Edubull

ELLIPSE

EXERCISE #1

Questions . .
based on Equation of ellipse

Q.1 The eccentricity, foci and the length of the latus
rectum of the ellipse x* + 4y + 8y — 2x + 1 =0 is

(A) @:(ﬁﬁ,lﬁ}

Sol.

(B) %(ﬁﬁ 1):1}

(©) g;(li\/S_,l);l}

(D) None of these

Sol. [C]
Given equation of ellipse is

X2+ 4y2+8y—2x+1=0
= (x-12+4(y°+2y)=0
2 2
IR s
4 1
.. Eccentricity of ellipse is given by

2
R
a 4 4 2

foci of the ellipse are given by
(1+ae —-1)

where ae = va? —b?
=ae=+4-1= \/5
- fociare (1 «/§ ,—1) Q3
Latus rectum of the ellipse is given by
_ E _2x1
a 2
=1

Q.2 The equation of the ellipse with its centre at Sol.

(1, 2), one focus at (6, 2) and passing through
the point (4, 6) is -

(A) (X_1)2 + (y_2)2 =1

45 20
(B) (X_]-)2 + (y_2)2 =1
35 20
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2 2
(C) (X_l) + (y—2) =1
45 25
(D) None of these
[A]
Centre = (1, 2), one focus is (6, 2)
Let equation of ellipse is

(x-9* (y-2° _;

........ @))
a® b2
Since (1) passes through (4, 6)
= %+¥ =1=9p*+16a°=a’b? ........(2)
a“ b

focus of the ellipse = (1 £ ae, 2) = (6, 2)

@ae=+Va’-b? = 1+ae=6o0rl1l-a=6

’ >ae=5o0ra=-5

= (ae)’=a’-b
= 25 =a’ — b?
=a’-b*’=25 .. (3)
=a’=b*+25 . 4)
from (2) & (4) we get
9b® + 16(25 + b%) = (25 + b?)b?
9b? + 400 + 16b? = 25b% + b*
= b*=400 = b*=20
- a?=25+20=45
". Reqd. equation of ellipse is given by
(x-1)° N (y-2)? _1

45 20

If major and minor axis of an ellipse is 8 and 4
then distance between directrices of the ellipse
is-

(A) 243 (B) 16/+/3
(C) 164/3 (D) None
[B]

Here given2a=8 =>a=4=a’=16
and2b=4=b=2=0b%*=4

.. distance b/w directrices = 2a/e

- ae= va?-b?

= ae’=a’ Db’
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Q4

Sol.

— 166 =164
= 16e® =12
12 3
e__:_
16 4
\f 3
a 2x4  2x4x2 16
e V32 3 B

An ellipse is described by using an endless
string which is passed over two pins. If the axes
are 6 cm and 4 cm, the necessary length of the
string and the distance between the pins
respectively in cms, are-

(A)6,2 45 (B) 6, +/5
(C)4,25 (D) 6+2+5,245
[D]

2a =6 and 2b = 4 given

sa=3andb=2

Distance between two pins = SS' = 2ae

Here e = 1[1— —\/E \/_

. 2ae=2x%x3x %:2\/3

length of string = SPSS' = SP + S'P + SS'
=2a+ 2ae

=6+ 245
*. length of string = 6 + 2\/3 and distance b/w

pins = 2\/5

i Auxillary circle, point and ellipse,

Q ) - . . H
chord joint two point on ellipse

Q5

P(acost, b sinB) is any point on the ellipse
X2 y2

o~ + 7 =1 (a > b). Now if this ellipse is

rotated anticlockwise by 90° and P reaches P’
then co-ordinate of P’ are -
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Sol.

Q6

Sol.

Q.7

(A) (asin6, b cosb)
(C) (b sino, a cosb)
[C]

(B) (b sin®, a cos0)
(D) None of these

Y

P (a cos6, b sinb)

o

>X

Figure-I

Y
1
P P

\/

Figure-11

= focof 2-+0), as 5.0

P! = (- b sino, a cos)
P* = (b sind, a cosd)

The equation X cos — % sin6 = 1 will touch
a
2 2

. X yo .

ellipse — + el 1 at point P whose
a
eccentric angle is -
(A) 6 (B) (n—6)
(C) (n+0) (D) 2n—-6
[D]
Since — cose—l sin 6 = 1 touches —+y— =1
a b a2 2

.. point P is (a cos(—0), b sin(—0)}
whose eccentric angle is equal to (—6) or (2t — 6)

If the chord through the points whose eccentric
2 2

angles are o and B on the ellipse X—2+# =
a

passes through the focus (ae, 0), then the value

of tan & tan E =
2
A) e+l B) e-1 ©) e+l (D) None
e-1 e+1 e—2
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Sol.

Questions
based on

QS8

Sol.

[B]

Since the chord passes through focus therefore it
is the focal chord of ellipse. The co-ordinates of
the end points of the focal chord are
(a cosa, b sina) and (a cosp. b sinp). therefore the
equation of the focal chord is

ico{a—wjjtlsin[a“mj:co{a_ﬁj
a 2 b 2 2

This passes through focus (ae, 0)

Tangent & Normal and properties

The equations of tangents to the ellipse
9x? + 16y? = 144 which pass through the point
(2,3)is-

(A)y=2andy=—x+5
(B)y=3andy=—x+5

(C)y=3andy= x-5

(D) None of these

[B]

Ox? + 16y% = 144

2 2
X
LI, S

16 9
Let equation of tangent is given by

y=mx + va’m? +b?
Here a’ = 16 and b= 9
Since (i) passes through (2, 3) therefore
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Q.9

Sol.

Q.10

Sol.

3=2m+ J16m? +9

(3-2m)*=16m?+9
9+4m?—12m=16m’+9
12m’=-12m = 12m(m+1) =0
m=-1,0

Put m = -1 in (i) we get

y=—X%416+9
y=—-Xx%5
and put m = 0, we get
y=3
~y=3andy=-x+5
Tangents are drawn from a point on the circle
X2 +y* = 25 to the ellipse 9x* + 16y* — 144 = 0
then find the angle between the tangents.

T
A) 7

[C]

Given equation of ellipse is
9% +16y*—144=0

= Ox’ + 16y° = 144

3n T 271
(B) > (©) E (D) 3

Given equation of circle is
X +y =25
which is the director circle of the ellipse,

therefore tangents drawn makes angle g Since
drawn tangents are perpendicular to each other.

So angle between the tangent is % :

The points where the normals to the
ellipse x* + 3y? = 37 are parallel to the line
6x — 5y =2are -
(A)(4,2) (-5,-2)
€ (5.2)(-5-2)
[C]

Given ellipse is

X2 +3y* =27

on differentiation

2x+6yg—y =0
X

(B)(5,2) (-5 -3)
(D) None of these

dy _ XX . slopes of tangent
dx 6y 3y

.. Slope of normal = B
X
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Q.11

Sol.

Q.12

which is parallel to the line 6x — 5y = 2
. 3y _6 Sol.
" x 5
= 6x-15y=0
=2x-5y=0
N (i)
y 2
option (C) satisfies (i), therefore (C) is correct
answer

The distance of a point on the ellipse
x* + 3y’ = 6 from the centre is 2. Find the
eccentric angle of the point in the first
quadrant. Also find the equation of the tangent
at the point.

(A) 7%+ V3y-243 =0
(B)%n,x+ J3y-243 =0

(C)STn,x+2\/§y—2\/_ =0

Q.13
(D) None of these
[A]
Given ellipse is
X +3y°=6
2 2
= X_+y_ =1
6 2
Any point on this ellipse is (\/Ecose, V2 sinB) Sol.
its distance from centre (0, 0) is 2 given
6cos’H+2sin%0 =2
= 6.c0s’0 +2sin0 =4
= 4c0s?0 =2
2 1 1 I
=Cc0s0== =cos0= — =0=—
2 V2 4
Now given point is (\/E cos%, J2sin %)
= (3,1)
.. equation of tangent is given by
x.\/§ y.1
_+_ —
6 2
3x 3 6
= V3. X+3y=60r —+—=y=—
V3 37 4B
=X+ ﬁy—zﬁ =0
The normal to the ellipse x¥/a + y*/b>=1ata Q14

point P (X; ,y1 ) on it, meets the x-axis in G. PN
is perpendicular to OX, where O is origin. Then
value of A (OG)/ A(ON) is -
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(A) e (B)e?  (C)€® (D)e*1

[B]

. P /(acos6,bsin6)
e

Normal to the ellipse :
ax by o e
cosO sinb

ax by —a2g?

cos® sin®

G[cose(az.ez) ’0]

a
N(a cos 6, 0)

MOG) _ ae’ cos6 _ o2
MON) acos6

The tangent and the normal at a point P on an
2

X y2 . . ..
—+ == 1 meet its major axis in T
a b

ellipse
and T' so that TT' = a then e” cos” § + cos 0
(where e is eccentricity of the ellipse) is equal

to -

(A1 (B)2 ©3 (D)4
[A]
Let the electric angle of the point P be 6 so that
tangent is L()'s(a+m =1 ... (1)
a b
and normal is i—?—y =a’-b? ...
cosO sin®

There lines meet the major axis y = 0 in points
Tand T'suchthat TT' = a

2 2
SoTis [L, 0) and Tl is (w, OJ
cos6 a

a_ (a®-b*)cosd
coso

- TThis

=a (given)

or a’—a’e’® cos’0 = a’cos’0
or 1—e?cos?0 =cos 6
or e®cos’0+cos6—1=0
or e®cos’0+cos6=1

P and Q are corresponding points on an ellipse
and the auxiliary circle respectively. The
normal at P to the ellipse meets CQ in R, where
C is the centre of the ellipse. Value of CR is —
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Sol.

Q.15

Sol.

(A)a+b (B) 2(a + b)
(C)2a+b (D)a+2b
[A]

Let P be (a cos, b sinB) so that 0 is (a cos6, a sinb)

which lies on the auxiliary circle, C is (0, 0)
equation of CQ is

y-0= asin® (x—0)
acoso
or y=xtan6 . (1)
equation of normal at P is
XY e oo (i)
cosO sin6

Both (i) and (ii) intersect at R.
on solving (i) and (ii), we get
ax b

B sin® _
cos® sin®

. a’ - b?
co0sO

of — (a—b)=a’—b?
cos6O

. X=(a+b)cos6
andy=xtan6=(a+hb)sin6
Also Ris [(a + b) cosb, (a + b) sin6] and C is (0, 0)
. CR? = (a + b)? (cos®® + sin0)
- CR?=(a+b)?
CR=(a+h)

Equation of chord when mid point
given, chord of contact & pair of
tangent

Angle between tangents drawn from any point
on the circle x* + y> = (a + b) to the ellipse

2 2
X 4 —(a+b)is-
a b

T
(A) 2
(D]

T -1 1 )
(B)§ (C) tan > (D)sin 1

X2y
Ellipse is 'y +T— (a+h)
= X’ + y2 =1
a(@a+b) b(a+b)
its director circle will be
X +y =a(a+b)+b(a+b)
=x*+y’=(a+b)(a+h)
= x?+y? = (a+b)?
which is the given circle.
Hence angle between tangents drawn from any
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Q.16

Sol.

Q.17

Sol.

point on the circle x* + y* = (a + b)? to the ellipse

XZ y2
Z+ T: a + b is n/2 which is equal to sin!

a

).

2 2

A line meets ellipse XT+ yT =latAand B
and tangents to ellipse at A and B are
perpendicular to each other, then point of
intersection of tangents must be-

(A) 12 (B) (2.3
©) 1,9 (D) None of these
[A]

Ellipse ﬁ+ ﬁ =1
4 1
its director circle is
Xy =4+1
=x*+y’=5
only option (A) satisfies this.

Find the middle point of the chord intercepted
on the line 2x —y + 3 = 0 by the ellipse

2 2
X_+ Z_ =1
10 6
-30 9 30 9
A | —,— B) | — —
()[2 23) ()(2323}
©) ﬂi (D) None of these
24 24
[A]
2 2
Ellipse : —+? =1 ... (1)
line:2x-y+3=0 eeenen(2)
from (2), we can write
y=2x+3

put in (i) we get
ﬁ+(2x+3)2 1
10 6
= 3x? + 5(4x* + 9 + 12x) = 30
= 3x% + 20x* + 60x + 15 =0
= 23x%*+60x + 15=0
Let its roots are x; & X, then
X1+ X, =— 60
23
Xp+X, 30
2 23
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Q.18

Sol.

similarly, we can find NitYs 2
2 23

Hence mid point of the chord is
-30 9
=
2 2

. X

Tangents are drawn to the ellipse —-+ % =1
a

at points where it is intersected by the line

AX + my + n = 0. Find the point of intersection

of tangents at these points.

2 2 2 2
—-a° —b"m —a‘A —b'm
(A) 1 (B) H
n n n
2 2
) =2 b (D) None of these
n
[B]
) x2 y2
Ellipse: —+2-~ =1 R ¢
p 22 (1)

line: \x+my+n=0
Let line (ii) intersect the ellipse at A & B points.
tangents drawn from A and B. Let intersect at Q
point. then locus of point Q is a straight line
called polar and the point is called polar pole of
the polar.

.. point of intersection will be the pole.

we know that pole of a given line AX + my +n=0

2 2
w.r.t. the ellipse X—2+ y -
a

oy 3
—a%n —b®’m
n ' n

Alter :

Let (x4, y1) be the point of intersection of tangent
to the ellipse where it is intersected by the line
AX + my + n = 0 then, the equation of the chord of
contact of tangents is

1 is given by

X1 W .
2 I G)
a? b’

clearly, Ax + my + n = 0 and (i) represents the

same line.
X 1
a2 b’m -n
2 2
—-a“h -b
= X1 = a &y1: m
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Questions
based on

Q.19

Sol.

Q.20

Sol.

—a®» —b’m
n ' n

Pole & Polar & conjugate diameter

If the polar with respect to y? = 4x touches the
2 2

ellipse X—2 + é =1, the locus of its pole is-
a

(C) o™ + By’ = 1
(D) None of these

[A]
Let P(h, k) be the pole, then the equation of the
polar is
ky = 2a (x + h)
2a 2ah
>y=—X+ —
k k
This line touches the ellipse
2 2
X_ + y_ =1
az BZ

o (28 (2]
k k
= 4a%h’ = 4a% o’ + KB’
So, locus of (h, k) is
4a2x2 - 43.20L2 + BZyZ
2 2

X Y =1 (1)

=TT T2y
03 da“a
(BZ ]

0 y? = 4x is given parabola.

Here4da=4—=a=1
Puta=1in (1), we get

2 2
X Yy -1

a?  4alip?

The eccentricity of an ellipse whose pair of a
conjugate diameter are y = x and 3y = — 2x is-
(A)2/3 (B) 1/3

(SN V3 (D) None of these

[C]

2 2
Let the ellipse be X—2+ RSy
a? b2
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Q.21

Sol.

Since y = x and 3y = —-2x is a pair of conjugate
diameters, therefore

b2
mlmZ:—a—z
2 b?
= (1) (_Ej___z
= 2a’ = 3b?
— 2a°=3a?(1-¢?)
=2=3(1-¢?)
, 1 1

Se==e=—"—
3

V3

X2 y2
For the ellipse —-+ e =1, the equation of the
a

diameter conjugate to ax — by = 0 is-

(A)bx+ay=0 (B)bx—ay=0
(C)a’y +b*x =0 (D)a’y—-b’x=0
[C]
Let y = m,x be the conjugate diameter.
Here m; = a
b
2
mm, = ——-
a _ _ b? b
= E mz——a—z =>m, =-— -

True or false type questions |

Q.22

Sol.

In a triangle ABC if B (-2, 0), C (2, 0) and
AB + AC = 6 then vertex A moves on an

. o1
ellipse whose eccentricity is 5

Let vertex A is (X, y) then accordingly to
AB+AC=6
= \/(x+2)2 +y? +\/(x—2)2 +y? =6

= J(X+2)? +y? =6—1/(x—2)2 +y?

= on squaring both sides, we get
= (X +2°+y* =36+ (x - 27+ y —

12 (x-2)% +y?
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Q.23

Sol.

S A +y+y =36+ x—Ax+ty+yi-

124/(x-2)% +y?
= 4X +4X — 36 = — 12/(x—2)% +y?
= 2x—9=-3/(x-2)% +y?

= (2x-9)*=9{(x - 2)* +y’}
= 4x* + 81 — 36x = 9x* — 36X + 36 + 9y*
= 5x* + 9y? = 45

2 2

= X_+y_ =1
9 5
2
.. electricity e = 1—b— = A = 4 :E
a? 9 9 3
2
. e= —
3
Therefore given statement is False
XZ y2
For the ellipse —+ = =1, a > b, sum of
a b

squares of perpendicular from (0, ae) and
(0, —ae) on any tangent to it is 2a2.

2

X y _
XY —1 @>h)
a? b

Let its tangent is

y=mx+ va’m? +b?

a’m?+b? =0

Sum of perpendiculars drawn from (0, ae) &
(0, —ae) is given by

—ae+vatm?+b? ae++va’m? +b?
+
Jm? +1 Jm? +1

_ 2ya’m? +b?

S>mx-y+

m2+1
Here m is unknown, so this one is not equal to 2a’
Therefore the given statement is false
Alter :

XC0s0 N ysin© _

Let equation of tangent is 1

Sum of perpendicular drawn from (0, ae) &
(0, — ae) is given by

aesine_1 —aesine_

1
b b
\/coszeJrsinze \/coszeJrsinze
a? b2 a? b2
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Q.24

Sol.

-2
cos’® sin?o
2?2 p?
+2ab : 2ab
JbZcos? 0+a%sin?0  b?cos? 0+a’sin20

(1 =2
Tangent at point| =, — |on the parabola
o st pon (3. o v

y? = 4x is same as the normal drawn at a point

4 J on the ellipse 4x? + 5y = 20.

(‘LE

Given parabola is y? = 4x

Tangent drawn from (1 _—2] to this parabola is
55

given by

yy1 = 2a(X + Xy)

=& )

:ﬂ—2x+£
V5 5
-2y _ 10x+2

= —= =
V5 5

= 2J5y=10x +2
— 10x + 2J5y+2=0

—5x++5y+1=0 i)
Given equation of ellipse is
4x% + 5y% = 20

X2 2

= —+y—:l

5 4

Normal drawn from (—1, ij to the ellipse is

75

given by

g
5(x—(-1) 5

YN
:>—5(x+1):@

— 5x 5= 5y—4
= 5x+ By +1=0

equation (i) & (ii) are the save line
. Given statement is True.
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Q.25

Sol.

2 2

For the ellipse X—2+ # =1, a>bh. maximum
a
distance of any normal from its centre is a + b.
2
x? +
—+===1,(a>h)
a2 b2

its centre is (0, 0)
equation of normal to the ellipse is given by
i_P_y = a2 — b2

cosO sind
its distance from it centre (0, 0) is

bZ

sin?
a2 _p2 ‘

\/a sin 6+bzcos 0

cos2 0

sin® 0 cos’ O

—b? ‘sme cos0

(@’ -b?).sin%0
"~ JaZsin20+b2cos? 0
For max. distance putsin20=1, sin6 =1
_1 @b
2 a
Hence it is False.

\/ sin?0+b?cos? 0
1
2

Fill in the blanks type questions

Q.26

Sol.

2
Line x = 1 meets ellipse XT +y*=1atAand

B, then angle subtended by AB at centre of
ellipse is ......cu......

Putx=1in XT+y2=1

:>y2:E

«l

=>y=+ —

e

since centre of ellipse is (0, 0)
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A(L V3/2) i.e.10= \a?(3)2+8

m —100=9a’+8
g = 9a°=92
0
(0,0) _ 92
AN = a== ?
B(L —+3/2) Corrections:
2 2
slope of OA=m; = — 312 _ ﬁ Equation of ellipse is X—2 +y—2 s
1 5 a 8
—\/§ In this case,
and slope of OB = —— /
2 ¢ = va’m? +b?
ﬁ+ﬁ 10 = va?.9+8?
otang= M2 - 2 2 100 = 982 + 64
1+m;m, -3 Co e
= 9a’=236
2
=a =4
:>tan9=£=4\/§ =a=2

sa=2

L 0=tan (44/3)

2
Q.27 The point of intersection of XT+ y? = 1 and

x? +y? = 2 lying in first quadrant is ........... .

x2

Sol. T+y =1 .. (D
XC+y*=2 )
from (1) and (2), we get

2 2

XT+2—XZ:1:> X =1 = 3%=_4

2
=3=4 = x=—
NE)
4 2
Ly=2-2=%
4 3 3
Ly=+2/3

point of intersection in first quadrants

2
——,2/3
(ﬁ j
. _xXE YA
Q.28 If line y = 3x + 10 touches ellipse a_2+? =

then value of ais equal to ...........

X2 y2
Sol. The line y = 3x + 10 touches ellipse — +-—=1
a

8
If c = ¥Ya’m? +b?
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EXERCISE # 2

Only _smgle correct answer type
questions

Q.1 A circle has the same centre as an ellipse &
passes through the foci F; & F, of the ellipse,
such that the two curves intersect in 4 points. Let
'P' be any one of their point of intersection. If the
major axis of the ellipse is 17 & the area of the
triangle PF;F; is 30, then the distance between the

foci is -
(A) 11 (B) 12 (C) 13 (D) 15
Sol. [C]
/ﬁf\
F, F

PF,+PF,=17=2a
Area of triangle = 30

. PFl . PF2:30

(PFy) (17 .PFy) =30

Nk, N~

PF,=5,PF, =12
By pythagorus theorem
F,F, =13

Q.2 Q is a point on the auxiliary circle corresponding
2 2
to the point P of the ellipse X—2+# =1.I1fTis
a

the foot of the perpendicular dropped from the
focus S onto the tangent to the auxiliary circle
at Q then the A SPT s -
(A) isosceles
(C) right angled

Sol. [A]

(B) equilateral
(D) right isosceles

! Q(a coso, a sinb)

cose, b sin6)

P(a cos0, b sin6)
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Q.3

Sol.

Q.4

Sol.

SP=¢e =|a—aecoso |

a
——acoso
e

tangent at Q

X €C0sO +ysind =a

aecosO+0—a

Vcos? 0 +sin? 0

ST =SP

ST = =alecosd—1|

If S and S’ are foci and A be one end of minor
2 2

axis of ellipse XT + yT = 1, then area of
ASAS' is-
A)24v3 (B)V3 (O @ (D) None
[B]
A
N
®ae= va?-b?
s ae=+4-1=43
- S=(43,00&S =(=4/3,0), A0, 1)
V3 -3 0
.. area of A SAS' is % 0 0 1
1 1 1
1
=5 (243)= 3
2 2
e X +Y =15
9 4
(A) 2 (B)3  (C)+/5 (D)none
B
2 2
X— + y— =1
9 4
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Q5

Sol.

B(0, 2)

e
A 4

B'(0,-2)

.. focus S = (ae, 0) = [3.%,0} = (JE , 0)

and S’ = (-ae, 0) = [—3.£,o] = (-+/5,0)

3
ends of minor axis = B(0, 2) and B'(0, -2)
.. SB=45+4=3
SB'= 5+4=3
SB=46+4=3
SB'=+5+4 =3
o3

The normal at a variable point P on an ellipse
2 2

X

—z+y—z =

a“ b

the ellipse in Q and R then the locus of the mid-

point of QR is a conic with an eccentricity €' such

that -

(A) e'is independent of e

1 of eccentricity 'e' meets the axes of

B)e'=1
(C)e'=e
(D) e'=1/e
[C]

/— 0

Normal at P(a cos6, b sin6) is given by : Q.6
XY e e )

cos® sino

then, putting y = 0 in (i), we get ; Sol.

Power by: VISIONet Info Solution Pvt. Ltd

(a® —b?)cos6
a

2 2
so. Q[w OJ

X =

a
and, putting x =0, we get ;
[ — (a2 —b?)sin eJ
0, ——M8M8M8M¥@™
b
Let, M be the midpoint of QR, then ;

M= ((a2 —b?)cos0 | —(a® —b?)sin ej

R

2a 2b
But, M = (h, k)
2 2 2 2\ e
Then. h=(a -b )cosG, k=—(a —b“)sin6
2a 2b
=C0s0= ZZLhZ .....(ii)
(@®-b")
2bk
sinf=————— ..l
2 _p? (iii)
squaring and adding (ii) and (iii), we get
4a’h? 4b%k?

(aZ _bZ)Z + (aZ _b2)2 =

2 2
X
LY

v a2-p2) (aZ-p?)
2a 2b

[Putting h — x, k > ]

Now, B? = A%(1 —e'?)

o AZ_BZ
=>e "=

So,e'=e

The locus of extremities of the latus rectum of
the family of ellipse b + a?y* = a’b? is-

(A) X% +ay =a’ (B) X* —ay = b?
(C)X* +y=a (D) X? + ay = b?
[A]

b2x? + Y2 = a2b?
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Q.7

Sol.

(ae,aby1-e?) = (h,K)

ae,0

2
#: (1-¢?) a’b? =a’y1-e?
b? =y1-e?
y’=B*(1-¢%)

y=Bvy1-¢e’ Q.8
y=ab v1-e’

y = ab®

h = ae, k = ab®

h=+va’-B? ,k=b%a

jb2: L SOI
ab

h2:a2 —b2a2

hZ:aZ—L.aZ:ath:a%—k
ab

bh? = a%h — ak = abh? + k = a’b

bh? + ak = a’b

. locus is bx? + ay = a’b

An arc of a bridge is semi-elliptical with major
axis horizontal. The length of the base is 9
meter and the highest part of the bridge is 3
meter from the horizontal. The best
approximation of the Pillar 2 meter from the
centre of the base is -

(A) 11/4m (B) 8/3m
(C)7/2m (D)2m
[B]
A
2,y

3

l
C EQD) O P

Power by: VISIONet Info Solution Pvt. Ltd

a:g,b=3
2

then, b? = a%(1 — €9

2
:>9:9—(17e2):>e:—5
4 3
2 2
then,—+y—:1
8L 9
2 2
:>4X(2) +y—:1 [.. whenx=2]
81 9
» 65
= = —
y 9
Lyt
3

Point 'O" is the centre of the ellipse with major
axis AB & minor axis CD. Point F is one focus
of the ellipse. If OF = 6 & the diameter of the
inscribed circle of triangle OCF is 2, then the
product (AB) (CD) is -

(A) 64 (B)12  (C)65 (D) 3

[C]
D

/0'1" WN

T
C

OF=6

= OA+AF=6

=1+AF=6 [OA=r=1]

= AF=5

Let, CD =DB =x

then, OM? + OF = MF?

= (X +1)*+6°=(x +5)°

by solving it, we get

x= 2

2
then, OF =a [2MF = 23]
X+5=a

3 13
=> — +b=za=sa=—
2 2

then, 2a =13
and, 2(OD) =2b
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Q.9

Sol.

Q.10

Sol.

:2b=ﬂ1+@=2xg=5 Q.11
then, (CD x AB) =2ax2b=13x5=65
The radius of the circle passing through the foci
X2y -
of the elllpseE +-=— =1, and having its centre
(0, 3) is-
(A) 4 (B)3 (C)v12 (D)72
A
[ 2] 2 Sol.
X_+ y_ = l
16 9
foci = (xae, 0)
ae=116-9= 7
- foci = (/7 ,0)
(7. 0)
radius of circle = V7+9=4
. radius =4
The set of values of ‘a’ for which
(13x — 1)* + (13y — 2)> = a (5x + 12y — 1)
represents an ellipse, is-
(A)l<ax<? (B)0<ax<l1
(C)2<a<3 (D) None of these
[B]
We have Q.12
(13x — 1)+ (138y — 2)*=a (5x + 12y — 1)* .. (1)
O L.H.S. is +ve
.. R.H.S. isalso +ve thena >0 ...(2
Again equation (1) can be written as
(169-25a)x* + (169 —144a)y* — 120 axy + (...) X
+§...)y+.(5—a)=0 Sol.
Itis an ellipse
- H*<AB

then 3600 a* < (169 —25a) (169 —144a)  ...(3)
=a<l
from (2) and (3), we get 0 <a<1.

Power by: VISIONet Info Solution Pvt. Ltd

2

If tan O, tan 6, = — a

2 then the chord joining

. _ox?2 oyt
two points 6; & 6, on the ellipse " + el 1
will subtend a right angle at -
(A) focus
(B) centre
(C) end of the major axis

(D) end of the minor axis
[B]
P(0,) P(0)

PN

2

tan 0, tan 0= — ‘;—2

bsin 6,
mp =
acoso;

E tan 0
a

b
m, = —tano,
a

bZ
mim,= —-tan 6, tano,
a

mim, = -1
so these are L' lines so passes through centre
(0, 0) angle subtend right angle at centre

A line of fixed length (a + b) moves so that its
ends are always on two fixed perpendicular
straight lines. The locus of the point which
divided this line into portions of lengthsa & b is -

(A) an ellipse (B) an hyperbola
(C) acircle (D) none of these
[A]

(0,(a+b)sinG)

((atb)cos6,0)
Al(a + b) cos 6, 0]
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B[O, (a + b) sin 6]
b(a+b)cos6 h
(@a+b)

0056:% ....(1)

a(@+h)sin®
a+b

Kk

. k
sing=—
a

squaring & adding equation (i) & (ii)
h? k2
b_z + a—2 =1
2 2
.y
b?  a?
this is the equation of ellipse

..

Q.13  The eccentricity of the ellipse which meets the

straight line ; +% = 1 on the axis of x and

the straight line %— % = 1 on the axis of y and

whose axis lie along the axes of coordinates, is

32 243 V3 26

3
(A) Z (B) - © - (D) Z
Sol. [D]
. . x?  y?
Let the equation of the ellipse be a_2 + b_2 =11t
is given that it passes through (7, 0) and
(0, -5).

Therefore a? = 49 and b? = 25
.. Eccentricity of the ellipse is

2
/ 2
e= 1—b— =e= 1——5
a? 49

49 - 25

e:
49

24
e=,|—

49

2.6
e= ——

7

Q.14 Coordinates of the vertices B and C of a

triangle ABC are (2,0) and (8, 0) respectively.

Power by: VISIONet Info Solution Pvt. Ltd

The vertex A is varying in such a way that

4 tan % . tan% =1. Then locus of A is -

(A)MJrﬁ:l(B)%ij_z:l

5 16 25
2 2 2 2

(€ W Y0 _ypy) KO, Yy
R 9 25

Sol. [A]

Q.15 The equation of the circle passing through the

points of intersection of ellipse
2 2 2 2

X Yy _ X Yy _ ..
—2+—2 =J1and —2+—2—1|S-
a“ b be a
WX +y=d (@)X +y=b

2p? 2ab?
O)xC+y?= 202 Dyxd+yP= 20
©) Y = ©) y a® +b?

Sol. [D]

Equation of curve passing through the point of
intersection of ellipse E;=0and E; =0 is

El + 7LE2 =0
using A = 1, the equation of curve is

X2 y2 X2 y2
—+—-1|+] —+—-1|=0
(az b? b>  a?

2a%b?
a?+hb?

Which is the required circle.

=>xP+y’=

Q.16 If the axes of an ellipse coincide with the
co-ordinate axes and it passes through the point
(4, — 1) and touches the line x + 4y — 10 =0

then its equation is -
2 2 2 2
WY 1 @ XY o
80 5/4 20 5

2 2
() X eY -
100 5
Sol. [A]
Let equation of ellipse is
22
a“ b
it passes through (4, -1)

16 1

=> =+ ==1 ..(D
a? b?

X + 4y — 10 = 0 is tangent of ellipse.

(D) None of these
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Q.17

Sol.

y= %45
B 4 2
Herem:—1 c:E
4 2
s c=2 ya’m? +b?
2 -1 Ja? 1/16+02
2
2
B2 Ly 2)
4 16
16 _ 1 _b%-1
from(l),—z— —b—z— 2
i: b2 (3)
"16  b2-1 h
b? ,_ 25
+ = —
b? -1 4

= 4(b? + b* — b%) = 25 (b*-1)
= 4b* -25b*+25=0
= 4b* - 20b? —5b? +25=0
= 4b? (b’ -5) -5 (b*-5)=0
. b?=50rb*=5/4
§:£+§:>£:5:>a2:80
4 16 4 16
2 2

.. equation of ellipse is )g;_o+ Y -

5/4
The condition that the line Ax + my = n may be
2 2

X
anormal to the ellipse -+ ¥
a® b

n? a?  b?
A)—T (80 1oy
( ) (aZ_bZ)Z [}\«2 m2

=1is

@ -b%)2 (22 m
(D) None of these
[A]
Equation of any normal to the ellipse is
ax sec ¢ — by cosec ¢ = a — b? (1)
given line AX + my =-n ..(2)

on comparing, we get
A m _-n
asecd —bcosechp a%—Db?

Power by: VISIONet Info Solution Pvt. Ltd

Q.18

Sol.

—an . bn
=>c0sp= ———&Ssinp= —————
¢ Ma? —b?) ¢ m(a’ —b?)
a’n? b%n?
= +
xz(az_bz)z m2(a2—b2)2
Hence required condition will be
a2 . b2 ) (az_bz)z

2 m? n?

Let L = 0 is a tangent to ellipse

2 2
(X;D . (y—42) =1andS, S be its foci. If

length of perpendicular from Son L =0 is 2
then length of perpendicular from S’ on L =0is
(A) 3 (B) /3 (C)2 (D) none

[C]

(x-* , (y-2)?
9 4

L = 0 is a tangent to this ellipse.

.. its foci are (1 *ae, 2)

ae=+9-4=45

.. focus (1+ JE , 2)

.. S=(1++5,2)andS'=(1-+5,2)

Any point on the ellipse = (1 + 3 cos 6, 2 + 2 sin 6)
Equation of tangent

(x-1)(1+3cos6) + (y—2)(2+2sin0)
9 4

= Length of perpendicular from S (1+ J5, 2) &
S'(1-+5,2)is

(V5)(1+3cos0)-1|  |(—v/5)(1+3cos0)-1
9 9

JO2+()? JOZ+0)?

=1is given ellipse.

-1=0
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SNy One or more than one correct
answer type questions

Q.19

Sol.

Q.20

Sol.

.. same length =2

If ax + by = 1, cx? + dy? = 1 have only one
solution, then:

2 b2

@) 2 -1 (B)x=alk
c d

(C)y=h/d (D)a?+b?=1

[AB,C]

We have

ax+by=1

“Y T

putting this volume in the second equation, we get

ox? + bd—z(l—axz):l

= (b’ +a’d) x* 2ad x +d —b*=0 ....(1)

This quadratic equation will have equal roots if
D = 4a%d® — 4(b%c + a’d) (d—b? =0

= a%d? + (b’c + a’d)b? —b’cd —a%d®* = 0

= b’[b’c+a’d—cd] =0

=b*+a’d=cd

2 2
= b_ + a_ =1
d c
Also, in this case
2ad ad

A tangent to the ellipse 4x* + 9y* = 36 is cut by
the tangent at the extremities of the major axis
at T and T'. The circle on TT’ as diameter
passes through the point -

(A) (-+/5,0) (B) (/5. 0)
(©) (0,0) (D) (3, 2)
[AB]

We know that any tangent to the ellipse is cut by
the tangents at the ends of the major axis in T and

Power by: VISIONet Info Solution Pvt. Ltd

Q.21

Sol.

T', then the circle TT' as diameter will pass
through the foci.

Given ellipse is

4x* + 9y* = 36

2 2
:>X—+y—:1
4

its foci are (xae, 0)

Here ae = Jﬂ = «/g

.. foci are (i\/g, 0)

i.e. (v/5,0)and (—+/5,0)

The equations of the common tangents to the
ellipse, X* + 4y” = 8 & the parabola y* = 4x are
(A)2y—-x=4 (B)2y+x=4
C)2y+x+4=0 (D)2y+x=0

[AC]

2 2

Tangent to ellipse : % +y7 =1

Lcose+isine=1 (D)

232 J2

tangent to hyperbola : y? = 4x

1
y=mx+ —
m

(i)

1
mx-y=——
m

Comparing (i) & (ii)
cos0 sin®

m2vy2 V2

cos 0 =—24/2 m? sin 0 = v2m
8m* +2m?=1

8m* +4m?-2m?>-1=0

m==—,—-=
2 2

common tangent
X—2y+4=0
2y+x+4=0

Assertion-Reason type questions

The following questions consist of two
statements each, printed as Assertion and
Reason. While answering these questions you
are to choose any one of the following four
responses.
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(A) If both Assertion and Reason are true Column Matching type questions |
and the Reason is correct explanation of

the Assertion Q.25
(B) If both Assertion and Reason are true Column 1 Column 11

the Assertion.
(C) If Assertion is true but the Reason is false.
(D) If Assertion is false but Reason is true.

on co-ordinate axes, then locus
of a point dividing this stick
reckoning from x axis in the

Q.22 Assertion : The angle between ellipse ratio of 6 : 4 is a curve whose
2 eccentricity is e then e is equal to
X 4+ y2=1andcircle X’ + y? = 2 is 0 given b T :
4 y g y (B) AA' is major axis of an ellipse Q)2 V7
1 3C+2+6x—4y—1=0&
tan 6 Nz P is a variable point on it then

Reason : The angle between two intersected greatest area gl riangle Ggeape

curves will be angle between tangents to both (C) Distance between foci of the (R) 128
curve at their point of intersection. 3
Sol. [A] curve represented by the equation
X=1+4cos0,y=2+3sin0 is
Q.23  Assertion : If (o — 1) and (o — 2) are the length J5
Ve o (D) Tangents are Drawn to the ellipse (S) —
of perpendicular from foci of eIIipse? +y? = 3
2 2
X y© .
at its any tangent then o = 16. o7 1 atend points of
Reason : Product of. perpendlculars from foci latus-rectum. The area of quadrilateral
on any tangent to ellipse is constant and equal so faWMhed is
- - - \2
to (semi minor axis)”. Sol. AS:B>P:C0: DR
Sol. [A]
Product of length of perpendicular from foci of (0,10sin6)
ellipse = b? ’
So, (a—1) (@—-2)=6 (A) 4my10m
o’ —20—-a+2=6 6m9(h@
o’-30-4=0 (10c0s6,0)
+ 4/ 6 4
a:3_ 9+16:3+5:4,—1mﬁﬂmﬂ .
2 2 (10 cos8,0)  P(h,k) (0,10sinB)
2= 16 i
* h:40i:gse =4 cos 0, kzeosme:Gsine
Q.24  Assertion : Let S; be the circle drawn on focal h _ K
distance of an ellipse on diameter and S, is its cos 0 = 7 sin 6 = 5
auxiliary circle, then S; always touches S,. h? K2

Reason : Perpendicular distance from centre of +—=1

YRy
ellipse on the radical axis of S; and S, is equal 4 6 )
.. . Hence the locus is
to semi major axis.
X2 2
Sol.  [A] XY
16 36
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16 =36 (1—¢€?)
10, ¢
36
o= 2

36

20 45
ez —= ——

6 3

B

(B)

Akiyﬁx'
BI
3C+2y° +6x—4y—1=0
30¢+2x+ 1) +2(y*—2y+1)—-6=0
2 "2
x+1)”  y-1° _,

2 3
a:\/§, b:\/E
AA = 2a= 2J§

Base is same, so area will be maximum.
at maximum height.

max. height => OB = b = x/E

Area:%XAA'XOB
:% X 2\/§x\/§: \/E

©)

il
NS S

Xx=1+4cos0 :cosO:XT_l
y=2+3sin0 = sinezy%2
2 2
x-* (-2 _,
16 9
b’ =a’ (1-¢?)
9=16(1-€?)
9 2
— =(1-e
16 (1-¢9)
g — =>e= —
16 4

Power by: VISIONet Info Solution Pvt. Ltd

(D)

7

26 =2 x4 x — =
4

27

Sl

Tangent at end of latus rectum
XXy, ¥y,

—4+—===1

a’®  b?

2

a bca
xe
xe y
a a
and other will be
Xe

xe y_4

a a
PointR > x=0

1

=1 ...(D
(2

§+X:1:>y:a
a a

Point A — Add (1) & (2)
2xe a
—=X=>X= —

a e
y=0
Area of quadrilateral = 4 x Area of triangle AOR

1 a
- 4dx—xax—
e

22> 2x16x4
3

]
oo @D

|
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EXERCISE # 3

Subjective Type Questions |

Q.1

Sol.

Q.2

Sol.

If the angle between the lines joining the foci of
an ellipse to an extremity of the minor axis is

90°, find the eccentricity. Find also the equation

of the ellipse if the major axis is 2+/2 units in
length.

X2 y2
Let equation of ellipse is —+5=1
a~ b
P(0, b)
90°
Fz Fl

Since lines PF; and PF, are perpendicular lines.
Let slope of PF; is m; and of PF, is m, then

m1m2=—1
2
L E:_ b __’]_
—ae
a (1 e) ©a%’=a’-b’
= —
~b?=a’(1-e?)
=2e°=1 =e=— Ans
ﬁ

Since length of major axis=2a =2 V2

—a=+2
bZ:Z(l—%jzlzbzl

2 2

.. equation of ellipse is X?+ RAS 1 Ans.

1
A tangent to the ellipse x*/a® + y*/b* = 1 cuts
the coordinate axes at A and B and touches the
ellipse in the first quadrant at a point which
bisects AB. Find the equation of the tangent.

[O'ﬂj B P(acos 6, b sin 6
/& )
\_/ A[L Oj

2 2 coso’
X,y 4
bZ

a2
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Q.3

Sol.

equation of tangent is gcos 0+ %sin 6=1

it cuts coordinate axes at A and B.
since P is mid-point of AB

" =acos 0 and b =bsin0
2¢c0s0 0

—=2cos’f=1and2sin’0=1
1 .

=>C0s0=— =sinf=——
V2 V2

.. equation of tangent is given by

x 1.y 1

a2 b2

5-}-1:&

a b

Prove that the straight line a_:: + bZ/ =cvc>0

will be a normal to the elllpse—+Z—2 =1,
a
if 5¢ = a%e’.
Equation of normal to the elllpse —+ >b/_2 =1
a’
2 2
at (X1, y1) is given by 22— by _ 2 p
X1 Y1
. .ax by
given normal is — + i c
a’? _a b? _ b

and — = —~
Xq 3 Y1 4

Alsoa’-b?=¢
S Xy=3a andy; =-4b

The line (%)x + (%)y — ¢ =0 is a normal to

y? .
ellipse —+ — =1if
a? b2

a2 . b2 _ (@2 —b2)?
)2 b2 (_C)z
5 G

2,232
~9+16= &¢)
C

= 25¢° = (a%?)*
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Q.4

Sol.

Q5

= (a%?)? = 25¢° = a’e” = 5¢
2 2

: X
A tangent to the ellipse —- + Z—z = 1 touches

a
at the point P on it in the first quadrant and
meets the coordinates axes in A and B
respectively. If P divides AB in ratio 3 : 1, find
the equation of the tangent.

[O'sirt:eJB 1
/—
S~

P(a3cos 0, b sin 0)

A a
(555
coso
y

50m9+7sm9=1
a b

2 2
Ellipse X—2+ y_2 =1
a b

Equation of tangent at P isgcos 0 +% sinf=1

P dividesABin3:1
.. coordinates of P is given by

Ma 0 3( b )
cose+3(o) @) (0)+ 5

sin

4 4

:( a 3b j
4c0s0 " 4sin0

This must be equal to P(a cos 6, b sin 6)

=acos 0 and ?’_be:bsine

" 4cosO 4sin
—4cos’0=1and4sin*0=3

3

:cose:l and sin® = —
2 2

.. equation of tangent is

x 1.y 8
a 2 2
NE)
b

:>§+y—=2:>bx+a\/§y=2ab

=1

Common tangents are drawn to the parabola
y? = 4x and the ellipse 3x? + 8y* = 48 touching
the parabola at A and B and the ellipse at C and
D. Find the area of the quadrilateral.
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Sol.

Let y = mx +ibe a tangent to the parabola
m

y? = 4x,
X2 y2
it will touch the ellipse — + =1, if
42 (\/6)2
LZ: 16m* + 6
m

= 16m*+6m*-1=0
= (8m*-1) 2m*+1) =0

[Use: ¢? = a’'m? + b?]

R —— %
YA B(0, 46 )
Q(_Z, 0) C
b >» X
A 0 T >
A0 A(4, 0) P(8, 0)
B!
0,6 ) v

B
We know that a tangent of slope m touches the
parabola y* = 4ax at (a/m’>, 2a/m) so the
coordinates of the points of contact of the

common tangents of slope m = *

L to the
2

parabola y> = 4x are A (8, 4+/2) and
B(8, —4x/§). We also know that a tangent of

SANRD AR

2 2
2 p

slope m touches the ellipse

3]

a’m b2
m e
Ja?m2+b?  a?m? +b?

coordinate of the points of contact of common

j . Therefore, the

tangents of slope m = £

1 .
to the ellipse are
242
C(—z i) and D [—2 ‘—3j Clearly, AB || CD
l\/E 7\/5 . i

so the quadrilateral ABCD is a trapezium. We

have, AB = 8\/5,

Website : www.edubull.com

Mob no. : +91-9350679141



Edubull

Q.6

Sol.

CDh= i and distance between AB and CD is

V2
PQ=8+2=10
.. Area of quadrilateral ABCD

%(AB +CD) x PQ

7

=554/2 sg. units.

If p is length of the perpendicular from the
2 2

focus 'S' of the ellipse X 4Y 21 on any

a 2 b 2
2
tangent at 'P' then show that b—z = 2a -
p°  MSP)

Tangent at P(a cos 0, b sin 0) is

icose+ Xsinezl
a b

Also SP=a—ex =a(1—ecos0)
p is length of perpendicular from focus S(ae, 0)

_ ecos6-1
cos?0 sin?0
a2 p?
cp Lo b?2  (b?cos?0+a’sin?0)
T p? a%p? (ecos0—1)2
b? _ 1 |a’(-e*)cos’0+a’sin®0)
p>  a® (1—ecos0)?
_ (1-e®cos’0)
(1—ecosh)?
orﬁ _ 1+ecos6
p? 1—ecos6
Again’ 2_a_]_: L_
SP a(l—ecos0)
_ 1+ecosH
1-ecosH
2
. %: é—gfl (proved)
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Q.7

%(Nﬂi)xlo Sol,

A circle is inscribed in an ellipse of eccentricity

1/+/2 and both are concentric. Now tangent at
a point P on the circle cuts the ellipse at A and
B. Prove that the locus of the point of
intersection of tangent at A and B on the ellipse

is again an ellipse. Find the eccentricity.

x? y2 _ ; 2 2 _ 2
Let a_2+ =1 be the ellipse and x“ +y“ = ¢
be the circle inscribed in it such that the tangent at
point P to the circle x* + y? = c? cuts the ellipse at
L and M. Let R(h, k) be the point of intersection
of tangents at L and M. Then LM is the chord of

contact of tangents drawn from P(h, k) to the

2 2
X%y
ellipse — +=—=1.
a’? b?
A
Y
22 b2 \\ L
/MP ; R(h, k)
(a0~ N 914G 0) >
X2+y2 _CZ ;
(W/M

Therefore, equation of LM is

hx , ky _ ~bh b?
—+ —==1or X+ —
a2 b2 . [ a’k J k

it touches the circle x* + y* = c?, therefore,

4 4,2
% =¢? [1+ %J = a'b* = %'k’ + ¢’b*h?
a
Hence the locus of (h, k) is
2 2
2.4 2 4 X y _
c’b* x* + cfa'y* = a'b A
a at/c? b4 /c?

clearly, it is a concentric ellipse with eccentricity

e; is given by
4 2 4
e, = \/1_% = Jl_b_4
a“/c a
XZ y2
But, —+ =1 is an ellipse of eccentricity
a
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QS8

Sol.

ez L
V2
b2
Therefore e’ =1 —
a
1 ., b*> b*_ 1
=>=-=1-—-—= ===
2 a2 a 2
b? b
substituting the value of—2 ine = ,[1-—
a a

we get,

e = 1—%361:\/3/4 Delzg

If the normal at any point P of the ellipse
x?la? + y?Ib? = 1 with centre C meets the major
and minor axes in G and g respectively, and if
CF be perpendicular to the normal, prove that
(i) PF.PG =b%and

(i) PF.Pg = a®>. Where 'a' is the semi-major

axis and 'b' is the semi-minor axis.
Let P be (a cos 6, b sin 6) and the points G and g

are

2 2
G= {a —b cos0, 0]

a
2 12
&g:[o,—a b sineJ
a

A
B
L
K P

2 .2
- PG*= (acose—a b
a

2
cos@] + bz sinz 0

4.2
= $+ b2 sin? 0 (1)

b2
— (b” cos”  + a’ sin’6)

Power by: VISIONet Info Solution Pvt. Ltd

Q.9

Sol.

2
Pg? = Z_Z (b*cos? 0 +a’sin0)  ...(2)

Again CF is perpendicular from C on the normal

and CL is perpendicular from C on the tangent

iCOS@"‘ Xsin 0=1
a b
1
clearlyPF=CL =
cos’0 sin?0
22 b
ab
- ...(3)
Vb2 cos?0+a?sin? 0
b2
Now PF?PG* =— (b0’ + a” sin°f) x
a
azbz — b4
(b%cos® 6 +a’sin? @)
a2
PF2.Pg’ = b2 (b%c0s? + a? sin%0) x
a’b? 4

=a
(b%cos® ©+a?sin? 0)

- PF.PG=b%and PF. Pg=a’ (Proved)

If the normal at the point P(0) to the ellipse
x2/14 + y?/5 = 1, intersects it again at the point
Q(26), show that coso = -2/3.

Normal at P(a cos 6, b sin 0) is

X by g

cosb sin®

where a® = 14, b= 5

it meets the curve again at Q (20)

i.e. (acos 260, b sin 26)

2 acos20- _L(b sin 20) = a’ — b?
co0so sin®

or i(2 c0s’0 —1) — i (2sin 6 cos 0)
cos0 sin @

=145
or 28 cos? 0 — 14 — 10 cos® 0 = 9 cos O
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or 18 cos’0—9cos 0 —14=0

Now 14 x 18 =7%x2x6x 3=21x12

- 18cos’0—-21cos @+ 12cos 0 14=0
or(6cosO6—-7)(3cosb6+2)=0

;. C0s 0= ! and cos 6 = 2
6 3
7 .
®cos0= s (> 1) not possible
;. C0s0= _E
3

A normal inclined at 45° to the axis of the
ellipse x*/a® + y?/b? = 1 is drawn. It meets the
x-axis and the y-axis in P and Q respectively. If
C is the centre of the ellipse, show that the area

(aZ _ b2)2

2(a? +b?)

Q.10

of triangle CPQ is : sg. units.

Sol. Let R (a cos 6, b sin 8) be a point on the ellipse

2

Yy

b2

2

X
—+=-=1such that the normal at R cuts the
a

major and minor axes at P and Q respectively and
is inclined at an angle of 45° to the x- axis.

The equation of the normal at R is

ax sec 6 — by cosec 0 = a’ — b? Q.11
It cuts the major and minor axes at
2 _R2
p {a b ' OJ
aseco
a2 _p2
and Q | 0,————— | respectively. Sol.
bcosecO
a? —b?
asec o
2 12
=2 [cos 6|
a
2 2
and CQ = &
—b cosec 6

Power by: VISIONet Info Solution Pvt. Ltd

2 2

a“—-b° .
= sin 6
— sin 6

.. Area of ACPQ :% .CP.CQ

2 2 2 2
.(a —b J|cose|x (a " J|sin9|
a b

(a2 —b2)2
ab

|
N |-

[sin 6 cos 6|

|
N |-

2 242
= 1 w |5in 26|
4 ab

It is given that the normal at R is inclined at an
angle of 45° with x- axis. Therefore, slope of
normal at R = tan 45°

—asece =1l=tan 6= R

b cosec 6 a

(a®-b?)? . _2tan6
" ab 1+tan’0

.. Area of ACPQ :%

(a® -b?)? 2b/a
X
ab 1+b%/a®

1
T

2 242
= %sq. units.
2(@”+hb°)
If ¢ is the angle between the normals at 6 and
2 2
n . Xy
—+0| on the ellipse — += = 1, prove
(2 j p a2 bZ p
that the eccentricity e of the ellipse is given by
2y1-e? =e”sin20 tan ¢.
ax by

Normal at 9, —— — —_=3a2_p?
cosO sin6
. asing
Its slope is =
bcos6
slope of normal at Liolis— aCF)SB =
2 bsin6
~tang= M2
1+mym,
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Q.12

Sol.

a sin®0+cos” 0
_ b~ sin6. cosd

a?—b?
b2
_ 2ab 1
a2e? " sin20
[ 2
s e?sin20tan ¢ = Za.a#zz 1-e?
a
XZ y2
Find the normal to the ellipse —+-— =1
a

which are farthest from its centre and hence
find the farthest distance.
Let P (a cos 6, b sin 0) be a point on the ellipse

XZ y2

—t—= =1 The equation of the normal to the
a

ellipse at P is

ax sec 0 — by cosec 6 = a® — b? (D

Its distance from the centre O(0, 0) is given by

\/a2 sec? 0+ bcosec’ 0

. (2)

Clearly, N will be greatest,
if a2 sec? 0 + b? cosec? 0 is least.
Let z = a% sec? © + b? cosec? O then

% = 2a? sec? 0 tan 0 —2b? cosec?0 cot 0

2
and, d_g = 2(a® sec” © + b cosec’0)
do
+ 4(a® sec? 0 tan® 6 + b? cosec? 6 cot?0)
For maximum/minimum value of z, we must have
E =0
do
2 2 2 2 -
= a”sec” O tan O — b“cosec” 6 cot 06 =0
= a%sin*0—b?cos*0=0

2
:>tan“e=b—2 —=tan’0 = b =tan0=x+b/a
a a

2
Clearly, ZTE >0fortan 6 =++/b/a

Thus, z is minimum for tan 6 = ++4/b/a

Power by: VISIONet Info Solution Pvt. Ltd

Q.13

Sol.

or 0 =tan* [J_r \/E}
a

Puttingtan 6 = + \/E in (1) and (2), we obtain that
a

the equations of the normals are
+Jaxpby=(@-b) Ja+b
These normals are at a distance

|a® b’

fefee o)

SLA=la-h)
from the centre of the ellipse.

A= =|a—b|

Prove that the tangents drawn to the ellipse

x? y? . .
— + N = (a + b) at the points where it is cut
a
X2 y2
by any tangent to the ellipse —2+b—2 =1
a

intersect at right angles.

X2 y2
Let PQ be any tangent to ellipse — +b—2 =1
a

0.

A<G90
(k)
Q

which cuts the ellipse.
2 2
X + y =1
a(@a+b) b@+b)
at P and Q. The tangents at P and Q are at right
angles and hence the point A(h, k) will lie on the

e

director circle of 2™ ellipse.

o (h, k) lieson x? + y* = A® + B?
x?+y?=a(a+h)+b(a+b)=(a+b)?
since (h, k) lies on it.

- h*+ K= (a+b)? (2
Again PQ is chord of contact of (h, k) w.r.t. (1)
hx ky

g + =1
a(@a+b) b(a+b)
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It will be a tangent to —+ y_ =1

a?  p?
If a®\% + b’m” = n?
a%. h? b2. Kk’ =
a’(a+b)? b?(a+b)?

or h? + k? = (a + b)? which is true by (2)

Q.14 Find the locus of the point, tangents from
X2 y2
which to the ellipse —- +b—2 =1 are inclined
a
at an angle of a to each other.
Sol. The equation of any tangent to the ellipse is

y=mx+ va’m? +b?

If it passes through P(h, k), then

k=mh+ ya’m? +b?

= (k—mh)® = a’'m? + b?

= m? (h*—a%) 2khm + kK> —b?=0  ..(1)

This is a quadratic equation in m, so it gives two
values of m corresponding to each value of m
there is a tangent passing through (h, k). Let m;

and m, be the roots of equation (i), Then

. 2hk
m;+m,= h2 _az
k? —b?
and mym, = — Y
YA
N
P(h, k)
ol
B(0, b)
x/ AN\, 0) C ‘)3(0\ ;X
B'(0, -b)
y
If a is the angle between the tangents, then
tan o = + sl
1+mm,
m; +m,)° —4mym
=tana= \/( : ) 2
1+mym,
4h?k? —4(k* —b?)(h? —a?
>tana=% \/ ( N )

h? —a? + k% —b?

Power by: VISIONet Info Solution Pvt. Ltd

Q.15

Sol.

Q.16

L o o & 2V3%KE 47 —a%h?
h? +k?—(a +b?)
= tan® a {h* + k* — a® — b?}*
=4 {a’k’ + b’h” - a” b}
Hence the locus of (h, K) is
{3+ y?—a?—b?F tan’ o
= 4{b>® + a%y* —a’b’}
Find the locus of the middle points of chords of
2 2

an ellipse X—2+Z—2 = 1, the tangents at the

a
extremities of which intersect at right angles.
Let (X1, yi1) be the point of intersection of

perpendicular tangents so that (X;, y;) lies on
director circle.
Lxlryli=al+b? .. (1)

Then the chord will be chord of contact of

(X1, Y1)
o XXl + yyl — 1 2

If mid-point is (h, k), then its equation is

hx , K h? = k2
L UL . (3)
a b a b
Compare (2) & (3) and find x4, y; and put in (1)

*. locus of (h, K) is

(bZXZ + aZyZ)Z (aZ + b2)
— 4b4(X2 + yZ)

A tangent is drawn to the elllpse Z_ZZ 1

a2

. ox? o y? .

to cut the ellipse —- + =— =1 at the points P
c

and Q. If tangents at P and Q to the ellipse
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Sol.

2

2
X . .
—2+y—= 1 intersect at right angle then
c2  d?
2 2
prove that a_z + b—z =1
c d
Suppose the tangents at P and Q to the ellipse
X2 yZ
—2+d—2: 1 intersect at right angle at point
c

R (h, k). Then PQ is the chord of contact of

tangents drawn from R to the ellipse

X2+ 2
CZ

<

o
)

\Y

=1

A

P
X (SN
i X

- [0)
0~ 2%
2

\4

2 2
X y _ 2
PR A

vy’ a b

.. The equation of PQ is

hx = ky

—+—==1 (D)
¢ d?

ory=— da*h X+ @
Y ¢’k k

2 2

This touches X—Z + y_2 =
a b

2
4 2
d [m} b

1, therefore

k2 c’k
d* _ a’d*h?
K2 K2

= c*d*=a%d*h? + b c*k?

444 24,2
:)kZ:M (2)

+b?

Since the tangents at P and Q to the ellipse
2

+ y—2= 1, intersect at right angles at

X
o2
R(h, k). Therefore R lies on the director circle of

X2 y2
the ellipse —-+ =— = 1. Thus we must have

C
h?+ k2 =c? + d?
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Q.17

Now h? + k? = h? + M
B b%c*
h?(b%c* —ad*)+c*d*
2 2 _
=h"+k°= 20

P KE=c o
h?(b%c* —a2d*)+c*d*

- b%c*

= h? (b%c* —a%d?) + c*d* — b%c®— b%c*d*=0

This is only possible for varying h when

b%c* —a’d* = 0 and ¢*d* — b%c® — b%c*d? = 0

= b%* = a?d* and ¢*d* = bc® + b%c*d?

= c*d* = (a%d*) ¢ + b%c*d?

:C2+d2

2
a

= cd? =% +b’Ps o+ —=1
¢ d?

Show that the tangents at the ends of conjugate
2 2

diameters of the ellipse X—Z +y—2 =1
a b
X2 y2
intersect on the ellipse —- +=— =2.
a b

Passage based objective questions |
Passage | (Q. 18 to 20)

Q.18

Sol.

Q.19

Sol.

—1)? _ 2
For the ellipse (X+)é D, X-y+2)"

4

The equation of minor axis is -

(A)x+y-1=0 B)x-y+2=0
1 _3

(C)X_E (D)Y—E

[A]

Equation of its minor axis will be Y-axis whose
equation is given by X =0
ie.x+y-1=0

Ends of minor axis are -

(A)(l,lj, (‘3 5] (B) (1,3) (-2, 0)

2'2) 22
(©)(2,4),(0,2) (D) None of these
[A]
(X=0,Y=2)

x+y-1=0,x-y+2=2)
x+y=1,x-y=0)

solving above, we get 2x=1
x=1/2
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Q.20

Sol.

Ox=y=1/2

(11
sooneendis| =, —
[2 2)

Similarly put (X = 0, Y = -2), we get other end

which is (—E, E)
2 2

Length of major axis and minor axis are-

(A) 342,242 (B) 6, 4
(C) 9, 4 (D) 3,2
[A]

Length of major axis:

Ends of major axis will be

(X=a,Y=0)and (X=-a,Y=0)

(x+y-1=3, and (x+y-1=-3,
X-y+2=0) X-y+2=0)

On solving, we find & on solving we find

2x-2=0 2Xx=-4

x=1 X=-2

s y=3 L y=0

oneend (1, 3) other end is (-2, 0)

~. length of major axis will be = 4/(3)? + (3)?
= J9+9=32

and length of minor axis = distance between

11 -3 5
—, —land | —, =
(7 2)m(3

- Jiii=E=2 2

Passage 11 (Q. 21 to 23)

Q.21

Sol.

. . ox2 o y?
Consider an ellipse —-+ b_2 =1 (a>bh). Let
a

P (a cos0, b sind) be any point on the ellipse in
the first quadrant at which tangent is drawn
which meets the major axis and minor axis at A
and B respectively. Let SR and S'R’ are
perpendicular drawn from foci S and S’ on this
tangent where R and R’ are feet of
perpendiculars. O is the centre of ellipse. Now
answer the following questions.

The minimum area of triangle OAB is equal to-
@  ®F ©a OF
[A]

Power by: VISIONet Info Solution Pvt. Ltd

Q.22

Sol.

)
(0, b/ sin6)
R
P (acos6, b sind)

R

cosO’

X C0s0 + ysin® _

equation of tangent 5 1
Area of AOAB = % .0A.OB
_1 a b
2 cosO sin®
1 ab ab

2 sinOcos®  sin20
Minimum area of AOAB, when sin 20 is
maximum.

.. Maximum value of sin20 =1

.. Minimum area of AOAB =ab  Ans.

Minimum value of AB is equal to -

(A) 2a B)2b (C)a+b (D)a-b
[C]
2 2
A= 2 D
cos“0 sin“6

AB = +/a?sec? 0+ b2cosec?0

Let Z = a2 sec? 0+ b2cosec?0

For max./min.

dz _ 1.(2a%sec’ 0tan 0 — 2bcosec’0 coto)
de 2va? sec? 0+ b’cosec?0

E =0

do

— a%sec’ 0 tan 0 = b? cosec?d cot 0

a?  sino b?  cos®
= - = — =
cos°® ¢€o0sO sinc® sind
2 2
= 3 .SinB = — .C0s 0
co0s” 0 sin® 0

_ b2
:bzcos“e:azsm“e:tan“ez—2

a
b 2 1 b 1/2 1/2
tan0=|—| . —=|—| = —=
- (a) 4 {aj a''?
2 2
LAB:Ja@+m+b@+m
a b
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pl2 Ja+b
0
a1/2
1/2 1/2
c.sin@= ,cose:a—
Ja+b Ja+b

- AB= ,(a+b)? ;AB=a+b Ans.

. Minimum value of AB =a + b Ans.

Q.23 The minimum value of OA + OB is equal to-
(A) (a2/3 + b2/3 312 (B) (a3/2 + b3/2)2/3
(C) (a® + b3 (D) None of these
Sol.  [A]
OA + OB
a
= +
cosb sinB

Letz=asec O+ b cosec 6

=asec O + b cosec 0

% =asec O tan 6 —b cosec 0 cot O

For max./min. E =0

= asec 0tan 6 = b cosec 6 cot 6

a sin6 _ b cosO

cos® cos® sin® sind
—asin*0=bcos* 0

b
—tan*0= —
a
b 1/3 1/3
=tan 0= (—j = 73
a a
pY3 a2 o [
0
i3
) bl/3
sinf =
a2/3 4 p2/3
1/3
cos 0 =
a2/3 4 p2/3
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ax/a2/3+b2/3 . b\/a2/3+b2/3

a1/3 al/3

7= Ia2/3+b2/3 (a2/3 + b2/3)

7= (a2/3 + b2/3)3/2

SZ=

Passage 111 (Q. 24 to 26)

Q.24

Sol.

Q.25

Sol.

Q.26

An ellipse whose major axis and minor axis
length are 2a and 2b (a > b) slides between
co-ordinate axes such that it always touches
both axes. Let S; and S, be its foci and C be its
centre.

If Sy = (X1, Y1), S2 = (X2, ¥2) and C = (h, k) then

XaXz is equal to-
Yi¥o

a’ b2
(A1 (B)2 (C)b—2 (D)a—2
[A]

X1 X, = b?
Y1¥2= b’
X1X, _b_z_

vy, b’

The value of (x, — h)? + (y, — k)? is equal to-

(A) 2(2\2 ~b? (B) a® - b*
(C) 2a (D) None of these
[B]

(X2~ )’ + (y,— k)’ = CS’=a’e* = a* - b?
® b*=a’(l-¢?)
b*=a”-a%”’
- a%?=a’-b?

The locus of centre (h, k) is a part of circle i.e.
an arc. The angle subtended by this arc at
origin is 6 then cos® is equal to -

ab 2ab
A B
()a2+b2 ()a2+b2

3ab 4ab
C D
()a2+b2 ()a2+b2
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Sol.  [B]

(0,0)
(X1 —X2)* + (y1— Y2)* = 4(a° — b?)
(X1 + X2)* — 4XeXo + (Y1 + Y2)* — A1y, = 4(a° — b?)
4h? + 4K% — 8b° = 4(a® — b?)
X2 + y2 — a2 + b2
_ (CP)* +(CQ)* - (PQ)®
2(CP)(CQ)
(@2 +b?)+(b%+a?)—[(a—b)® +(b-a)?]

cos 0

cos 0 =
2(/a? +b?) (Vb2 +a?)
cos 0 = ?Lbz
2(a” +b%)
cos 0 = ZZLbZ
(@ +b°)
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EXERCISE #4

Old IIT-JEE questions | and
ax sec (6 +4—§j — by cosec (9 +4—;j =a?-b?

Q.1 Let ABC be an equilateral triangle inscribed

: : 2 2 _ 2
in the . circle x” + y° = &, S_uppos_e We have to prove that these normals are
perpendiculars from A, B, C to the major axis concurrent
x? y? We have,
of the ellipse —-+ el =1, (a > b) meet the ’
a
ellipse respectively at P, Q, R so that P, Q, R lie aseco —b cosecO a? —b?
on the same side of the major axis as A, B, C _ 2n 2n) 5, .o
respectively. Prove that the normals to the A =|asec{8+—-| —bcosec|6+—~| a”-b
ellipse drawn at the points P, Q and R are A A uwr
concurrent. [11T-2000] asec(6+—j -b COSGC(9+—j a“-b
Sol.
v seco cosecH 1
2n . 2n
B (ac"s(e* 3 j as'n[9+ 3 Jj Aa cos6, bsin6) = —ab(a’- b sec[9+2—nj cosec [e+ﬁ] 1
2n . 2n
Q acos| 0 +— |, bsin| 6 + — .
( [ 3 j ’[JL, P(a cos 6, gsm 0) Sec(e +_) O j
X' “X

—ab(a®-b?)
sin ecosesm(e +]cos(

sin (e+jcos[
Let the coordinates of the vertex A of AABC be
(a cos 0, a sin 0). Since the triangle is equilateral. sin 0 cosO sin 6 cos6

So, the coordinates of the vertices B and C are . 2n 21 . 2n 2n
sin 9+? cos 9+? sin 9+? co 9+?

2n . 2n
(a cos(9+—], asin [9+—J] and e . . .
3 3 sin (6+?j cos(e+?j sin [9+?]cos(e+?j

4> oo"g’

-
)
5)

4n . 4n :
(a cos(e+?} bsin (9+?n respectively. _ —4ab(a? —b?) §
Consequently, the coordinate of P, Q and R are sin 295in(26+4njsin(2e+8n)
given as : 3 3
P(a cos 6, b sin 0),
21 h 21 sin 0 cos0 sin 20
acos| 6+— |, bsin|6+— || and
Q ( ( 3) ( 3 D sin [6+2—nj cos(e+2—n] sin(26+4—n) %
3 3 3
R [acos(9+ﬂj, bsin(9+ﬂn 25in[9+4—nj cos(e+4—nJ sin[29+8—nj
2 3 3 3 3
The equations of the normals to the ellipse —4ab(a®-h?)
2 2
X y© . . ﬁ . Sl
a_2+ b_z =1 atP,Qand R are sin 295m(29+ 3 j5|n[26+ 3 j

ax sec 0 — by cosec 0 = (a? — b?)

ax sec [6+2§j by cosec (9+2—3nj =a’ - b?
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sin® cos0 sin 20

sin (e+2i“j
3

cos(e+2—nj sin[29+4—n)
3 3

2sin (6 + n)cosg 2cos(0+ n)cosg 2sin (20 + 2m)cos2n/3

—4ab(a® -b?)

X
sin 293in(29+?)sin(29+?]

sin0 cos0 sin 20

sin (e+2—nj
3

cos(e+2—n] sin[26+4—rE
3 3

2sin (0+ n)cosg 2cos(0+ n)cosg 2sin (20 + 2m)cos2n/3

Applying R3 > R; + R,

—4ab(a® -b?)

sin @ cos0

- X
sin 295in[29+?}sin[29+?]

sin 20

sin 6+E cos (9+2—Tr sin 26)+ﬂ
3 3 3

—sin®

—coso —sin 20

4ab(a? —b?)

= X
sin 295in(26+4;)sin(26+8;j

sin® cos0

sin 20

sin 9+2—TE cos 9+2—TE sin 29+ﬂ
3 3 3

Q.2

Sol.

sin 0 cos0

sin 20

=0 (0 R, and R; are identical)
Hence, the normals at P, Q, R are concurrent.

XZ y2
Let P be a point on the ellipse —-+ BT =1;
a

0 < b < a. Let the line parallel to y axis Passing
through P meet the circle x* + y* = a° at the
point Q such that P and Q are on the same sides
of x-axis. For two positive real numbers r and s,
find the locus of the point R on PQ such that
PR : RQ =r:sas P varies over the ellipse.

[11T-2001]
P is a point on the ellipse and Q the
corresponding point on the auxiliary circle where
PQ is parallel to y-axis and both P and Q are on
same side of x- axis. R is a point which divides
PQ in the ratio r : s. If its coordinates be (x, y),
then

Power by: VISIONet Info Solution Pvt. Ltd

Q.3

Sol.

Q4

Sol.

T Q (acos 6, asin0)
Aux.circle
S

1R

r

L P (acos0,bsin0)

Ellipse
racoso +sacos0 rasin 0+sbsin 0
= andy= —— ———
r+s r+s
ra+sb .
= X=acos0,y= sin ©

+5s
In order to find the locus of R, we have to
eliminate the variable © from the above two
relations.

We know that sin%0 + cos? 0 = 1

2 2 2
XY
a2 (ra+sh)?

which is the required locus.

Prove that, in an ellipse that perpendicular from
a focus upon any tangent and the line joining
the centre of the ellipse to the point of contact
meet on the corresponding directrix.

[11T-2002]
Any tangent to the ellipse is

Xcos0+Ysino=1 (D)

a b

its point of contact is P(a cos 6, b sin 8) and its

slope is —E cot 0. Also s the focus is (ae, 0). Any
a

line through focus S and perpendicular to tangent

(i) isy—Oz%tane(x—ae) (i)

Also equation of PC where c is centre (0, 0) is

....(iii)

In order to find the locus of point of intersection

of the lines (ii) and (iii), we have to eliminate the

variable 6 between their equations.

Dividing, we get
2 2 2.2

y—O:Etane(x—O)
a

a® Xx—ae a“-—a‘e ae
1=—2 . =1- —
b X a X
2 ae a
ST =——orx=—
X e

which is the equation of directrix of the ellipse

Find the point on the ellipse x* + 2y* = 6
closest to the linex +y =7. [T 2003]
We have x? + 2y* = 6
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Q5

Sol.

2 2

y© _ .
—+=—=—=1 (i
i (i)

LetP (chos 0, V/3sin 0) be a point on (i) which
is closest to the linex +y =7.
N

' €&
X' <€

Y4
N
X+y=7
R
\\O‘y >x
X +2y°=6

Y
Let PN be perpendicular from P on the line
X +y =7. Clearly, PN is nearest (minimum) when
it is along the normal at P.

The equation of the normal at P is

(\/gsec 0)x — (\/§ cosec O)y =3
it is perpendiculartox +y =7

JE secO

' ﬁcosec 0

X—-1=-1
1
=tan0=—
V2
:>sine:i and cos 6 = 4/2/3

NE]

.. required point is

p {JE\E ﬁx%}(z, 1)

The value of ‘0’, 6 € [0, «] for which the sum
of intercepts on coordinate axes cut by tangent

2
at point (3\/§cose, sing) to ellipse )2(—7+ yr =1

is minimum, is - [IIT Scr.2003]

(A) m/6 (B) /3

(C) n/d (D) n/8

[A]

Given tangent is drawn at (3J§cos 0, sin 0) to
ﬁ + ﬁ =1

27 1

X C0s6 + ysin® _

33 1

1

= equation of tangent is

Thus sum of intercepts
=(3 @ sec 0 + cosec 0) = f(0)
(say to minimize)
3/3sin®0-cos®0

=f'(0) =
©) sin® 0 cos’ 0

Power by: VISIONet Info Solution Pvt. Ltd

Q.6

Sol.

Q.7

Sol.

putf’(6)=0

=sin*0= L(:0536 or tan 0 _ 1

33/2 ﬁ

ie.o=" andatezﬁ,f”(0)>0
6 6

- minimumat@ = =~
6
Locus of middle goint of segment of tangent to
ellipse x* + 2y* = 2 which is intercepted
between the coordinate axis is- [IIT Scr.2004]

1 1 1 1
A —+—=1 B) —+— =1
( ) 2X2 4y2 ( ) 4X2 2y2

2 2 2 2
(C)X_+ y_: (D)X_+ y_:
[A]

X2 y2

Any point on the ellipse 7+ T: lis (ﬁ cos

0, sin 6) tangent at which is
X €0s6 . ysin®

= 1. If (h, k) be the mid-point

V2
of the portion of tangent intercepted between the
axes then 2h :ﬁ, 2k = L
coso sin 6
Eliminate 6 by sin* 6 + cos® 6 = 1
R
4k?  2h?
= iz+ iz: 1 .. locusis iz’LLz: 1
2h 4k 2x° 4y

A tangent is drawn at some point P of the
2 2

ellipse X—2+ Y o=1is intersecting to the

a b?
coordinate axes at points A & B then minimum
area of the A OAB is- [IIT Scr.2005]

2 2
(A) ab ®) 2 ;b
a’ +b? a’+b?—ab
© (o) &2
[A]

Let P(a cos 6, b sin 0)
Equation of tangent at this point is given by

X C0s0 + ysin® _

1
a b
it meets axes at A (0, b cosec 0), B (a sec 6, 0)
ab
coarea= —
2sin6cosO
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Q38

Q.9

Sol.

Q.10

Sol.

Area =

sin 20
[For area to be minimum, sin 20 should be
maximum and sin 26 = 1]
>ab
. minimum area is equal to ab.

Find the egaution of the common tangent in 1st

quadrant to the circle x> + y* = 16 and the
2 2

ellipse %+y7 = 1. Also find the length of the
intercept of the tangent between the coordinate
axes. [HIT -2005]

Let P(xy, y1) and Q(Xz, ¥2), Y1 <0, y> <0, be the
end points of the latus rectum of the ellipse
x? + 4y? = 4. The equations of parabolas with
latus rectum PQ are [11T 2008]

(A)X*+2 3y=3+43
(B)x*-2 \3y=3+43
C)X+2+3y=3-43
D)x*~2+3y=3-43
[B,C]

2 2

Let ellipse is XT + L= 1.

1
P and Q points are (i ﬁ—%} focus S of the

ellipse is (Oéj Now find directrix of the

parabola parallel to PQ and at+/3 unit distance
from PQ, and then use PS? = PM? to find the
parabola.

The normal at a point P on the ellipse
X% + 4y* = 16 meets the x- axis at Q. If M is the
mid point of the line segment PQ, then the
locus of M intersects the latus rectums of the
given ellipse at the points : [11T 2009]

A) [+£ +7] (8) [+£ +£]

4

©) (i 2\/5,1%] D) [+ 25423 J

[C]

2 2
X_ + y_:l
16 4

P=(4cos 6, 2sin 0)

Power by: VISIONet Info Solution Pvt. Ltd

Q.11

Sol.

2,2y, y=_ X 4

16 4 16 vy

My = dy _ 4@sinb) _ 2tan 6  (My = slope
X 4cos6

of normal)

y—2sin0=2tan 0 (X —4 cos 0)
Q=(4cos0-cos6, 0 =Q=(3cosH,0)
M = (h, K) = (7/2 cos 6, sin 0)

/TN

X=-—ae X =ae
Ob’=a*(1-e)=e= ?
X=2 «/§ , X = —2«/§ (equation  of latus
rectum)
412 , 1 1
=1 = — =y=+ =
29 Y YT TYTE7

The line passing through the extremity A of the
major axis and extremity B of the minor axis of
the ellipse x* + 9y? = 9 meets its auxiliary circle
at the point M. Then the area of the triangle with
vertices at A, M and the origin O is- [IIT 2009]

31 29 21 27
A) — B) — C) — D) —
()10 ()10 ()10 ()10
[O] el

M7 \\\

’/ B \\

'/ ‘A

‘\ @) II

\ /

\\\ ///

equation of ABisx =3 =3y
equation of auxiliary circle

X +y*=9

on solving M = (Egj

Passage (Q. 12 to 14)
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Q.12

Sol.

Q.13

Sol.

Q.14

Tangents are drawn from the point P(3, 4) to
2 2

the ellipse %+yT— 1, touching the ellipse at

points A and B. [11T-2010]

The coordinates of A and B are
(A) (3,0)and (0, 2)

® )(_ﬁ,@] d(_g §]

15 55
8 24161
© [— E,T] and (0, 2)

98
(D) (3,0)and (—g Ej
[D]

Equation of tangent

y=mx+ V/9m? + 4

as it passes through (3, 4)
so4=3m=+ \19m2+4
m = %and undefined.

So equation of the tangents will be
X-2y+5=0andx=3

so point of contacts are (3, 0) and ( 59 g)

The orthocentre of the triangle PAB is

8 7 25
@ (53 ®%
11 8 8 7
©) ( j (D) (E g)
[C]
P(3.4)
0
A(30) H o8]

Equation of two altitudes PH and AQ are
3x—y-5=0and 2x +y — 6 = 0 respectively

so orthocentre will be (151 Ej

The equation of the locus of the point whose
distances from the point P and the line AB are
equal, is

(A) 9x° +y* — 6xy -54 X — 62y + 241 =0

Power by: VISIONet Info Solution Pvt. Ltd

Sol.

Q.15

Sol. [C]

(B) x* + 9y? + 6xy —54x + 62y —241 =0
(C) 9x* + 9y* —6xy 54 x 62y —241=0
(D) X2 +y?* —2xy + 27x + 31y — 120 = 0
[A]
Equation of ABisx +3y—-3=0
so required locus will be (x — 3)* + (y —4)* =
(x+3y—3)2
10
= 9x? + y* — 6xXy —54x —62y + 241 =0

2 2

The ellipse E; : x?+y7 = 1 is inscribed in a
rectangle R whose sides are parallel to the
coordinate axes. Another ellipse E, passing
through the point (0, 4) circumscribes the

rectangle R. The eccentricity of the ellipse E; is

[11T-2012]
V2 V3 1 3
A) — (B) — C) = D) —
(A) > (B) > © 5 (D) 2
(0, 4)
02 Y32
-3,0) 3,0
(01_2)
Let equation of ellipse E; is
2 2
Xy
—+==1
a’? b?
it passes through (0, 4)
sob?=16
and also passes through (3, 2)
9 4
So a—2 + b_2 =1
= — S —+ 1 =1
a 4
=12
—asa<b
s012=16 (1-¢€%
—e?= =
1
—e=—
2
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EXERCISE #5

Q.1

Sol.

Q.2

Sol.

The tangents at a point o on the ellipse
X2 y2
—+ v = 1 meets the auxiliary circle in two

a2

points which subtends a right angle at the
centre. Show that the eccentricity of the ellipse
is (1 + sin“o) 2

Let point o is (a cos 0, b sin 0)

The equation of the tangent at this point to

2 2
eIIipseX—+y—=1is icose +Xsine: 1...(1)
a? b a b
The equation of the auxiliary circle is
X2 +y? = a? .(2)

The combined equation of the lines joining the
origin to be points of intersection of (1) and (2) is

2
X2 +y? = a2 (icose+lsin e}
a b
a2
= x* (1 - cos’ 0) +y? 1—b—2sin2 0

—2Xy %sin 0cosb=0

These two lines are mutually perpendicular.

. coefficient of x* + coefficient of y* = 0
2 2 2

—sinf0+1— 2 sin2p=0= 2

20—
b2 oz sin“9=1

2.2 o: 2
a%e?sin .
2—26:1:>e2'5|n29:1—e2
a“(l-e”)

:>82: PPN
1+sin“0

— e = (1+ sin*0)

=e’=(1+sin?0)"?
Proved.

The tangent and the normal to the ellipse
x? + 4y? = 4 at a point P(0) on it meet the major
axis in Q and R respectively. If QR = 2, show
that the eccentric angle '0' of P is given by
coso = + 2/3.
X2 y2 .

— 4+ =
4 1

equation of tangent at P(0) is

P (6) = (2 cos 6, sin 0)

X C0s0 + ysin® _
2 1
equation of normal at P(0) is

1 (D

Power by: VISIONet Info Solution Pvt. Ltd

Q.3

Sol.

4x Yy

2cosO® sin©
X Y 3 Q)
cosO sind

at major axis i.e. at x-axis
from (1) Q = (2/cos0, 0)
30059,0)

from (2) R = [

2
“ OR= 2 3cosh
cos0 2

2 3cos6
cosO 2

® QR =2 given
2 _30056 _p

" cosf 2
—4-3c05°0=400s0=3005"0+400s0—-4=0
=3¢c0s°0+6c0s0-2c0s0—-4=0
= 3c0s0(cosO+2)—2(cosO+2)=0
= (cos 0 +2)(3cos06-2)=0

= c0s 0 =2/3 Proved.

A ray emanating from the point (-4, 0) is
incident on the ellipse 9x* + 25y* = 225 at the

point P with ordinate 3. Find the equation of
the reflected ray after first reflection.

(0.3)

AN

Ellipse :

2 2
X_+y_:1
25 9
b*=a’ (1—-¢?)
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Q4

Sol.

Q5

Sol.

e"= |—= _|[—
25 25
4
e= —
5
foci: S (4, 0)
S'(-4,0)

.. Equation of reflected ray

w—or:f%(x—®

—4y=3x-12
3X+4y=12
) x2 y2
The equation —— —— =1, r > 1 represents
1-r 1+r
[HT 1981]
(A) an ellipse (B) a hyperbola
(C) acircle (D) None of these
[D]
2 2
X__ y_ = ]_, r>1
1-r 1+4r
O r>1given

1 —ris negative but for a conic namely for ellipse
or hyperbola it must be positive. Therefore given
equation neither show circle nor ellipse or
hyperbola, so option (D) is correct.

Let d be the perpendicular distance from the
2 2
centre of the ellipse X—2+ )b/—zz 1 to the tangent
a
drawn at a point P on the ellipse. If F; & F, are
the two foci of the ellipse , then show that

b2
(PF, — PF, )? :4a{1—d—2] [11T-95]
L
/ q P (a cos®, b sin 6)
= C F,

PF,=a+exand PF, =a—ex
PF,—PF,=2ex=2e.acos 0

. (PFy — PF,)* = 4a%” cos’ 0 )
Tangent at P(0) is given by

Power by: VISIONet Info Solution Pvt. Ltd

Q.6

Sol.

icose+ Xsine=1
a b

1
cosze+sin29
a? b?
o1 _cos’o . sin? 9
: d2 a2 b2
2

2
or 2—2 = b—2 cos’ 0 + sin’0
a

sod=

2 2
1 z—zzl—b—z cos® 0 —sin? 0
a

2

bZ
=cos’ 0 1——] = cos? 0. e
a

2
= 4a° [1—2—2J = 4a% cos® 0. e° ...(i)

from (i) and (ii), we get
2

(PF, — PF,)? = 4a? (1_2—2J Proved.

An ellipse has eccentricity 1/2 and focus at the
point P (1/2, 1). Its one directrix is the common
tangent nearer to the point P, to the circle
x? + y? = 1 and the hyperbola x* — y* =1. Find
the equation of the ellipse, in the standard form.

[11T-96]
y Q (X1 y)
A |¢_ M
\" P(1/2, 1)
< Tok © / > X
x=_1 vy’ X =1

It is evident from the diagram that x = 1 is the
common tangent to the circle and hyperbola
which is nearer to P. Let Q(X,y) be any point on
the ellipse, then

-1
QP =~ QM

1Y , 1
= \/(X—Ej +(y-1 —E(l—x)

2 2
S

[@e=1/2]
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Sol.

QS8

= 3% —2x+4y’—8y+4=0
:>3[x2—§x+éj +4(y* -2y +1)

1 2
=9 (x—gj +12(y-1)?=1

which is the required ellipse. In standard form, it
is given by
-3
T a 2
32 + (y_l) > =1
& &
3 gﬁ
A tangent to the ellipse x* + 4y? = 4 meets the
ellipse x* + 2y = 6 at P and Q. Prove that the
tangents at P and Q of the ellipse x* + 2y* = 6
are at right angles. [NT-97]
x2 y? .
—+ —=1 (i
4 1 ®
2 2

X Vau .
and —+ —= (il
5 (i)

Any tangent to (i) is
X C0s0 + ysin® —1 y (1D}

2 1
It cuts (ii) in P and Q tangents at which meet at
(h, K) say, then it is chord of contact of (h, k)
w.r.t. ellipse (ii).
Hence the equation is

L LS ) - (V)
6 3
Comparing (iii) and (iv) as they represents the
same line PQ.
cosO _ sin6 _
h/3 k/3

h? | k?
Eliminating 6, we get o + 5 =1
. locus of (h, k) isx*+y*=9=6+3
=X +y =6+3=a*+Db’
i.e. director circle of second ellipse.
Hence the tangents are at right angles.

The number of values of ¢ such that the straight
line y = 4x + c touches the curve (x%4) + y* = 1,
is - [11T-98]
(A)O B)1 ©2 (D) infinite

Power by: VISIONet Info Solution Pvt. Ltd

Sol.

Q.9

Sol.

Q.10

Sol.

Edubull
[C]

For ellipse condition of tangency is

c=%a?m?+b? = c=1 V447 +1
—c=+ 465

Therefore there are two values of c.

IfP=(X1Yy),F=(@G0,F=(30)and

16x% + 25y = 400, then PF, + PF, equals-
[11T-98]

(A)8 (D) 12

[C]

16x% +25y* = 400

(B)6  (C)10

= a’=25and b’ = 16

But b?=a* (1 —¢?)

=16 =25 (1-¢?)

:>E:1—e2:>e2:1—E
25 25

> 9 3
=>e’=— —e==
25 5

Now foci of the ellipse are (xae, 0) = (£3, 0)

wehave3:a% =a=5

Now, PF; + PF; = focal distance
=2a=2x5=10

If X1, X2, X3 as well as y, Y», ys are in G.P. with
the same common ratio, then the points (X1, y1),
(X2, ¥2) and (xs, ¥a) - [1T-99]
(A) lie on a straight line

(B) lie on an ellipse

(C) lie on a circle

(D) are vertices of a triangle

[A]

O X4, X, X3 are in G.P.

= Let common ratio is .

SXg, Xqf, Xqr° are in G.P.

Similarly y;, y,, ys are in G.P. with common
ratio=r

y1, Yif, yar® are in G.P.

Xy X3 X3
E 5 Yi Y2 VY3
1 1 1
Xp Xqf o Xgr? 1 r r?
=S yir? == xyi |1 r r?|=0
1 1 1 11 1

[0 R; & R; are Identical]

.. Given points lie on a straight line.
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Q.11

Sol.

Q.12

Sol.

On the ellipse, 4x*> + 9y? = 1, the points at
which the tangents are parallel to the line
8x =9y are- [11T-99]

WEY e[

o2

RANEY]

1/4 1/9
Wehaveazzl,bzzl,m: 8
4 9 9

.. The required points are

a’m b2
+ y )
Ja?m2+b?  ya?m? +b?

Find the co-ordinates of all the points P on the
2 2
ellipse X—2+Z—2: 1, for which the area of the
a
triangle PON is maximum, where O denotes

the origin and N, the foot of the perpendicular

from O to the tangent at P. [11T-99]
Let P be the point (a cos t, b sin t)
P(acost, bsint)
0\0/
P M
Tangent and normal at P are
X cost . ysint _ 1— ax by _ 2 b’

a b cost sint

A OPN = % ON. NP :% P1P2

where p; and p, are perpendicular distances of
O(0, 0) from T and N. A is maximum when pp,
is maximum.

_ 1 _ a’ —b?
P1= —————andp, = > >
coszt+sin2t a® b
a’ b? cos’t sin’t
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Q.13

Sol.

Edubull
a?-b?

S PaP2 = 7 7

1+1+2_tan? t+b—zcot2t
a

a?-p?
2
4+[atant—bcottj
b a

be maximum when denominator is

It will

minimum
2

ie. %tant— Ecott:0:>tan2t: -

a a
b

Stant=+ —
a

=sint== and cost=+ a
aZ+b? va? +b?

Hence the point P is|

a? b’ J
Ja?+b2 a2 4b?

Consider the family of circles x* + y? = r%
2 <r < 5. If in the first quadrant, the common
tangent to a circle of this family and the ellipse
4x* + 25y% = 100 meets the coordinate axes at
A and B, then find the equation of the locus of
the mid point of AB. [1T-99]

For ellipse, a® = 25, b*= 4

2 2
® x_+y_ =1 ellipse
25 4

Any tangent to ellipse is given by

y=mx+ 25m?+4 (D)

it meets the axes in A and B whose mid-point is
(h, k) say

2
oh=—VOM 4 S [osmZ a4

m
h 1 .
L—=—— o1
T (i)
Again (i) is a tangent to circle x* + y* = r
therefore the condition of tangency p=r

2
o N2 A o4y =R (1 +m)
V1+m?

2
=>m(25-r)=r-4= :—2(25—r2):r2—4

2 2
] Py EN Y R
25-r

r‘—4

- locusisy=+x
25-r?
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where r is given.
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ANSWERKEY

EXERCISE # 1

Qus. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ans.| C A B D C D B B C Cc A B A A D
Qus.| 16 17 18 19 20 21
Ans.| A A B A C C

22. False 23. True 24. True 25. False 26. tan’14J§ 27. i \/z 28.2
V3 \3
EXERCISE # 2
PART - A

Qus.| 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13| 14 | 15 | 16 | 17 | 18
Ans. | C A B B C A B C A B B A|DJ|A D|A|A]|C

Ans. |[ABC| AB | AC

PART-C
Qus. | 22 23 24
Ans. A A A
PART-D
25.A > S;B>P;C>Q; D>R
EXERCISE # 3
le= —. ﬁ+y2:1 2X4 Y -2 4. bx+a+3y=2ab 5. 55+/2 sg. unit
: 72 > T : : :
2 2
7.X—4+%:1;e:§ 12. iﬁxuﬁy:(a—b)\/a+b; la—Db]|
a
—
14. (X* +y?*—a” - b?) tan“o. = 4 (b + a%y* — a’b?) 15. a'b* (3% +y%) = (a* + b?) (b + a’y?)?
18. (A) 19. (A) 20. (A) 21. (A) 22. (C) 23. (A)
24. (A) 25. (B) 26. (B)
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EXERCISE # 4

X2, (r+9)7y? _

2

- b 4.(2,1) 5. (A) 6. (A)

8. Length of x -intercept = 247 and length of y-intercept = 4\/2

10. (C) 11. (D) 12. (D) 13. (C) 14. (A)
EXERCISE #5
3. 3x+4y-12=0 4.(D) 6.9 (x— 132+ 12 (y— 1) =1
9. (C) 10. (A) 11. (B.D) 12. [ tat b }
Jal+b® Ja%+p?
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7.(A)
9. (B,C)

15. (C)

8.(C)

13. 25y% + 4x? = 4x%y?
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