QUADRATIC EQUATION

EXERCISE - 1

Single Choice

1.

14.

16.

Since sum of coefficients = 0

a—-2b+c

It’s one root is 1 and other rootis ——————
a+b-2c

For(p2—3p+2)x2—(p2—5p+4)x+p_p2:0tobe an

identity
p2-3p+2=0 = p=1,2 ..(0)
p2-5p+4=0 = p=1,4 ...(ii)
p-p*=0 = p=0,1 ...(iii)

For (1), (ii) & (iii) to hold simultaneously

p=1.

x=11isroot

Let other root = a

a-b
. Product of the roots =(1)(a)= b—c
a—-b
= rootsare 1,
b-c
q2—4p20
q=2 = p=1
q:4 = p:1725354

Hence 7 values of (p, q)
7 equations are possible.

for x> 1

E=x>(x3-1)+x-1)+1>0

for 1<x<0,

E=(1-x)+x2(1-x3)+x8>0

For x<0, allterms are positive = >0 Hence A

x2-2mx+m2-1=0

i) f(-2)>0

(ii) £(4)>0

(iii) D=0 =~ \/ .
i) —2< i <4

Common solution m € (-1, 3)

HINTS & SOLUTIONS

17.

2S.

26.

28.

29.

(x2+4)2=(2x-3)?

= x2+4=+(2x-3)
2
= x24+2x+1=0 or ¥4—}§2?37 =0
= (x+1)2=0 or No solution
= x=-1

Have only one solution.

DaPy 4 -2

apyd 10 5

Letroots of x3 — Ax2 + Bx — C = 0 are o, B,y
= atB+y=A, Zafp=B, aopy=C

& (a+ DB+ (y+1)=19

= (a+B+y)+(af+By+ya)+oapy+1=19
A+B+C=18

f(0) . £(3) <0 check end points separately

For integral roots, D of equation should be perfect sq.
7 4D=4(14n)

By observation, for n N, D should be perfect sq. of
even integer.

SoD=4(1+n) = 62,82, 102,122,142, 162, 182, 202

No. of values of n = 8.
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QUADRATIC EQUATION

Part # I1 : Assertion & Reason

o
ax3 +bx+c=0 —B a>0, B=0,

Y
v=0 at+B+y=0 = a=0,
B=0y=0 = f(x)=ax3

= 1 is one of the root of the equation & degree of

equation is 4 & complex roots occur in conjugate

= atleast 2 real roots.

Suppose a, f be non real
a=p
oa=x+iy
(imaginary roots appear in conjugate pairs)

p=x-iy=a

1 x+iy

B x+y’

&—l:x—i _ X+iy
B y X2+y2

= x=0or y=0

= ecither both equation have real root or both
imaginary roots

= DyDy20 = statement 1 is true

af=q (from 15! given equation)
a ¢ . .
E T (from 214 given equation)

a
Bzz?q; also pzil
= c#aq;

1
+B=—2p; +o=-—
at+tpB=-2p; «a B a

= b#pa = statement 2 is true

a>b>c = a,b,c,aredistinct real also
a3 +b3+c3-3abc=0

(a+b+c
2

)[(a—b)2+(b—c)2+(c—a)2]=0 as a,b,c

are distinct
atb+c=0

hence x = 1 isaroot of ax2+bx+c=0

cC b 0 a
at+b+c=0 and a>b>c = aand c are of opposite sign

. C .
otherwise a+b+c # 0 therefore N negative.

f(x)=a(x+1)(x—)(as—1 isroot)
f()+f2)=2a(1-B)+3a(2-p)=0

8
=a(8-5B)=0asa=0 = B=§
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QUADRATIC EQUATION

1
hence yjp=6 asx+ < 22 for ¥y x>0

(C) Since P (x) divides into both of them
hence P (x) also divides
(3x* + 4x2 +28x +5) - 3(x* + 6x% +25)
= —14x2+28x—70=—14(x2-2x+5)
which is a quadratic.
Hence P (x) =x2-2x+5
P(1)=4
Alternatively :
x4+ 6x2+25= (x4 + 10x% +25) —4x2
=(x2-2x+5)(x2+2x+5)
Hence P (x) can be x2 —2x + 5 or x2+2x+5

by using long division we find that only x> —2x + 5 isa
factor of 3x# + 4x2 + 28x + 5 which is equal to

(x2—2x+5)(3x2+6x+1)
P(x)=x2-2x+5
= P(1)=4]

EXERCISE - 4

Subjective Type

x*-3x+2=0

X2+18x+45—21/x2 +18+45 T1=16
2
= (\/x2+18x+45—1) =16

Vx? +18x+45-1=+4
Vx? +18x+45 =£4+1=5,3

=
=
= x2+18x+45=25, (Reject—3)
=

X2 +18x+20=0
Product of root=+20.

Since the equation has unequal real roots, the
discriminant is positive, that is

4(a+b)2>4(a—b+8)
= a?+2ab+b2>a-b+8
= aZ+(2b-1)a+(b2+b-8)>0
Discriminant should be negative
= (2b-1)2<4(b2+b-8)
4b%2 —4b+1<4b2+4b-32

= 33<8b

I
8

U

Hence, smallest natural number b = 5.

21
X_372

IN

x<2

Considering denominator x2 — 8x + 32

D<0 and a>0

So denominator is always positive

=ax2+2(a+1)x+9a+4<0

—=a<0&4(a+1)2—4a(9a+4)<0

=4(a2+2a+1-9a2-4a)<0

= 4(-8a2-2a+1)<0
8a2+2a—1>0
(4a—1)(2a+1)>0

1
ae|—w,——
- ( 2)
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QUADRATIC EQUATION

25.

Let other roots be  and &

then oa+B =—-p, af =q
o+td=—-q, ad =p

E:

8

BiS:quy

o |

e 5=p
P=q
Equation having B, d as roots
x2—(B+8)x+p3=0
x2-(p+q)x+pq=0

x2 +x+pg=0  [p+q=-1]

x3+px2+qx+r£
~

<R

oafy=-r

(o) o) -3

)) )3

o (r+ 1’
2

= ==

(r+1)’°
T

EXERCISE -5

Part#1: AIEEE/JEE-MAIN

2.

(x-a)(x=b)-c=(x-a)(x-P)
x—a)(x—B)+tc=(x—a)(x—b)

so (x—a) (x—B) +c=0haveroots a, 6

Let roots a, 20

30 3a-1
o= a*-5a+3
ppe 2
OL_az—5a+3
2a? 2 (a® =5a+3)>
902  d*-5a+3 (3a-1)
2 2(a’-5a+3)
9  (Ba-1)7
9a’—45a+27=9a>-6a+1
39a=26
2
a=—
3
1 1
atfB= ? + [3_2 (given)
(@® +B%)
+p= zﬁz
(a+p)* —2ap
+ =
(a+P) (12[32
—_bibz—Zac
a c2
—bc?=ab?-2a’c = bc?+ ab?=2a’c
c b 2a
—_t - = —
a c b
So
ca b
a’b’c T
a b
2 b . H.P.
1
Xx+—2>2
X
» AM>GM

X+ — isminatx=1
X
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QUADRATIC EQUATION

24.

sinx

From(i) q=p+r
(p+r)2—4pr=0
(p—1?=0

a
6. (B) x>-10cx—11d= 0<b

c

p=r xz—lOax—llb:0<d

fromeq. (i) q=2r ]

So fromeq. (i) 4r—4r+r=2 atb=10c %@ @
r=2 & c+d=10a ... (ii)

Sodp+2q+r=4r+4r+r=9r=18 add (i) & (i)

Given esinx — g-sinx =4 = a+b+c+d=10(a+c)

let esix=y
1 subract (i) & (ii)
y-y 74 (a—c)+ (b—d)=10(c—a)
= y?-4y-1=0 = b-d=1Il(c—a) ... (iii)
Y:2| 5 alsoa’—~10ca—11d=0 ... (@iv)
| I ¢?—10ac—11b=0 ... )
=2+5 e =2-J5 from (iv) & (v)
but we know that = a’-c*=11(d-b)

el <esinx < el
(a—c)(at+c)=11(d-b)

= (atc)=121 (from (iii))

so esiz2+ /5 and2 - /5

so No real solution of given equation.

27. x>~ 5x+5=1 anda+tb+c+d=10(a+tc)
= x=1,4 =121x10=1210
or x>-5x+5=-1 u ”
— o
= x=2,3 7. A xz—px+r:0\B xz—q><+r<2[3
or x*+4x—-60=0
= x=-10,6 "
o x=3will berejected as L.H.S. becomes —1 atp=p, 5+2B:q = at4p=2q
So, sumofvalueofx=1+4+2-10+6=3
af=r
Part # II : [IT-JEE ADVANCED = 3B=Cq-p)
2. - [x+2[+x>0 _ p-2a7P
Case-l: x+2>0 = x*—x-2+x>0 3
. ¢ ond o=p. 297P) _ 4p—29
. o P= 73 3
= x*-2>0
-2 *ﬁ \/E )
r=af=- (2p-9q)(29—p)
= xe[—Z,—\/E)u(\E,OO) 9

8. x2+2px+q=0
then oa+B=-2p&af=q
and ax?+2bx +c¢=0

1 2b

= (—w,—ﬁ)u(ﬁ’w) (HB:_?&E_

Case-Il: x+2<0
X+x+2+x>0 = x*+2x+2>0
= x<-2issolution
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QUADRATIC EQUATION

©

Given bx? + ¢x + a = 0 has imaginary roots
= c?-4ab<0

= c2<4ab

= —c2>-4ab ... Q)

Let f(x) = 3b2x? + 6bcx + 2¢2

Here, 3b2>0
So, the given expression has a minimum value

.. Minimum value = —

4a
2 2 2.2 2.2
_ 4(3b7)(2¢7)-36bc” _ 12b'c 2> _dab
4(3b%) 12b*
[From eq. (i)]
(x2+bx+¢).P(x)=3x*+18x>+75 ... @)
(xX2+bx+¢).Qx)=3x*+4x>+28x+5 ... (ii)

equation (i) — (ii)
(x> +Dbx +¢)P(x) —Q(x) = 14x>—28 x+ 70
=14(x>-2x+5)
x> +bx+c=x2-2x+5
hence f(x) =x*-2x+5
=(x—1)+4
min (f(x))=4

©
ax’ N te=0 )
c=0 L. i
(1-x)*  1-x
X X
If t=oq,then t= = o=
1-x 1-x
a
= X=—"
a+l
= roots of (i) are L,L
I+ 1+

Dis.of x*+px+3q is p’-12q=D,
Dis.of —x’+rx+q is r"+4q =D,
Dis.of —x*+sx-2q is s°—~8q =D,

Case 1: Ifq<0, then D, >0, D,>0 and D, may or may
not be positive

Case2: Ifq>0, then D,>0and D, D, may or may not
be positive

Case3: Ifq=0, then D,>20,D,>20and D,> 0

from Case 1, Case 2 and Case 3 we can say that the given

equation has at least two real roots.

(B)
atp= —E,OLB:S
a

oa+f 203
T oRT o+p

So equation whose roots are x, and x, is

e (oc+[3+ 2cx[3j W

2 a+p
2
S i b” +4ac 2o
2ab a

= 2abx?+(b?>+4ac)x+2bc=0

Given equation can be written as

- (x—a)z—szr(x—b)z—a2 _
b(x-a) | a(x-b)

=0

A (xach) {x—a+b x—b+a}

b(x-a) " a(x-b)

- (x—a-b)

{a[x2 —bx—ax+ab+bx—sz+b[x2 —ax—bx+ab+ax—azJ}

ab(x—a)(x—b)
=0
= (x—a-—Db)(ax*—a’x +a’b—ab*+bx>—b*x +ab’—a’b)
=0
= x(x—a-b){x(a+b)—(a’+b?}=0

2+b2
rootswillbe x=0,a+Db, a
+b
2+b2
Let x, =ath, x,= aa+b and x,=0

[ givenx >x, >X,]

X X, —X,=C (given)

a’+b’
+b)— -0=
(@+b) a+b ¢
(a+b)2—(a2+b2)
= =c
a+b
2ab7
= a+b ¢

ie. a,c,barein H.P.
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QUADRATIC EQUATION

16. (D)
Statement-I : Let f(x)=(x—p)(x—1)+A(xX—q)(X—5),
fp)=r(p-9 (-s),f(q)=(@-p)(q-1),
f(s)=(s—p) (s—1)
and f(r)=A(r—-q)(r—s)
IfA >0 then f(p) >0, f(q) <0, f(r) <0 and f(s) >0
= f(x) =0 has one real root between p and q and other

real root between r and s

Statement-I1: Obviously true

17. (B)

Statement-I : Given equation x> —bx +c¢=0

Let a, B two roots such that o — | =1

= (a+p)P-4apf=1

= b’-4c=1

Statement-I1I : Given equation

4abc x> +(b*—4ac)x—b=0
D=(b’>—4ac)’+ 16 ab’c
D= (b>+4ac)*>0

Hence roots are real and unequal
18. (A)
x = +/5- /2 squaring both sides

x2=5+2-24/10

x*=7)> =40

x*—14x2+49=40

x—14x>+9=0

For polynomial equation with rational co-efficients

irrational roots occurs in pairs.

19. (A
In Statement—1: a—b+b—-c+c—a=0
= If quadratic equation ax?> + bx + ¢ =0 have one root
x=1thena+b+c=0

= sum of co-efficients = 0

20. (D)
Statement 1 : a>—3a+2=0
= a=1,2, a>-5a+6=0
= a=2,3, a’-4=0
= a==+2

a =2 is the only solution. Hence statement 1 is false

Statement 2 :is true by definition.

21. (A= (@),

(B)—>(p),

©O)-0, @M=

Number of solutions is 3

B) 2*—x-1=0
y = x+1

X

y=2

consider 2*=x+1
there are two solutions

x=0,1 (both are non-negative)
© ptq=a-2
pq=-o-1

p’t+q*=(a-2y-2(-a-1)
=o’—4o+4+2a+2
=o’-20+6 =(a—1)>+5

least value of p> + q>*=5

N o

®) a+p=-. ap=
7 7
Sl = B = o+ Bl o py —4ap - 5

49 7
A, P
Va 4

49-8c=1
22. (A)—=>(@,q11); B)=>@1);(C)—>(p); (D) —>(p)
(A) Letf(x)=x3-6x>+9x + A
f(x)=3x—12x+9=3(x-1)(x-3)
N
f(x)<0 in (1,3)
But f(1)=4+X and f{3)=A
for f(x)=0to have exactly onerootin (1, 3)

49 -8c

= ¢=6

= f(1) and f(3) should have oppposite signs
S f(Hf(3)<0

= MA+4)<0 = —-4<i<0

S =3<h+1<]

= [A+1]=-3,-2,-1,0

B3

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



QUADRATIC EQUATION

2

X
Minimun value of y = m ~2~/2 isatx=0

e -2 \/5

3O

2 (B)

roots of f(x)=0

2
X
ie 2\/5 72\/5 :Oarex:i2\/§

k
number of integral value of k for which 5 lies

in (_2\/5, 2\/5) are 11.

26. fx)=x*-(m-3)x+m>0 Vxe[l,2]
HereD=(m-3)*—4m=m’-10m+9=(m-1) (m-9)
All possible graphs are

Casel: y
D<0
0 .
1 2 > &
= me(1,9)
Case2:
y
7 N
i f(Hn>o0 = 4>0 always true
LA, D
(i) — 2a = m
(iii) D=0 = me (-0, 1] U [9,)

(i) n (i) ~ (i), wegetm € (—o, 1]

27.

Case 3:
i f(2)>0

A

(ii) “0r o m>7
2a

= m<10

(iii) D20 = me(-w,1]U[9, o)

(i) ~ (ii) ~ (iii), we getm € [9, 10)
Now final Answer is (Case 1) U (Case 2) U (Case 3)

we get m € (— o0, 10)

7 o, aretheroots of x?—34x+1=0
= ot+pP=34and af=1

112
> [(x4_l34} :\/E+\/E—2(OLB)U4

» (JE-;—JE)Z :oc+[3+2m

» at+tpf=34 and of=1

e+ Bf =36

> we consider the principal value

JE + JE =6 putin (1), we get.
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