


DIFFERENTIABILITY

16. 1 By definition /(1) is the limit of the slope of the secant

18.

19.

line whens — 1.

s?+2s-3
s—1

Thus /(1) = Lim

sl

_ Lim (s—1)(s+3)
s—1

s—l1

Q(s, 1)

P(1,2)

= Lit}l(s+3) =4 = (D)
II By substituting x = s into the equation of the secant
line, and cancelling by s — 1 again, we get

y =s?>+2s — 1. This is f (s), and its derivative is

f'(s)=2s+2, so f'(1)=4.]
f'(x)
- Lim f(x+hl3—f(x) ~Lim f(h)+\xh|h+xh2

where x=h and y=x
7 £(0)=0; hence f'(x)

= Lim (@HXHX}I]

h—0

f' () =1'(0)+[x|=[x]

3
Lim f(x) = < =f(2)# Lim f(x)= 1
x—2"

X—2"

f(x) is not continous at x =2
. . 9
L1r3r} fix)= L113r} f(x)=1(3)= 7
Now  LHD (x=3)is
1 9
~((3-h)’-3-h)’)-=
4(( ) —(3=h)") ;
—-h

Lim
h—0

Li h*-8h+21 21
=y -— -
h—0 4 4

9 9
SULEIRER R R

and RHD (x=3) is Lim =0
h—0 h

f(x) is not differentiable at x =2 and x =3

20.

22.

24.

. limf(x) = linll x’e

I and II are false. The function f (x) = 1/x,0<x<l,isa
counter example.
Statement III is true. Apply the intermediate value

theorem to f on the closed interval [a;, b;]

+ al A +
a VC b, b

f(x)is non differentiable atx =, 3, 0, 7, &

o 2P Y2 o

S
s

and g (x) isnon differentiable atx=a, 3,0,—-2,2 = (B)

26 _

x—1"

f(l)=1

lim f(x) = lim asgn(x+1)cos2(x—1)+bx*=a.l.1+b
x—1

x—>1"

for continuitya+b =1

__(I=hye -1
LHD (x=1)is lim 4= ¢ -1
h—0 h

2h
— lim2e™" +he™" +[e—1j

h—0 h
= 2+0+2=4

asgn(2+h)cos2h +b(1+h)* -1
h

._acos2h+b+bh*>+2bh—(a+b)
= lim h

- 1ima(%h_lj+bh+2b P

RHD (x=1)is 111113

f(x) is differentiable atx =1 if 2b=4

= b=2 a=-1

3x2—4\/;+1 for x <1
g(X)—[

ax+b forx>1

for differentiability atx =1, g'(1") =g'(17})
4

a=06x— = a=6-2=4

2x
for continuity atx =1, g(1hH)=g(1)
atb=3-4+1 = atb=0 = b=-4

a=4, and b=-4

3

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



DIFFERENTIABILITY

10.

11.

12.

15.

18.

3x2 if x>-1

= f'(x)—[
-3x* if x<-1
f'-1H=3;, f'(-1)=-3

= fisnot differentiable at x =— 1

also since f'is not bijective hence it has no inverse

= ©O
x+1)2x-1), x<-1
fx) = x+1)-2x), -1<x<0
xX+1, 0<x«l
x+1)2x-1), x2>1
4x+1, x<-1
—4x-1, -1<x<0
Fi(x) = x—1, X
1, 0<x<l1
4x+1, x21

Function is not differentiable at x =—1, 0 and 1.

flx)=|X 5 +[x—1|+ tanx
1 1
S D) is non-differentiable at x = )
= |x—1]is non-differentiable at x = 1
T
tan x is non-differentiable at x = 5
1/h2
£1(0")= Lim hln(cosl;) _ Lim In(cosh)
>0 hin(I+h*) 550 jp(1+h?)
h2

1 1 1
:I;g()n?(cosh—l);? f10)=-7

hence f'is continuous and derivable at x =0

0 0<x<l
f(x)—|: 0 x=0orlor-1
0 -1<x<0
= f(x)=0 forallin[-1, 1]

n
0= Y, |X[" =a,+a i +afxp+afi+...

k=0
f(0) = a, we know that lirr(} |x]=0

lin(}f(x) =a,

20.

f(x) is continous for x =0

[x|"is differentiable if n# 1,
f(x) is not differentiable at x = 0, due to presence of [x|
Ifalla, =0, f(x) does not contains |x|

= f(x)is differentiable at x =0

neN

Hkx)=

2
- n*
H'(?J =—sinx=-1 = H (TJ =-1
3]

Hence H(x) is continuous and derivable in [0, 3] & has
maximum value 1in [0, 3]

Part # I1 : Assertion & Reason

2.

y=|/nx |not differentiable at x = 1

n 3m
22
y=cos (sgnx)=cos!(1)=0 differentiable V x € (0, 2m)

y= | cos | X | | is not differentiable at x =

» hsinh-0 0

(0)=—1— =
hsin(=h)-0

f’(O*):_—h =0

f(x)isdiff.atx=0
e.g. x|x|isderivableatx =0

Statement-1 f(x)=sgn (cos x)

b
—,cosx=0

at x=
2

T
.. f(x) is discontinuous & non differentiable at x = 5
Statement -2 g(x)=[cos X |

t x=— 0
at x= 7,cosx=0.
2
.~ g(x) is discontinuous & hencenon differentiable

t _ T
a x—z.(rue)

Consider g(x)=x>atx=0; g(0)=0

| g(x) | is derivable asx =0

actually nothing definite can be said. Also for
g(x)=x—1withg(1)=0

then | g(x) | not derivable at x = 1

3
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DIFFERENTIABILITY

y =13 cosec x/3] Part # I : Comprehension

y
1 Comprehension—2
6 % :
Y HY —sinh+ tanh+ cosh—1
A i >+In(2—h)—tanh _
4 o).\ i LHD = Lim 2h” +In(2 — h) — tanh
o) SRS S S b0 —h
sinh tanh 1-cosh
- + s—xh
: . > X = Lim -2 - h h =0
/2 31/2 2n b0 2h* +1n(2 —h)—tanh
hZ
. _cosh-0 ‘ _ _ -
(4) f'(0) = Lim ==— does not exist. Obviously F(O)=RHD={2 = hx=—5—=0
f(0)=£(0)=£(07")=1 Li=y=0 and L,=x=0

Hence continuous and not derivable

(B) g(x)=0 forall x, hence continuous and derivable
1. (x—-1)?+(y—r)?=r2 (familyofcircle)

(C) as 0<{f(x)} <1,hence h(x)= /{x}* ={x} which x2+y? - 2rx—2ry +12=0
is discontinuous hence non derivable all x € 1

<« 2 2.2
B 2rr,trn) =1 +1, or Ann,=1"+T1,
(D) Lim x™* = Lim x°%€ =e=£(1) s
x—1 x—1 r2 rz
—| -4 | +1=0
i L L
e
I
Hence k (x) is constant for all x > 0 hence continuous
and differentiable atx =1. .

1-1=0; 1<x<2 @
0 i x=1

A f(x)=
@ ) I-x ; 0<x«<l
—sinmtx ; —-1<x<0
atx =0, f(x) is not conti & not differentiabl
, ().1sno gonlnuous n.o i e'ren1a e . 4412 B
atx =1, f(x) is continuous & not differentiable T 2 =2+ .3
atx=2and - 1, f(x) is continuous & differentiable 1
X 2. 2[A +A,+A]
©) f(x)= 1’ not defined atx=—1 | — 0 o
A=2x —|cot| ——— |+cot—+1 using —ab
f(x) 2 4 2 2 2
8= fx)+2
g(x) is not defined at f(x) =—2 T 0 0
cos 175 CoS—
Y N _ 2 A= + 241
=—2 =x=— T 0 0

X +1 3 sin(—J sin—
Also x = 0 is not in the domain of f(x)

So, at 3 points g(x) is not differentiable.
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DIFFERENTIABILITY

10.

11.

12.

13.

14.

(fog)(x)=x+1for2< x<-1, (x+ ) for-1<x < 0&
x —1 for 0< x < 2.(fog)(x) is continuous at x = —1,
(gof)(x)=x+1for—1 < x<1 &3 —xforl<x<3.(gof)(x)

is not differentiable at x =1

h™ sin (}11) -0 !
@) £0) = ———— =h™""sin (ﬂj

= m-— 1>0 for derivable

fi(x) =mx™ ! sin [1—] —x""2cos [1—]

X X

f((x) to be discontinuous atx =0, m € (1, 2]

(B) Clearly for f(x) to be derivable, & its derivative
continuous atx =0, m € (2, )

f(x) is continuous but not differentiable at x = nmn,
n € I, f(x) is not periodic.

fis discontinuous at x =2, f'is not differentiable at
x=1,3/2,2

2x e

f is continuous but not derivable at x = 1/2, f is neither
differentiable nor continuousatx=1 & x=2

N

N W N

A

=f(x 4
y=1(x) 172 \AO=IX-1/2|
0 1/21' 2
. (0 +h)-f(0) f(h)
(o= —=— = 1=m-=
fm £ | gm 2/ _L
x—0 X > x>0 X 2

—x2
2
and similarly so on.
On substituting value we get required result.

15.

16.

fix+y") =f(x) +(fy))"

£(0+0)=f0) + (R0))" = f(0)=0

f0 +h)-£0) . fih)
h

h-0 }

also f(0) = lim

h—=0

0+ (' ")")-0)

Let [=f(0)= lim @y
' f((hl/n))n ' (f(hl/n)\n
=M ey e (e ) T

= I=I"or 1=0,1,-1
Since '(0) > 0 & f(x) is not identically zero
So I=1 f(0)=1

f(x + h)— f(x)

Thus fi(x) = }11123 h

fix + ' ")) - flx)
(hl/n)n

h—0

f(x)+ (f(h'' ™)' - f(x)

= lim (hl/n)n

h—0

1/ )"
= [f(; B )J =)y
= f(x)=1 (using (i))
Integrating both side
fix)=x+c
f)=x [f(0)=0]
f(10)=10

y =1(x) =xsin 1/x. sin sinl/x

1
when x#0, —, r=1,2,3
I

y=0,x=0, — where r=1,2,3,...............
I

Let t=xsinl/x as x—>0",t—>0

1
and asx » —,t—>0
iy

y=tsinl/t
limyzlirroltsint =0 =1(0)
t—

x—0

3
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DIFFERENTIABILITY

f(x)= lim

In| 2=
fx=h)-fex) I

h—=0 _h ~ h-0

1n(1—hj |
<lim _\ X/ 1< 41
X

~ h—>0 _h

from (i) and (ii)

1
= f0)=_+1

) )

=(1+2+3+....100)+100=5150

100

)

EXERCISE - 5§

Part#1: AIEEE/JEE-MAIN

fx+y)=1(x). f(y)
£(5+0) = (5) . f(0)
f(0)=1

VXY
{r 1(5)=2}

Now f(5) = }%%—f(s . }L) f6)

N (C) (GRS ()
h® 0 h

. fth)- O
-1 i O

= f(5) f'(0)=2x3 =6

Apply L Hospital rule

o FAE D)

Jlim —— 5 = f(1)=5

Ifx) — f(y)l < [x - yP

L H®)- fO

[x-
[ x- ]
:>1imM £ lim|x- y|
x® y X-Yy X®y
= f'x)<0 = f'x)=0
= f(x) is continuous function
f(1)=0=1(0)
f(x) = —— is differentiable
14 x|
L, x<0
1-x
0 , x=0
f(x)=
L, x>0
1+x
LHD. = lim {0-M-10)
h—0 h
b _
Lup-1th

3
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DIFFERENTIABILITY

5.

Given that
. x+a if x <0
x+a 1ifx<0 .
fix)= ) =<1-xi1f0<x<1
[x-1| ifx>0 .
x—1lifx>1
x+1) ifx <0

and g(x)=
&) {@—1f+b ifx >0

where a,b>0
Then (gof) (x) =g [f(x)]

f(x)+ 1 iff(x)< 0
T fx)-1F +b ifif) (x)= 0

(Using definition of g(x))
Now, f(x)<0 when x+a<0 ie. x<-a
f(x)=0 when x=—a or x=1

f(x)>0 when —a<x<1 or x>1

fx)+1
[fx)-1F +b ifx=-aorx=1
g(fx)=[fx)-1F +b
[fx)-1F +b
[fx)-1F +b

if x<-—a

if—a<x<0

if0<x<l

ifx>1

[Keeping in mind that x = 0 and 1 are also the breaking

pt's because of definition of f(x)]

x+a+lifx<-a

(x+a-1F +b if—a<x<0
S glf]= | @ -x)-1 +bif0 <x<1

x-1-1¥+b  x>1

(Substituting the value of f(x) under different conditions)

x+a+lifx<-a
(x+a—1)Y +b if —a<x <0 = F(x)(say)
x> +bif0<x<1

(x=2F +b if x>1

. glf)]=

Now given that gof(x) = F(x) is continuous for all real
numbers, therefore it will be continuous at — a.
= LHL.=RH.L.=f(-a)

= lim F(-a—h)= M F(-a+h)=F(-a)

Now, lim F(—a—h)=lm a—h+a+1=1
h—0 h—0

. 4 - .
&ILI})F(—a+h) }Pg})(a-i—h-i—a 1?+b=1+b

F(-a)=1+b
Thus we should have 1=1+b=b=0
Again for continuity at x =0
L.H.L.=f(0)

= l}1Lr})f(0—h):f(0)
= &12}) (-h+a-1Y2+b=>b

= (a-1y=0=a=1

Fora=1andb =0, gof becomes

X+2, x < -1

gof(x)= X%, -1<x<1

x-2F x>1

Now to check differentiability of gof(x) atx =0
We see gof (x)=x>=F(x)
= F'(x)=2x which exists clearly atx =0

Hence gof'is differentiable at x = 0.

Given that f:[-2a,2a] >R
fis an odd function.
Lfatx=aisO.

i fa—h)—f@) _

h—0 —h 0

. fa—h)-f(a)
gg-——jT———:o.mu)

To find Lf at x =— a which is given by

im fca-h)—fca) o —fa+h)+ fla)
h—0 -h h—0 —h

[ fl=x)=—1(x)]

3
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DIFFERENTIABILITY

Sm(2:h}[_Q:1fJ

=—4 lim =7
h—0 1
LHD : lim J&=1)=/@)
h—0 —h
0} T
' 2 —h) (_COS(Z—hD
= lim
h—0 —h
4(sin7t j( T j
. Q- 2 —hY
= lim =_T.
h—0 -1

LHD # RHD atx =2
Not differentiable at x = 2.

19. f(x) = a cos (Jx* — x|) + b [x] sin (|x*+ x|)
(A) Ifa=0,b=1, f(x) = x| sin (jx*+ x])
= f(x)=xsin(x*+x) Vx eR
Hence f(x) is differentiable.

(B,C) Ifa=1,b=0, f(x)=cos (jx*—x])
f(x) = cos (x*—x)
Which is differentiable at x =1 and x=0.

D) Ifa=1,b=1 f(x)=cos (x*—x) + x| sin (jx*+ x|)

=cos (x*—x) + x sin (x*+Xx)
Which is differentiable at x = 1

20. if x_rg f'(X)g '(X) =1
L P00+
-2 £"(x)g'(x) +'(x)g"(x)

if

f(2e@)+g'@f2) _,
f(2)g'2)+1'(x)g"(2)

As Limit 1 =

g@LQ) _|

£"(2)g'(2)
Hence option (D)
As " (2) =1(2) and range of f(x) € (0,)

= '2)=f2)

= {'(2)>0
= fhaslocal min. atx=2
Hence (A)

21, f(x)=[x>-3]=[x*] - 3

f(x) is discontinuous at x =1, \/2_, \/3_, 2

g ()= (x|+[4x=7) ([x*]-3)

15x—-21
9x—21
6x—14
gX)—>
§‘ 3x—-17
0
3

g(x) is not differentiable,

atx=0,1, 2,3

x<0
0<x<1

1<x< .2
V2 <x<43

3 <£x<2
x=2
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DIFFERENTIABILITY

Therefore,

x> -D(x-1D(x-2)+cosx, if —o<x<l
fix)=4—(x" =D (x-1)(x—2)+cosx, ifl<x<2

(x> =) (x—1)(x—2)+cosx, if 2<x <o

Now, x = 1, 2 are critical point for differentiability
Because f(x) is differentiable on other points in its

domain
Differentiability at x =1

. f(x)—f(
Lf (1) — lim M

x —>1-0 x—1

_ Xlirlr}o [(XZ _1)(X_2)+w}

=0-sinl=-sin1

) lim cosx —cosl _i

(o Amo T (cos x)

atx=1-0

=—-sinx at x=1-0=-sinx at x=1 =-sinl
Jx)-f)

andR f' (1)= lim

X >1+0 x—1

x —>1+0 x—1

— lim [(x2 ~1)(x-2)+

cosxcosl}

=0-sinl=-sin1
2 Lf (1)=Rf(1).
Therefore, function is differentiable

(same approach)

at x=1.

i f(x)—f(2
Again Lf' (2) = x1—1>r2n,0 %

- limo [—(xz—l)(x—l)+

COSX —CO0S2
X > 2-

=—4-1)2-1)-sin2=-3-sin2

andRf (2)= lim 1@

X —>2+0 X -2

— lim [(x2 -D-D+

COSX —C0S2
X —>2+0

= (22-1)-sin2=3-sin2
So L{ (2)=Rf (2),fisnotdifferentiable at x =2

Therefore, (d) is the answer.

S, : lim f(x)=1(a)
X—a
% lim [f(x)]is an integer and

lim [f(x)]= lim f(x)=f(a)

& S, is true

S, : Derivative of cos [x| at x =0 is 0 but derivative of |x|
does not existat x =0

& S, is false

S. : False : Consider the function x'?

1, xeQ

S, : Let f(x)—{_1 . xeR~Q and

0, xeQ
g(x)= 1 , xeR~Q
then gof (x)=0, 3< x MR

& S, is true

. A

S, : Lim f(a+h)—f(a)

exists finitely
0" h

h—0" h—0"

Lim f(a+h)—f(a)= Lim (Mj h=0

= Lim fla+h)=f(a) Similarly Lim f(a+h)=1(a)
h—0

h—0"

fis continuous at x =a

I
S, : Function is not differentaible at 5x = (2n+1) 3 only,

which are not in its domain.

1 .
S, : Letf(x)= = & g(x)= —é , L;l_)r}’)l (f(x) + g(x)) exists

whenever Linol f(x)and Lim g(x) does not exist.
X—> x—0

S, : Not necessary.

3
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DIFFERENTIABILITY

17. (A)
f(x)=1x|sinx
|0—h|sin(0—h)—0
h

LHD=lim
h—0

_ lim ~hsinh 0
T oo h a

. |0+h|sin(0+h)-0
RH.D= lim

h—0 h
f(x) is differentiable at x =0

18. (A)
f2)=4

f2)= Lim |[x]x|=2

Discontinuous = Non. differentiable

19. (A
x> =5x+6 x<2
Statement-1 fix)=1-x"+5x-6 , 2<x<3
x?-5x+6 X >3
2x-5 x<2
f'(x)=9-2x+5 , 2<x<3
2x-5 x>3

£1(2)+£'2)=—1+1=0

(x—-a)(x-b) , x<a
Statement-1I f(x)=1—(x—a)(x—a) a<x<b
(x—a)(x-b) , x>b
2x—a—-b , x<a
f'(x)= -2x+a+b , a<x<b
2x—-a-b x>b

f'(a-)=a-Db,f'(at)=—a+b
f'(a-)+f'(at)=0
statement-2 explains statement—1.

20. D)

) .1
x“sin— , x#0
Statement-I : f(x) = X ,
0 , x=0

Since  lim f(x) =0, therefore, f(x) is continuous
x—0

x2 sinl—O
r — h —X,
Fo= iy =
2xsinl—cosl , x#0
f’(X): X X 5
0 , x=0

which is clearly not continuous at x = 0.
statement is false

Statement-I1I : is true (standard result)

2. A)—>@, B>/, O—->06), DO->@

0 , l<x<2

A fx)=9 l-x , 0<x<l1
—sintx , —-1<x<0

continuous at x =1 but not differentiable

. h2e " _o .
S = lim (_petm) =
(B) £(0) = lim 25— lim ey =g
© g :
g(x)= =
1+ L2y 3X*2
X

thus the points where g(x) is not differentiable are

_o_1-2
X= 5_)_3

(D) vertical tangents exist at x = 1 and x = —1 else where
horizontal

y

©° o

_10|1x
o|o

tangents exist.

& number of points where tangent does not exist is 0

3
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DIFFERENTIABILITY

25.

i @a=DG+h)+2a-3-8b

h—0* h

Since fis differentiable at x =3

lim (a—1)(3+h)+2a—-3-8b=0

h—0"
ie. 5a—-8b-6=0
ff(3)=a-1

thus a—-1=2b

—_—

from (i) and (ii), we geta=2,b = 5

1. (A)

LHD. = lim ath)-f(-a)
h—>0~ h
iy —a-h)+f@)

h—0~ h = lim

h—>0~ —h

2. (A)

If f iseven, then f'(—x) =—f"(x)

f'(a—h)—f'(a)

fO@)= lim h

f'(a)-f'(a—h) ~ lim

- hm h—>0~ h

h—0~

3. (B)

26.

lim FE0 - f(=x=h)

m m =f'(—x) and

lim
h—0

O fOQ—x)=-fOx) &

% f is an even function

ﬂx}jﬁx—h):_fo@)

f O(x) is an odd function

(180)

ax’ +b 0<x<1
fx)= 2cosmx+tan'x , 1<x<2
astan [x*]0=tannO0,n R %

2

3ax , O0<x«<l1

Fe= 1<x<2

. 1
—27tsm7rx+1 >
X

As the function is differentiable in [0, 2]

f(a—h)—f(a)

f'(a)+f'(h—a)

27.

28.

= function is differentiable at x = 1
fi(1) =1 (17

1 _ !

2 T %%

Function will also be continuous at x = 1

= 3a=

lir? f(x)= lirg f(x)

tb=—2+ —
= atb=- 2
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= k2+k?=180

@

.1
| x| sin—+x|tanx [T =0
X

lim
x—0" X

1
= lim (x"l s1n—+|tanx|qj =0
X

x—0"

If p-1>0 and q>0 .. (i)

1
. |x[Psin—+x|tanx|* -0
lim X

x—0"

X

x—0"

= lim ((—l)l’xpl sinl+tanx|q) =0
X

if p-1>0 and q>0 (1))
f(x) is differentiable ifp>1 and q>0
le. ptq>1

least possible value of [p+q] =1

Given f(x +y?) = f(x) + [f(y)
putting x=y=0, we get
f(0)=1(0) + (f(0))* = f0)=0

and f'(0)>0

also £(0) = limit OO _ o, )
h—0 h h—0
RO+ ("))~ (0)
(h1/3 )3

LetL=1(0)= lihm%t
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