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DIFFERENTIATION
EXERCISE # 1

Question
based on

Q.1

Sol.

Q.2

Sol.

Q3

Sol.

Q.4

Sol.

Q5

Differentiability at a point

1/
X3 +4)

2_el/X

0
" then f(x) is
0 x=0

If f(x) =

(A) continuous as well differentiable at x =0

(B) continuous but not differentiable at x =0

(C) neither differentiable at x = 0 nor
continuous at x =0

(D) none of these

[B]

If f(x)= be a real valued

X
Yx+1-+x
function then

(A) f(x) is continuous, but f '(0) does not exist
(B) f(x) is differentiable atx =0

(C) f(x) is not continuous at x =0

(D) f(x) is not differentiable at x =0

[B]

The function f(x) = sin™* (cos x) is
(A) discontinuous at x = 0

(B) continuous at x = 0

(C) differentiable at x = 0

(D) none of these

[B]

If f(x) = € x<1 is differentiable for
a—-bx x=>1

X € R then

(A)a=1b=¢e" (B)a=0,b=¢e

(C)a=0,b=-¢ (D)a=e,b=1

[C]

The left and right hand derivatives of |Anx| at
x=1are

(A) equal

(B) 1 and —1 respectively

(C) -1 and 1 respectively

Sol.

Q.6

Sol.
Q.7

Sol.

Question
based on

Q.8

Sol.

Q.9

Sol.

Q.10

(D) None of these

[C]
If (x) = {x0+{x}+ xsin{x}:z: i i 8

where {x} denotes the fractional part function,
then

(A) ‘f” is continuous & differentiable at x = 0
(B) ‘f’is continuous but not differentiable atx =0
(C) “f” is continuous & differentiable at x =2
(D) none of these

[D]

Let the function f, g and h be defined as follows

X sin 1 for—1<x<land x=0
FO) = X forx=0
0 =

x2sin 1) for—1<x<land x=0
g(x) =

0 forx=0

h(x) = [x]* for —1 <x <1 which of these
functions are differentiable at x =0 ?
(A) fandgonly (B) fand h only
(C) g and h only (D) none

[C]

Differentiability over an interval

The number of points at which the function

f(x) =max. {a—x,a+x, b}, —w<x<w,0<a<b
cannot be differentiable is
(A)1 (B) 2 ©)3
[C]

(D) none

If f(x) is differentiable everywhere, then
(A) |f | is differentiable everywhere

(B) [f |’ is differentiable everywhere

(C) f|f|is not differentiable at some point
(D) f + |f | is differentiable everywhere

[B]

A function f defined as f(x) = x[x] for -1 <x <3

where [x] defines the greatest integer < X is

(A) continuous at all points in the domain of f but
non-derivable at a finite number of points
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Sol.

Question
based on

Q.11

Sol.

Q.12

Sol.

Question
based on

Q.13

(B) discontinuous at all points & hence non-
derivable at all points in the domain of f

(C) discontinuous at a finite number of points
but not derivable at all points in the domain
of f

(D) discontinuous & also non-derivable at a
finite number of points of f

[D]

f(X) =x[x];-1<x<3.

Since, Greatest Integral function are

continuous as well as differentiable at Integers.

.. Option (D) is correct answer.

not

Differentiation of function of function

If 2+ 2Y = 2X*Y, then j—y is equal to
X

A) (2" +2%)

2 -2Y)

( B) 2" +2Y)

(L+2*Y)
@Y 2%

(

y_
27 -1 D)

(C) 2y
1-2% Y

[C]
X4 =
dy  (2*2n2-2Y2"n2)

dx (2Y 2 -2Y2*n2)
— %y 1-2Y
1-2%
d_y =Xy —2y -1
dx 1-2%
The differential coefficient of x || is-
(A) 2x (B) — 2x
(©) 2 x| (D) None of these
[C]

y =X|[x|
y' = 2|

Differentiation of Parametric Function

y =tan-lt, then dy =
dx

Ifx=e"t,

(A) 1 - e—Sin_lt '1_t2

1+t

1 1
B e—sm t
®) 1+1t2

Sol.

Q.14

Sol.

Question
based on

Q.15

Sol.

(C) A+t2)e st f1_t2

(D) None

[D]

dy 1 [N1-1°
dx 1+t2 esin’lt

V1-t?

= (1+ t2) (e—Siﬂflt)

If x=a[cosO + log tan g],y:asine then g—y =
X

(A) coso
[C]

dy _
dx

—asin 0+

(B)sind  (C)tan6 (D) cosecO

acoso

0
asec® —

tan—
2

acoso

. a
—asin 0+

Zcos—sing
2 2

acoso

a .
———asino
sin©

acososin 0
2a—asin?0
acos0sin 0

acos’ o
=tan 0

Differentiation by taking logrithm

i xl0g x =
dx

(A) x " (2 log x / X) (B) x'°9* (2 log x)
(C)x"* (logx/x) (D) None of these
[A]

y =X

log x

logx
, _1 . X9 ]og x
y — |OgX (X)Iogx l+ g

X

_ 2log x x'°9

X
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(A) x* [xx.%+ log x(log x +1).xx}
(B) [xx.%+ log x(log x +1).x"}

() x* [1+ log x(log x +1).xx}
X
(D) None of these
Sol.  [A]
y=x*
ANy =X \n x

Ex:{?i+ﬂa+anmm}
dx X

CIEET  Differentiation of function w.r.to
LS another function
Q.17  Differentiation of log, X w. r. t. l0g,,5 X is
(A) logel/s (B) — loge1/5
(C) logys e (D) None
Sol. [A]
(log x)
(logy/5 X)
log x
logys X =
dus logl/5
d 1 1
—(log /5 X) =————=x—
dx( Qs X) Iogl/5xx
Y —jog 15
X

Q.18 The differential coefficient of

2 —_
tan-1 {M] w.r.t. sin-1 Lz—xz} is -
X +X

(A)1  (B)32 (C)14 (D)-3/4
Sol.  [C]

an-i| V1T x? -1
X

X=tan 0

sech —1}

=tan*!
y [ tan©

Question
based on

Q.19

Sol.

Q.20

Sol.

. 0
=tan? tan—
y 2
0  tan(x
yo b a0
2 2
1
= n_—)
2(1+x%)
& z=sm1{ ZXZ}
1+ X
z2=20
2
zZ'= .2
1+x? @
dy 1
dx 4

Differentiation of implicit functions

If ax2 + 2hxy + by? = 0, then j—y =
X

(A) - (ax+hy) (B) (ax+ hy)

(hx + by) (hx + by)
©) _ (hx+by) (D) None
(ax+hy)
[Al
ax? + 2hxy + by’ = 0
dy [ 2ax+2hy
dx 2hx + 2by
_ _(ax+hy)
(hx + by)
X dy
Ify= then —=— I
y - en i equals
a+t———
b+— 2
X
a+
b+...
b b
A — B) ——
A a(b+2y) (B) (b+2y)
© & (D) None of these
b(b+2y)
[A]
X
y =
a+
b+y
_ X(b+y)
ab+ay+Xx
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— yab + y%a + xy = xb + xy cosx 1 0
= yab+y’a—xb=0 fx)=| 1  cosx 1
dy ( —b j 0 1 cosx
dx ab + 2ay ~sin® o 0
dy b 3
= - - AN T
dx  a(b+2y) f (g} = 1 cosg L+
0 1 cos~
. _ dy _ 3
Q.21  If 3sin(xy) + 4 cos (xy) =5 then vl
X

(A) yix  (B)-y/x (C)—xly (D)xly

Sol.  [B] 0 -—sinE 0 |+]| 1 cosE 1
3 sin (xy) + 4 cos (Xy) =5 3 3

dy _(BCos(xy)y —4sinxyy

0 1 cos~ 0 1 —sinZ
3 3
dx 3c0sXxy X —4sin Xy X

|
X <
4
VR
w|3a
N——
1l
|
N|w
NG
|
| E—
1
N |-
|
4>|%|
||
| |
1
N |-
X
|
N
@

ion [IF e : 33 V3 (-3
S Differentiation of Determinants :>T_?+[ 5 J
Q22 Iff(x)= :
cos(X+x2) sin(x+x?) —cos(X+x?) -5
sin(x —x?) cos(x—x2) sin(x—x?) :
. . 2 Question Hei . .
sin 2x 0 sin 2x M| Heigher order derivatives
Then f* (0) is equal to : « 42
(A) 4 (B)2 €)3 (D)o Q.24 Ify=xlog , then x3—Z is equal to-
Sol. [B] a+bx dx
f(x) = d d 2
. N ) (W) x-2 —y (B) [x—y—yj
cos(X+X°) sin(x+x“) —cos(X+X°) dx dx
sin(x—x?) cos(x—x?) sin(x—x?) Y o (o 2
sin 2x 0 sin 2x? ( )yd_x_x (D) rmins
010 |10 -1 |10 -1 Sol.  [B]
=f'(0=|0 1 0[+|1 0 1[+|0 1 O yleog( X ]:X(Inx_ln(ﬁbx))
0 0O 0 0 O 2 0 4 a + bx
= f'(0)=4-2=2 jy.:m( X jﬂ([i_ b }
cosx 1 0 a+ bx X a+bx
Q23 Iff(x)=| 1 cosx 1 | then f' (gj is —y'= Y i bx
0 1 cosx X a+bx
equal to: 5 5 :y'=1+ ab (D)
5 ~5y3 1143 X a+bx
A) — B C D) None
( )8 (B) 3 © 3 (D) y--=y'x_y_ ab
sol.  [D] X2 (a+bx)?
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y'’x-y Xx(bx+a-a)

% x(a +bx)?
_yx-y a1 __ a sol.
x? x| (@a+bx) (a+bx)?
' 2
_yx-y  a a
x2 x(a+bx)  x(a+bx)? Q.27
use (1)
yx-y 1],y (. yY
y"=—2——{y'———(y‘——J }
X X X X
Sol.
] ' 2
- L_1+1+L+(VX—VJ
x x3 x x? X
Xy = (xy' - y)?
. d3y .
Q.25 Ifx=acos6,y=bsin0 then d_3IS equal to -
X
-3b 4 .
(A) a_3 cosec*d cot*0 A(X)=
(B) % cosec?0 cot 0
a
© _—?cosec“e coto
a
(D) None of these
Sol. [C] A(X)=x
X =4acos0
y=bsin 6
dy _ bcos6
dx —asin®
- d’y  —asin0(-bsin 0) — bcos0 (-acos)
dx? —(asin ©)%asin 0
_ absin?6+abcos’ 0 Q.28
(asin 0)*
d’y _ ab
dx®  (asin0)°
Sol.
d®y  ab[-3(asin 0) “acos6]
dx? —asin
= —% cosec’d cot 0
a
Question Q-29

Mo Miscellaneous

X - 1 dy .
26 Ify=Stan? then —= is equal to-
Q Y ; 1T+r+r? ax o

1 1
A B) ———
( )1+x2 ®) 1+ (1 +x)?
©)o0 (D) None of these
[B]
X 1+x2  x®

If AX) = |log(1+x?) e  sinx
cosx  tanx sin?x

=A+Bx+Cx2+..,then
(A) A(X) is divisible by x (B) A(x) = 0

C)AX) =0 (D) None of these
[A]
X 1+x*>  x°
A(X) = |logl+x?) e  sinx
cosXx tanx sin’x
X @+x2) x3

(.. x taken out from C; hy)
Hence, A(X) is divisible by x.
.. Option (A) is correct answer.

Let f(x) = (x3 + 2)30. If f " (x) is a polynomial of
degree 20, where f " (x) denotes the nth derivative
of f(x) w.r.t. x, then the value of n is-

(A) 60 (B) 40 (C)70 (D) None
[C]

f(x) = (¢ +2)®

oy
dx 2
(A)-4t/(@-1)  (B)—4tI(E—1)3

©) (@+1/(—-1) (D) 42/ (1)

Ifx=t+1/t,y=t— 1/t then is-
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Sol.

[B]
1 1
X=t+—, y=t— -
t 4 t
1
d_y_1+t7_ t2+1
dx 41 (t*-1

t2
d?y  (t*-D2t—(t* +1)2t
) -
dx (t? —1)2(1—12j
t

d’y -4t

dx2 (12 -1)°

True or False type Questions |

Q.30

Sol.

If f(x) = cos (x2 — 2[x]) for 0 < x < 1, where [X]
denotes the greatest integer < x, then f' (+/x /2)
is equal to — /.

f(x) = cos (x*-2[x]) for 0 < x < 1.

. _ lim  f(x)-f(/n/2)
f(Jn/2)=RHD. 2 WT'S
(Vr12) B S
_lim fQ/r/2+h)-fW/n/2)
"0 Jri2eh—vm/2

iim fWm/2-h) —f(r/2)

h—0 +h

- fm [(MZ{HJ

lim
h—0 h
Smceﬂzl'—:OSS
2 2
[0.85] =0
Also Fh}=0
2
? 1
T
coy|——-h| -0 |-—=
{( ? J J V2
—lim
h—0 h
Ji ) 1
cog YXh| -
= lim 2 V2 9 orm
h—0 h O

Use L — H Rule, weget

Q.31

Sol.

Q.32

Sol.

_iim _Sin[w—hﬂzw—h}—n—o

h—0 1

=—sin p/4 x 2(£J (-1)

2

—+ix =\
=5 Jrn = n/2.

.. Option is False.

Number of non differential point for
f(x) = min (sinx, cosx) is 2n if x e (0,2nx)
ne N.

point of discontinuity in (0, 2n) = 2
so point of discontinuity in (0, 2N7) = 2N
(continuous)

The function y = eV* + eV satisfies the
relationship xy" + % y' - % y=0.

y= e‘/; + e’&
Differentiable w.r.t w, weget

_odx 1 Jx 1
—eV' — + e [
Y 2Jx [ 2&J

Iy = e+ eV
Again differentiate w.r.t x , weget
" 1 o x 1 x 1
22Xy 2y —— = e+ eV —
AP 2Jx 24x

P S P, x _
2 | 2Uxy 2y ——= |= eV + e VX =
( y yzrxj y

= xy"+ 1y‘—ly:O
2 4

Fill in the blanks type questions
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Q.33

Sol.

Q.34

Sol.

Q.35

Sol.

For the function f(x) = |x2 — 5x + 6|, the
derivative from the right, ' (2%) =........ and the
derivative from the left, f' (27) =.........

f(x) = [x2 — 5x + 6

_ [x*-5x+6 ;x<20r>3
—(x?>-5x+6);2<x<3
2-h 2+h
I I I
2
LH.D.= fim fO-f@_lm f-h-1@2)
X—>2 X—2 2_h-2
_ lim +|(2-h}-5(2-h)+6|-(4-10+6)
h—0 “h
_lim H(2-h)2-52-h)+6]-0 0
—tho 2-h) —(h )6l afrom
Apply L—H Rule , weget
_lim +H2(2-h)(-1)+5+0]-0
~h-0
-1
_ HA4+9] _
-1
RH.D.=Im 00— _ lim f+h)-f(2)
T X2 20T o2
—lim [(2+h)? —5(2+h)+6]+(4-10+6)
h—0 h
_lim -[@+h)>-5(2+h)+6]+0 0
- r[lTo h —form

Apply L — H rule, weget

_ lim —12+h)x2-5+0]
~ ho0 1

= [4-5]=1.

If f(x) = Vx> +6x+9, then ' (x) is equal to
C )

f(x) = VX2 +6x+9
1

24/x% +6x+9

(x+3)

VX% +6x+9 .

sin o sin X
1-cosa sin X

fi(x) = X (2x + 6)

fi(x) =

Ify =sin1 ( j theny' (0) is.......
— sin [ sin asin x J
y 1-cosxsinx

y'= lim f(x) -f(0)
x—0" Xx—-0

_ lim f(0+h)-f(0)
=0 gyrh-0

lim
h—0

sin L sin asin(0+h) 0
_ lim 1-cosasin(0+h)

h—0 h
. _1( sinasinh
s 1-cosasinh ) 0
= lim - =~ form
h—0 h 0

Use L — H Rule, we get

sin o cosh@L —cosasinh)
1 x —Sin asinh(—cosa cosh)

. R 2
1_( sin asinh
1-cosasinh

— lim

(1—cosasinh)?

(1-cosasinh) sin a.cosh

=ho0 :
- \/(1—c050csinh)2—(sinocsinh)2 (1-cosasinh)?

— lim
h—0

Q.36

Sol.

sin a.cosh 1

XX -
2
J(l—cowsinh)z _(sinasinh)2  (1—cosasinh)

sina.l .
= =SIin a.
1x1

If cos y = x cos(a + y) then
dy A
dx 1+x?-2x cosa

then the value of A

COSy = X cos(a+y)

cos y = X (cosa coay — sina siny)
COSY = X C0Sa Cosy — xsina siny
X sina siny = cosy (xcosa—1)

_ Xxcosa-1
= Tany= ——
xsina
oy =Tan® [xcos_a—lj
xsina
Differentiate w.r.t x, weget
d_y :—1 5 X
dx (xcosa—l)
xsina
cosa.xsina—(xcosa—1)xsina
(xsina)?
H 2
(xsina) 9

~ (xsina)? + (xcosa—1)2

Xsincosa—xsinacos+sina

(xsina)?
dy _ sin
dx  x2sin?a+x2cos?a+1—2xcosa
dy _ sina _ A

dX  x?+1-2xcosa 1+x?—2xcosa
= A =sina.
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EXERCISE # 2

Only single correct answer type
questions

Q.1 Consider
fx) = 2(sin x —sin® x)+|sin x —sin®*x| | .
2(sinx —sin®x)—|sinx —sin®x| |
X € (0, w) — {n/2}, f(n/2) = 3 where [ ] denotes
the greatest integer function then-
(A) fis continuous and differentiable at x = /2
(B) f is continuous but not differentiable at
= /2
(C) f is neither continuous nor differentiable at
X =72
(D) None of these
Sol. [A]

- i 3 . Y 3
f(x) = 2(s!nx s!nsx)+|s!nx s!n3x|
2(sinx—sin”® x)—|sin x —sin”® x|

X € (0,m) — {n/2} ; f(n/2) = 3.

When sinx-sin®x=0=sinx —sin*x|=(sinx—sin’x)
= sinx > sin®x

=sin’x <1

=-1<sinx<1= -2 <x <2

) = | 2660 x —sin® x) + (sin x —sin® x)
2(sin x —sin® x) — (sin x —sin® x)

) = {3(sinxsin3x):| - [3]=3
(sin x —sin® x)

hence, LH.L.=R.H.L. =f(n/2) =3

f(x) is continuous at x = /2

Also be differentiable at x = n/2.

When sinx — sin®x < 0 = [sinx — sin°x|

= —(sinx-sin®x)

sinx < sin®x = sin’ >1

=sinx<-lorsinx>1

Which is not possible.

x“sin(1/x) , x#0 .

Q.2 Iff(x):{ .
, X=

differentiable at x = 0 then

(where Kk is an integer)

(A)k>0 (B)k>1
Sol.  [B]

C)k>1 (D)k>0

f(x) = {xk sin(1/x);x#0

0 x=0
Atx=0
_ lim f(x)-f©) _m fO-h)-f(0)

(0-h)*sin-1 o
lim 0-h

h—0 _h

_lim (D)*h*sin1/h
~ h>0 h

Klim o k1
(1) M " sinl/h. h
lim sinl/h
h—0 1 k-1

h

If limit exist, Then k must be strictly greater
than 1.i.e. k> 1.

= (Dk

Q.3 If f(xX) = x", then the value of

f(1) + O + o + (O
11 2! n!
where f (1) is the rth derivative of f (x) w.r.t. x
(A)1 (B)0 @2 (D)n
Sol. [C]
f(x) = x"

f(x) = first derivative of x w.r.t. x = nx"*
f "(x)= second derivative of x w.r.t.x=n(n-1)x"*

f "(x) = Third derivative of x w.r.t. X = n(n-1)
(n-2) x™°

f "(x) = nth derivative of f(x) w.r.t. x = n (n-1)
(n-2)......3.2.1
100, F200 , 209 , F4(x) f"(x)
f(x) + + + + +...+
il 2! 3l 4 n!
Atx=1
(L0, PO e, O
il 2! 3 4 7
14Ny n(n-1) + n(n-H(n-2)
n 2! 3!
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+ n(n-1)(n-2)(n-3) - n(in-1)(n-2)...3.2.1

Q4

Sol.

Q5

4 n!
=(1+1)"=2"

Let f(x) be defined in [-2, 2] by
max(\/4—x2 ,x/1+x2j ,—2<x<0
min (\/4—x2 ,x/1+x2j ,0<x<?2

f(x)=

then f(x)

(A) is continuous at all points

(B) is not continuous at more than one point
(C) is not differentiable only at one point

(D) is not differentiable at more than one point

[O]

y = V4—-x% — semicircle

y = v1+x? — hyperbola

4-x? =

[
+
X

Solve :
2x¢=3

X= . |—
2

(non differentiable at many point)

4x% + 2[xX]x if —%s x<0

Lﬂﬂ@:{

ax’> —bx if 0£x<%

where [x] denotes the greatest integer
function, then
(A) f(x) is continuous and differentiable in

(—l, lj for all a, provided b =2
2 2
(B) f(x) is continuous and differentiable in

(—llj if a=4,b=2
2 2

(C) f(x) is continuous and differentiable in

Sol.

Let

Q.7

asinx+bcosx _ /32 4 p?

Edubull
[—1,¥jﬁa=4mdb=0
2'2

(D) for no choice of a and b, f(x) is

differentiable in (—1, 1)
2 2

asin x + bcosx

- j then the value
acosX —bsin x

If y = tanl [

of Yy equals
dx

(A) -1
€)1

[C]

y= tanl[

(B)O
(D) None of these

asin x +bcosx
acosx —bsin x

sin X +
Va2 + b2

COSX

acosx —bsin x a
COSX —
Va2 +b? Va2 +b?
sin X cosoL+ CosSXSsin o
€COSX cosa —Sin Xsin o

sin X

sin(X + o) _

tan (x+o)
cos(X +a)

We as same, coso. =

a .
vaZ +b? ,
b
va? +b?

y =tan ! (tan(x+o)) = X + o

sina =

y=x+cost| —2
Va2 +b?
Differentiate w.r.t. X, weget
d_y =1
dx
.. Option (C) is correct answer.

Let f(x) = x —x” and
max {f(t),0<t<x}; 0<x<1
x>1

9(x) =

sin X ,

Then in the interval [0, o]
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(A) g(x) is everywhere continuous except at Sol.
two points

(B) g(x) is everywhere differentiable except at
two points

(C) g (x) is everywhere differentiable except at
X =1

(D) none of these

Sol. [C]
f(x) =max f(t): 0<t<1

d_y =1-2x=0
dx

ot

f(x):% :0<x<1 Q.10

=sinmx : x>1

T ANAN sol
VAYAVA

so g(x) isnon diff. atx =1

Q.8 If y = f(x) is an odd differentiable function
defined on (-0, o) such that f(3) = — 2, then
f'(-3) equals
(A) 4 (B) 2 (©) -2 (D)0
Sol. [C]
y=f(x);xeR Q.11
f'(3)=-2
Since f(x) is odd differentiable function
i.e. f(-x) =—f(x)
= f'(=x) (1) =-f'(x)
=f'(x)=1'(x) Sol.
=>f'(3)=f'3)=-2
.. Option (C) is correct answer.
log(e/x?) + a1 3+ 2109 X

9 If y =tan? ,
Q Y log(ex?) 1-6log x

then

2
d_y is-
dx 2

(A)2 (B) 1 (€)0 (D)1

[C]
2
y= tant Iog(e/x2 ) +tan? 3+2log x
log(ex) 1-6log x
2
— tan'L (loge —log x©) ttant 3+2log x
(loge+log x?) 1—6log x
= tant [ 222199X ) 4 ian i3 4 tan *logx?
1+2log x

= tan (1) — tan *logx? + tan '3 + tan ‘logx?
= tan (1) + tan '(3)
2
d_y =0
dx
.. Option (C) is correct answer.

Let P(x) be a polynomial of degree 3 with
P(0) =4, P' (0) =3 .P" (0) = 4,P™ (0) = 6 then
P'(-1) =

(A)-10 (B) 10
(C)2 (D) None of these
[C]

Let P(x) = x* + bx? + cx + d
PO)=0+0+0+d=4=d=14
P'(x) = 3x° + 2bx + C
P'(0)=0+0+c=3=>c=3
P"(x) = 6x + 2b
P'0)=0+2b=4=b=2
P'(x)=3x%+2bx + ¢

=3x*+4x + 3
P(-1)=3-4+3

=2
The differential coefficient of f(cos x) with
respect to g(sin x) at x = w3 if f '(1/2)
=g (4/3/2) = - 2 is equal to-

(A)2+3 (B)U3 (C)v3 (D)-43
[D]

di (f(cos(x))) = f '(cosx) x (-sinx)
X

Differential coefficient = —sinx

dix (g(sinx)) = g'(sinx) x cosx

Differential coefficient = cosx
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Q.12

Sol.

Q.13

Sol.

Hence, differential coefficient of f(cosx) w.r.t.

g@sinx) is =" X atx= =
COSX 3
_ B2 _
1/2

.. Option (D) is correct answer.

If g is the inverse function of f and

f'(x)=sinxtheng (x) =

(A)sing (x) (B) sin"1 (x)

© = (D) cosec (g ()
1-x

[D]

g(x) = F1(x) = x = f(g(x))

Differentiate above function w.r.t. X, weget
1=1(9(x) x g'(x) = g'(x) = 1/f(9(x))
Since f'(x) = sin x

= F(g(x)) = sin (9(x)).

g'(x) = 1/sin(g(x)) = cosec(g(x))

.. Option (D) is correct answer.

The derivative of f(tan x) w.r.t. g(sec x) at
T
n
(A) = ®) V2
J2
1
[B]
Derivative of f (tan x) w.r.t. g (secx)
ic df (tan x) y %
dg(secx)

x= = where f(1)and g' (+/2) =14, is-

(D) None of these

f(tanx)

d
d—xg(secx)

f'(tan x) xsec? x
g'(secx) xsectan x

f'(tanx)xsecx
g'(secx) x tan x

df (tan x)

) 4 f'(tan x) x secx
" dg(secx)

wensa  9'(seCX)xtanx

_f@xv2 _
g'(W2)x1

x=n/4

Q.14

Sol.

Q.15

Sol.

y'(xX)= % = (l+ log %) [nx(x/n)”"l.% +(§j log i.n]

Q.16

A function f(x) is so defined that for all X,
[FO)]" = f(nx). If f'(X) denotes derivative of f(x)
w.r.t. x, then f'(x) - f(nx) =

(A) f(x) (B)0
(C) f(x) - f'(nx) (D) None of these
[C]

(f())" = f(nx)
Taking log both sides, weget

n log (f(x)) = log f(nx)
Differentiating w.r.t. X, weget
L xppg = L
f(x) f (nx)
= f'(x) x f(nx) = f(x) x f'(nx)
.. Option (C) is correct answer.

n

xf'(nx) x n

Ify= (Ej (1+ log %), theny* (n) is given by:

2

() Mt ® L
n n
(C) (ljn (D) (l)n (nz +1j
n n n
Al

y = (x/n)™ [1+ log %]

Differentiate w.r.t. X, weget

n
X O-i-ixl
+ (x/n) X n
n

yi(n) = (1+0) [n+0] +1 (m%}

1 n?+1
=n+ = +
n n

.. Option (A) is correct answer.

If J(x2+y2) =ae™ O a>0, y > 0 then
y"(0) is-

a
A _efTC/Z
(A) >
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(C) _ 3 efn/Z
a
Sol. [C]

JxZ+y?) =a etan ¥ a>0,y>0

Squaring both sides, we get

-1
X2+ yz - aZ g2tan yIx

2 2
X +y — eZtan’ly/x
a2

Taking log both sides, we get
2 2

log (X +2y J = 2 tan }(y/x)
a

Differentiating above function w.r.t. X,

(x2+y?) T x24y?
d

x+y=(x-y) >
X

Oy _x+y
dx  x-y

Differentiating w.r.t. X, weget

d2

<

(D) does not exist

(1+ dyj(x —-y)—(x+y)@-dy/dx)
dx

o

x? (x-y)?

(X—y—X—y)+g—z(X—y+X+y)

(x-y)?
—2y+2xgx
- dx
(x-y)?
+2{—y+xx+y}

_ X-y
(x-y)®
_2lxy+y? +x2+xy]

(x=y)*(x-y)

Q.17

Sol.

=2 ¢+ Y]/ (x-y)°
d’y _ 2(x*+y?)
(x-y)®

dx?
d%y
dx

2

=y"(0) = 2(0 + y?)/(0-y)®

x=0

= 2(-y)

. -1
since {x2+y? =a ™ VX

-a e1'[/2

d?%y

2| FYO= ~2/ae™
X

x=0

2
:__en/2
a

For what triplets of real number (a, b, c) with
a # 0; the function

X for x<1
fx) = ; .
ax“ +bx +c otherwise

is differentiable for all real x?

(A) {a, 1-2a,a)/a € R, a= 0}

(B){a, 1-2a, c)/a, c € R, a= 0}
(C){a, b,c)abceR,a+tb+c=1}
(D){a, 1-2a,0/lacR,a=0

[A]
X forx <1
fx) = 2 .
ax“ +bx+c otherwise
1 f <1
Fi(x) = orx .
2ax+b otherwise
LH.D.=/m f(l—i)h—f(l) = lim a(l—h)2+?(;—h)+c—1
RHD. = I!iTO f(1+h;_f(1):|!iino a(1+h)2+brfl+h)+c—l
. _ 2
:>r|1|£>no (a+b+c 1)+hah +bh + 2ah i

Pa

rt-B

—a+tb+c=1land2a+b=1=b=1-2a
=>b=1-2aanda+1-2a+c=1
=-a+c=0

=c=a

Hence, (a,1-2a,a) ;ae R;a=0

.. Option (A) is correct answer.

One or more than one correct
answer type questions

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com

Mob no. : +91-9350679141




Edubull

Q.18

Sol.

Q.19

Sol.

Q.20

Sol.

Q.21

Sol.

Q.22

Given that the derivative f '(a) exists. Indicate
which of the following statement (s) is/are
always true

f(h)—f(a)
h-a
f(a)-f(a—h)
h

(A) f'(@) = rI1im
(B) f'(a) = rleo

(€) f'(a) = lim w

f(a+2t)-f(a+t)
2t

(D) f'(a) = !mz)
[A.B]

Let f be a differentiable function on the open
interval (a, b) which of the following statement
must be true?
(i) fis continuous on the closed interval [a, b]
(it) fis bounded on the open interval (a, b)
(iii) Ifa<a; < b; <band f(a;) <0 < f(by)

then there is a number c such that

a;<c<byandf(c)=0

(A) (i) and (ii) only  (B) (i) and (iii) only
(C) (ii) and (iii) only (D) only (iii)
[D]

n
If f(X)=Zak|x|k , Where a’s are real
k=0

constants, then f(x) is
(A) continuous at x = 0 for all &
(B) differentiable at x = 0 for all a; € R
(C) differentiable at x = 0 for all a3 =0
(D) none of these
[A.C]
f(X) =ap+ay| x|+ a| X[ +eeenn.....
non diff. atx =0
if a; = 0 then f(x) is diff.
s0, (A, C) correct

The points at which the function,
f(x) = |x — 0.5 | + [x — 1| + tan x does not have a
derivative in the interval (0, 2) are

A1 @2 ©3 (O %

[A, B, D]

If f(x) = min {tan X, cot x} then -

Sol.

(A) fis not differentiable at x = 0, % : o

4

(B) fis discontinuous at x = 0, r 37“

(C)f(E—XJ:f(E+X),O<xs I
4 4 4

(D) fis periodic with period =.
[A, B, D]
f(x) = min {tanx, cotx}

0

Q.23

Sol.

"
2

Darken line indicates the required area.

Hence, points of discontinuities are +m, +n/2,
0..

. nm
e. —:nel
2

Points of non-differentiability are +m,tn/2,
3n/4,...

. nm
ie. —:nel
4

Since tanx and cot x are periodic with period =.
.. Options (A), (B) and (D) are correct answer.

(sin ™ x)? cos(L/ x)  x#0,
0 , X=0

If f(x) = { hen -
(A) f(x) is continuous everywhere in X € [-1, 1]
(B) f(x) is continuous nowhere in X e [-1, 1]
(C) f(x) is differentiable everywhere in x € (-1,1)
(D) f(x) is differentiable nowhere in x € [-1, 1]
[AC]
-1 2

f(x) = (sin™x)“cos@@/x) , x#0

0 , X=0

=> continuous
£(x) = (sin }(x))? cos(1/x)
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03

X X
f(x) = (coslj X2
X

fx)=0

differentiable

sin *(h)*cos(L/h) -0 _
h

f(0+) = 0

Q.24  If f(x) = tan"I(cot x), then-
(A) f(x) is periodic with period ©
(B) f(x) is discontinuous at x :g %ﬂ
(C) f(x) is not differentiable at x = 7, 997, 100 =
(D) fx)=-1for2nt<x<(2n+ L)n
Sol.  f(x) = tan *(cot x)
Cot is periodic with
Differentiability at x = =t
LHD= fim 1X-f(®
X—on~ X—T
_ lim f(z—h)—f(n)
h—»0 =

n-h-mn

_lim Tan*(cot(0—h))—tan *(cotn)

h—0 —_h
. 1, P
:AITO Tan ~( cotﬁ)h tan ~(—o0) (%formj

_lim Tan(-coth)—n/2
“h-0 _h

Use L — H Rule, we get
_ lim 1 (coseczh)+0
"0 14cot2h -1

= lim gy cosec’h
"2 1+cot?h

1/sin’h
1+tan’h

= M (1) x Tan’h

— lim 1
= 1) x
oo (D) cos? h(1+ Tan?h)

1
1(1+0)

RH.D.= iM f(x) fOO—f(m) - lim f(x+h)-f(r)

=(-1) x

X—T n+h-n

_ lim f(r+h)—f(m)
h—0 h

lim tan—1(cot(mr+h))+=/2
h—0 h

lim w/2+m/2
h—0 T

lim (T
h—0 h

Not differentiable

Q.25 If f(x) = x2 — 3x + 2, g(x) = f(|x]), h(x) = [f(x)|
and I(x) = [f(|x])| then-
(A) Number of non differential points for 1(x) is 5
(B) Number of non differential points for f(x),
g(x), and h(x) is greater than number of
non differential points for 1(x)
(C) Number of solution of I(x) = 1/4 is 6
(D) Infinite number of solution exist for
equation f(x) + I(x) =0
Sol. [C] f(x) = x*—3x + 2
f(x) = f(|x[), h(x) = [f(x)| and 1 (x) = [f([x])

x"  sinx —cosx
Q26 If [n! s,in”—zTc cos”—z’E , the value of f("(x) at

a a’ a’

x=0forn=2m+1is -

(A)-1 (B)0
©1 (D) Independent of a
x"  sinx —cosx
Sol. [B] f(x) =[n! sin%E c:osn?7T
a a’ al

Differentiate w. r.t. x , we get

n+1

nx COSX +SinX
. nm nm
f(x)=| n!'  sin— cos—| +0+0
2 2
a a? a’

When we Differentiate 2™ row and third row, It
becomes zero, because in these rows no Xx-
terms are involved.

Again differentiate f'(x) w.r.t x and continues
successively until n times
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n(n—1)x"% —sinx cosx
f'(x) = n! sin® cos’| +0+0
2 2

a a? a’

n(n-1)(n-2)x"3 —cosx —sinx
U1,y
¥ = n! sin  cos % | +0+0

a a? a’

n(n-1)(n—2)(n-3)..2.1 —cosx sinx

f(x) = n! sin®  cos|T0+0
2 2
a a? a’
n! cosx sinx
= In! sinE cosE
2 2
a al al
Atx=0
nt 1 0
f'o)=n! 1 0
a a’ a°
=0-0+0°(n!—n!)
Q27 For the function (<) = (- ), C,Osxl X%,
sin x

f(r) = 1, which of the following statements are
true ?

(A) f(n)=-1

(B) f(n") =1

(C) f(x) is continuous at x = &t

(D) f(x) is differentiable at x = &t

Sol. [B, C] f(X) = (%) 222X :x%p
| sin x|
(n—x)CPSX;XZn
£(x) = sin x
7(717)()(:f)sx;x<7T
sin x
—h n+h
| | |
| | |
T

LH.L. = lim fx)= M f(xh)
X—>T

_, lim cosh
=+ h x
=07 Sinh
= lim cogp x fim (D
h—0 h—0 Slnh
=1x1

Edubull
=1

RH.L.= lim f()= M f(x+h)

X—>T
cos(n+h)
sin(m+h)

_ i +cosh
-, e [220)

= m _nn)

+sinh

Assertion-Reason type Questions |

The following questions 28 to 30 consists of

two statements each, printed as Assertion

and Reason. While answering these
questions you are to choose any one of the
following four responses.

(A) If both Assertion and Reason are true
and the Reason is correct explanation of
the Assertion.

(B) If both Assertion and Reason are true
but Reason is not correct explanation of
the Assertion.

(C) If Assertion is true but the Reason is
false.

(D) If Assertion is false but Reason is true

Q.28  Assertion: f(x) = |x| cos x is not differentiable
atx=0.
Reason: Every absolute value functions are not
differentiable.

Sol. [C]

Q.29 Assertion: f(x) = Sgn
differentiable at x = 7/2
Reason: g(x) = [cosx] is not differentiable at

(cosx) is not

x:g Vv [x] is greatest integer less than or

equal to x.
Sol. [B] f(x) = sgn (cos x)

f(x) is discontinuous at X = g

as f(n/2 +)=-1

f(rl2-)=1

so non-differentiable

g(x) = [cos X]

non-differentiable at r/2 as discontinuous

Q.30  Assertion: f(x) = |x|. sinx is differentiable at
x=0
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sol. [C]

Reason: If f(x) is not differentiable and g(x) is
differentiable at x = a, then f(x). g(x) will be
differentiable at x = a

Column Matching type questions |

Q.31

Sol.

Q.32

Column | Column 11
(A) f(x) = x| is (P) continuous in (-1, 1)
(B) f(x)=+/| x| (Q) differentiable in (-1, 1)
(C) f(x) = |sin x| is (R) differentiable in (0, 1)
(D) f(x) = cos '|x| is (S) not differentiable
at least at one point
in(-1, 1)

(A) f() =X
f'(x)=-3x
at x = 0 it is differentiable
(B) f(x) = 4/| x| is continuous in (-1, 1)
& non differentiable at x =0
(C) | sinx|

I non diff. at x =0

discontinuous at x =0

Column |
1-x ; Xx<1
A fX)=<1-x)(2-x) ; 1<x<2
3-X ;o X>2

(B) f(x) =[x] + x—[x]; where [X] is greatest

integer function

Sol.

Q.33

(C)y=f(x)wherex=2t-|t—1|andy =22 +t|t]
a»ﬂ@=mﬂcmﬁ?)

Column - 11

(P) f(x) is differentiable at x = 1
(Q) f(x) is non differentiable at x = 2
(R) f(x) is non- differentiable at x =1
(S) f(X)is differentiable at x = 2

(A) f()=1-x : x<1
=2+x°-3x 1 1<x<2
=3-X T X>2
f'(x)atx=1
= diff. & continuous
f'(x)atx=2

discontinuous

(B) f(x)=[x]+ yx—[x]
= non diff. at all integer
(C) 0<x<1
y=3t} x=3t-1
3tP=3t-1
-3t+1=0 ...(1)
1<x
y =3t x=(t+1)
=t+1
-t-1=0 ..(2)
soitisdiff. atx=1&x=2

(D)f&):V—l|am(%;j
diff. atx=1,x=2

Column1

(A) Number of points where the function

1+[cosn—zx} o 1l<x<2

f(x)=4 1-{x} ;o 0<x<1
| sin 7tx | ; —1<x<0
0 ; x=1

is continuous but not differentiable where [ ]
denote greatest integer & { } denote fractional
part function

X el/x X # 0

(B)fu):{o g ten ()=

(C) The number of points at which

2
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is not

9(x) =
1+ ——
f(x)

differentiable where f(x):L1 , s
1+ =
X

(D) Number of points where tangent does not
exist for the curve y = sgn (x> — 1)

Column 1l
(P)o
Q)1
(R)2
S)3
2.-1/h
sol. @®f ="t “0_-"_,

h el/ h

(C)f(x):%,le

O e ——
1+2(1+X) 3X +2

X

x:g, x=0
3

(D)y=sgn((x-1) (x+1))
sgn (x* — 1)
=1:x*>1
=0;x*=1
=1:x°<1

—) ‘o—

—> tangent exists
with slope
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EXERCISE # 3

Subjective Type Questions |
Q.l(a) Ifx=sinltandy=13

prove that dy/dx = 3,/y(y*'® - y)

(b) Ify=(1+ LX)+ x@+1% find dy/dx.

(c) Ify=log, |cos4x| + |sin x|, where u = sec 2x

find dy/dx at x = —m/6.
Sol. (@) x=sin* (1), t=y? y=t

dy 3t
dx  J1-t2
t=y

= x=sin " (y")

= x—sin* (y*®) =0

= 213

dx y
d
d—)): =3y(y"? -y)

3
X 14—
O)y=(1+2] + I
Differentiate w.r.t x, we get
x-1 X
d—y:x(1+lj A 1 +(1+1] Iog[l+lj
dx X X2 X X
(1+£71j [1+£j 1
* 4+ x\ */logx [__Zj

X

o] () 2] )
(1+%j x(l%_l) +x(l+§) Iogx(—ij

X2

1Y flx L +lo (1 lj
=|1+= 9G]+
( xj X 1+1 X

X

)2

(©

+X[1+ijx[x_+l log x}

(o) 3] 2]

x> x?
1
+ X[L'I] {X +1—2Iog x}

X
y = logy |cos 4x| + |sin X|

u=sec2x at x = — n/6

Since, cos 4x will be +ve in 4" quadrant and
sinx will be negative in 4" quadrant —

_ loge | cOs4X | + [sinx|
loge sec2x
_ loge cos4x

loge sec2x

(Y1) (Y2) Assume
Differentiate w.r.t. x, weget

—sinx

dy; _
dx

(—4sin 4x) x loge sec2x — logg cos4x xw x
c0s4x sec2x

2

(loge sec2x)?
% — —4tan4x xloge sec2x — 2tan 2x x log e cos4x
dx (loge sec 2x)?

dy, _ —4tan(-120) xloge 2 — 2tan (-60) x loge %

dx — (log, 2)2

4tan(90+ 30) x loge 2+ 2tan 60(—log 2)
(loge 2)2
—4x\/_><log 2—2\/§Iog 2
log 2

= 6+/3 /l0ge2
dy,/dx = — cosx

dﬁ = _\/5/2
dx |,_—™




Edubull

dx

Q.2

Sol.

~J3(12+log, 2)
2loge 2

_ —3(2+loge 2)
loge 4

(@) If f(x) is derivable atx =3 and f'(3) = 2
then, find the value of
2 2
lim f(3+h°)-f(3-h")
h—0 2h?

(b) if f'(a) = %then find the value of

2 2
o fa+2n?)-f(a-2h?)
h—0 hZ
Given that '(3) = M w
i 61 1@
h—0
—h
Replace h by h’

_lim f(3+h?)-f(3

@)= M ) -0
. 2
= fim, w ..

_ ) y
(A) We have to find im) FG+D )2;:(34 )

Adding (i) and (ii), we get
fim f@+h*)~f() _im f(3-h%)-f(3)

h? 0 h2
=2+2 =4
lim f(3+h?)—f(3)—f(3—h?)+f(3)
h—0 h2
_ lim f@+h?)-f@-h%) _,
~ h-0 h2 —
. lim f(3+h?*)-f(3-h%) _
i e =2.

(B) Iff'(a)=1/4.
g lim f(a+2h?)—f(a—2h?)
h—0 h2
f'(@) :r|1|£>n0 f(a—E)h—f(a) :r|1|£>no f(a+h;—f(a)
Replace h by 2h?, weget
(ay — lim f(a-2n?)-f(a)
f'(a) = -
( ) h—0 —2h2

we have to fin

_lim f(a+2h22)—f(a) — 14

h— 2h
_lim f@@+2n?)—f lim _
= (a+ 2) (a)_rHO f(a—2h22)—f(a) =1/2
2h 2h
—lim fa+2n?)—f(a)-f(a—2n?)+f(a) =
=im f(a+2n7) -f(a) 2(a )+f(@) = 1/2
2h
:rI]iLnO f(a+2h?)—f(a—2h?) = 17
2h?
H 2 2
:>PI1IE]O f(a+2h )h—zf(a—Zh ) =1

Q.3 A function f satisfies the two conditions for all
X,y eR
(@) f(x +y) =f(x) . f(y)
(b) f(x) = 1 + x . g(x) where Iim0 gx)=1

Prove that the derivative f ’(x) exists and
f7(x) = f(x).
Sol. (A)f(x+y) =f(x). f(y) ; X,y e R.

(B) f(x) = 1+ x. g(x) where ™ g(x) = 1.

x—0

f'(x) = L.H.D.=lim fx-M-f(x)

h—»0 x-h-x
_lim  f(x)f(—h)-f(x)
h—0 —— T

=19 im TCD-

Use given condition, f(x) = 1 + x. g(x)
B _f(x)-1
9x) = — —
Putx=-h
f(-h)-1
—-h
i lim f(-h)-1
= 2Ty g-h) = 1 1
=1.
- (X) = L.H.D. =f(x)
_ lim f(x+h)-f(x)
RH.D.= —_
=0 x+h-x
lim  f(x)f(h)—f(x)
im f(h)-1
f9 iy 10
Use again given condition, weget
f'(X) =R.H.D. =1(x)
Since, L.H.D.=R.H.D. =f(x)
Hence, f(x) exists and f'(x) = f(X)

=g(-h) =




Q4

Sol.

Q5

Sol.

Let R be the set of real numbers and f: R = R be
such that for all x & y in R, [f(x) — f(y)| < |x — y[*.

Prove that f(x) is constant.
Given condition [f(x)—f(y)| < [x — y]*

v _ lim f(x+h)—f(x)
f'(x) = lim

) =r% Xx+h—-x
_ lim f(x+h)—f(x)
Use above condition
[f(x + h) — f(x)] < | x + h—x*
= [f(x + h)- ()| < |’

. h |3

g =fim DL g
f'x)=0
Integrate w.r.t. X, weget
f(x) = constant.

Discuss the derivability in [-2, 2] of

Vax? —12x+9 {x}; x >1
) = cos(g(l X | —{x})j ix<1

where {x} denotes the fractional part of x.

Vax? -12x+9 {x} for x >1

9 = cos(g(l x| —{x})j for x <1

0 1 3/2

When x <0, f(x) = cos [g(—x —-X +[X])j
= cos (g([x]—Zx)J

When 0 <x <1, f(x) = Co{g (X—X+[X]))

=cos (g[x]j

When 1 <x<3/2; f(x) = (3—-2%) (x - [X])
When x > 3/2 ; f(x) = (2x — 3) (x — [X])

cos(g([x] - 2X)J; x<0

f(x) = cosg[x] 0<x<1

(B—2x)(x—[x]);1<x<3/2
(2x-3)(x—[x]); x=3/2
Differentiability at x =0

LH.D.= lim f-f©)

x—0"  x-0
_lim f(0-h)-f(0)
h—0 0—h-0

_ lim f(0-h)-f(0)
h—0 _h

co{;([O— h]-2(0—h)) —1j

—lim

h—0 _h

cos[“(1+ 2h)}1

_ lim 2

h—0 _X h
_lim cos(-m/2)-1
“h-0 ——h
_lim 0-1

h—0 _h

- r[i[)no [%) —> Non-Differentiable

.. f(x) is not differentiable at x =0
Differentiablity at x = 1

L.H.D.=lim_fe0-f@

X—1 X—-1

_lim fQ-h)-f()

h—0 1-h-1
cos[n[lh]JO

_ lim 2

h—0 _h
co{“.ojo

_ lim 2

h—0 _h

_lim 1-0

h—0 _h

= lm ih — Non-differentiable
. f(x) is not differentiable at x = 1.
Differentiability at x = 3/2
LH.D.= lm fC)=f(3/2)
x—=3/2~  x-3/2
_lim f(3/2-h)-(3/2)

—0

3/2+h-3/2
_lim _\2 2
h—0 *h
_lim (3-2(3/2-h)(3/2-h-[3/2-h])-0
“h-o0 _h

Edubull
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Q.6

Sol.

_jim (3-3+2h)@/2—h—[L5-h])-0
“h-0
—h

_lim (2n)3/2-h-1)-0

lim (2h)@/2-h)
h—0 _h

lIm >(h-1/2) = - 1.
f(x)-f(3/2)

R.H.D.= Ilim
x—3/2"  x-3/2
— lim f(3/2+h)-f(3/2)
=0 31240312
2(3+h)3 3+h[3+h} -0
_ lim 2 2 2
h—0 h

(3+2h3)(3+h1j0
_lim 2
h—0 h

(2h)(;+hjo

— lim

h—0 h
_ i 1
= hILnO 2(E+h]
=1

Since, L.H.D. #R.H.D.
Hence, f(x) is not differentiable at x = 3/2.

If f: R = R is a function such that

f(x) =x3+x2f'(1) +xf"(@2)+f'(3) forall
X € R then show that f(2) = f(1) — f(0) and find
out the function.

f:R>R

f(x) =+ X f'(1) + x f"(2) + " (3)
=x3+ax®+bx+c

Then Differentiate w.r.t x, we get

f'(x) = 3x* + 2ax + b — First differentiation

f"(x) = 6x + 2a — Second differentiation

f"(x) = 6 — third Differentiation

f'l)=3+2a+b=a=a+b=-3

f'(2)=12+2a=b—=-2a+b=12

f"B)=6=c=>c=6

a+tb=-3&-2a+b=12

onsolvingwe geta=-5,b=2

Hence, f(x) = x* — 5x° + 2X + 6

Q7

Sol.

f(2)=8-20+4+6=-2
f1)=1-5+2+6= 4

f(0)=6
f1)-f0)=4-6=-2= (1) -f(0) =1(2)
Hence, Proved.

If y = arc cos \/(cos3x)/(cos3 X) , show that

dy/dx = +/6/,/(cos2x) + (cos4x)

y =C0s * 4/(cos3x/cos® X)

Differentiate w.r.t. X, weget

1

dy/dx= -

\/1— (cos3x/cos® x)? 27/cos3x/ cos® x

3 X + c0s3x3c0s? X sin X

0036 X

—1xC0s° X y Veos® x

24/cos3x

y —3sin3xcos

\/cos6 X — c0s? 3x

9 3052 X(Sin X COS3X — COSX.Sin 3X)

COS6 X

—1x3vcos® x . Sin(=2x)

2C0SX

\/COSSX(COS6 X — C0s 3x)

— 3vcos® x x 2sin x x cosx

Zcosx\/cos3x(cos3 X— cos3x)(cos3 X +€0s3X)

3vcos® X xsin xxcosx

COSXX\/COS3X(COS3 X —4¢05° X +3c05X) x (505" X — 3¢05X)

3vcos® X xsin X x Cosx

COSX X \/c033x.3003x.(1— cos? x)(SCos3 X —3c0sX)

3V/c0s® X xSin X x CosX

C0SX x+/3+/C0sX xin x\/cos3x(5cos3 X —3C0sX)

V3 x~/cosX x COSX xSin X x COSX
c0s? X x[cosx xsin x\/cos3x(50052 X —3)

dy _ e
dx \/cos3x(50052 X —3)
dy _ V3

dx \/(40053 X —3c0sx)(5c0s% X —3)
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Q.8

Sol.

Q.9

Sol.

Q.10

Sol.

Ify=1+ G, Cox
(x-C) (x=C)(x-C,)
2
+ Cx” . to (n +1)t terms,

(x=C)(x=Cy)(x-C5)
then prove that

y_y L-FL-F ........ + Cn
dx x |C;-x C,-x (C,—x)
y = 1 + a C,X
X—a (x—a)(x—ay)
2
+ X" 4. + (@+r)"

3-x2, -1<x<2

, then find fof(x)
2X—4,2<x<4

If f(x) = {
and discuss its continuity and differentiability.
Non continuous and hence non differentiable at
x=123

If x = at3 and y = bt2 where t is a parameter
then prove that — d3y/dx3 = 8b/27a3 t7.

x = at® and y = bt?

Differentiate above function w.r.t.t, weget

‘i—)t‘ - 3 at? and dy/dt = 2bt

o 2 opzat

dx  3at?

Differentiating w.r.t.x, weget

L) [d_yj _dy_d (Z_b] . _ Ziiadin]
dx (dx) dx? dx (3at 3a t? dx

dx? 3a t* 3at?
:_2_b )(t41
9%a’
Again Differentiating, w.r.t. X, weget
ﬂ —_2_b i r“)
dx*  9a® dx
2b 5 dt
= x(4xt)x —
9a’ ( ) dx
_ 8 1 dt_8 _1_ 1
= ——X—X—=—— X — X ——
9a® t> dx 9a® t° 3at?
dPy/dx® = 8b3 xi7 . Hence Proved.
27a t

Q.11

Sol.

The function f is defined by y = f(x). Where
X=2t—|t|, y=t2+t|t|, t € R. Draw the graph
of f for the interval -1 < x <1. Also discuss its
continuity and differentiability at x = 0.

y=1(x)

x=2t—t|;y=t'+tlt|;teR
whent>0,x=2t-t=>x=t=x>0

y=€+¢2=2€:>€=-%=x2

y=2x*:x20
whent<0,x=2t+t=3t=t=x/3
y=t'—£=0
2.
£(x) = 2x° ;x>0
0 ;x<0
y
N y:2x2
. )
o]

continuity atx =0
LH.L= lim f(x)=lm f0-h)

x—0"

=lm, 20~ hy’
_ i 2 _
= fim 2n* =0

RH.L= lim f(x)=1M 0 +h)
x—0"

=lm 2(0 + h)®
= lim 2n?=0

h—0
f(0) = lim f(x) =0
x—0
Since, L.H.L.=R.H.L =f(0) =0.
... f(x) is continuous at x =0
differentiability at x =0
LH.D. = lim fX)=F(0) lim f(o-h) 1(0)
x—0" x-0 0-h-0
_lim f(0-h)-f(0)
h—0

—h
_lim 200-h)>-0 _jim 2h°-0 _
“h->0 _h “h->0 h =0

RHD= fim FO+N)—f0)_iim 20+n?-0

h—0 h h—0 h
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Q.12
Sol.

Q.13

Sol.

_lim 2h*-0
- h—0 h
Since, L.H.D.=R.H.D.

Hence, f(x) is differentiable at x = 0.

=0.

Find f ""(0) if f(x) = 25" cos(sin x).
f(x) = 2°™ . cos(sinx).

Differentiate w.r.t. X, weget

f' (x) = 2™ log2.cosx.cos(sinx) +

2°™(= sin(sinx)) cosx

f' (x) = 2°™" log2.cosx.cos(sinx) —
2°™ cosx.sin(sinx)

f '(x)=2sinx[log2.cosx.cos(sinx)—Cosx.

sin(sinx)]

Again differentiating w.r.t x, weget

f "(x) = 2°™ . log2.cosx.[log2.cosx.cos(sinx) —
cosx. sin(sinx)] + 2°™
[log2.(-sinx)cos(sinx)+log2.cosx
(=sin(sinx))xcosx+sinx.sin(sinx)—
C0SX.c0s(SinX)xCcosx]

f"(X)|x=0 = "(0) = 1" log2. 1[log2.1.-0] + 1 [0—

0 +0-1]
= (log2)® -1

£"(0) = (log2)* - 1

2x2 +12x+16 —4<x<-2
If fx) = 2—| x| —2<x<1 then
4x—x2 -2 1<x<3

comment on continuity and differentiability

(i) [fO (i) f(x))

2x% +12x+16 1 —4<x < -2
2+ X —2<x<0

2—X 0<x<1

4x — x> -2 1<x<3

s

f(x) =

[0 | =1(x)
43 2 1 1 2 3
Continuity

= continuous every where
fIx]

NN

= continuous

= Non-differentiable
[f(x)|=-2,0,1
fix|=-10,1

Passage based objective questions

Passage | (Question 14 to 16)

Q.14

Left hand derivative and right hand derivative
of a function f(x) at a point x = a are defined as
f(a+h)—f(a)

f'(a’)=hliig+7f(a)_;(a_h) = im. .
2 f,(a+):h|m+f(a+hr?—f(a): hlm_f(a)—:](a—h)

Respectively. Let f be a twice differentiable
function.

On the basis of above information, answer the
following questions.

If f is odd, which of the following is left hand
derivative of fatx = —a
(A) lim f(a—h)h—f(a)

h—0"




Sol.

Q.15

Sol.

(B) lim

f(h-a)-f(a)

h—0" h

©) han(} f(a) +_fk(]a -h)

f(-a)-f(-a-h)
—h

(D) Ilim
h—0"
[A]
f(x) is odd
= f(-x) = f(x)
LHD
f(-a+h)-f(-a)
h
- Iim —f(a—h)+f(a)
x—0" h

LHD = Iim w
x—0" —h

fa)= lim

If fis even which of the following is Right
hand derivative of f'atx = a
f'(@)+f'(-a+h)

h

@ jy

(B) lim

h—0*

f'(a)+f'(-a—h)
-h

© lim —f'(-a) +f'(-a—h)
h—0" —h
(D) lim f'(@)+f'(-a+h)
h—0" —h
[AB]
f(—x) = f(x)
=>-f'(x)=f"(X)
>-f' (X)=+f"(X)
RHD :atx=a
i f'a+h)-f'(d)
x—0" h
im f'@)+f'(a+h)
h—0* -h
—f'(-a—h)+f'(-a)
x—0" h
or lim T@=T'@=h)
h—0" h
- f'(a) + fr'](—a +h)

h—0~

Q.16

Sol.

Edubull
The statement

lim f(=x)-f(-x-h) _ im f(x)-f(x-h)
h—0 h h—0 —h
implies that

(A) fisodd

(B) fis even

(C) f is neither odd nor even

(D) nothing can be concluded

[B]
lim f(-x)—f(—x—h)
h—0 h
— lim f(x)—f(x=h)
h—0 —h
RHS
im f(x)-f(x=h) — 1im f(x+h)—f(x)
h—0 —h h—0 —h
- im f(x)-f(x+h)
h—0 h

for even f(—x) = f(x)
so this satisfies
im f(—x)— :](—x —-h)

h—0

So f(x) is even.

Passage Il (Question 17 to 19)

Q.17

Sol.

Q.18

Sol.

Let us define here two functions
f(x)=ax2+bx+c; a,b,ceR,az0&c=0
gx)=dx2+ex+f; de,feR,d=0

f(x) is symmetrical about the y- axis and

g(x) = 0 has complex roots.

If h(x) = |f(x)| has zero non differential point,
then f(x) = 0 has-

(A) two real and different roots

(B) two real and equal roots

(C) Two purely imaginary complex roots

(D) None of these

[C]

h(x) =| f(x) | is zero

non diff point so f(x) must not cut x-axis. Thus
f(x) = 0 has 2 complex roots.

If f(x) has two real roots o and 3, then
h(x) = |f (|x])| has-

(A) zero non differential point

(B) one non differential point, x =0
(C) two non differential point, x = a, B
(D) None of these

[C]




Q.19

Sol.

If I

NZ

2 point of non differentiable

If graph of h(x) function is reflection of g(x)
with respect to x - axis and I(x) = h(|x|) has one

non differential point, then-
(A) e may be zero (B) e never be zero

(C) f may be zero (D) None of these
[D]
\ |
\\ 1
/
AN R 9(x) Should not lie on y-axis

~4-

I(x) /\ /\ h(x)

(@ x =0, g(x) must have some value on y-axis

so, f#0.

Passage 111 (Question 20 to 22)

Q.20

Sol.

If f(x) = x2-2|x| and
g(x):{min.{f(t):—ZstSX, -2<x<0}

max.{f(t):0<t<x,0<x<3}
then

The function f(x) is continuous for -

(A)R (B) R—{0}
(C)R-{0,-2,2} (D) None of these
[C]

f(x) = x* — 2Jx|

= continuous for all R.

(1) g(x) =min (f(t) : 2<t<x):-2<x<0
f(t) =t -2 t|

=t (t]-2)

(x* + 2x)
= —(4)

Q.21

Sol.

Q.22

Sol.

gix)=x*+2x:-2<x<-1
=-1 -1<x<0 :I

(1)

gix) =max (f(t) : 0<t<x:0<x<3)
f(t)

1
\
\
\
\
\

N /é t

The function g(x) is continuous for -

(A)x e R—{0} (B)x eR-{-1,0,1}
(C)x e R—{0,2} (D) None of these
[Al
gx)=0 : 0<x<
=x*-2x : 2<x<3
for g(x)
g(x) = x* + 2x 2<x<-1
=-1 . —-1<x<0
=0 o 0<x<2
=x2 - 2x 2<x<3

g(x) is continuous for R — {0}

Function fog(x) is discontinuous for -

(A)x=0,2 (B)yx=-1,0
(C)x=-1,0,2 (D)x=2
[B]

fog (x) = (9())* - 219 (¥ |
(1) = x* + 4x% + 4% + 22 + 4x
=x'+ 43 +6x2 +4x (-2<x<-1)

(3) = (-1)*+2
=3 : -1<x<0
(3)=0: 0<x<2

(4) X* + 4% + 4% — 2x% — 4x

=x'+ 4+ 23 —4x  (2<x<0)
so fog (x) is discontinuous at

x=-1,0

Edubull
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EXERCISE # 4

Old 11T-JEE Questions |

Q.1

Sol.

Q.2

Suppose p (X) = a,+a; X +a, X2 +..... + a X"
If p(x) | <|ex-1-1|forall x> 0.
Prove that [a, + 2a, + .......... +na|<1.

[11IT 2000]
P(X) = ap + arX + ax + agXC + ... 4n x"
Given |p(x)| < |e* 1| for all x > 0.
we have to prove that
|ag +2a, + 3az +.....4nay| < 1.
from given condition [p(X)| < [e* 1]
differentiating w.r.t. X, we get
P'eOl < [e-0]
o)< @)
Since, p(X) = ap + a;X + x> + agx’ + ...+ aX"
differentiating w.r.t. X, we get
P'(X) = 0+ay+2aX + 3x%ag + ... +an.nX" " ...(ii)
Put x = 1 in equations (1) and (2), we get
P (D)< [1[=p <1
and p'(1) = a; + 2a, + 3a3 + ....+na,
= |a; + 2a, + 333 + .....+nay| <1.Hence, Proved.

Let f: R — R is a function which is defined by
f (x) = max {x, x3} set of points on which f (x)
is not differentiable is [IIT Scr. 2001]

(A) {-1,1} (B) {-1.0}

(€ {0, 1} (D) {-1,0, 1}

Sol.[ID] f:R—>R

f(x) = max {x , x°}
Darken line indicates, portion of curve will be
above point of Intersection.
X jXx<-1
) = x3-1<x <0
Xx;0<x<1

x3ix>1

Differentiability at x = 1.
L.H.D.= lim M:Aiin f(-1-h)—f(-1)
X—-1" X+1 —1-h+1
lim f(1-h)_f(
_lim 1) -fD)
“h
_lim (1-h)+1 _
~ h—>0 ——h -

RHD.:= lim fOO-FCD - lim f1+h) -1
x—>—1" X+1 -1+h+1

lim ((1+h)®+1 (0
- e EEre— aform

_lim 3(1+h)*+0 _
~h-0 f -

1.

3

Since, L.H.D. # R.H.D. Hence f(x) is not
differentiable at x = —1.

Differentiability at x =0
lim  £(x)-(0) _|i Chy-
LHD.=, o 210 = lim f0-h)-f(0)
X200 TR0 M0 T ohao
_lim ©-nh®-o0
~h-0 T
= lim —n3)=o.

h—0
RHD.= lim fCO=f(0)  lim £(0+h)-1(0)
x—0t  x-0 0+h-0

_lim (0+h)-0
h—0 h

=1.
Since, L.H.D. #R.H.D.
.. f(x) is not differentiable at x =0
Differentiability at x = 1.
LHD.-= lim f-f@ _lim fa-n-f@

o1~ X-1 h—0 "7
_lim fa-n)-f@
= im ( 7)h @
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Q.3

Sol.

_ lim 1-h-1 _
=0 —— =1

RH.D.= fm 100=10) - lm fLeh-fQ)
x>t x-1 1+h-1

_lim @+h®-1 (0
=m — aform

use L—H Rule, we get

_lim 3@+h)>-0 _
~h-0 ___f___‘

3

Since, L.H.D.#R.H.D
Hence f(x) is not differentiable at x = 1.
Option (D) is correct answer.

Let, a € R, prove that a functionf: R > R is

differentiable at o iff there is a function

g : R > R which is continuous at o and

satisfies f () — f (o) = g(x) (x — o) for all x € R.
[11T 2001]

Given:a e R
g: R — Ris continuous at x = a.

) ~ (@) = 903) (x-0)
g = T00-f(@)

Since, g(x) is continuous at X = a.
LH.L.= lim g(x)=m g(o-h)

h—0
X—o

RH.L= lim g(x)=M g(o+h)

(@) = im g()

lim lim

E h—0 g(oc—h) = h—0 g(OH-h) = g((x)
We have to prove that f : R —» R is
differentiable at x = a
L.H.D. = lim f)—f(o)
X—a X—a
= lim f(a-h)-f(e)
h—0 a—h—o
= fim (o —h) (o)
a—-h-a
= im f(o—h)-f()
—h
Using given condition, g(x) = M
-

Putx=o-h

Q.4

g ((X— h) - f(ocfh)ff(a)
o-h-a
y= fla—h)-f@)
~h

ie. 1o g~ h) =4y 1) = g(q)

g(loe—h

~ LHD.= T, 1N 1@ = g(q

RH.D.= lim f)-f(®) = lim fa+h)-f(o)

h—0

x—at  X-—a at+h—-a
:}!iTO fa+h)—f(o)
h
Using given condition, g(x) = 109 -1(e)
Putx=a +h
g ((1 + h) = f(ot+h)7f((x)

a+h—a

1o g(a+ h) =Ty Ferf@) = go)

-~ RH.D.= M 7f(°‘+hg—f(°‘) = 9(c)

Hence, f(x) is differentiable function at x = a.

Find left hand derivative at x = k, k .
f (X) = [X] sin (nX) [IIT Scr. 2001]
(A) (1)< (k- D)n (B) Dk (k—1)m
©) (D (k-1)kn (D) (1)<t (k-1)kn

Sol.[A] f(x) = [X] sin (nx)

Atx=k:kel
k=h k+h
| | |
k
L.H.D.= lim M:Aimo Fk—h)—F(k)
xok-  X—k - k—h-k
:#Lno f(k—h)—f(k)
-h
_ lim [k —nh]sin(z(k —h)) - ksin nk
~h->0 “h
- }!@O +(k71)sin(nh(kfh))70 [% formJ

Use L — H Rule we get

_ lim (k-1)cosn(k—h)x(-m)
~ h->0 1

= n(k-1) cos kn
= (-1 n(k-1)
.. Option (A) is correct answer.
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Q.5 Which of the following functions
differentiable at x = 0? [IT Scr. 2001]
(A) cos (jx[) + [x] (B) cos (Ix) — ||
(C) sin (jx[) + [x] (D) sin (Ix]) — ||
Sol.[D] We have to check for every for every options
For A : f(x) = cos (|x]) + |X|

LHD. = lim fG)-f(0) _1lim f(0-h)-f(0)
T xo00 X —0 h—0 0—h—o

_lim cos(0—h|)+|0—h|-1
~h-0 “h

lim cosh+h-1 (0
= —— | =form
h—0 h (0 )

_ lim —sinh+1
~ h-0 1
_1-sin0 _
1

R.H.D.= lim fOI-1(0) - lim 7(0+h)-7(0)
x-0"  x—-0 0+h-0

_lim f(0+h)-f(0)

~h—0 h

_lim cos|0+h|+|0+h|-1
“h—0 h

_lim cosh+h-1(0

Tho0 T aform

_ lim -sinh+1-1

Thoo T

=1

Since, LH.D. # R..H.D.

Hence, f(x) is not differentiable at x =0

.. Option (A) is not correct answer.

For B : f(x) = cos (|x|) + [x]

LHD. = lim fO)-f(0) _lim f(0-h)-f(0)

x>0 x_0 M0 9o hoo
_lim cos|0—h|-|0-h|-1-0
~h->0
—h
lim cosh—h-1 (0
= ——— | =form
h—0 “h (0 J
use L-H Rule, weget
_ lim —sinh-1-0 _1q
“hoo ——— = L
-1
R.H.D.=
lim f(0+h)—f(0) — lim cos|0+h|-|0+h[-1
h>0 = —h>0
h h
_lim cosh-h-1(0
Thoo aform

_lim -sinh—-1-0
Thoo T
=-1

.. (B) is not differentiable at x = 0.
For C : f(x) = sin(|x]) + [x]
LHD. = lim fC)-f(0 _lim f(0-h)-f(0)

x>0"  x 0 h=0 "9 h_o
_1lim sin[0—h|+|0—h]|-0
~h-0
—h
=r|1i£>no sinh+h [gformJ
- 0
=-2.

RHD= lim [0 lim TO+h)-7(0)
x—0* X—0 h
_lim sin|0+h|+]|0+h|-0
“h-o0 h
_lim sinh+h (0
= m — Kaform
_lim cosh+1 _
~h-0 1 =2

. (C) is not differentiable at x = 0.
For D : f(x) = sin(|x]) — |X|

LHD. = lim f&)-f©) _lim f0-h)-f(0)
T xs0” Xx—0 h—0 _h

_lim sin|0—h|-]0-h|-0
~h->0

“h
= jim, sinh—h [gformj
- 0
l h-1
-l sosl
-1
RH.D.= lim f0-f©_lim fO+N)-T(0)
x—0" x—-0 0+h-0

_lim sin|0+h|-|0+h|-0

~h—0 h

= im sinh—h [Qformj
h 0

_lim cosh-1 _

=10 - 0.

.. (D) is differentiable at x = 0

.. Option (D) is correct answer.




Q.6 The domain of the derivative of the function

tantx if |x|<1

f(x) = %(le—l) . |X|>1is— [1IT 2002]
(A) R—{0} (B)R-{1}
C)R-{-1} DO)R-{-1,1}

an'x if [x|<1
Sol.[D] f(x) = %(|X|_1) if |x|>1

f —1<x<1
f'(X) - 1+x
> if x<-lorx>1

Hence, Domain of derivative of f(x) is R —[-
1,1]
.. Option (D) is correct answer.

Xx+a if x<0
. an
[x-=1]if x >0

x+1if x<0
g(X): 2 - 3
(xX-1)“+bif x>0

Q7  Letf(x) :{

where a and b non-negative real numbers.
Determine the composite function gof. If
(gof) (x) is continuous for all real x. Determine
the values of a and b. Further, for these values
of a and b, is gof differentiable at x = 0? Justify
your answer. [1IT 2002]

Sol. f(x) = {

x+a if x<0
’ an

| x-1]if x 20

x+1if x<0
(x-D2+bif x =0
f(x)+1 if f(x)<0
(F(x)-1)%+b if f(x)=0
X+a+1 if x+a<0

9(x) :{

gof(x) = gf(x) = {
(x+a—1)2+b if x+a>0

[x-1|+1 if | X —1|]< O Not possible
(Ix—1|-)%+b if [x-1|>0

X+a+l if x<-a

(x+a-1)2+b if —a<x<0

= (x-1-1)? +b if x—-1>00rx >1

A-x-1D?+b if x-1<0&Xx >0
ie0<x<1

X+a+1 if x<-a
(x+a-1D?+bif—a<x<0
(x-2)2+b ifx>1
x% +b ifO<x<1
Continuity atx =0
LH.L. = lIm gof(x)= lim o f(0-h)

-0

=M, (0-h+a-1)? + b
=(a-1)%*+b.
RH.L= lim gof(x) =M gof(0 + h)
x—0"

=[Im, ((0+h)*+b)

=T (0" +b)

=b.
Since, gof(x) is continuous for all real x,
Hence, (a — 1) + b = b. It holds for all beR
ata=1.
iie.a=1;beR.
differentiabilityat x =0 .
LH.D.= lim 9°f(X)-9f(0)

Xx—0~ x-0
_1lim 90f(0—h)—gof(0)
h—0 —h

_lim (0-h)?>+b-b

h—0 0—h
_lim h?+b-b
h—0 _h
=0.
RHD.= lim gOf(X)_gOf(O)
T x0 X—0

_lim gof(0+h)—gof(0)

~ho0 0+h-0
_lim (O+h)?+b-b
~h—0 T
=0

Hence, gof(x) is differentiable at x = 0.

Edubull
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oF:

Sol.

Q.9

If a function f : [-2a, 2a] —» R is an odd
function such that f(x) = f(2a — x) for x € [a, 23]
and left hand derivative at x = a is 0, then find
the left hand derivative at x =—a. [IIT 2003]

f:[-2a2a] > R
f(=x) =—1(x)
f(x) = f(2a — x) for x € [a, 23]
—2a 2a
| | | |
| | | |
-a a
L.H.D. = lim ) -f@)
X—a X—-a
=lim f(a—h)-f(a)
h—0 a—h-a
- r|1|£>no f(a —E)h—f(a)
Using given condition as, f(x) = f(2a —x)
Putx=a-—h

f(a—h) =f(2a—a+h)
f@-h)=f(a+h)
LH.D. =m W =0 ... ()
Left hand derivative atx = —a
i f0O-f(Ca)
X—a~ X+a
— lim f(—a— h) —f(—a)
>0  _3_h+a

_lim f(a=h)-f(-2)

Since, f(—x) = —f(x)
f(-a—h)y=—f(a+h)
f(-a) = f(a)

Hence, LH.D. at x = —a = = lim —f@@+h)+f(a)
Ny h—0 h

li -
=lim - fa+h)—f@) -
h
L.H.D. at x = —a is zero.

If f(x) is a differentiable function and f'(2) = 6,
f'(1) = 4, f'(c) represents the differentiation of

2
f(x) atx=c,then fim | (2+2h2+h )-f (2
h>0 f (L+h°+h)-f ()

[T 2003]
(A) is equal to 3 (B) will not exist
(C) may exist (D) is equal to -3
Sol.[A] f'(2) = 6; f'(1) =4,
o F@+2h+ h?)—f (2)
h>0 f(@+h?+h)—f ()

)= fim 1D 72)

_lim f(2+h)-f(2)
h-0 . - (D)

F(=jm, (D60

_ lim f(1+hr:—f(l) )

Replace h by 2h + h? in (i) and h by (h? + h) in
(i), we get

2
f1(2) = lim f(2+2h+h°)-1(2) PN
@)= 15 (h? +2h)

, im f@+h?+h)—fQ)
fi(1) = im =4
(W= 0 h?+h
im T(2+2h+h?)—1(2)
f'(2) _ "0 (h? +2h)
f'(1) im f@+h%+h)—f(1)
h—0 h2+h
_ lim f(+2h+h*)—f(2) h*+h
"0 f1+h2+h)—f@) h%+2h

6
4

=3/2

lim f(2+2h+h?)—f(2)
"0 f1+h2 +h)—f()

lim 3 . h?+2h
h—>0 5 % 2
2 h*+h

lim 3 _h%+2h
h—0 5 X 2
2 h°+h

_lim 3, (h+2)
=02 (h+1)

=E x2=3.
2

.. Option (A) is correct answer.
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Q.10

Sol.[B]

Q.11

Sol.

Let y be a function of x, such that
log (X +y) —2xy =0, then y’ (0) is-

[T 2004]
(A)O B)1
(C) 12 (D) 3/2
log(x+y)—-2xy=0

Differentiate w.r.t x, we get

L edyrdx) = 2x Y 4 2y1
(x+y) dx

1+ ¥ = [Zxﬂ+2yj (x+y)
dx dx

y' = first differentiation w.r.t. x = dy/dx
1+y'(x) = (@2xy'(x)+ 2y) (x +y)
Putx=0;1+y'(0)=(0+2y)(0+Yy)
1+y'(0) = 2y°

= v'(0) = 2y*-1

from log (x+y) = 2xy

Putx=0also, log0+y)=0=>y=1
y'(0) = 2(1)* - 1

y'(0)=1

.. Option (B) is correct answer.

bsin{x+%), —Z<x<0

1
f(x) = = ) x=0

) 5
ax
2 _

¢ L , 0<x<l

X 2

If f(x) is differentiable at x = 0 and |c| < 1/2,
then find the value of a and prove that

2
64b2 = (1— C—]
4

[11T 2004]

bsin‘l(x+£} L x<o
2 2
1
f(x) = — ,  x=0
) /22
alzZXx
€ ! , 0<x<l
X 2

Differentiability at x =0

LHD. = lim fG)-f(0) _lim f(0-h)-f(0)
T xs07 x—0 h—0 “h

_lim bsint(0-h+c/2)-1/2
~h—0 _h

Since f(x) is differentiable at x = 0
bsinl(c—hj—llz
2

L.H.D. = lim
h—0 —h
b%x(—l)—o
G
— lim 2
h—0 -1
:r!imo b 1 _ 2b
%
-c?1a a2
RHD. = fim 1X=fO

x—0" x-0
_lim fO+h)-f(0)
h=0  0+h-0

_ lim 0+h 2
h—0 h

_lim _+h 2
h—0 h

. al2h
. w . -1 1
Since, limit exist then M & ==

h 2
_lim ea/2h 1 _1
h—0 h 2
a 2 1
1+—+(@/2h) x=+.... -1
lim " 2h 21 _
h—0 h =12

P R
im \2h 2

h—0 h =12

if it exists, there must be a = h? a — 0.

) {g+(gj1;!+....] _

Jm - =1/2.
h (h)Y 1
—+| = X—+.....
2 \2) "2
| ~1/2
RHD.= M h
h
2
. D+E Forn —h/2
_lim 2 8
~— h->0 hz
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Q.12

Sol.

Q.13

1
8

Since, f(x) is differentiable at x = 0,

L.H.D.=R.H.D.
2 _1
4—c? 8

= 16b= V4-c> = (4 = 256.Hence,
proved.

If f: [-1, 1] - R and £(0) = lim nf Gj and

n—o

f(0) = 0. Find the value of :

n—oo 77

fim cos‘l(lj

n—o0 n

To find, lim {(n +1)gcos‘1(1j - n}
n—oo TT n

lim n KH ijg cos‘l[ij —1}

n—o n)m n

lim nf (lj

n—oo n

f(x) = [(1+ x)gcos’l X —1} s.t.
Y

lim E(n +1) cos1 [l)— n given that
n

s

0< <E . [T 2004]

where

f(0) = {(1+ O)ECOS_l 0 —1}
Y

2T 1.9
T

N

.. Using given relation as lim nf (%J =f'(0)

n—oo

then given limit becomes

=f'(0) = (;ix {(1+ x)%cos‘lx—l}

x=0
), -
n V1-x? ]|
| 2 i i

If two functions 'f' and 'g' satisfying given
conditions for vV X, y € R. f(x —y) = f(X) g(y)
— f(y).a(x) and a(x —y) = a(x) . a(y) + f(x) f(y).

Sol.

Q.14

If right hand derivative at x = 0 exists for f(x)
then find the derivative of g(x) at x = 0.

[11T 2005]
Given that,
fx—y) =1(x) . g(y) - f(y) . 9(x) (D)
g(x—y) = gx) . gy) + f{x) f(y) c-(11)

In egn. (i) putting X =y we get

f(0) = f(x) 9(x) - f(x) 9(x)

f(0)=0
Putting y = 0 in eqn. (i), we get

f(x) = f(x) 9(0) - £(0) 9(x)
= f(x) = f(x) g(0) [using f(0) = 0]
= g0)y=1
Putting x =y in egn. (ii), we get

9(0) = 9(x) g(x) + f(x) f(x)
= 1=[g()I* + [f9)* [using g(0) = 1]
= [9()]? = 1 — [f(X)]? .....(iii)
Clearly g(x) will be differentiable only if f(x) is
differentiable.

. First we will check the differentiability of
f(x)
Given that Rf ' (0) exists

i.e. lim w exists

h—0

f(0)g9(=h)-f(=h)9(0)

i.e. lim exists
h—0 h

ie., lim —f(=h) exists
h—0 h

[using f(0) = 0 and g(0) = 1]
Which can be written as,
i FO-Fh)
h—0 —h
= Lf’'(0)=Rf’(0)
.. Tis differentiable, atx = 0
Differentiating equation (iii) we get

29(x). 9" () ==-2f(x). 1" (x)

= Lf’ (0)

Forx=0
= 9(0).9"(0)=-f(0)f" (0)
= g'(0)=0 [using f(0) = 0 and g(0) = 1]

Ifxcosy+ycosx=m,theny" (0) =
[11T 2005]

(B)-=

(D)1

(A)=n
€0
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Sol.[A] x cosy +ycosx =m

Q.15

Differentiating w.r. tx weget

1l.cosy+ X (- smy) +y( smx)+ cosx 0

COS Yy — X sinyd—x —y sinx + dy/dx. cosx = 0

= j_y (cosx — xsiny) =y sinx — cosy ....(1)

j_y = y' = first derivative

Putx=0
y'(0) (1 -0) =y .0 - cosy = y'(0) = —cosy
Again differentiating (i) w.r.t. X, weget

2
d—Z (cosx— xsiny) + gy X (—sinx—xcosy-siny)
dx dx

=y cosx + sinxdy/dx + siny...(ii)

Put x =0 in (ii), weget

y'(0)(1 - 0) +y' (0) (-0-0-siny) =y + 0 + siny
y"(0) = y'(0) siny +y + siny

y"(0) = —cosy siny + y + siny
Also0.cosy+yl=n=y=n

y"(0) =

.. Option (A) is correct answer.

0+n+0=y"(0)==n

f (x) = | |x| — 1] is not differentiable at x =
[11IT 2005]

(A)0,+1 (B)x1 (C)0 (D) 1

Sol.[A] f(x) = |Ix| - 1]

-1 1
|
!

o+

whenx<-1=x+1<0
=-x-1>0
f(x) = |x-1]=—x-1
when -1<x<0=x+1>0
[-x-1=x+1
when0<x<1;x-1<0
Ix—1[=
whenx>1;x-1>0
IX—1|=
-Xx-1;x<-1
F(x) = X+1 ;-1<x<0
1-x ;0<x<1
x-1;x2>1

Differentiability at x = -1

Q.16

fFOY—F(D) — lim f(-1-h)-f(-D)

L.H.D.= Iim
X1 X+1 h=>0 "1 h+1
_lim f1-h)-fD)
~h->0 —
-h
_lim -(-1-h)-1-0
~h->0 —
—h
_lim 1+h-1
=ho0 =-1
—h
R.H.D. = lim “LHAIS0 _ "

h
Hence f(x) is not differentiable at x = -1
Differentiability atx =0

LHD. = lim f-f(0 - lim f(O0-h)-f(0)
x—0" X—0 h—0 0_h-_o
_lim  o0-h+1-1
~“h->0 ——mm
-h
=1
RHD.= lim f®-f© —lim f0+h)-7(0)
X—)0+ X_O h—0 O+h—0
_lim 1-(0+h)-1
Thoo T T =-1

f(x) is not differentiable at x = 0

Differentiability at x = 1.

LHD.-= lim fO)-f@ _lim fd-h)-f()
x»1-  x-1 M0 hog

I|m 1-(1-h)-0
—h

_lim h-0

Thoo T =-1.

f)-f@ _lim fa+n)-f@

R.H.D. = lim |
x-1 =0 1ih1

x—1"

_lim 1+h-1-0 _1
Thoo T T

*. Not differentiable at x = 1.

.. Option (A) is correct answer.

Iffl)=1,;f2)=4,f((3) =9 & fis twice
differentiable then [T 2005]

(A) f" (x) =2 for atleast x < [1, 3]
B)Yf"xX)=f(X)=5;x¢e[1,3]

(C)f" (x)=2foronlyx € [1,3]

(D) f" (x)=3, forx e (1, 3)

Sol.[A] f(1)=1;f(2)=4;f(3)=9
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Q.17

Sol.[B]

Q.18

Sol.

let f(x) = ax? + bx + ¢

fl)=a+b+c=1 ... (1)
f2)=4a+2b+c=4 ....... (i)
f(3)=9a+3b+c=9 .(iii)

solving (i), (i), (iii), weget
c=lab=4-4a-2b=3a+b=3..(iv)
c=4-4a-2b=9-9a-3b

On solving (iv) & (v) we get
a=landb=0
c=1-a-b=1-1-0=0
f(x) = 1.x*+ 0+ 0 = f(x) = x*
f'(x) = 2x

f"(x) = 2for all x € [1, 3]

If f is a differentiable function satisfying

f(%): Oforalln>1n e I, then-

(A)f(x)=0,x e (0,1]

(B) f'(0) =0 =1(0)

(C) f(0) = 0 but f ' (0) not necessarily zero
D) fx)|<1,xe (0,1] [T 2005]

Sincef(%) =0foralln>=1,nel

f is a differentiable function

Replace, n by 1 as follows.
X

fo)=0forall 1>1 ie x<1
X

f'x)=0

Putx=0

f'(0) = 0. Also f(0) = 0 for x < 1.
Hence, (B) Option is correct answer.

If f'* (x) = —f(x) and g(x) = f '(x) and

2 2
F(x) = (f (%D + (g(gn & given that F(5) =5,

then F (10) is— [11T 2006]
(A) 15 (B) 0

(C)5 (D) 10

[C]

Given f(x) = —f(x) and g(x) = f'(x)

w0 (5] (o3]] o

F(5) =5

Differentiating (1) w.r.t x, we get
F(x) = 2f(x/2).F (x/2) % +29(x/2).g'(x/2)% 2

f(x) = - f(x) and g(x) = f'(x) = g'(x) = f"(x)
= g'(x) =-f(x)

=g(x)=f'(xX) org(x/2) =1'(x/2)

= g'(X) =—f(x) org'(x/2) =—1(x/2)

From (2), we get

F(x) = 2(x/2). g(x/Z)% + 29(x/2) (-F(x/2)) %

= 26(x/2). g(x/2) % —2f(x/2) . g(x/2) %

F(x)=0

It means F(x) would be a constant function
Since F(5) =5

FX)=C= FX)=F(5)=C=5=C=5

. F(x)=5 - F(10) =5

If f(x) = min{1, x2, x3}, then [I1T 2006]
Af'xX)>0VxeR

(B) f(x) is continuous ¥ X € R

(C) f(x) is not differentiable for two values of x
(D) f(x) is not differentiable but continuous

Q.19

VXxe R
Sol.[B, D] f(x) = min {1, X%, x°}
x3:0<x<1
fx) =41 ;x>1
x3; x<0
y X
y=x"
=1
\ (L1)
X
0

Differentiability at x =0

LHD. = lim f&)-f(O) _lim f-h)-f(0)
T xo0” X—0 h=0"9_h_o

_lim (0-h)*-0
~—h->0 7h

:rllino h*=0
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Q.20

Sol.

RH.D = |.m f(x) f(0) — lim f(0+h)—f(0)

0 ™% o4+h-o0

3
_lim h"-0 _
—h'ToT-O

f(x) is differentiable at x =0
Differentiability at x = 1

_ lim f)-f@_1tim f@-h)—f@)
LHD= 0 0=

_lim fad-h)-f@)

_lim (@-h)°*-1
h—0 _ h

_lim 3-h)*(-)-0
“h->0 1

=3.

x-1t x-1 1+h-1

_lim 1-1
h—>0 h

=0

Hence, f(x) is not differentiable at x = 1
Continuity at x = 1.

LH.L = M f(x)=lm f1n)
=0 (-’ =1
RH.L.= lim f(x) =1.
f(1) = lim f(x) = 1.
x—1
Hence, f(x) is continuous at all x € R.
.. Option (B) and (D) are correct answers.

2
3—)2( equals [1IT 2007]
y

2y 1 2 -3
(A)(d j ® )—(d—ZJ (dyj
dx ax

d2y ) (dy ) d2y ) (dy)®
(C)[dx—zj[d—xj ©) ( J[dxj
[D]
dx 1

We have — =
dy dy/dx

d’> df 1
Now, ——=—
dy? dy{dy/dx

-Sl@)
(3 (&)

(x-1"

21 LetgX)= —————
Q 9% log cos™ (x —1)

;0<x<2, mandn

are integers, m = 0, n > 0, and let p be the left
hand derivative of |x — 1] at x = 1. If

XIirTI g(x) = p, then [11T 2008]

(A)n=1,m=1 B)n=1,m=-1

C)n=2,m=2 (D)n>2,m=n
Sol. [C]

p = left hand derivative of |x 1| = -1
lim gx)=p=-1
x—1*

(x=1)"
x>1" logcos™ (x —1) -
lim n(x-1)"* =1
x-1" —mcos™(x —1).sin(x —1)
cos™(x—1)
n(x-1)"*

x-1" —mtan(x —1) B
ifn-1=1=n=2andm=2.

Q.22 Let f and g be real valued functions defined on
interval (-1, 1) such that g”(x) is continuous,
g(0) #0, g'(0) = 0, g""(0) # 0, and f(x)= g(x) sin x.
STATEMENT -1 [11T-2008]

% [g(x) cot x — g(0) cosec x] = f"'(0)

STATEMENT -2

f'(0)=g(0).

(A) Statement-1 is true, Statement-2 is true;
Statement-2 is a correct explanation for
Statement-1

(B) Statement-1 is true, Statement-2 is true;
Statement-2 is not a correct explanation for

Statement-1
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Sol.

Q.23

Sol.

(C) Statement-1 is true, Statement-2 is false
(D) Statement-1 is false, Statement-2 is true.

[B]

Statement 1. Lt 3(*)€0sx—9(0)
x>0 sin x

T (x)cosx — g(x)sin x

X—0 COSX
(Applying L —
H rule)
=g -0=0=
f7(0) (True)

Statement 2
f (x) =g (X) cos x +g"(x) sin x

£°(0) = 9(0)
(Ture)

Let g(x) = log f(x) where f(x) is a twice
differentiable positive function on (0, «) such
that f(x + 1) =x f(x). Then, for N=1, 2, 3, ...

1 1
"IN+=|—g" =] =
J ( 2j J @

1 1 1
(A) -4 {1+5+£+ ..... +W}

[1IT 2008]

1 1 1
(B) 4 {1+§+E+....+m}

C) -4 1+l+i+....+;2
9 25 (2N +1)

(D) 4 1+1+i+ ..... +;2
9 25 (2N +1)

[Al
g(x) = log f(x)
& f(x +1) =xf(x)

Replecexbyx—%

1 1 1
So, f(x+ =)=(x- =).f(x- =
0,f(x+ )= (x— 7). f(x— 2)

1 1 1
+ =) =1 - =)+ —=
gx + ) =log (x— ) +g(x )

1 1 1
= + =) — - )= _-
g (x 2) g (x 2) og (X 2)

:g'(x+%)—g'(x—§):( 11]

X_i
2

Q.24

Sol.

Q.25

Sol.

-1

=)

=g ()0 (k- 2)=

v [N+%j 9 (N_%j ) (2n_—41)2

Adding above n equations.

1 1
rn N - _ n - = - 4
= So, ¢ [ +2j g (2]

If the function f(x) = x* + e *2 and g(x) = f * (x),

then find the value of g' (1) [11T 2009]
[2]
g(x) =f (%)
f(g(x)) = x
= g(f(x)) =x=g' (f(x)) f'(x) =1
, _ 1
=g (f(x) = W
putx=0

1 1
=g(1)= o> fr(x)=3x" + Eex’2

- £1(0) :% = LgM=2

Let f be a real-valued function defined on the
interval (-1, 1) such that

e*f(x) = 2 + J\/t4+1dt, for all x e (-1, 1),
0

and let f* be the inverse function of f. Then

(FY) (2) is equal to- [11T 2010]

1 1 1
(A1 ®s ©5 O
[B]

X
f(x) = 2" + " j t* +1dt
0

x=0 ;f(0)=2
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X
f/(x) = 2e* + ¢ _[ t* +1dt +e* V1+x*
0

f'(0)=2+1=3 fy @) =

ooll—\

L
(0)

Letf: R — R be a function such that
f(x +y) =f(x) +f(y), VX, y € R
If f(x) is differentiable at x = 0, then
[T 2011]
(A) f(x) is differentiable only in a finite interval
containing zero
(B) f(x) is continuous vV x € R
(C)f'(x) isconstant ¥V x € R
(D) f(x) is differentiable except at finitely many
points

Sol. [B,C] OR [B,C,D]
f(x +y) =f(x) +f(y)
By Partial differentiation with respect to x
frix+y)=1"(x)
f*@y) = £(0)
fly) = (F'(0))y + ¢
f(y) = ky +c

- fy) =ky

. f(x) = kx
Alternate
£1x) = fim f(x+ hz— f(x)

- Iim fx)+f(h)-f(x) _ mm

h—0 h h—0 h

=2 (let)
fx)=Ax+c Asf(0)=0=c=0
f(x) =

Q.26

Q.28

asf(0)=0

I Y
—X-=, X<-=

2 2
—COSX, —g<X£0,then
x—-1 0<x<1
In x, x>1

Q27 If f(x)=

[11T 2011]
Q.29

(A\) f(x) is continuous at x = —g

(B) f(x) is not differentiable at x = 0
(C) f(x) is differentiable atx = 1

(D) f(x) is differentiable at x = _%

Sol. [A, B, C, D]

Atx:—E
2

LHL = 0, RHL = 0, f(—gj: 0, So f(x) is

. s
continuous at X = — E

Atx=0
LHD =0; RHD=1
So f(x) is not differentiable at x =0
Atx=1
LHD =1, RHD=1

So f(x) is differentiable at x = 1
in (-g o} S f(x) = — cos X

so f(x) is differentiable at x = —g

b X

1-bx

where b is a constant such that 0 < b < 1. Then
[T 2011]

Letf: (0, 1) > R be defined by f(x)=

(A) fis not invertible on (0, 1)

il 1

] 1
(C)f=f"on(0,1)and f'(b) = _f—(O)
(D) f * is differentiable on (0, 1)

Sol. [A]f: (0, 1) > R

¥ b e (0,1)

b?-1
f'(x) = =(-)ve
fr(x) = -0’ =)

So f(x) is monotonically decreasing for x € (0,

1)

so forx € (0, 1)

f(x)  (f(1), f(0))

f(x) € (-1, b)

so f(x) is not onto.

so f(x) is not invertible function.

x2lcos |, x#0
Let f(x) = X! X € IR,

0, x=0
then fis [T 2012]
(A) differentiable bothatx=0and at x = 2
(B) differentiable at x = 0 but not differentiable
atx =2
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(C) not differentiable at x = 0 but differentiable
atx =2
(D) differentiable neither at x =0 nor at x =2

h2|cos ™| -0
Sol. [B] /(0 +h) = fim ———— =0
hzcos%—o
fro-h=lim ——1__ =g
h—0 —h

O f'(0")=f'(0) =0 = finite
So f(x) is differentiable at x = 0

(2+h)? cos(znhj‘—o
£(2 + h) = lim i =n
h—0 h
(2—h)? cos(znhj‘—o
f'(2—h) = lim — =—n
h—0 —h

Of '(2") = f '(2) but both are finite so f(x) is
not differentiable at X = 2 but continuous at

X=2
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EXERCISE # 5

Q.1

Sol.

Sol.

If f(x) = x (vx —v/x +1) , then-

(A) f(x) is continuous but not differentiable
atx=0

(B) f(x) is differentiable atx =0

(C) f(x) is not differentiable at x =0

(D) None of these [11T-1985]

[B]

We have f(x) = X (v/x —+/x +1)

Let us check differentiability of f(x) atx =0

(0—h)[vo—h —J0—h+1]-0
“h

Lf'(0)= r!imo
lim [V—h-v=h+1] =0— J+1=-1
(0+h)[vO+h —-+/0+h+1]-0

h
= lim Jh=vh+l=-1

Since Lf ' (0) = Rf ' (0)

.. fis differentiable at x =0

RF'(0) = lim

Let f(x) =x3—x2+x+ 1and
g(x) = max.{f(t);0<t<x}, 0<x<1
=3-X, 1<x<2
Discuss the continuity and differentiability of
the function g(x) in the interval (0, 2).
[11T-1985]
Weare given f(x) =x*—x*+x+1

f'(x):3x2—2x+1:3(x2—3x+ij
373

i 2
=3 (X_lj _l_{_l
3 9 3

B 2
=3 (x-lj 2150 vxeR
3) 9

Hence f (X) is an increasing function of x for all

real values of x.

Now max [f(t) : 0 <t < X] means the greatest

value of f(t) in 0 <t < x which is obtained at

t = x, since f(t) is increasing for all t.

somax. [f(t); 0<t<x]=x}—x*+x+1

Hence the function g is defined as follows :
gx)=x*—x*+x+1 when0<x<1

Q.3

Sol.

=3-X when1<x<2

Now it is sufficient to discuss the continuity
and differentiability of g(x) at x = 1 Since for
all other values of x, g(x) is clearly continuous
and differentiable, being a polynomial function
of x.

We have, g)=2

g(L-0)=lim [(A-hy~@-h’+@-h)+1]=

2
g1 +0)= lim [3—(1+h)]=2

Hence g(x) is continuous at x = 1

Now,
Ly’ (1) = fim [A-h)®—@-h)* +(@1-h)+1]-2
h—0 -h
¥ 1-3h+3h?-h?-1+2h—h2+1-h+1-2
h—0 —h
. —2h+2h?-h?
= lim ——————
h—0 —-h
= lim [2-2h+h?=2
h—0
Rg’(l): lim w = lim ﬂ =1
h—0 h h—»0 h

Since Lg ' (1) # Rg ' (1), the function g(x) is
not differentiable at x = 1.

Hence g(x) is continous on (0, 2). It is also
differentiable on (0, 2) except at x = 1, where it
is non-differentiable

If f(x) = log, (Anx), then f'(x) atx = e is.........

[11T-1985]
Given that
f(x) = logy (In X) = log (log x)
(loge x)

« L x10g, x— L log, (log, X)
g% g, x~log,(log,

fr(x)=

(log, x)°

L 11-1og, (Iog, %)]
- X

(log, x)*
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Q.4

Sol.

Q5

Sol.

L1~ log, (log, )]
Atx=¢gf'(e)=E

(log, €)?
Li-tog, 1
e
>
= i (1 _ 0) = l
e e
The derivative of secl(— 5 21 lj with
X —

respectto v1—x?> at x :% IS crvens
[11T-1986]

J V= y1-x2

Let u :secl[ =
2x° -1

Then to find d_u

f(x)=-1 -1 x—1 x-1
f(Ix])=Ix]-1 Ix]-1 Ix]-1
=x-1 =x-1 =x-1
[T =1[-1] Ix-1] Ix-1]
=1 =—(x-1) =x-1

" Using above we get
9(x) = f x|+ ()]
=—x-1+1=-xinl
inl,=x-1-(x-1)=0
inlz3=(x-1)+(x-1)=2(xx-1)
Hence g(x) is defined as follows :
gx)=-x,-2<x<0=0,0<x<1
=2(x-1),1<x<2
Clearly g’ (x) = -1, 0, 2 respectively as g(x) is
polynomial in x.
Also Lg ' (0) =-1; Rg ' (0) = 0 (not equal)
Lg'(1)=0;Rg’ (1) =2 (notequal)
Hence g(x) is not differentiable both at x = 0

avi, 1o and x = 1.
— -1 2 - -1
We have, u=cos ™ (2x"-1)=2cos " x Q.6 The function f(x) = 1 + |sin X| is-
d_u: -2 and v :W (A) cont!nuous no where
dx  J1-x2 (B) continuous everywhere
_2 (C) not differentiable at x =0
(D) not differentiable at infinite number of
dv —X _du 1-x2 2 .
Fvi > T x % points [11T-1986]
1-x > Sol. [B, C, D] We have, f(x)=1 + |sin x
L% B I+sinx ifsinx>0
duj —4 " |2-sinx ifsinx<0
vy We know that g(x) = sin X is continuous every

Let f(x) be defined in the interval [-2, 2] such
that f(x) =-1,-2<x<0

=x-1,0<x<2and
g(x) = f(jx]) +|f(x)| Test the differentiability of
g(x)in (-2, 2) [11T-1986]
We have fx)=-1,-2<x<0

=x-1,0<x<2

and g =F(Ix])+[f(x) |
Hence g(x) involves |x|and |[x—1]|or|-1|=1
Therefore we should divide the given interval
(-2, 2) into the following intervals.

Iy I, I3

[72! 2] = [721 O) [0! 1) [1! 2]
X=-Ve +ve +ve
| X | =+ve +ve +ve

where on R also h(x) =1 + |x | is continuous
every where on R

.. h 0 g(x) must be continuous every where.
i.e., 1 +|sinx | is continuous every where.
Alternatively for any real number a,

f(a+0)= rI]|r_1>10 [L+]|sin(a+h)|]=1+]|sinal]

fa—0) = r!'Lno [L+]|sin(a—h)|]=1+]|sina]|

f(a) =1 +|sina|
.. f(a + 0) = f(a — 0) = f(a), for every real no
aeR.
.. f(x) is continuous every where.
Differentiability :
1-sinx sinx<0

We have () = {1+sin X sinx>0




Edubull

Q7

Sol.

QS8

Sol.

Clearly f(x) is differentiable at any non critical
pt i.e. at all real numbers except possibly at
criticalptsx=nm,n=0,+1,+2, ......

Let us check the differentiability of f(x) at
X = Nm.
Wehave f(hn)=1+|sinnt|=1+|0]|=1
1+|sin(nc+h)| -1

h

Now, Rf'(nn) = I!im0
5

. |+sinh| _ . sinh _
im ——— = lm —— =

h—0 h h—-0 h

and Lf'(nm) = r!imo l+|3'”(”ﬂh— h)|-1

1

_ y |Esinh| _ . sinh _
=lim —/——— =1lm — =
h—0 —h h—»0 —h
Since Rf ' (nwt) = Lf’ (nn)
.. f(x) is non differentiable at x = nx,
n=0,£1,£2,£3......
. (B) and (D) are the correct answers.

-1

Let [x] denote the greatest integer less than or
equal to x. If f(x) = [x sin nx], then f(x) is-

(A) continuousatx=0 [IIT-1986]

(B) continuous in (-1, 0)

(C) differentiable atx =1

(D) differentiable in (-1, 1)

[A, B, D]

We have, for —1<x<1

= 0<xsintx<1/2

S fX)=[xsintx]=0

Also x sin mx becomes negative and
numerically less than 1 when x is slightly
greater than 1 and so by definition of [X],
f(x)=[xsintx]=-1when1l<x<1+h

Thus f(x) is constant and equal to 0 in the
closed interval [-1, 1] and so f(x) is continuous
and differentiable in the open interval (-1, 1).
At x = 1, f(x) is clearly discontinuous, since
f(1 —0) =0 and f(1 + 0) = -1 and f(x) is non-
differentiable at x = 1.

Hence (A), (B) and (D) are correct answers.

The set of all points where the function

f(x) = F is differentiable, is-
(@+1x1)

(A) (o0, ) (B) [0, )

(C) (=20, 0) L (0, )

(D) (0, ) [11T-1987]

[A]

Q.9

Sol.

The given function is,
X

X —— x<0
f(x) = - J1-x
1+|X| L X>0
1+X
Forx<0, fr(g==X)-COx_ 1
1-x7) 1-x)

defined V. x<0
_1@+x)-1(x) 1
Toae? @+ %
definedvV x>0
f(0—h)-f(0)
—-h

Forx>0, f'(x)

Le:0)= ko,

0
= |im & =1
h—0 —h

RF* (0) = lim. wg—f«»

h

= |lim & =1
h—0 h

Lf'(0) =Rf'(0)
= fis differentiable at x = 0
Hence f is differentiable in (- oo, )

Let f(x) be a function satisfying the condition
f(—x) = f(x) for all real x. If f'(0) exists, find its

value. [11T-1987]
Given that f(x) is a function satisfying
f(=x)=f(x),vxeR ... (1)
Also ' (0) exists
= f'(0)=Rf’ (0)=Lf"(0)
Now, Rf’ (0)=f"'(0)
= lim w =f' (0)
h—0 h
= lim L;f(o) £ ) . @)
Again Lf’ (0)=f"(0)
= fim 1O=M=TO) =f'(0)
h—0 —h
= gm0 )
h—0 —h
- fh)-fO) _,
= r!anO — =f'0) ....(3

[Using eq. (1)]

From equations (2) and (3) we get,
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Q.10

Sol.

= f/(0)=—f'(0)
= 2f" (0)=0
- f/(0)=0

Let g(x) be a polynomial of degree one and f(x)
be defined by

g(x), X<0
_ 1/x
f(x) = 3| @+x) x>0
(2+Xx)
Find the continuous function f(x) satisfying
f'(1) = f(-21). [11T-1987]
Let g(x)=ax+h
ax+b , X<0
— 1/x
Then f(x) = (ij x>0
24X

Since f(x) is continuous, it is continuous at x =
0

Now, Iing_ f(x) = Iimo_ (ax+b)=b

x—0* x—0" \ 2+ X

1+X 1
and lim f(x)= lim [ j

1/x
— i 1+x)

x—0* 2/x
x4 X
2

e .1
TS 0 X
For continuity of f(x) at x = 0, we must have

lim f(x) = lim f()=0=b=0
x—0 x—>0"

1/2

=0

We have f(-1)=b-a=-a (® b=0)
Let us now find ' (1)
_[1+xj“x
Let y=|—| , x>0
2+X
Then, Iogy:+l [log (1 +x) —log (2 + X)]
X
ldy = 1
= 5o - oz 109 L+ —log 2 +X)]

1 1 1
e
X L+x 2+x}

{— iz{log(1+ x)—log(2+x)}+— {L 1 H
X

1+X 2+X

Q.11

Sol.

Now, f' (1) = j—y

x =1

(33 Tma-ono (31

2 1
= —|log3-log2+=| =
3{ g g 6}

2 log
3
2

Since,

3
2
3
= =-a
2

1

9
fr)=fCl)= 2 log> + L
3 9

*. The required function is

If y2 = P(x), a polynomial of degree 3, then

d

(A) P'(x) + P'(x)
(C) P(x) P""(x)
[C]

We have y? = P(x), where P(x) is a polynomial
of degree 3 and hence thrice differentiable
Then Y2 = P(X)

Differentiating (1) w.r. to X, we get

2
2 d [y j—yj equals-  [11T-1988]

(B) P"(x) P""(x)
(D) a constant

d '
2y 2 =P’ ()
Agaln differentiating with respect to x, we get

2 2
2 Yy + 2yd— =P" (X)
dx X2

[P'(x)I?

d? dy o, .
2y +2y e =P"(x) [Using (2)]

= a4y 9Y oy b - PP

= 4y jTV = 2P(X) P " (x) — [P'()T’
[Using (1)]
PP

Again dlfferentiating with respect to X, we get

gi {y d y] P (x) P(x) + P" (x) P"(x) —
dx dx?2

= 2y3 ¢’ y =P(x) P"(x) —

P'(x) P(x) = P"(x) P(x)
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Q.12

Sol.

Q.13

Sol.

Q.14

| x—3], x=>1
The function f(x) = < x> 3x 13 is-
———+—, xx<1
4 2 4 Sol.
[11T-1988]

(A) continuousatx =1
(B) differentiableatx =1
(C) continuous at x =3
(D) differentiable at x =3

[A B, C]
| x—3] , x>1
f(x) = 2
) X——3—X+E, Xx<1
4 2 4
x? 3x 13
—_———t x<1
4 2 4
=4{3-X , 1<x<3
X—3 , X>3
2x 3
Lf'"Q)=|——=]=-1
) [4 2]
Rf'(1)=-1. ThusLf’'(1)=Rf' (1)

. T is differentiable at x = 1 and hence
continuous at x = 1.

Again Lf' (3)=-landRf' (3) =1

= Lf' (3) #Rf’ (3)

= fis not differentiable at x = 3

Let us now check the continuity at x = 3

LHL= fim f(3—h) = lim 3-(3~h)=0

Q.15

RHL = lim f(3+h)=lim 3+h-3=0
h—0 h—0

f(3)=0 Sol.
.. fis continuous at x = 3
Thus (A), (B) and (C) are correct options

IF£(9) = 9, £(9) = 4, then lim Y ) —3

-9 fx -3
[11T 1988]

f(9)=9,f'(9) =4
i =3 (0
lim X2 (2
XILnQ \/;—3 (O]
00120 43 _
x"ing 1/24x _1/3'4

Draw a graph of the function
y=[x]+|1-x,-1<x <3.

Determine the points, if any, where this
function is not differentiable.[11T-1989]
We have,y=[x]+|1-x]|, -1<x<3

-1+1-x -1<x<3

0+1-x , 0<x«<1
or y=41-1+x , 1<x<2

2-1+x , 2<x<3

3-1+x , x=3

-X , —1<x<0

1-x , 0<x«<l
or y= X , 1<x<2

1+x , 2<x<3

—-24+X X=3

5

4

st/

2

L/

-1 0’0 1 2 3 X
. The graph of the given function is as shown

From graph we can that given function is not
differentiable atx =0, 1, 2, 3.

If x =sec 6 — cos 0 and y = sec" 6 — cos"0, then

2
show that (x2 + 4) [g—i] =n2(y2 +4)

[11T 1989]
We have, x=sec0—cos0
y = sec"0 — cos"0
= d—X:secetan6+sine
de

=sec O tan 6 + tan 6 cos 6
=tan 0 (sec 6 + cos 0)

and % = n sec"'0. secH tan6—ncos" O
sin0)
=nsec"Otan O+ ncos" Otan O
=ntan 0 (sec" 0 + cos"0)
dy
dy gg _ntan6(sec” 6+cos" 0)
dx dx  tan6O(secO-+coso)
do

dy _ n(sec” 6+cos" 6)
dx (sec6 +cos0)
Also x*+ 4= (sec § — cos 0)* + 4

or

(1)
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= sec0 + €0s%0 — 2 sec 0 cos O + 4
= sec’0 + cos’0 + 2
= (sec 0 + cos 0)° n(2)
and y?+4=(sec"0—cos"0)’ + 4
= sec”9 +cos”"0— 2 sec"0 cos"0 + 4
=sec™ 0 +cos?" 0 + 2
= (sec" 0 + cos” 0)?
Now we have to prove

o () =rorra

LHS = (sec 6 + cos 0)>.
n?(sec" 0+ cos" 0)?
(sech+cos0)?
=n? (sec” 6 + cos" 0)°
=’ (y*+4)
=RHS

[Using (1) and (2)]
[From eq. (3)]
Q.16 A function f : R —» R satisfies the equation
f(x +y) = f(x) f(y) for all x, y in R and f(x) =0
for any x in R. Let the function be
differentiable at x = 0 and f ’(0) = 2. Show that
f'(x) = 2f(x) for all x in R. Hence, determine
f(x). [11T-1990]

Sol.  Wearegiven f(x +y) =f(x) f(y), Vx,y € R
f is differentiable at x =0

fr0)=2
To prove that f ' (X) = 2 f(x), V x € R and to
find f(x)
We have for x=y=0
f(0 + 0) = f(0) f(0)
= f(0) = [f(0)* = f(0) = 1
[as f(0) = 0]
Again f'(0)=2
= i fOD-f©) _,
h—0 h
_ i fOf)-fQ _,
h—0 h
_ i FOIFM-1 _,
h—0 h
. f(h)-1 _
= Mﬂo — 48 =2 . €))
[Using f(0) = 1]
Now ()= lim —f(“hg—f(x)
= i FOOF() T (x)
h—0 h
- i, 10 [

Q.17

Sol.

Q.18

Sol.

=100 tm, [

=f(x).2 [Using eq. (1)]

= 2f(x)
Also,

L CO

f(x)
Integrating on both sides with respect to x, we
get

log [f(x)|=2x+C

Atx =0, logf(0)=C=C=1log1=0
log | f(X) | = 2x

= f(x) = e>

If f(x) = |[x — 2| and g(xX) = f[f(X)], then

9'(X) =eerrnns for x > 20. [11T-1990]

fx)=|x-2|

g(x) = (f(x)) = f(x) - 2|

=| |x=2]-2]| =|x-2-2| asx>20

=|x-4|=x-4 asx>20

L 0'(x)=1

. dy _

Find i atx =-1, when [11T-1991]

X

(sin y)sm[Exj + ? sec1(2x)

+2%tan (\n (x + 2)) = 0.
We are given the function

sin| =
(siny) ( 2 ) +§se01(2x) +2%tan
[log (x+2)]=0 ....()
For x = —1,we have
(sin y)sm(7j +§ sect (-2) + 2% tan
[log (-1 +2)] =
0
= (siny)™ + E(E}Li tan 0 =0
23 2
1 T . \/§
——=—— =>siny=—— ,whenx=-1
- siny /3 = sy T
(2

sin[n—j
Now Letu = (siny) ‘2
Taking log on both sides we get
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logu= sm[ j log siny

Differentiating both sides with respect to x, we
get

lcll—u—ﬁco Iogsmy+coty sm ™
udx 2 2 2

du

dx

. sin[nzxj dy
(siny) Lco{ ) Jlog sin y+sm( ) jcotyd }

.03)

Now differentiating eq. (1), we get

d . sin(n—zxj \/5 1
—| (siny) —
dx 2 oxax?-1

2 tan ([log (x + 2)] ) + 2* sec? [log (X + 2)]
1

X+2

.2+2 log

0

. sin[nzxj dy
= (siny) Lco{ ) jlog sin y+sm( > ]coty }

dx
J3 X
+ —>"_ +2log 2 tan (log (x + 2)) +
2xv4x% -1
2% sec?[log(x + 2)]
X+2

=0

Atx:—landsiny:—ﬁ,weget
Y

:[—éJ_TOH D —-— [%]X-JJF%

+0+2'=0
T [ dy 11 dy
=>—F -3 ——+==0=-—==0
33 Y [dxj L 272 x

Q.19  Let f(x) = x [x|]. The set of points where f(x) is
twice differentiable is........ [11T-1992]
2
Sol.  Wehave, f(x)=x]|x]|= {_Xz’ x<0
X, x>0
x<0
frx)=
09 = { 2x, x=0
-2, x<0
fN - !
%) { 2, x>0

Q.20

Sol.

Q.21

Sol.

Clearly " (x) exists at every pt. exceptat x = 0
Thus f(x) is twice differentiable on R — {0}.

Let [.] denote the greatest integer function and
f(x) = [tan2x], then- [11T-1993]
(A) Iim0 f(x) does not exist
X—>
(B) f(x) is continuous at x =0
(C) f(x) is not differentiable at x = 0
D)f'(0)=1
[B]
We have f(x) = [tan]

= lim f(x) = lim [tan’] = 0
and f(0) =0
fis continousatx =0
Let f (x;y]: f(x);f(y) for all real x & y.

If £(0) exists & equals -1 & f(0) = 1. Find f (2).
[T 1995]

f[x+)’j A f(X);f(y) forallx,y eR.

2

oy = lim £(0+h)—f(0
ro =, (0++r370()

0+2h
f —£(0)
_ lim ( 2 J

h—0 h
FO+1EN ¢
= lim 2
h—0 h
_ lim f(0)+f(2h)—2f(0)
~ h>0 2h
_ lim f(2h) -f(0)
h—0 2h
— lim f(2h)-1 _
h—0 2h
X)) = rl1";no f(X+h|37f(X)
f(2x+2hjf(x)
— lim 2
h—0 h
F@)+f(2h) ¢
= lim 2
h—0 h
_ lim f(@2x)+f(2h)—2f(x)
~ h>0 on




Edubull

Q.22

Sol.

_ lim f(2)+f(2h)—2f(x)
~ h>0 on

use,f(xgyj = f(x);f(y) forx,y e R

f[ij _ f()+f(0) _ f()+1
2 2 2

2f(x/2) — 1 =f(x)
Replace x by 2x, weget
2f(x) — 1 =f(2x)
f(X) = ||m (2x) +f(2h) - 2f(x)

2h
— lim 2f(x)-1+f(2h)-2f(x)
h—0 2h
_ lim f(2h)-1 _
h—0 2h

o () =—1=f(x) =—x+c, where c is

Integration constant
fx)=—x+c
Putx =0 f(0)
fx)=—x+1
f2)=-2+1
f(2)=-1

=-0+c=1=c=1

Find the differential coefficient of
log , y,sin “(1—+/x) with respect to 224

and also find its value at x = 1/4.
[HT 1996]

d {|Og(17&)8in_l<1—\/;)}
d{zz(lf*&)}

%{Iog (17&)sin’1(17\/;)}
]

d Jlogesin~ ta- \/_)
dx | loge(@—vx)

1 1 1
X - xloge(l-
Ny - ﬂz[ j 094 (1-4)

Iogesm’l(l f)

L o)
b

22(17&) x log 4 x [— ij

2%

Q.23

1 “ 1
sin’l(lf\/;) \/1_(1_ X)Z

flogesm (1 \/_)x

xloge (1-+x)

- —f x)
(Ioge<1— &))2 X 22(17\/7) xlog 4
Atx=1/4
1
xlog(L—1/2)~ log sin 1(1/2)x —

RoNE

(Ioge j 2[1 J xlog 4

1 1

= x x (—log 2) —

_nl6 32 (-log2)
(log 2)? x2x log 4

logn/6x2

{1x12><log 2+ 2xlog nIG}

J3 m

2xlog 4x (log 2)*

1 6

—x—xlog2+logn/6
_2L/§ ~xlog2+log }
2xlog 4x (log 2)?

—2|:2‘/_ log 2+ log n/6}

2xlog 4x (log 2)*

iIogZ+Iog nle}

(log 4) x (log 2)°
243 log n/G} _2[2\/5

s log 2

log 4xlog 2

2 |23 . IochIG}

(log4)? | = log2

b log 2

+Iogn/6}

2xlog2xlog 4

11
Letf(x)= {xe ('X' Xj ; X # 0 test whether
0 ;Xx=0

(@) f (x) is continuous at x =0
(b) f (x) is differentiable at x =0
[T 1997]
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{L&j
Sol.  f(x)=1Ixe \M* x=0
0 ;x=0
continuity at x =0
0-h 0+h
i ) i
0
LHL = lim fG)-f(0 _lim f(0-h)-f(0)
T x50 X—0 h=0"9_h_o
_lim f(0-h)-f(0)
~h->0 T

_ lim (0-h) e’(ﬁJ'ﬁJ

~h-0

11
_ lim (h) ei( ] I|m | (-h) x e

~h->0
=0.

_ {22)
RHL.= /M @+hyelnn
=My e Zlim ee — g

f(0) =i f(x)=0.

.. f(x) is continuous at x = 0.
Differentiability at x =0

LH.D. = Jim fO-h) -0
0-h-0

(L LJ
_tim (0—hye (OO _g
“ho0 _h

11
_lim (-h)e (“ hj—0
~h->0 — .
“h
_e—o_l
I|m f(0+h)-1(0)
h

R.H.D.=

_lim O+ h)ef[%%) -0

- h—0 h
_lim he?™ -0 _
“h-o0 h -
_lim ,-2h _

“h-o0 € =0

.. f(x) is not differentiable at x=0.

Q.24  Determine the values of x for which the
following functions fails to be continuous or
differentiable [T 1997]

Sol.

1-x ;o x<l
f(X)=41-x)(2-x%) 1<x<2
3-X X >2
1-Xx D
f(X)={1-x)(2-x) 1<x<2
3-x ;X >2

Continuity atx =1
LHL = M fx)=lm f(1 - h)
=M, (1-(1-h)) = 0.

RH.L= lim f(x) =m f1+h)
X—>'

im (@-(1 + hy) (2-1-h)

"% (-h) (1-h)

=0.
f(1) :)I(iT1 f(x) = 0.
Since, L.H.L. =R.H.L. =f(1) = 0.
.. f(x) is continuous at x = 1.
continuity at x = 2.

LH.L.= M £ =lim £z h)

X—2~

=M (1-2+h)@2—-2 +h)
= m (h-1) () =0.
RH.L= M f(x) =M (2 +h)
=lm @-2-h)
=1.
Since, L.H.L. # R.H.L.

Henec,f(x) is not continuous at x = 2.
Differentiability at x = 1.

LHD. = lim f0-f@ —lim fA-h)-f@

X1 x—1 h—0 —h
||m @1-1+h)-0
-h
=-1.
RH.D.= fim f00-@_fim T+ T
x—lt  x-1 1+h-1

_lim fa+h)-f(@)

h—0 h
I|m @-1-h)(2-1-h)-0
_lim (-h)@-h)-0
h—0

h
_lm (h-1)-0 _
h—0 1 )
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Q.25

Sol.

Since, LH.D.=R.H.D.=-1.
Henec,f(x) is differentiable at x = 1.
Differentiability at x = 2

LHD.= lim f®-f@ = lim
X—2~  X-=2 h—0
fe-h-f
2-h-2
|.m 1-2+h)2-2+h)-0
—h
lim (h—-)h-0 _q
_haO— .
—h
RHD= | |.m f(2+h)—f(2)
h
_lim (B-2-h)-0
h—0 h

= lim (l;—h) —> Not Differentiable

.. f(x) is not differentiable at x = 2.

If F(X) = f(x) . g(x). h(x) for all real x where
f(x), g(x), h(x) are differentiable functions.
At some point X,

F'(Xg) = 21F(xy), T '(X) = 4 f(x,),
9'(Xg) = =7 9(X,) and h'(x,) = k h(x,) .

Then find the value of k. [T 1997]
F(x) = f(x) . g(x). h(x) for all x € R.

I|m f(Xg +h)—f(Xo) _

f'(%0) = n5 h = 4f(xo)
g% = [m g(xo+h; 90) ~ _74(x,)
o) = Ty DR < i),
F(xo)= 1M 10 +h) g0 + (kg +1) - (o)olxe) (o)

=21 f(Xo) . 9(Xo).h(Xo) J

— M (xo+h).g(xo+h).h(Xe*+h)—F(X0)-9(X).h(Xo)
=21 1M 1 % h x f(xq) % g(xg) X h(Xo).

— M fxg+h).g(xo+h).h(xo+)=F(x0).g(Xo)-n(Xo
) +21 M b« f(xg) x g(xo) % h(Xo).......(0)

M fixo+h) = f(xo) + M hx4fi(xo). ... (i)

1 G(o+h) = G(o)+ a1 hx(-7g(xo)).......(i)
M (xo+h) = h(xg) + 1M hxkh(xo)...(iv)

Q.26

Sol.[D]

multiplying (2), (3) and (4), weget
M £xo+h).g(xo+ h).h(xo + h) =

[F(xo)+ 1M, hxaf(xo)] [90o)*+ 1T hx(~7g(x0)]
[h(o)+ ™) hxkh(Xp)]  .....(V)

from (i) and (v) weget

fx)g0o).  h(xg) + 21 Jim h o
T(X0).9(X0)-h(Xo)=

[f(xa)* fm_ x4 f(xc)] [g(x0)* fim 1x(=7 g(xo))]

[h(xo)+ r!iz]o hxk.h(xo)]

on comparing terms containing MO h only,

weget
21 M hxfi(xo)xg(xo)xN(Xo)=4 1My hxF(x)g(o)

x h(xo) —7 1M, hixg(x6) XF(Xo) Xh(Xo) +

k™, £(x)g (o) (o).
= 21 M, hxf(xo)xg(x)XN(X0)=(4-T+K)x

i h x f(x0)%g(x0).h(Xo)
=21=4-7+k=>k=21+3
k=24

x® sinx cosx
Let fx) =| 6 -1 0

2 3

PP P

where P is a

3
constant. Then dd_3 [f(x)]atx=0is
X

[11T 1997]
(A)p B)p+p?
(C)p +p? (D) Independent of p
x3 sinx cosx
fx)={6 -1 0
p p* P

Differentiating w.r.t. x, weget

3x? cosx —sinx| [x3 sinx cosx

f'x)=16 -1 0 [*lo o o

p P> PP p p* P
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Q.27

x° sinXx cosx
+/6 -1 0
0 0 0

3x2 cosx —sinx

f'x)=16 -1 0

p p2 P

Again Differentiating w.r.t. x, weget

6x —sinx —cosx| |3x? COSX —sinX
0=l 1 o |*lo o o0

p p2 P p p* P

3x2 cosx —sinx
+| 6 -1 0
0 0

6X —sinx —cosx
f'"x)= 16 -1 0
p p* P
Again Differentiating w.r.t X, weget

6 —cosx sinx

f"x)=16 -1 0 [+0+0
p p> P
6 -1 0
d3
f(X)lx:O: _3f(x)|x:O: 6 -1 0
dx 5 3
p p p
Rl_)Rl_RZ
0 0 O
=6 -1 0/=0
p p? p°
= Independent of p.

.. Option (D) is correct answer.

Let h(x) = min {x, x2}, for every real number
of x. Then [T 1998]

(A) his continuous for all x

(B) h is differentiable for all x

C)h' (x)=1,forall x>1

(D) h is not differentiable at two values of x

Sol.[A, C, D] h(x) = min. {x, x’}

first we have to draw y = x and y = x?
Pointof intersection of y = x and y = x?

y=x
y=x
(1,1)

X =X
=X(1-x)=0=x=0,1
Darken line indicates the required portion.

Because for min h(x), Below point of
intersection would be required portion.

2.
h(x) = x“;0<x<1
X;x<0orx=>1
Differentiability at x = 0

LHD.= im f00-fO - jy fO-N-f©
x—-0 h—-0 0-h-0

_ im £(0—h)-£(0)

—h
-{im, ©-n-C
—h
=1
R.H.D.= im f6)=f(0) _ lim (0+h)~f(0)
x—0" N -0 0+h-0
_lim f(0+h)-f(0)
h—0 h
= lim (0+h)*>-0 _ lim h2-0
x—0 h h-0
=0.

Since L.H.D. # R.H.D.
Hence f(x) is not differentiable at x =0
Differentiability at x = 1

LHD= fim 1O-f@ _ o fA-0)-f@
x—1~ x-1 h—0 1-h-1

_lim f@d-h)-f@)
~h->0 —

-h
lim (@-h)>-1 (0
= ~ 2 — | =form
h—0 n 0

Use L — H Rule, weget

— im 2(l-h) -1 -0 _
h—0 -1

2

RHD= fim 1O=f@ _ o fA+m) —f@)
x—1t  X-1 h—»0 1+h-1




Edubull

_lim f@+h)-f@)
~h->0 —

h
_ lim @+h)-1
~ h-0
h
_ lim h _
= h"—TJo h =1

Since, L.H.D. #R.H.D.

Hence, f(x) is not differentiable at x = 1.
Options (C) and (D) are correct.
continuity atx =0

0-h 0+h
I ) I
0
LHL = M fx) = lim f(0—h)
h—0
=M, (0~ h)
=0,
RH.L= M f(x) =M 0+ h)

=M, (0 +h)?
=0.
f(0) = im f(x) =0
.. f(x) is continuous at x =0
Cotinuity at x = 1.
LH.L = M f(x)=lm f(1_n)
= (L) =1.
RH.L= lim f(x) = lim §(1+h)
=lm (@+h)=1.
f(1) = M f(x) =1
.. f(x) is continuous at x = 1.
... f(x) is continuous for all x

.. Option (A) is also correct answer.
..Options (A), (C), (D) are correct answers.

_ ax? bx
©2 Y -0 | xDE-0
RN
X—-C

Prove that lzi [ a + b + C}
y a-Xx b-x c-x

[T 1998]

ax? bx

y= +
(x—a)(x=h)(x—c)  (x=b)(x-c)
-
X—C
_ ax? . bx
(x=a)(x=b)(x—-c) (x—=b)(x~-c)
C
+

x—c

= ax’ +( b +1] X

(x-a)(x—-b)(x-c) \x-b X—C
ax? x2

T x—a)x-b)(x—x)  (x-b)(x—0)

_( a x2

=
X—a (x=b)(x—c)

X3

" (x—a)(x—b) (x—0)
= logy=3log x—log (x—a) — log (x — b)
—log (x—c)

a b c
+ +
x(@a-x) x(b-x) x(c-x)

1 { a b c }
== + +
X |a=X b-x c-x

Discuss the continuity and differentiability of
the function

Fx) = {2+\/l—x2 | x|<1

200" x|>1

[T 1998]

) = {2+\/1—x2 x|<lor-1<x<1

2e@x)? ;| x|>lor x < -lorx >1

Continuity at x = -1
=1-h ~1+h
|

T
i i

LHL. = erI]l’ f(x)=,m, f(-1-h)
:r!iTo 9 oUrL+h)?

=2¢"




Edubull

RHL= lim f(x)=1M f1+h)

x——1"

=im, (2+41-c1-n?)
=im, (24vh-@im? |

=2.
Since, LH.L. #R.H.L.
Hence, f(X) is not continuous at x = —1.

Continuity at x = 1.
1-h 1+h
|

1
LH.L = lim f(x)=m f(1-h)

X—>1"
= im (2+,/1—(1-h)2j
=2.
o _ lim
RH.L= lim f(x) =M §1+h)
x—1"

— lim (1-1-h)?
“h-o0 2e

— lim h2
“h-0 2e
=2e’=2.

f(1) = M f(x) = 2
Hence, f(x) is continuous at x = 1.
Differentiability at x=-1.

LHD.= lim f-fcD

X——1" X+1
_lim fC1=h)-fCD
h—0 ~1-h+1
lim 2e(1+1+h)Z _9
=h-0 —n
= Not differentiable
.. f(x) is not diffrentiable at x = -1
Differentiability at x = 1
LHD.= lm fX-f@ - lim
x>0 x-1 ™0 1-h-1
_lim fd-h)—f()
~h-0 ——h

. , 2
im 2+ 1—(1—h) -2 (%formj

—0 _n

_1
=h

fa—h)—fQ)

0, M20-h)

_lim 2{1-@-h)?

~h->0
-1

-jm, 2D
2y1-(1—h)?
Not differentiable
.. f(x) is not differentiable at x = 1.

0

The function
f(x) = (x2— 1) |x2 — 3x + 2| + cos (|x|)

is not differentiable at [11T 1999]
(A)-1 B)O
©1 (D) 2

Sol.[D] f(x) = (x2—1) |x2—3x + 2| + cos (|x])

Since, cos (|x|) is differentiable for all x

X% -3x+2 :x<lorx>?2

IX*—3x +2|=
—(x?-3x+2);1<x<2

Differentiability at x = 1.

LHD. = lim fC)-f@ _lim f@-h)-f@)
X—1" X—1 h—0 1-h-1
y !'L"o f(1- E)hff(l)

(@=h)2 —1)(Q-h)2 -31-h)+2)
_lim  1cos|1-h|-cosl
h—0 n

2(L-h)(-D) x[(L—h)? —3(L—h)+ 2]+
_ }!imo [@—h)? —1]x[2(1— h)(-1) +3]+sin(L—h) — 0

-1
=—sin 1.
R.H.D.= M f0)-f@ - lim f+h)-fQ
x-1 1+h-1
_lim f@+h)—f(@)
h—0 h —
—[@+h)2 -1[a+h)? —3@1+h)+2]
i 1+h|—cosl 0
—AITO +eos|Lehl Cosh —form]

—[@+ h)2 =121+ h)—-3]-2(1+h)

_gim [@+h)2=3@+h)+2]-sin(l+h)-0
~ h-0 1

=-sin1.
Since, L.H.D =R.H.D. =—-sinl




Edubull

Q.31

Sol.[B]

Hence, f(x) is differentiable at x = 1.

Differentiability at x = 2.

LH.D.= lim fO=T@)=lim f2-n-f()
X—2" X—2 - 2_h_2

_lim f(2-h) (2

-h
[(2-h)? -1][(2-h)* -3(2—h)+2]
—lim  +cos|2—h|-cos2 gformj
h—0 “h 0

22— MEDIER-h)* -3(2~h)+2]

= lim +[(2-h)? -1[2(2-h)(-) +3] -sin(2—h)(-1) -0
h—0 1

_ lim 0+®)(-1)+sin2

el =] =3-sin2
RHD.= lim fx)-f(2) _lim f2+h)-f(2)
X209 2 o4ho2
_lim f@2+h)-f(2)
—[2+h)2-1][+h)? —=3(2+h)+2]
_ i _
_hILnO +c0s|2+h| coshz 6f0rmj

—2(2+h)[(2+h)? -32+h)+2]-

- Aim0 [(2+h)? —1][2(2+h) —3] -sin(2+h) -0
- 1

=-3-sin2.
Since, L.H.D. #R.H.D.
Hence, f(X) is not differentiable at x = 2

.. Option (D) is correct answer.

If X2 +y2 =1, then [11T Scr. 2000]
(A)yy"-2(y')?+1=0
B)yy"+(y)?+1=0

Cyy'-(y)-1=0
(D)yy"+2(y')2+1=0

X2 +y? =1,
differentiate w.r.t. x, we get
2X + 2y v - 0
dx
X+y LI 0
dx

Again differentiating w.r.t. we get

2
1+y IY 4 (dyrdx? = 0.
dx

y “'2—32’ + (dy/dx)* +1=0

dx

ory.y'+(y)’+1=0

y" = second differentiation w.r.t. x = dy/dx
y' = first differentiation w.r.t. x = dy/dx

.~.Option (B) is correct answer.

Q32 Let f: R —» R be any function. Define
g:R—>Rbyg(x)=|f (X)| for all x. Then g is
[II'T Scr. 2000]
(A) onto if fis onto
(B) one-one if f is one-one
(C) continuous if f is continuous
(D) differentiable if f is differentiable
Sol[C] f:R—>Randg:R—>R
g(x) = [f(x)| for all x.
Since f(x) is continuous then [f(x)| must be
continuous but inverse is not true.

Hence, Option (C) is correct answer.
Passage (Question 33 to 35)

Let f : R —» R be a differential function
satisfying f [x+y} - T+1(y)

Y X, R.
2 2 ye

If f' (0) exists and equal to — 1 and f(0) = 1,
Then answer the following questions-

Q.33  Ifg(x) =|f (]x])| for all x € R, then for g(x) -
(A) 3 non differential point
(B) 2 non differential point
(C) 4 non differential point
(D) None of these

Sol. [A]
fx)=—x+1

Q.34 If g(x) = f(sin x), h(x) = |g(|x[)| and I(x) = g(x[)
then-

(A) number of non differential points for both
function h(x) and I(x) is different
(B) range of h(x) and I(x) is different

(C) solution of 1(x) + % = 0 is infinite
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Sol.

Q.35

Sol/

(D) None of these

[D]
2
1(X) = h(x)

so answer : (D)

Range of f(|x]) is-

(A) (=, 0) (B) (=, 0]
(C) (~oo, 1] (D) None of these
[C]




ANSWER KEY

EXERCISE # 1

Q.No.| 1 2 3 4 5 6 7 8 9 (101112 13| 14| 15] 16| 17 | 18 [ 19

Ans. | B B|B|J]C|J]C|D|J]C|BfB|D|[C|C|]A|]C|]A]J]A]A|C|A

QNo.| 21 | 22 | 23 | 24 | 25 [ 26 [ 27 [ 28 | 29
Ans. | B B| D] B|C|B]J]A]C]|B

30. False 31. True 32. True 33.1, 1 34.-1 35.sina 36.sina

EXERCISE # 2

(PART-A)

Q.No. 1 2 3 4 5 6 7 8 9 101112 13 14| 15| 16 | 17
Ans. A B C A C D C C C C D D B C A D A
(PART-B)

Q.No. 18 19| 20 21 22 23 24 25 26 27
Ans. AB | D|[AC]|ABD|[ABCD| AC| AC |ACD|BD| AB
(PART-C)

Q.No. | 28 | 29 | 30
Ans. Cc B C
(PART-D)
31.(A)»P,Q,R B)»PRS(C)—PR,S (D)—>PR,S

32.(A)>P,Q B)>Q,R (C)—>P,S (D)—>P,S
33.(A)—>Q; B)—>P; (C)—>S; (D)—>P

EXERCISE # 3

1. (b) (1+§jx{log(1+§j—ﬁ} +[x+1-log x] x(é_lJ ©) “/54 x (12 + log 2)

log
2. @ 2,01 5. Function is not differentiableat x =—1, 0, 1, 3/2,2
6. X3 -5x2+2x+6 9. Non continuous and hence non differentiable atx =1, 2, 3
11. f(x) =2x2for0<x <1andf(0) =0 for -1 <x <0, fis differentiable and hence continuous at x =0

12. (log 2)2-1
13. (i) continuous every where in its domain, (ii) continuous everywhere in its domain

Q.No. 14 | 15| 16 | 17 | 18 | 19 | 20 | 21 | 22
Ans. A |AB]| B C C B A A B




EXERCISE # 4

2. D 4. A 5D 6.D 7. a=1, b =0; differentiable 8.0
9. A 10. B 12. 1—% 13.9'(0)=0 14.A 15. A 16. A
17.B 18.C 19.A,D 20.D 21.C 22.B 23.A
24.9'(1)=2 25.B 26.B,C,D 27.A,B,C,D 28. A 29.B

EXERCISE # 5

(1) B (2) Continuous on (0, 2) and differentiable on (0, 2) — {1} (3) 1/e
4) 4 (5) Not differentiable at x =0, 1 (6)B,C,D (M A, B,D

—(Elog (3/2)+éjx, x<0

) A 90 (10)  f(x)= 1Ux
1+X
[2+xj ' x>0
5+ °
g
1) c (12) A, B, C (13) 4 (14) x=0,1,2,3 f'\/’
-1 12 3
3
17 1 (18) (199R-{0} (0) B
nn? -3
IogE
- 10 1 1 y| 1 2 |28 6 o
(21) 1 (22) IogtLin‘lt ey tLtIog4 and oad?| = +Iog2 , where t = (1-+/X)

(23)  Continuous for x € R but not differentiable at x = 0
(24)  f(x) is not continuous and thus not differentiable at x = 2

(25) 24 (26) D 27 A,C,D
(29)  f(x) is discontinuous at x = —1 and not differentiable at |x| = 1

(30) D (31) B (32)C (33) A (34) D (35) C




