= X +y =0 which is a straight line.

An ellipse intersects the hyperbola 2x* — 2y* = 1
orthogonally. The eccentricity of the ellipse is
reciprocal of that of the hyperbola. If the axes
of the ellipse are along the coordinate axes,
then : [11T-2009]

(A) Equation of ellipse is x* + 2y? = 2

(B) The foci of ellipse are (£ 1, 0

(C) Equation of ellipse is x“ + 2y° =4

(D) The foci of ellipse are (£+/2 , 0)
[A, B]

Since both conic cuts orthogonally so foci

Q.13

Sol.

coincides
Now foci of hyperbola is (1, 0)
.. foci of ellipse (1, 0)

.. eccentricity of rectangular hyperbola is V2

.. eccentricity of ellipse = 1

V2

2
. equation of ellipse is X? +y*=1

The line 2x + y = 1 is tangent to the hyperbola
2 2

:—2—;/—2:1. If this line passes through the

point of intersection of the nearest directrix and
the x-axis, then the eccentricity of the
hyperbola is [11T-2010]
1=4a’—b? (1)

E =1

e

_e Q.14
a—E .. (2)

alsob?’=a’*(e*-1) ..(Q3)
(1) and (3)
1=4a>-a%*+a’ = 1=5a°—a%?

Sol.

2
=1= 5_67
4

et

4
—e'-5e?+4=0=(e?-4)(e?°-1)=0
L e=2

Passage (Q. 13 & 14)

The circle x* + y* — 8x = 0 and hyperbola

2 2

X yj =1 intersect at the points A and B

9
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[11T-2010]
Equation of a common tangent with positive
slope to the circle as well as to the hyperbola is —
(A)2x— 45 y-20=0
(B)2x— 5y +4=0
(C)3x—-4y+8=0
(D) 4x—-3y+4=0
[B]

y=m(x—4) +441+m?
y=mx+ y9m? -4

_4m+41+m? =+ \om? -4

16m?+16 + 16m* pu 32m v1+m? =9m? -4

u 32m V1+m? = - 23m?— 20

1024m? + 1024 m* = 529m* + 400 + 920 m?
495 m* + 104 m? — 400 = 0

(5m?— 4) (99m?* + 100) =0

m= 4 m=t2
5 i
So tangent with positive slope
= 2ys b
NN
2X — \/g yx4=0

Equation of the circle with AB as its diameter is
(A)X* +y*—12x+24=0
B)X*+y*+12x+24=0

(C)x*+y* +24x-12=0
(D)X*+y*—24x—12=0

[A]

x2+y?-8x=0

4x* - 9y* = 36

2_
24 (4x : 36]8)(:0

13x* - 72x - 36 =0
(x—6) (13x+6) =0
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x6—6
13

x:6,y:i\/ﬁ

.. Equation of required circle

(x-6)°+(y—V12) (y+ v12)=0

X2 +y*—12x+24=0

2 2

Q.15  Let the eccentricity of the hyperbola X—Z—Z—Z:
a
be reciprocal to that of the ellipse x* + 4y* = 4.
If the hyperbola passes through a focus of the
ellipse, then [11T-2011]
2 2
(A) the equation of the hyperbola is X?— y? =
(B) a focus of the hyperbola is (2, 0)
(C) the eccentricity of the hyperbola is \E
(D) the equation of the hyperbola is x* — 3y* = 3
Sol. [B,D]

Let e; = eccentricity of hyperbola
e, = eccentricity of ellipse

e= —
€,
. _ V3
so eccentricity of ellipse = & =e
. > 2
eccentricity of ellipse = T =e
3

Now focus of ellipse is (+ ae,, 0) = (i\/§ , 0)

Hyperbola passes through it

3)°
aZ

also b? = a? (e,> — 1)

b2:3(%— ):1

and hyperbola

2 2
Y 4
3 1

also focus (+ ae;, 0) = (£ 2, 0)

So, ~0=1=a’=3
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Q.16

Sol.

Q.17

Let P(6, 3) be a point on the hyperbola

XZ

— - Y. 1 . If the normal at the point P
a b?

intersects the x-axis at (9, 0), then the
eccentricity of the hyperbola is [11T-2011]

(A)\E (B)\E ©+v2 (D)+3

[B]

Equation of the normal at (6, 3) is

2 2

ax, b7y = a2 + b2
6 3

it passes through (9, 0)

2
a

SO —— =a’ + b?
6

Now b? = a2 (e? —1)

2 2

Tangents are drawn to the hyperbola X? - yT =1,

parallel to the straight line 2x — y = 1. The
points of contact of the tangents on the
hyperbola are [11T-2012]

()( 242 j_J
©) (343, 242)

( )[2f V2 ]
© (33.-22)

Sol. [A,B] Equation of tangent is

£

2X—-y+c=0

y=2x+c

slope m=2
a’=9,b’°=4
cd=a’m?’-b’=9x4-4

c=+ 42

2
point of contact is {i

a

c

H
o |
N——

2\/§’i%j
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EXERCISE #5

Q.1

Sol.

Q.2

Sol.

Show that the area of the triangle formed by the
linesx—-y=0,x+y=0 & any tangent to the
hyperbola x* —y* = a? is a°.

A

B
Tangent
X seco — Xtane =1 ....()
a a
X+y=0 (1)
Xx-y=0 .....(1ii)
solve (i) & (ii)

a a i
secH—tan® secH—tano |
solve (i) & (iii)

a -a |
Lece+tane "secO+tano |

Area of A
0 0 1
_1 a a
2| secO—tan® secO—tanoO
a -a
secO+tan® secO+tanod
1 —a? ~ a’
2| secO? —tan06? sec’0—tan’0
_1 2
=7 |27
area of A = a?

Show that the locus of mid points of normal
chords of the rectangular hyperbola x? —y? = a2
is (y* — x%)° = 4a’%y°.
If (h, k) be the middle point of the chord, then its
equation is given by

T= Sl
—hx—ky—-a?=h’-k’—a’.... (i)
= hx—ky =h?—K?
since (i) is a normal, it should be tame as normal
at ¢, i.e. x cos +y cotp = 2a ........... (i)

Power by: VISIONet Info Solution Pvt. Ltd

Q.3

Sol.

Q.4

Sol.

comparing (i) and (ii) we get

h _ k _h*-K
cos¢ coto 2a
2 2 2 2
. sech= —— and tand;z—h k K

2ah
But sec’p — tan’dp = 1
(hzikz)z (hzikz)z B
4a®h? 4a°h?
or (h? — K)?(k? — h?) = 4a*h’k?
or (k?— h?)® = 4a®%y?
.. required locus is

(v2 = x2)° = 42>y

1

Find the equation of the standard hyperbola
passing through the point (—+/3 ,3) and having

the asymptotes as the straight lines x+/5 +y=0.
Asymptotes

ng—y:O
\/§x+y=0
H :(\/gx—y)(«/gx+y)+x:0

pass through (— \/53)

L=-6
H:5x%—-y*-6=0
5y’ =6

A circle of variable radius & centre (h, k) cuts
the rectangular hyperbola x* — y* = 9a% in points
P, Q, R and S. Determine the equation of the
locus of the centroid of the triangle PQR.
Let the circle be (x — h)® + (y — k)? = r* where r is
a variable its intersection with x* — y* = 9a? is
obtained by putting y* = x* — 9a*
X2+ X2 —9a% 2hx + h? + K2 — P = 2k y/x? —9a?
or [2x% — 2hx + (h? + K — r* — 9a9)]? = 4k(x*-9a%)
or 4x* —8hx3 + ......... =0
.. Above given the abscissas of the four points of
intersection
JoXX = % =2h

4
X+ X+ X3+ X, = 2h
similarly y; +y, + ya + y, = 2k
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Q5

Sol.

Now if (o, B) be the centroid of APQR, the
30=X+ X+ X3 &3P =y + Y+ V3

Lo X4 =2h -3« y,=2k-3B

But (Xs, ya) lies on x* — y* = 932

o (2h=3x)?+ (2k —3B)* = 9a°

Hence the locus of cantroid (o, B) is Q.6
(2h =3x)%+ (2k — 3y)* = 9a°

[ 2hj2 ( ZkJZ )
or [ X—— | +|y——| =a
3 3
Each of the four inequalities given below
defines a region in the xy plane. One of these

four regions does not have the following
property. For any points (X, y1) and (X, y2) in

Sol.

the region, the point (Xlzxz ’ yl';yzj "

also in the region. The inequality defining this
region is [11T-1981]
(A)X*+2y* <1 (B) Max. {|x|, ly]} <1
(C)x*-y*<1 (D) y*—x<0
[B] Q.7
(@) X* + 2y* < 1 represents interior region of
circle, where on taking any two points the mid-
point of that segment will also lie inside that
circle.
(b) Max. {|x], |y} <1

=<1y <1

=>-1<x<land-1<y<1
which represents the interior region of a square
with its sides x = 1 and y = £1 in which for any
two points, their mid-point also lies inside the
region.
(c) xX* — y* > 1 represents the exterior region of
hyperbola in which if we take two points (2, 0)
and (-2, 0) then their mid-point (0, 0) does not lie
in the same region.
As shown in the following figure.

n o
Interior
X exteh / exterior\
200/ O 1o 2o
Q.8

y/
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Sol.[C]

(d) y* < x represents interior region of parabola in
which for any two points, their mid-point also lie
inside the region.

If (m,mi] m; >0,i=1, 2, 3, 4 are four
i

distinct points on a circle, then show that
mim,msm;, = 1. [l |T-1989]

Let the points (mi,ij ;1=1,2,3,4
mi
Lie on the circle x* + y? + 2gx + 2fy + ¢ = 0

Then m? +i2+ 2gmi+-2 v c=0;i=1234
b m;
1
= my, m,, m3 and m, are the roots of the equation
m*+2gm*+cm’ + 2fm+1=0

1
= Mmpmy,MmzMmy = I =i

The equation 2x* + 3y? — 8x —18y + 35 = k
represents [11T-1994]
(A) no locus if k>0 (B) anellipse if k>0
(C)apointifk=0 (D) ahyperbolaifk>0
2x° +3y?—8x—18y+35-k=0
= (2x*—8x) + (3y*—18y) + (35—-k) =0
= 2(x* - 4x) + 3(y*— 6y) + (35— k) = 0
= 2(x—2)*+3(y-3)*=k 35+ 8+ 27
= 2(x-2)*+3(y-3)’=k

2 2
= (Xk/zz) * (yk /? -1

if k > 0, it represents an ellipse therefore an

ellipse, if k >0

Also A = abc + 2fsh — af® — bg? — ch?
=b(35-k)+0-162-48-0

=210-6k-210

=-6

S A=-6k,D=0,ibk=0

S0, given equation is a point if k =0

A variable straight line of slope 4 intersects the
hyperbola xy = 1 at two points. Find the locus
of the point which divides the line segment
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Sol.

between these two points in the ratio 1 : 2.
[1T-97]
Let the live be y = 4x + ¢ (where c is variable) its

intersection with hyperbola xy = 1 is given by x
(4x+c)=1

= 4x*+cx-1=0...... (i)
=y(y-c)=4
=>y2-cy—-4=0..... (i)

Above given the abscissas of points of
intersection P and Q say Xg, X. If (h, k) divides
PQ intheratio 1 : 2 then
Xy 42X k= Y, +2y;

3 3

Now from (i) and (ii)

h=

c+yVc?+16 ~  c—+/c?+16
e e
8 8
_c+yct+16  c—+c?+16
andyl = > Y2 = >

3h:X2+2X1:X2+X1+X1
K=Yy, +2y1=Y, Y1+ Y1

2 c++/c?+16

sh=_ 2
8 8
2
or 24h = — 3¢ + STVC 16 “‘:2”6 ................. (iii)
ak= 2 c+vc?+16
2 2

we have to eliminate the variable ¢
24h — 6k = — 6¢C
orc=k-4h

putting the value of ¢ in (iv), we get

6k — 3(k — 4h) = v/c? +16

or (3k + 12h)> = c2 + 16 = (k — 4h)* + 16
or 16h* + k* + 10 hk -2 =0

.. Locus of (h, k) is

16x* +y*+10xy—-2=0
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Q.9

Sol.

Q.10

Sol.[A]

The angle between a pair of tangents drawn
from a point P to the parabola y* = 4ax is 45°.
Show that the locus of the point P is a
hyperbola. [11T-98]

Let P(a, B) be any point on the locus. Equation of

pair of tangents from P(c., B) to the parabola y* =
4ax is
[By — 4a(x + a)]” = (B — 4ac)(y* — 4ax)
= B + 4a’%* + 4a%0’ = B%y? — 4p%ax — daoy?
+ 16a0x — 2apy (X + )

= B + 4a’%* + 48’ = BPy? — 4p%ax — daay?

+ 16a°ax — 4apxy — 4apay......... (i)
Now, coefficient of x? = 4a
coefficient of xy =—4ap
coefficient of y? = 4aa

again angle between the two of (i) is given as 45°

2vh? —ab

= tan 45° =
a+b
2
V- 2vh“ —ab
a+b

—a+b=2vh?-ab

= (a+b)? =4 (h’—ah)

= (4a° + 4a0)? = 4[4’°B? — (4a%)(4a0)]
= 16a’ (a + o)’ = 4.4a°[b* - 4ac]

= o’ +6ao+a’—B’=0

= (oo + 3a)’ -p* = 82

~. locus is (x + 3a)* — y* = 8a°

which is a hyperbola (proved)

If the circle x* + y* = a? intersects the hyperbola
Xy = ¢? in four points P(xy, Y1), Q (X2, Y2),
R (X3, Y3), S (X4, Ya), then - [11T-98]
(A)X1+X2+X3+X4:O
(B)yi+Ya+ys+ys=2

(C) X1XoX3Xg = 2C4

(D) y1y2Yays = 2c*

XC+y?P=a? . (i)
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Q.11

Sol.[B]

Q.12

Sol.[B]

from (i) and (ii), we get
X%+ % =a

X
=>x—axt+c'=0
Xt X+ X3+ X=0
and X; X, X3 X, = ¢*
since both the curves are symmetrical in x and y
yt—ayi+ct=0
Y1t Y2ty +ty3=0
andy; Y, ys s = c*

If a circle cuts the rectangular hyperbola
xy = 1 in the points (x;, y;) where r =1, 2, 3, 4,
then - [11T-98]
(A) X1XoXaX4= 2

(B) X1XoX3Xg4 = 1

C)xy+ X+ X3+ %4=0
(D)y1+Yo+ys+ys=0

Letcircleis x> +y?=a*............ (i)

from (i) and (ii), we get
X + iz =a

X
=xt-ax’+1
X EXo+Xg X =0
and X3 Xo X3 Xs =1
similarly y* —a®y* + 1 =0

Y1t Yo+tysty,=0andy; Y, ysys =1

If x = 9 is the chord of contact of the hyperbola
x> — y* = 9, then the equation of the
corresponding pair of tangentsis - [I11T-99]
(A) 9x* —8y* +18x-9=0
(B)9x*—8y*—18x+9=0
(C)9x*—8y*—18x—-9=0

(D) 9x* —8y* +18x+9=0

The equation of chord of contact at point (h, k) is
Xy —yk=9

comparing with x =9, we have h=1, k=0
Hence equation of pair of tangents at point (1, 0) is
SS, + T?

= (X -y?*—9)(1°-0*-9) = (x— 9)°
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Q.13

Sol.[D]

— - 8x*+5y°+72=x*-18x + 81
= 0x*—8y*-18x+9=0

Let P (a sec 6, b tan 6) and Q (a sec ¢, b tan ¢)
where 6 + ¢ = g be two points on the

x2 2 . .
hyperbola —-— b_2: 1. If (h, K) is the point of
a

intersection of the normals at P and Q, then Kk is

equal to - [1T-99]
2 2 2 2
A) a‘+b (B)—a +b
a
a’ +b? a’ +b?
C D) -
© . (D) .

Given P(a sech, b tan) and Q(a sec¢, b tand)
The equation of tangent at point P is
xsecH ytan® _

1
a b

_ b secO b 1

slope m of tangent = X = — . —
an o a a sin6

Hence the equation of perpendicular at P is
y—btan =— asin® (x- sec 6)
or by — b® tanf = — a sin6. x + a’tand
orasin®. x + by = (a* + b%) tano ......... (i)
similarly the equation of perpendicular at Q is
asin ¢. x + by = (@2 + b?) tang ............. (ii)

on multiplying (i) by sing and (ii) by sinf
a singx + bsingy = (a® + b%)tan@ sin¢
a sing sindx + bsindy = (a + b?) tan¢ sind
on subtraction by
(sing — sinB) = (a® + b?)(tano sing — tand sind)
a’+b? tan@sin¢—tan¢sinO
b sing—sin®

Ly=k=

T T
O0+d+ = = ¢==-0
¢ 2 ¢ 2

= sin¢ = cosO and tan¢ = coto

a’+b? tan@cosH—cotOsind
b cos0—sin®

_a?+b? (sin6—cosd a® +b?

b (cosesine) b
a%+b?

b

Ly=k=

sok=
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ANSWER KEY

EXERCISE #1

Qus.| 1 2 3 4 5 6 7 8 9 |10 11|12 13|14 | 15(16]|17(18]19
Ans.| A B C Cl|A]|]A]A C C|A|A|A|D|A|C|A|B|BJ|A

20. True  21.False  22.|nK| 23.(0,0)

EXERCISE # 2

PART - A

Qus.| 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13
Ans.| D C A C D D D D D C A B D

PART - B

Qus.| 14 15 16 17 18 19 20 21 22
Ans. | AD |ABCD| BC | AB|ABCD| AC| AC| A |ABCD

PART - C

Qus. | 23 24 25 26
Ans. A A A A

PART -D
2. A->P,B>Q;C—>P;D>S 28A->R; B>S,C->Q;D>P

EXERCISE # 3
1. 7y* + 24xy — 24ax — 6ay + 15a° =0 ; (—%,aj 1 12x — 9y + 29a = 0. 2. 3x*-y*=3a

4.a=5//2;b=4 6. 3x+2ypu5=0 7.(x3/46a 1/464);(+1/3/6a t6a).

8. (%% — ™) (X% + y?) % = (a% + b?) 2 x%y? 10. (-4, 3) & (-4/7, -3I7)

12. 2X%—3xy —2y* +3x—y+1=0; 2 —3xy—2y° +3x—-y—-6=0;Xx+3y=0:3x—-y+2=0

14. (A) 15. (B) 16. (A) 17. (B) 18. (A) 19. (B) 20. (B)

21. (A) 22. (B)
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EXERCISE #4
1. (D) 2. (B) 3. (A) 4. (% +y?)?=9x% - %yz 5. (C) 6. (A,D)
7. (A) 8.A>PQ; B»PQ; C»>QR; D>QR 9.(B) 10. (D)
11. (AB) 12.2 13. (B) 14. (A) 15. (B,D) 16. (B) 17. (A, B)
EXERCISE #5
2h 2k
3.5¢°-y’=6 4. (x—?j —[y—?j =a® 5.(B) 7.(B,C) 8.16x* +y* + 10xy—2=0
10. (A) 11. (B,C,D) 12.(B)  13.(D)
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