DEFINITE INTEGRATION
EXERCISE # 1

G|

; . . :32(23’2 1) =
8“95"0”5 Definition of Definite Integration 3 3
ased on
x4 1+42-2 1
Q.1 [tan? xdx equals- — - 5(4\/5—1)
0
(A) m/4 (B) 1 + (n/4) 1
(C) 1- (w/b) (D)1- (w/2) Q4 j | 3x —1|dx equals -
Sol. [C] 0
L pnh _ 14 (A) 5/6 (B)5/3 (C)10/3 (D)5
1= IO (sec“x-1)dx = [tanx—x]O Sol. [A]
1=— [ax-ndx+ [ (3x-1)d
= _ — + -
:1—% J.o(x ) 0 Il/a(x ) dx
) a2 1/3 32 1
! 2 1T T
Q.2 S€C X dx equals - 0 y
(1+tanX)(2+tanX) 1 1 3 1 1 5
o s> o
(A) loge N (B) loge 3
1 4 4 T Xxsinx
C) =log,— D) log,— 5 —————dx equals -
(©) Slog. - (D) log, - Q ‘(';1+coszx q
Sol.  [D] (A) 0 (B)n/4 (C)n?4 (D) n22
Let tan x = t = sec’x dx = dt Sol. [C]
1 dt 1 T Xsinx
I= | ————— =[mn@+t)-an2+t =
Io(1+t)(2+t) P+t =2+, -[0 1+cos’ x
:)\nZ—)\n3+)\n2:)\nﬂ = (n x)smx
3 1+cos? x
Questions P ti f Definite Int I 21 = J'“—TESIHZ( dx
el Properties of Definite Integra 0 1+c0s* X
1
1= EI at [cos x =1]
x2, when 0 <x <1 2 2 1148
Q3 Iff(x)= ’ = , then [f(x)dx ) 2
Vx, when1<x <2 0 l= Ltanty) =221
2 1 22 4
equals -
ALwevz-y @1z w2
3 3 Q.6 equals -
©0 (D) does not exist o 1+cotx
s WAl 1 w1 @ ©7 O
1 2 3
| = onde+j1 Yxdx = {%} +§[X3/2]12 Sol.  [B]
0 :J _sinx_
0 S|nx+cosx
:J~ _cosx
0 S|nx+cosx
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21= jo dx Q.10
_ 1 /2
=3 [X]O _r
Sol.
Q.7 .1[ dx _
o (X2 =2x+2)
3n+8 n+l
A B) —
™ = ®)
©o0 (D) None of these
Sol. [A]
| = J‘l dx _J‘l dx
o((x-12+1)3 Jo(x?+1)°
Let x = tan 6 = dx = sec’0 do Q.11
n/4 2 nl4
I Sec6ed6:I cos* 0.dO
0 sec’ 0
_ 1 4 2 Sol.
= JO (1+co0s20)“ do
/4
= EJ‘ (1+¢0s26 + cos® 20) dO
4 Jo
/4
- % [ a+cos20)do + %j(1+cos4e)de
_1 {e+sm226}4 +%[e+sm446j4
4 0 0 Q.12
_1 |:TE 1} 1{75} 3n+8
414 2| 8|4 32
3,2
Q38 IX S|n6x dx equals- Sol.
S5 1+X
(A) 4 (B)2
©0 (D) None of these
Sol. [C]

= I X’ sinx dx = 0 (odd function)
-3 1+x°

1
Q.9 j(\/1+x+x2 —\/1—x+x2)dx equals-

-1

(A)1 (B)0 (©) V2 (D)2
Sol. [B] Q.13

= Ill(x/l+x+x2 —x/l—x+x2)dx: 0

odd function

G|

(A)3n/8 (B)3n/4 (C)3n/2 (D)3=m
[B]

_ (. 4 R 1

I = IO cos” xdx = 2.[0 cos” x dx

2n
[cos* x dx equals-

/2 4
= 4'[ cos” x dx
0

/2 2
= J (1+cos2x)“ dx
0
Solving we get | = —
Zf sin 26

0a—b cos0

(A) 1 B)2 (C)m4 (D)O

do equals -

J‘Zn sin 20
a-— bcose
21 2n i
J~ _sin(4n—20) 40 = _J' sin 20
a—bcos@2n-06) 0 a—bcosO

4007

j\/l—coszx dx is equal to-
0

(A) 400 2 (B) 800 V2
©o (D) None of these
[B]

1= [ Vi-cos2x dx

4007
1= x/EJ‘ | sin x | dx
0
= 40042 I0n|sinx|dx
nl2
=8ooﬁj sin x dx
0

=800+/2 [-cos x]:/2 = 80042

1000
The value of J’exf[x] dx is -

1000 -1 1000 -1

B
1000 ( ) -1

e

(A)
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(C) 1000(e — 1) (D) M

Sol.  [C]
1
I = 1000 j XX dx
0

1
= 1000 j e dx = 1000 (e — 1)
0

Sioal Some important Formulae
ased on

nl2
Q.14 flog cos x dx equals-
0

(A) (n/2) log (1/2) (B) wlog 2
(C) —=log 2 (D) 2xlog 2
Sol. [A]

/2 T 1
Q) log cos x = = log| =
.[0 o9 2 g(Zj
/2

Q.15  [sinx cos x dx equals -
0

(A) 17 (B) 1/8
(C) n/16 (D) n/14
Sol.  [B]

/2 . g
I sin’ x cos X dx
0

Put sin Xx =t = cos x dx = dt
1 8] 1
J‘t7dt: A
0 8 8

0

n/2

Q.16  [sin®x dxequals -
0

(A) 8/15 (B) 4115
c) & (o) &
15 15
Sol.  [A]

/2 4 .
I=I sin® x sin x dx
0

n/2 2 2
:J. (L-cos” x)“ sin x dx

0
=Putcosx=t=—sinx dx =dt

= Il(l—tz)zdt= J.1(1—2t2+t4)dt
0 0

S Summation of series by Integration
ased on

Q.17  lim (£+L+ ! +oee +ij equals-
n 3n

n—w n+l n+2
(A) log 2 (B) log 4
©)o (D) log,3
Sol. [D]
2n
Lim —— = Lim il
n—o n+r n—o = 1+L n
n
2 2
= _dx = [An(1+x)] =\n3
01+
A 12 2? r? 1
Q.18 r!ﬂnw [13+n3+23+n3+ ..... +r3+n3+ ..... +% =
(A) (2/2) log 3 (B) (1/3) log 2
(C)31log 2 (D) (1/2) log 2
Sol. [B]

2

n
Lim z
n—o r + n n—

n
= Lim Zr
=173

>

:r x* dx_—[m(1+x )] ——)\n2
01+x°

Q.19 lim
n—oo
1 2/n2 02 4/n I 6/n? 02 2n/n?
{(anj [Hn] [1+nz 1+n—2
is equal to -
(A) e/d (B) 4/e
©1 (D) none of these

Sol.[B] Taking log both side we gety

2 1? 4 22
logs= — log |1+— | + —log|1+—| +
n? ( nzj n? n?

2n n?
...... +— log [1+—J
n n
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n 2 1
=32 tog| 1+ | = [["2x tog (14 x¥)ax
n2 n? 0

r=1

put 1 +x? =t = 2xdx = dt

2 2
= L log tdt= [tlogt—t]? =2log2 -2 +1

logs=log 4-loge = s=

o |

Questions : . .
based on Estimating an integral

2n dX

Q20 lfa< E|;10+3005x

(a,b)=
21 27
™25
(©) (O, m)
Sol. [A]

we know that
-l1<cosx<1
—3<3cosx<3
7<10+3cosx<13

1 < 1 < 1

13 10+3cosx 7

2n ] 21 1 2n 1
j _dx<j —dx<j =
o 13 0 10+3cosx o 7

2n
E < J. —1 dx < ﬁ
13 0 10+3cosx 7

< b then the ordered pair

® (53]
(D) None of these

ordered pair (a, b) = (%27“]

1
Q21 If [eX (x—o)dx=0 then-
0

A)l<ax<? B)a<0
C)0<ax<l D)a=0
Sol. [C]

jxe dx:a.fe dx
0 0

2 2
® 0<x<l=0<xe* <e*

:0<.[l

x? Ly
xe® dx < j e* dx
0

0

1X2 1X2
20<ocje dx<Ie dx
0 0

G|

1 2
= 0 < a < 1 dividing by joex dx

Q22 Letl= f dx —and I, = fd—x then-
1V1+x 1 X
A)11>1 (B)I>1;
©C) =1, (D) 11> 21,
Sol[B] @x<1+x=x< Yl+x?
:>1>; = 21dx>_|.2;dx
X W L X 1W

Suestions Miscellaneous
ased on

Q.23 Let f(x), g(x) & h(x) be continuous function on
[0, a] such that f(x) = f(a — x), g(x)=—g(a — x),

3h(x) — 4h(a— x) = 5. then Tf(x) g(x) h(x) dx =
0

(A1 (B)O0
(C)a (D) None of these
Sol. [B]

® f(x) = f(a—x), g(x) = - g(@a—x)

0 3h(x) —4h(a—x) =5

= 3h (a—x) —4h(x) =5 [replace x by a—x]
Subtracting we get h(x) = h(a—Xx)

Now
1= (%) g(x) h(x) dx
0
= I:f(a—x) g(a—x) h(a—x) dx
=~ [ 160 96 h(x) ox
= 1=0
y 1 dZy
Q24 Ifx= dt then —L =
£J1+ 4¢2 dx?
(A) 2y (B) 4y
(C) 8y (D) 6y
Sol.  [B]
ro1
X = dt
! V1+4t?
a1
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jy 1+ ay? Q.27

d%y
- 4y
dx?

8y

d
—y—y
2,1+ 4y?

Sol.

sin (x—a)—cos (x—a) i
Q.25 Isnn (b—x)—cos(b )dx is equal to

sin (x—a)+cos (x—a)
sin (b—x)+cos(b—x)

()I

(B) j

C )Ism (b—x)+cos (b—x)
sin (x —a)+cos(x—a)

(D) None of these

[B]

" sin(x —a) —cos(x —a)

!sin(b —X)—cos(—x)

sin (b—x)—cos (b—x)
sin (x —a)—cos(x —a)

Sol.

Q.28

- Tsin(b—x)—cos(b—x) dx
! sin(x —a) —cos(x —a)

1
Q26 If 1,= [ x"exdxforneN,thenl;—7l5=

1
(A -
[B]

1
= Ix”e‘x dx
0

®- ©: Oe

Sol.

Sol.

In

lher = | X" e ™ dx

O L

[ Xx+l —x

j(x +)x"e ™ dx

In+1:—3+(n+1)|n
e

put n = 6 we get
1

e

|7_7|6:_

Q.29

G|

3
The value of [(|x—2|+[x])dx is ([x] stands for
a

greatest integer less than or equal to x)
(A)7 B)5 (©4 (D)3
[A]

3 3
1= [|x=2]dx+ [[x]d
J'l|x 2| dx J-l[x]x
2 3] 0
= [(x-2)dx+ [(x-2)dx+ [(-1d
Il(x 2) dx !(x 2) dx Il(l)x

1 2 3
+IO dx+de +Izdx

_ x2]* [x2 S 2 3
= 2X—7 + 7—2x _[X]_1+[X]1 +2[x]2
-1 2
7
Let f : R > R, g : R —> R be continuous

functions. Then the value of integral

f [X:] [FO)-F(=x)]

anl/a

J

ma

dx is -

X2
g [4J[Q(X) +9(-x)]

(A) dependent on &

(B) a non- zero constant
(C) zero

(D) None of these

[C]
2
mif(ﬁ}[f(x)—f(—x)]
d

-

2
Wg[ J[Q(XHQ( x)]
put X =—X
mif( J[f(x)—f(—x)]
d

ffi
(4

X

X

Ankg

J[Q(X) +9(-=x)]

Ifdif(x) =g(x) for a< x < b then,
X
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Sol.

Q.30

Sol.

Q.31

Sol.

b
[£0x)9(x) dx equals -

(A) f(b) — () (B) g(b) —9(a)

[f (0)I° ~ [ (@) (D) [9®)T -[9@)7’

© 2 2

[C]

b
| = jf(x) g(x) dx Q32

Let f(x) = t = di f(x) dx = dt
X

= g(x) dx =dt
f(b) > 1f(b)
| = J'tdt: {%}
f(a) f(a)
2 2 Sol.
_ [f0)]" -[f(a)]
2
If f(0) =1, f(2) =3, f’(2) =5and f’ (0) is
1
finite, then [xf"(2x)dx is equal to -
0
(A) zero B)1
©)2 (D) None of these
[C]
1
J-x "(2x) dx
0
f(2 17
- {X ( X)} = [t dx
0 2 0
f'(2) 1
= ——__|[f
> g [(X)]
5 1 5 1
- -_= N]==—==2
2 4 3-11 2 2
Q.33
3n 2n
Let Iy = [f(cos’x)dx, I, = [f(cos’x)dx and
0 0
I3 = J'f(cosz x)dx , then -
0
(A) |1+2|3=3|2 (B) |1=2|2+ |3 Sol
C)l+lz=1; (D) 11 =213 o
[C]

G|

I, = 3J.f(cos2 x) dx, I, = ZJ.f(cos2 x) dx

and I3 = jf(cosz x) dx
Clearly |1 = |2 + |3
The value of the function

X
f(x) =1+ x+ [(an’t+2nt)dt where f'(x)
1

vanishes is -

(A e (B)O

(C) 2e* (D)1+2e*
[D]

fx)=1+x+ I(m2t+2mt)dt
1

f/(x) = 1+ \n® + 2An X
Whenf’(x):0:>x:l
e

1/e
thenf(l) =1+ 14 j(m2t+2mt) dt
e e 1
put \nt=y = dt =e’dy
1
(3] =10 2+ oo ey
e e 0
1

:1+%+ [eyyz]0
:1+£+£
e e

=1+2¢"

3n
lim >
=0 ron ™ =N

(A) log \/%

2
Q) log =
()093
[B]
3n
Lim z 21 %

r:2n+lL_1
n2

is equal to -

(B) log \E

(D) log >
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G|

3 0 1
= I 21 dx 1= '[(x+1) dx + J}/l—x dx
> X" -1 3 0
1 x—1 1 1 1 2 0 1
== |miZZ=] == |m=—wm= _|X 3 3/2
2 [ X+J 2 [ 2 3} - {7“‘:' Y [—(1—X) ]0
-1
1 3 3
== M= =\, = 1 3
=—__ +1+==2
2 2 2 2 2
logn ex 1 5
Q.34 dx is equal to - Q.38 The value of [x l—x2 dxis ©- L
Iogn—long—COS(3ex) o V1+x 2 2
Sol. [False]
(A) 3 (B) -3 )
1 1 = IX 1- dX
(C) ﬁ (D) — ﬁ 0 1+X
Sol.  [A] Letxzzt:»xdle dt
11X 1 1
Q.35 |If , (where [ ] denotes =1 [zt g2 L[ 1ot
-[11[“ Io 11 > ! 1ot 2! . t2
greatest integer function) then value of k is - 1 [sm . \/1_t} n 1
(A) 11 (B) 101 2 4 2
(C) 110 (D) none of these -5 s 2/3 )
Q39  [e®™® dx+3 [ dx=0
Sol. [C] 24 1/3
True or false type questions | Sol.  [True]
-5 , 2/3 .
*J. cost dt je(X*S) dx +3 Ieg(x’m) dx
36 Thevalue of lim —% — s 12. - s
Q x—0 1—«/cosx ) )
Sol. [True] 2
3 05y 0 putx+5=t put 3(x——j =z
Lim form 3
x>0 1—4/cosX 0 o o
2 2
. (8 3vcosx® (1++/cosx) = J.et dt—J.eZ dz
X—0 1-cosx 1 1
x? -0
o
Fill in the blanks type questions |
Q.37 If f(x) = min. [x + 1, ¥1-x ], then the value of 14 [x2]
1 Q.40  The value of 5 5
J’Ef(x)dx is 5. o [X“ —28x +196]+[x“]
=y where [x] is the integral part of real X
Sol.  [False] iSeeieia

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




14 [X2]

Sol. =
° ! [+ <]

T[a4-x)7]
0
14
m:jm::|:7
0

i j[x2]+[(14—x>21 §

2
Q.41  The least value of ¢(x) = [logy, t dt for
X

Sol. d(x) = JlogSt dt
2

L
n3

X
Jth
2

von 1
§09 = — ()

¢min. atx =1.

21

Q.42  The value of [cos™(cosx)dx s

0

Sol. 1=2 jcos‘1 (cos x) dx
0

=2

O ey 3

xdx:uﬁ::nz
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EXERCISE # 2

(Only single correct answer type

Part-A questions)
1 2 1 2
Q1 Ifp+ ZJ'xze‘X dx =fe‘x dx , then the value of
0 0
Bis -
(A) e (B)1 (C)0  (D)le
Sol.  [D]
1 2 1 7X2
B- L xe ™ (=2x)dx = J:) e " dx
1 ) 1 .,
_ —X - -X
=B L@@“) Le dx
2 \1 1 2 1 2
=>p- [(xeX )O—I e ™ dx} :j e dx
0 0
Q4
1, 1
:>B——+Ie’xdx:jexdx :B:l
e
Sol.
n4é _x / X
Q2  Thevalueof | eV =3 i is-
3 €°-2
4—7 i 2-1
A B)4-—— (C)2- D
(A) 5 (B) 5 (©)2-n (D) 5
Sol.  [A]
pute-3=t* = e*dx = 2tdt
1 ¢2 1 11
1=2 dt=2 -2 dt
0t? +1 Io a I0t2+1
2n _ 4-x
= 2ft] —2ftantt|, =2 L =
[]o [an ]o 4 >
4 4
Q3 If [f(x)dx=4and [[3-f()] dx=7 thenthe ~ Q.5
-1 2
-1
value of [ f (x) dx is-
2
(A)2 (B)-3
(C)-5 (D) none of these
Sol.  [C] Sol.
Given

4 4
j f (x) dx=4andj [3- f(x)] dx =7
-1 2

taking [ 41 f(x) dx = 4 we have

2 4

j f(x)dx + j f)dx =4 (1)
-1 2

and we have

j:sdx —I;f(x)dx =7

4

= Lf(x)dx =1 @)

from (1) & (2)

jzf(x)dx—1:4 = J.Zf(x)dx =5
-1 -1

1
j f(x)dx = -5
2

3
If y = (x)IX] where x = [x] + (X), then j ydx =
0
(A) 2/3
[D]
3
j y dx = js(x)[xl dx
0 0

(B)5/6 (C)1 (D) 11/6

= j;(X—[x])[x]dx
= J-;dx+jlz(X—1)dx +J‘23(x72)2dx
= J’:dx+j:(x_1)dx Ls(xz—4x+4)dx

. 11
solving we get = S

If the tangent to the graph of the function
y = f (x) makes angles of /4 and =/3 with the
x-axis at the points x = 2 and x = 4 respectively,

4
then the value of [ f'(x) f"(x) dx =
2

(A)0 B2 (©)3 (D)1
[O]
y =1f(x)
f'(x)= dy tan 6
dx
f'(2)=tan % =1and f'(4) = tan g =3

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com

Mob no. : +91-9350679141




Q.6

Sol.

Q.7

Sol.

4
then Lf'(x)f"(x)dx

put f’(x) =t = f"(x)dx = dt

V3
f'(4) NE) 2
I tdt:I et =] =314
£(2) 1 2], 2 2

If Te‘xz.dx =% , then Te‘axzdx ,a>0is-
0 0

) % (B) %

©) Zf (D) % \E

[D]
0 J? e dx

Let\/gx:t:dx:idt

72
:ijqooe*tzdt = i . ﬁ = l\/E
Ja Jo Ja o o2 2Va

Let a, b, ¢ be non zero real number such that

1
[ (1 + cos®x) (ax? + bx + c)dx

0
2

= [ (1 + cos®x) (ax?+ bx + c)dx, then the
0

quadratic equation ax2 + bx + ¢ = 0 has -
(A) No rootin (0, 2)

(B) At least one root in (0, 2)

(C) A double root in (0, 2)

(D) Two imaginary roots

[B]

Let j (1 + cos8x)(ax? + bx + c)dx
0

= f'(x) = (1 + cos’x) (ax® + bx + c)
clearly f(x) is continuous on [1,2] and
derivable on (1, 2)

Also Given that f(1) = f(2)

.. By rolle's theorem there exist a point
t € (1, 2) such that

f')=0

= (1 + cos’t) (at® + bt +¢) =0

Q.8

-2

J

-1

Sol.

Q.9

Sol.

an sin (2x +3)? dx -3

Butl+cos’t 0

—at?+bt+c=0

The quadratic equation ax? + bx +c = 0 has at
least one root in (1, 2)

By option equation has at least one root in (0,
2)

The value of

2
4/3 An sin (M—Zx]

| dx is -
X 713 (1-3x)
(A)1 (B)O
(©)2 (D) none of these
[B]
Ol=1;-1,
mm sin(lglzxj2
R Y T I
let %—x:t:dx =—dt
-1Ansin(2t +3
bs o[ PR
_ J'Z ansin(2x +3) dx
-1 t
=I=11-1;=0
7 xlog x
'([(1+ x2)? )
(A)0 (B)1
(C) 12 (C) none of these
[Al
_ J-°° x log x
0 (1+x?)?2

Letx =tan © = dx = sec’0 do

nl2
1= I sin 6 cosO(log sin © — log cos6) dO
0
/2 i
:.[o sin©cosblog sin 6d6
/2
—I sin®cosOlog cos6do
0

1 1
= .[ tIogtdth. tlogtdt =0
0 0
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G|

167/3 |
= I [sin x| dx
0

Q10 If I, = [e*xmLdxthen [e?*x™ dx is equal v e
= I |smx|dx+j 3|sin x | dx
to - 0 /3
n/3 q 5 T q
= +
ALl (B) %.In ©) }'Tn (D) N1 J, sinxdx+5 | sinxdx
n/3 b
sol.  [C] = [~cosx]§"® +5 [-cosx]|}
o 1 21
Letp = —AX n—ld == +10= =
etp .[0 e~ x"dx 5 5
_ dx = L
Letax =t = dx = xdt Q.13  The tangent to the curve y = f(x) at the point
1o, Mt with abscissa x = 1 form an angle of /6 and at
P= N Jo ¢ pn-L dt the point x = 2 an angle of =/3 and at the point
_ 1 * -1 gt _ 1 | x = 3 an angle of n/4. If f " (x) is continuous,
W Jo P 3 3
then the value of [ f"(x) f'(x) dx + [ f"(x) dx is
1 2
2x+3 smx
Q11 I( ) 43 -1 3/3-1
o l+cos?x (A) (B) ——
33 2
(A) (n+3)~ B) (-3
2 ©) 4- 3\/_ (D) none of these
(C) (t+3) = (D) none of these
Sol. [C]
Sol. 4
(2x+3)sm X Givenf'(x) = d_y =tan 0
X
1+cos X
|- (2‘rc 2x+3)sin(n—x) f'(x) = tan % = T F'(2) —tang— V3,
0 1+cos?(m—X)
|= [F@r-2x+3sinx f’(3):tan% =1
0 1+cos®x s s
n i =] f")f'(x)dx+ | f"(x)dx
:>2|:2j (n+3)—1 % g L SURY L )
0 1+cos” X 1
Let cos x = t = sin x dx = — dt I= I Itdt+[f'(x)]§
(n+3) _
———dt =>1=2(n+3 —dt 1 1
10 "+ e =1 @10
1=2 +3t’ltl: +3) = _
(x+3) fen ey = (n+ 3 2 Sl 5o
3 3
167/3 1
Q.12  Thevalue of |sinx|dx is - Q.14 Ifp=] tan'xdxand
0
(A) 21 (B) 16/3 R , p.
(© 3213 (D) 212 q-!cor (1—x+x)dxthenthevalueofals
Sol.  [D] (A)1/4 (B)12 (C)18 (D)1
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Sol.  [B]

i 1
Given P = J tan—1x dx ,
0
1
q= .[ cot 11— x+x?)dx
0
A 1
Taking q = .[ cot 11— x+x?)dx
0

1
= '[ ant— 1 dx
0 1-x@1-x)

= Jltan’l de
0 1-x@1-x)

1 1
= J tan txdx + j tan *(1— x)dx
0 0
Lo Lo
= J. tan xdx+.[ tan " (1— (1—x))dx
0 0

1 1
= ZJ‘ fan " xdx =
0

o |o
N |-

nl2
Q.15 j Jeos? 1 x —cos?™! x dx, n e N -
-n/2

2 4
A) — B
) n+1 ®) 2n+1
©o0 (D) none of these
Sol. [B]
nl2 _cos?
I= I |cos" x| 100STX gy
/2 COoSX

/2
= _[ lcos™ 2 x| |sin x |dx
/2

—T

/2
= ZI cos" 2 xsin x dx

/2
I cos" V2 x sin x dx
0

letcos x =t=>sin x dx = —dt

=4 zjnlzt”*l’zdt
0

1
— 2J‘ﬂi/2tn71/2dt: tn+l/2 _ 4
0 n+1/2 0 2n+1

Q.16

Sol.

Q.17

Sol.

G|

1
The value of [ [x [1 + sin nx] + 1] dx is,
x|

where [ ] denotes greatest integer function -
(A)3 B2 ()8 (D)1

[B]
1= ' i
= Jll([x[l+sm nx]]+1)dx

= fl([x[1+ sin wx]]) dx+ jlldx

= j i[x[1+ sin nx]]dx jol[x[1+ sin mxJdx + (x)'
0 1

= j [xx0]dx + j [Xx1]dx +2
-1 0

= jolde +j010dx +2=2

Let f(x) and g(x) be two functions satisfying
f(x2) + g(4 — x) = 2x3; g(4 — x) + g(x) = 0, then

4
the value of | f(x?) dx =
24

(A) 128 (B) 64
(C) 256 (D) none of these
[C]

4 2 — 42 2\
@I f(x)dx—ZJ.f(x Ydx , f(xX°) is even
4 0

= 2J‘:[2x3 —g(4—x)] dx
[0 f(x*) = 2x° — g(4 — X)]

Y 4
1= 2‘[0 2x° dx — Io g(4—x) dx
4
using property in IO g(4—x) dx
= J.4[g(4—(4—x)] dx = IAQ(x)dx
0 0

21 = 8J.04x3dx - 2]04[9(4—x)+g(x)] dx

4
| = 4j x3dx = 256
0
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Q.18

Sol.

Q.19

Sol.

Q.20

Sol.

nl2

The value of | COSX ix is equal to -
_n,21+e
(A)0 (B)1
()2 (D) none of these
[B]
J~ﬂ/2 COSX
—n/2]+ X
J‘“’Z cos(—x
-n/2 14e7%
J'ﬂ/Z e* COSX |
-n/2 14+eX

TE
21l = j cosxdx
/2

/2
I= cosxd
IO sx dx
= [sinx]3"? =1
If j = mr, then mis -
5 25c0s? X +36sin? x
1 1 1 1
A) — B)— (C)— (D)-—
()30 ()15 ()10 (©) 30
[A]
| = J-” sec? x dx
0 25+36tan? x

2a a .
®j f(x)dx=2J‘f(x)dx if f(2a — x) =f(x)
0 0
nl/2 2
so | :ZI ___S 5
0 25+36tan“ x
put6tanx:t:>seczxdx:%dt

=271 4= 1[tan1£}
6 Jo 25+t2 15 5],

. =m
15 2 30 3

Evaluate :
1/n
lim {tan i.tan Z—N.tang—n........tan E}
n—o 2n 2n 2n 2n
(A0 B)1 ()2 (C) 2/n
[B]

Taking log both side we get

Q.21

Sol.

G|

1 T 2n nm
— |logtan—+log tan—+.......+ log tan—
n 2n 2n 2

letA=logs=

1 1
= Z:Iogtanr—n.l = J. log tan =X dx
— 2n n 0 2
n/2
A:I log tan tdt
0
/2
A:I log cottdt
0
n/2
2A = J.o logldt =0

A=0=logs=0=s=1

3

The value of lim — f— ris-
x—% (X (r +1)(r-1)

(A)O (B)1

(C) 1/2 (D) non existent

[C]

Q.22 |jm ™

Sol.

Q.23

Sol.

Q.24

Sol.

: 4
sec? +sec?| 2.— |+...+sec*(n -1 T2
N—oo 6n 6n 6n 6n 3

has the value equal to -

(A) g (B) V3

(©) 2 (D) %

[A]

lim 3 (\/n +1+2\/n +22 4..+nYn?+n )
_+a-1 i
= JB where a, b € N then (a + b) equals
(A) 11 (B) 13

(C) 45 (D) 17

[O]

Let f(x) = maximum {x | x |, x* | x | },
g(x) = minimum {x | x |, X* | x | }, then

1
[ (700 -g00)ex =
-1

1 1
W @B
[c]

©: ©4
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G|

—I:f(t)dt putb—x=t

(One or more then one correct
Part-B . b .
answer type questions) =J F(x)dx B iswrong
C
m—a )
Q.25 If x satisfies the equation ©) 1= L Xf (sin x)dx
/2 3.2 ; T
XZ[ j(23int+3cost)dt}— X th i'”Zt]— 2 =0, = J' " (r—x) £(sin x) dx
0 S to+l a
then the value of x is - =2l= rc.[Hf(sin x)dx
a
(A)-1 (B)L  (C)-~2/5(D) v2/5 e
sol.  [CD] == EL £(sinx)dx
/2 i
(¢ J.o (2sint+3cost)dt C is correct
= X7 (SIN”X +COS™ X) axX
. (D) 1= [ "xf(sin* +cos® x)d
= [-2cost+3sint];’* =5 0
3 = [ (r=x) £ (sin® x + cos? x) dx
andj t*sin Zt . function is odd -[0 (r=x) £ )
3 t241 n
put these values in given equation we get =2l= rr'[o £(sin® x+cos” x) dx
5x°~2=0 P
=2n|  f(sin®x+cos? x)dx
X’ = % = X=+ % IO

/2 . 3 2
1= ch. F(sin® X +cos” X)
0

Q.26 Which of the following is/are true- D is wrong
nm T
(A) [f(cos?x)dx=n [ f(cos’x)dxn e N Q.27  The value of the integral
0 0
nl4 dx ]
bre ¢ .[ 2 2 T2y O
(B) J.f(x+c)dx = J.f(x)dx o a“cos”x+b*sin”x
0 b

A) “tan12 @>0,b>0)
m b

©) JXf(sin x) dx :E jf(sin X) dx a a

: : ®) %tanflg (@a<0,b<0)

z . 3 2
(D) _([xf(sm X +c0s” x) dx (C)n/d(a=1b=1)

nl2 (D) none of these
=2r jf(sin3 X +€0s° X) dx Sol.  [AB,C]
° | = J'ﬂ/“r sec? xdx
Sol. [A;’C] o a?+b’tan?x
(A) I " £(cos? x)dx let b tanx = t = b sec” x dx = dt
0
[ Lpp_dt
= njlmf(cos2 x)dx .. mis period bJoa®+t?
0 b
b
A is correct =1 {tanl l}
abJo aj,

b-c b-c
(B) jo Flx+c)dx = jo F(b—x)dx
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Q.28

Sol.

Q.29

Sol.

Q.30

Sol.

= it -1 b
ab a

ora<0,b<0

clearly l=n/difa=1,b =1

option A, B, C are correct

a>0,b>0

2
The points of extremum of thz_ﬁ dt are-
0 2+e
(A)x=-2 (B)x=1
(C)x=0 (D)x=-1
[A,B,C,D]
2 _5t+4
=

0
differentiate w.r.to. x we get
dl _ x*—5x%+4
- - —2.2X
dx 2+¢e*

for point of extremum 3—)'( =0
2x (x*—5x* +4) =0
=x(X*-4)(x*-1)=0
—=x=00rx*-4=00rx*-1=0
=x=0,+2, +1

option A, B, C, D all are correct

1

IfI—£ lz,then-

(A) 1 < /4 (B) 1> n/4
(C)I<An2 (D) I> An2
[A, D]

21
Ifl = J'sinz x dx , then

/2

(A)I=2 [sin’xdx (B)I=4 [sin®xdx
0 0

2n nl4
(C)1= fcos’xdx (D) 1=8 [sin®xdx
0 0
[A, B, C]
2n /2
I = Ism x dx = ZJsm x dx = 4I5|n x dX
0
/2 2n
=4 J-coszxdxz Icoszxdx
0

= A, B, C are correct

7 X
31 _
Q {(1+x)(1+x2) X
I
R
s
(B) 5
dx
C — GEE
(C) is same as J(1+x)(1+x 2
(D) cannot be evaluated
Sol.[A, C]

X

I= [—>—dx
1+ x) 1+ x?)

O &8

Let x = tan © = dx = sec’0 do

/2
I:J. tan 0 40
01+ta1n9

/2 /2
| = J- coto - I 1 40
5 1+cot0 5 1+tan®

nl/2

21 = I 4o ==
0

From option (C) we have

r
4

-!(1+ X)L+ x?)

Let x = tan O = dx = sec’0 do

- -[1+tan9
0
/2 /2
_ J- de:,[ tan 0
1+cot0 1+tan®
0 0
/2
21= Ide:|=E
4

0

= option A, C are correct

b
Q.32 The value of integral jm dx,a<bis
X

a
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Sol.

Q.33

Sol.

(A)b—aifa>0 (B)a—bifb<0
(C)b+aifa<0<b (D) b|—|a]
[A, B, C, D]

b
_ [IXl
I= I—X dxa<hb
a

Ifa>0m:1
X
b
| = jdx:b—a
ifb<o Xl =1
X
b
= j(—l)dx:a—b

a
Ifa<0<bthen

I = I|X|dx+J.|X|dx

j dx+.|.dx

—a+b
Aga|n|x|—t:>| |dx dt

[b]
|:jdt:|b|—|a|
la

= option A, B, C, D all are correct

If (x) = [ (cos® t+sin* t)dt then f(x + ) will be
0

equal to

(A) f(x) + f(n) (B) f(x) + 2f(n)
(C) f(x) + f(gj (D) f(x) + 2f[§j
[A, D]

f(x) = I(cos“ t+sin? t) dt

X+1

f(x + ) = J.(cos“ t+sin’ t) dt
0

Q.34

Sol.

X+7

J-(cos t+sin®t) dt + j(cos t+sin® t) dt

=f(x) + I(cos“ t+sin®t) dt
0
f(x + 1) = f(x) + f(n)
O f(x + 1) = f(x) + j(cos,4 t+sin®t) dt

nl2

=f(x) + 2 I(cos4t+sin4 t) dt

= f(x) + 2f| =
00 +2f[5
= option A, D are correct

2

Ling fe —=
X—> t
dt
Joe
(A) O B)1
(©)-1 (D) does not exist
[B]
XZ
Lirr(} fe -
X—> t
dt
Joe
LH
Lim M 1
x—0 ex

Assertion-Reason type questions

The following questions consist of two

statements each, printed as Statement-1 and

Statement-2.  While answering  these

guestions you are to choose any one of the

following four responses.

(A) If both Statement-1 and Statement-2 are
true and the Statement-2 is correct
explanation of the Statement-1.

(B) If both Statement-1 and Statement-2 are

true but Statement-2 is not correct
explanation of the Statement-1.

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com

Mob no.

1 +91-9350679141




(C) If Statement-1 is true but the Statement-2 is
false.

(D) If Statement-1 is false but Statement-2 is
true.

Q.35 Statement-1 : Let f(x) be an even function
which is periodic, then g(x) = jf(t)dt is also
a

periodic.

Statement-2: If a(x) is a differentiable and

periodic function, then o'(x) is also periodic.
Sol. [D]

107
Q36 Statement-1: [|cosx|dx =20
0

b
Statement-2 : J'f(x)dx >0,
a

then f(x) >0, V x € (a, b)
Sol. [C]

10 T

J‘|cosx|dx:10j|cosx|dx
0 0

/2 22
=20 Icosx dx = 20[+sin x]0 =20
0
Statement-1 is true

b
If J f(x)dx > 0 then it is not necessary that
a

f(x) >0, V xe(a, b)
= Statement-2 is false
= option (C) is correct

2n nl2
Q37 Statement-1: [tan®xdx=4 [tan®xdx
0 0

nT T
Statement-2 : [f(x)dx=n [f(x)dx, where n
0 0

is an integer and T is a period of f(x).
Sol. [B]

2n T
0) Itanzxdx= thanzx dx
0 0

G|

/2
=4 J‘tan2 X dx
0

0 Tf(x) dx = Zj.f(x) dx
0 0

Statement-1 is true
nT T

Also J.f(x)dx = nJ‘f(x) dx where n is an
0 0

integer and T is a period of f(x)

= Statement-2 is true but not correct

explanation of Statement-1

= option (B) is correct.

Column matching type questions
Q.38 Column

Column 11

= max [ EY
(A) f(x) = max (sm X,COSX, \/Ej

(P) f(x) is continuous at x =0

(B) f(x) = min (x, x?)
(Q) f(x) is differentiable at
x=0
(C) f(x) = max ((x-1)2, 2x — x2)

(R) Tf(x) dx =2
0
(D) f(x) = min (x|, sin x)
1

1
(S) _jlf(x)dx ==

Sol. A->P,Q;Bo>P,CH>P,Q;D>PQR

A) /m /
A/

nl4 5n/4 b
J-cosxdx+ Isinxdx+ Ix.dx
0 nl/4 5n/9
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Sol. A->P Q;B>R;C>P,Q;D—>S

(B) ®) Ix _2X+2
2
!(x 1)2+1 tan (x 1)] ==
0

non diff. at x = 0 ) J{ﬁsin(x+£]}dx
0 1 ; 4
dex+'[x3dx 2
R ’ 0\/—. o OJ—. o
£+1:§ I—J. 25m(x+zjdxj 23m(x+zjdx
2 4 4 f% —%

s

\ Zero
(C) 0\/— . T
' | = J; Zsm(x+zjdx
T4

0
:«/E—{cos[x +%ﬂ
T4
/\ :_ﬁ{%_l}:ﬁ_l
© x==
4
2sint X _T
Q.39 [x] and {x} are greatest and fractional part of Jorn 2
real x. /4 142
Column | Column 11 (D) j (\/Esin(er%j_ljdx + [sin = X]o
2 dx i 0
A P) =
) Jl‘x2—2x[x]+1+[x] ( )
®) 0{ . 3 ©) Q.40  Match the column -
sin X +cosx}dx
_(J,A) I X% —2x+2 Column | Column 11
Ax Ax (A) f(x) is a continuous function P) 2
(C) Ifsinl ——cos? =
J2n 2 such that f(x) >0 V x € [2, 10]
then x can be 8
0 and [f(x)dx =0, then f(6) is
(R)  [(sinx+cosx)dx
—(n/4) nz_il 1
- uyz (B) lim 2 ———1is (Q) n/2
D) | {ﬁsin(x+§j}dx + dx - "o 120 y4n? - r?
0 0 Vi-x (C) f(x) is an odd function, (R) /6

S) n£4(\/§sin(x+%j—ljdx

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




/6 :
then f(sin x)' .
_r16 T(cosx) +f(sin” x)
nl6 . on-1
@) tnelthen [ 2 Xaxis ()0 (B)
76 cos"x
Sol. A->S;B>R;C—>S;D>S
(A) f(n=0
1 1 h>1>1;
(B) j dx
0 4 — X2
x]' =«
P |
sin™=| ==
s ©
(C) Kking & add
=0
D) ki
(D) Kking & add L <l<l,
1=0
1 1 1
41 Let I,= [f(x)dx L= |g(x)dx ,& I, = | h(x) dXx,
Q 1J1() 2!19() 3J1() )
be three integrals, match the following columns
accordingly.
Column | Column 11
(A) f(x) =X, g(x) = e, P) L <L
hix) = el Q.42 Match the column :
(x)=e Column-1 Column-2
(B) )=k, 9x)=x3 (QL<I (A) If [] denotes the greatest integer (P) 1
h(x) = x3 function and
© f0=x0g0=K; R L<I £ — ax]-2XL 0
= X ,
h(x) = x? 2 . x=0
(D) fx)=ek gx)=ex, () >1, 2
h(x) = e X then 3j/:(x)dx is equal to
Sol. A-QRB->SCoPQRD-PR (B) The value of definite Q@ 1
nl/2 T 5
[ S g i
7n/21+e
(A) (©) o R) 3
Ifl, = dx and Py
! -1[ 1+ X2 2
cosecH
I, = ;L dx
L=1,<ls X(X°+1)

then the value of
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G|

Lo =L 5.
e 12 —1fis 2
1 2R -1 -_u
(D) 1Ff(x) and g(x) are two S) 0 o2
continuous functions defined on (B) king & add
R, then the value of /2
a 21 = jcosx dx= 2
j{f (X) + T (=x)}{9(x) — g(-=x)}dx, -n/2
-a 1=1
Is (D) 1=0

.. function is odd
Sol. A->Q;B—>P;C>R;D>S

-1 0

A 1= I—l.dx+j2.dx+ j—s.dx+.?—2.dx
3 -1 0 1

2
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EXERCISE # 3

Subjective Type Questions |

= ZIltS/Zdt =2 2fpe]s = 4
0 5 ° 5

Q.1  Solve the equation f x_ - % s w05’
e -1 Q3  Find [sinVtdt+ [cos™ytdt.
X 0 0
Sol I dx = I 2 2
' sin“ x €0S“ X
oovex-1 6 Sol. f(x)= J.O sint Jt dt + J.O cos y/t dt
N e ax = © f/(x) =sin "ysin?x (2sinxcos x ) —
X [, 6
m2€ ve' =1 os ™ vcos? x (2 sin x cos x)
pute*—1 =t = e*dx=2tdt f'(x) =0 = f(x) = C constant
we take X = n/4
\/ej‘l otdt - f() 12 1\/’ q 1/2 lx/_d
—— = = X) = sin "4/t +dt + COoSs ~+/tat
) 2+t 6 jo jo
12
- = j (sin"2Vt +cosLVt)dt
= 2 4="x ’
2 1/2
, 16 = [ Tnr2dt = X =c= 19 =ma
0 4
= Z[tan’lt]le +=I
6 Q4 Function f is continuous for all x, (and not
- every where zero), such that
= tan" ex_l_Z:E s
{f)¥%=| ;LSIHI dt, then prove that
5 2+cos
—tantye*-1=21
3 1 3
f = E 2+ C0sX
= Vo' -1 = 3 =¢"=4 £ (%) sin x
Sol. 2ff'= ———
X=ANn4 2+C0SX
f'(x):l  _ SInX
“\/ﬁ 2  2+cC0SX
Q.2 _[0 sin® x —sin> x dx 0= L J‘ sinx
LN 2+cosx
Sol. = I sin®'“ x| cosx | dx
0 1
= _Em (2+cosx)+c
/2 m
b 0312 _ 0312 _
= J.o sin™'“ xcosx L/zsm XCOsX dx f(0) =0
. . _1
in both let sin x = t = cos x dx = dt 0—57\“3
| = J.ltmdt _ J‘Ots/zdt LX) = 1 N 3
0 1 ' 2 2+C0SX
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3
Evaluate : f dx

Q5

1 X2 +[x]% +1-2x[x]

denotes the greatest integer function.

Sol.

| = J~3 dx
1 x2 +[x]? +1-2x[X]

_ _[2 dx +J~3 dx
1 x24+1+1-2x  J2x%+4+1-4x

_re dx 3 dx
- J. 2 2 +J- 2 2
1 (x*=-D)°+1 J2(x“-2)

[tan’l(x 1)] [tanfl(x 2)]

+

NG
N a

r
4
Prove that

T

_om
J 2 2
0

Q.6

1-2acosx+a’ a’-1

+1

T 1
S R e e—
0o a“—2acosx+1

sec® x/2

r

let tan X !
2

o 1
=2 dt
Io (1+a)%t® + (1+a)?

2 » 1
= ZJ —
1+a) 0 5 [1—&]
t°+| ——

1+a

2 |1+a|{ |1+a|}oo
tan
T wray? al | f1a] ],

L AR
@+a)|l-a|

if0<a<1

= ifa>1

Q7

Sol. Casel : k<0

:t:E sec? x/2 dx =

X
(1-a)’>+(@1+a)’tan’x/2

dt

, Where [ . ]

Q.8

Sol.

Q.9

Sol.

1
j| k —x |cosmx dx ; where K is any real number.
0

Iy = J.(x — k) cos(nx) dx
_ sin(mx) [
=(x-k) - (

= [Il];

Case Il :

I=- [Il]:;

Caselll:0<k<1
1
1= (- '1)5 +(1),

COSnxj

2
T

k>1

Show that = j’e”‘ e dx =et’/4 je*t "4t
0

LHS

queen 1% case
t/2 t/2
=2 j e =2 jeX[“X] dx
0
king
t/2 t/2
=9 Ie(tIZ—x)(tIZer)dX =9 J‘e
0 0

2 2
t/4efx dx

2
t2/4t/ —x?
= 2e je dx
0

u
Put x= < = 2et°/4, Ie‘“z"‘d—u
2 2

Prove that
jx‘“’ AN sin xdx:%T

0

LHS

[x* An(+/2 sinx)dx
0

Ix3 Ansin x dx
0
use king

I = I(n—x)Smsin x dx

add
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2l = I(n3 — 312X + 3nx?)Ansin x dx
0

21= n?’jmsin x dx — 312 Ixxnsin x dx
0 0

+3n J'sz[ﬁsm X}dx
. V2

= 72 (—gm 2] 3n? (1)

0 0

™
Now, I, = Jxxn sin x dx
0

= I(n—x)%nsin xdx
0

2I1:njm sinxdx=2.m (—gMZJ
0

— 2
2
use it in

|1 =
4 2 TEZ
2l=-t'An2-3m —77\n2

0

o0

I dx
0 (X+V1+x2)"

Q.10 Ifn>1,evaluate:

R dx
Sol. l= | —————
{[(x+x/1+x2)“
Lex +41+x? =t
= 1+x° = (t—x)

2
=1=t? - 2Xx=>Xx= -1

+ {Bn}EXZM(\/Esin x)dx} 3nfx2m\/§dx (1)

n 3
+ [anxzxn\/fsin xdx} 3n AN ﬁ(%J

|: b () :IOO
1

1-n n+1
_1 1 1 _n
=—|0- _ =

2 1-n n+l nZ_1

Find the greatest value of the function:

X
F(x)= [(6cosu—2sinu)du on the interval
5ml3

[57/3, Tm/4]

X
F(x) = j(e cosu —2 sinu) du
5n/3
= F(x) =6 cos x—2sinx
Forall x e {5—757—71 we have
3 4
cosx>0andsinx<0
= F(X)=6cosx—2sinx>0

= F(X) is an increasing function on [%n%n}
T
Hence greatest value at x = "

Greatest value = F[%nj

n
= J.S;‘r (6cosu—2sinu)du

3

= 3/3-2/2-1

= [6sinu +2(:osu]5

w|g »|F
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2
Q.12 Evaluate [ f(x)dx ,wheref (x)is given by
-3/2

f(x) = max.(|t—1|—|t|+|t+1|);—%stsx

Sol. gx)=t; t>1
—t+1l-t+t+1
=—t+2 ; 0O<t<1
=t+1+t+t+1
=t+2 ; -1<t<0
=—t+1+t-t-1
=t ; t<-1

=g(X)=x+2 ; —%Sx<0

=2 ; 0<x<2
=g(X)=x ; x=2
Q.13 Evaluate : lim [(1+1/n2) (1+22/n2) (1+32/n?)
n—oo

__________ (1+n2/n2)]1/n
Sol.

1 22 3? n? o
A=lim |[1+—1+—[1+—|.... 1+—
[ Oy e |

Taking log both side

2
logA= lim i{Iog(l+i2j+log[l+2—2J+....}
n—owo N n n

N1 r?
= lim —log{1+—
n»wzn g( 2]

r=1 n
1
= J log(1+x2)dx
0

1x241-1
0 1+x2

=log 2 - 2[x—tan’l x]é

= [x Iog(l+x2)]t -2 dx

G|

1
Iog%= 2 -2=>A= 2e2(

=log2-2+ =
g 2

4)

Q.14  Prove the inequalities :

2 2
2e A< joe" Xdx < 262

Sol.  f(x)=eX —x

frx)= e —x(2x—1)

frin = f(1/2) =

fmax = f(o) = e

f(2) = €?
2

2-0e < jexz-de <(2-0)e?
0

1
Q15 If I,=[x"(nx)"dx, then prove that
0

n!
m,neN

I —m,
(m+n"*

m,n

=1y

1
Sol.  Inn= Ixm(xnx)” dx,
0

_ [xm” (Anx)”:ll B J'lﬁ n(nx)"* dx

m+1 om+1 X

1
=__" J.xm(mx)”’1
m+1 Jo
n

m+1

m+1
Again |y n=— —— HX (Anx)"l}

Im,n— Im,n—l

1

m+1||m+1 0

- J_l Xm+l (n 71)0\nx) n-2 dX:|

om+1 X

__.n [_ n-1 lem(m x)”zdx}

m+1| m+1lJo
_1)
= _1 2 n(n | -
D m+p2 " "2
Continue we get
Im. 0= (-1)" n(n-1...321 |

(m+1)"

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com

Mob no. : +91-9350679141




Q.16

Sol.

Q.17

Sol.

Q.18

Sol.

— gy M tom
1) (m+1)" -[OX o

_(71)n n! Xm+1 !
T (mey" | mel

|
Im.n=(-1)" (nT R.H.S. Hence proved
m+

Find all the values of a belonging to the
interval [0, 2x] and satisfying the equation

o
j sin x dx = sin2a.
n/2

o
J. sinx dx = sin2a.
nl2

= [cosx]%,, = sin2a

= —C0S o, = 2Sin a oS o

=cosa(2sina+1) =0
=cosa=0orsina=-1/2

in [0,27] we get n/2, %ﬁ 3?“ i

6
X 2
Uex dx}
Evaluate : lim 2—
o jezxzdx
0

X
2 2
Zjex dx.e*
lim —2
2 2
X—>00 e2x ex
LH rule
2
20
lim — =0
X—>00 eX 2X

T t2 dt
. a+t
lim 22—
x—0 bX —sin X
LH rule

=1 then find the value of a & b.

XZ

m Va+ X

x—0 P —cosx

Q.19
Sol.

Q.20

Sol.

Q.21

Sol.

b=1
LH rule

. 2X
lim

. 1—cosx
x>0 \/a+x5|nx+(\/_)
a+x

2X+/a+ X

Im - -
x—0 asin X 4+ Xsin X +1—cos X
LH rule

x—>0 aCOSX + XCOSX + 2sin X

2
j: sin &dx

Evaluate the limits lim 3

x—0 X
LH rule
’ sin X.2x 2
lim =—
x—0 3)(2 3

X
Solve : J. (8t2 + ? t+ 4) dt = 1.5x+1
-1

%(x% 1) + %(x2—1)+4(x+ 1)

§x+1
-2

1/2
=8 +8+14x° 14+ 12x +12=9x + 6
= 8x3+14x* +3x=0
X (8X° +14x +3) =0
X (8X°+2x+12x+3)=0
X(2x+3)(@x+1)=0

X:O, _E, _1
2 4

G|

l0g, . VX +1

Prove that J‘Uf(x)de du= If(u)(x—u)du
0\ o0 0

Il.Uf(t) dt]du
0 0
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Q.22

Sol.

Q.23

Sol.

X

U‘f(t)dt.u} = ]Sf(u)u du
0 0 0

= x_:[f(t)dt—If(u)du

X
j f(u) (x - u)du Q.24
0
Sol.
Lety = stin(ZX—t)dt. Find & 2
0 dx
y'= 2Icos(2x —t)dt +sinx
0

= -2[sin (2x —t)]: + sin X
=-2[sin X —sin 2x ] + sin x
=2 sin 2x —sin x
Let f(x) be an odd periodic function in
[—%%} where T be its period, then show that

X
ax) = If(x)dx will also be periodic function
a
with period T.
X+T
gix +T) = j f(x)dx
a

X X+T
= j f(x)dx + J' f(x)dx

a X

2
Iy
f(x) is odd, periodic
f(=x) =—1(x)
f(x + T) = f(x) Q.25
f(-—x + T) = f(-x) = —f(x)
Sol.

.
Iy = j f(x)dx
0

king

G|

T T
I, = .[f(T—x)dx:I—f(x)dx =1
0 0

2|1:02 |1:0
g(x +T) =g(x)

2 2x7 +3x5 —7x® —12x% + x +1
x2+2

dx =7?

2

king
f 2x7 +3x8 —7x3 —12x% + x +1

| =
X242

dx

2

V2 6 2
21 =92 J- 3x 212x +1dx
7 X +2

ﬁ3x6—12x2+1
=2 [ =—————dx
X +2
\/E 2 4
:2_[3)( (x2 4)+1dx
X +2

7
- 4_ 52
6j(x 2x )dx+2_([

N

1

dx
x2+2

7 1
ZI[sz(x2—2)+ . jdx
0 X +2

0

1 2 X ?
—r Lt o\ [5\3 4 & -1 X
_65( 2) 4v2) +\/§{tan \/§:|0

(25/2)_ 4(23/2) + ﬁ %

_ . m _16\/5
242 5

oo

b
If m, n e N, evaluate : J. (x—a)™ (b—x)"dx.
a

X = a cos?0 + b sin%0
/2 m
I= f [(b —a)sin? e] ((b — a) cos’0)"
0

x (b —a) sin26 do
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Q.26

Q.27

Q.28

Sol.

Q.29

Sol.

/2
=2 (h—a)™" Isin 2mt §cos*™t o do
0

:2(b_a)m+n+l m+1 n+1
2lm+n+2
= (b _ a)m+n+l mlnl
(m+n+1)!
1
Prove that dx :J‘ dx i n>1
01+x" Jo@—xmyn

Prove that wa[3+5j de =\na
0 X

a X
I‘“f(igj dx
0 X a X

nl2
Find f(x), if f(x) = A IO sin x.cost . f (t) dt + sin x

/2
f(x) = A sin x jcostf(t)dt +sin x
0

f(x) = Asin x

where
/2 n/Z

A=) J-costf(t)dt+1 — j2cost5|ntdt+1
0

AA

= —E[Cos,Zt]S/2 +1 =>A= —+1
4 2

sin x

2
A=— = f(X) =
o

1
X——=t
X

j-m(t+1)dt
0 (t? +1)

bct+1tan()]

j'tanlt
t+1
N

Iy
Put t=tanu

dt

4 2
usec'u .
0 (tanu+1)

Passage based objective questions
Passage-1 (Question 30 to 32)

Q.30

Sol.

A polynomial P(x) = ax® + bx? + cx + d vanishes
at x = 1 and has relative maximum/minimum at
1
x=1andx=—-2.1If [P(x)dx =16, then
-1
On the basis of above information, answer
the following questions:

The nature of roots of P(x) =0 is -
(A) One real and two complex
(B) All real and distinct
(C) All real but two of those are equal
(D) All real with two of those are negative
P(xX)=a (Xx-1) (x+2)
=a (X +x-2)

PX) = L5+ L x22ax +k
3 2

L% 2a+k=0
3 2
6k =7a

1
I= | P(x)dx
]

1
21 = 2!(%# +k)dx
-1
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Q.31

Sol.

Q.32

Sol.

16= 2 242k
6

o+ 6k =48

0a=6&k=7

P(X) =23 +3x%—12x + 7
P(x)=6(x-1) (x+2)

[

The set of values of a such that the equation
P(x) — a = 0 has exactly three distinct real roots

is -

(A) (0, 27)
(©) (0,9
[A]
ae(0,27)

(B) (-2, 3)
(D) (0,8)

.T'P(x) dx is -
-2

(A) 11
[O]

(B)22 (C)33  (D)44

2
I= | P(x)dx
I

2

- flot o= [

-2

=16+28=44

Passage-2 (Question 33 to 35)

Let f(x) = ax2 + bx + ¢ is quadratic polynomial,
where a, b, ¢ € R and a > 0, f(x) = 0 has two
real and different positive roots o and (o < )

a B
Now [f(x)dx=Aand [f(x)dx =B.
0 o

On the basis of above information, answer

the following questions.

Q.33

Sol.

Q.34

Sol.

Q.35

Sol.

Which statement is correct-
(A)A>0,B>0 (B)A<0,B<0
(C)A>0,B<0 (D)A<0,B>0
[C]

N

"

a P

A>0, B<0
0

Find [f(/x[)dx
-B

(A)A+B

(C)A-B

\ A

(B) 2A-2B
(D) none of these

"B

0 B
j(f|x|)dx:jf(x)dx
-B 0

=A+B

i
Find [ (f (IxD+|f(Ix D) )dx -
-

(A) 4A (B) 2B
(C)2(A +B) (D) none of these
[A]

B B
[rxDax+ [ie(xn1ox

-B -B
(2A + 2B) + (2A — 2B)
= 4A

Passage-3 (Question 36 to 38)

Let there are two function
f(x) =min (|x—1], |x], [x + 1]) and
g(x) = max (sin1 (sin x), cos1 (cos x))
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On the basis of above information, answer

the following questions - Sol.

Q.36  Find the no. of non differential points of f(x) in

Xe(-1,1)

(A)2 (B) 3

©1 (D) none of these
Sol. [B]

3 non diff. point in (-1, 1)

Q.37  Which statement is correct -

1 2
(A) [f(x)dx = [g(x)dx
0 0

1/2 1/2
(B) [f()dx= [g(x)dx
-1/2 -1/2

nl2
(C) Jl'f(x)dx > j g(x)dx
0 0

(D) none of these

Sol.  [B]
g(x)
27 —T=[ 1% 21
1
1
! FOx)dx =2

2
Ig(x) dx =1
0

2n
Q.38 Find [g(x)dx -
0

(A) n? (B) 2n2

(C) n2/2 (D) none of these
[Al

2n 1
foedx = = xmx 2n =1
0 2
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Passage-4 (Question 39 to 41)
Let b be a real parameter, for which a real
valued function, f(x) is defined as follows

f(x) = ["(bt*+b-+cost) dt : here a s real

One the basis of above passage, answer the
following questions.

Q.39 If f(x) is monotonic for all real values of x, then
b belongs to -
(A) (==, 0] (B) [0, «)
(C) (~o0,-1] U [1,0) (D) (o0, 0] U [1, )
Sol. [C]
f'(x)=bx?*+b+cosx>00r<0
bx?+b>1 or bx?+b<-1
—-4b(b-1)<0 —4b(b+1)<0
be(-, 0) U (1, ) be(- o, -1) U (0, ©)
Hence be (- oo, -1] U [1, )

Q40 If lim = [*(bx?+b+cosx) dx exists finitely,
x—=0 x a

then b is -
(A)O B)1 (€)2 (D)-1
Sol. [D]

Q.41  With increasing values of b, function f (x) -
(A) remain constant
(B) increases for x > a
(C) decreases for x > a
(D) increases for x < a
Sol. [B]
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EXERCISE # 4

Old IIT-JEE questions |

Q.1

Sol.

Q.2

Sol.

Q.3

Let f: (0, ) »> R and F(x) :Tf(t) dt.
0

If F(x2) = x2 (1 + x). Then f(4) equals-
[11T-2001]
(A) 5/4 (D)2

[C]

B)7 (©)4

F(x) = If (t)dt (given)
0

By Leibnitz rule

F'(x) = f(x)

But F(x) =x* (1 +x) = x>+ x°

= F)=x+xPZ=F(x)=1+ gxllz
_ _ 1,312

= fX)=F'(x) = 1+EX
— 1.3 2

= f(4) = 1+§(4)

:f(4):1+§x2:1+3:4

1/2
The integral | ([x] +2n [H—XD dx equals -
—(1/2) 1-x

[11T Scr. 2002]

(A)-12 (B)0  (C)1 (D)2An(1/2)
[A]

12 U2 (1ax
1= Xoxe [ (dex

1/2
:j [x]dx +0
-1/2

- 1 comes [

[EnN

=S [X]gllz =- 5

X
Let F(x) = [v/2—t? dt, then the real roots of the
1

equation x2 — F'(x) = 0 are- [11T-2002]
A)+1  (B)* %(C)i% (D) 0and 1

Sol.

Q.4

Sol.

Q5

Sol.

[A]

F(x) = I\/Z—tz dt
1
=>F'(x)=v2-x2 ..(1)

XE—F'(x)=0 (2
S>x=y2-x2 = x*=2-%°
Sxtexi-2=0=>x*+x2-2=0
=>x=%1

Let T > 0 be a fixed number. Suppose f is a
continuous function such that for all x € R;

A
f(x + T) = f(x) .If I = [f(x)dx, then the value of
0

3+3T

[f(@x)dx is- [11T-2002]
3

(A)%I ®)I (C)31 (D)6l
[C]

3+3T

If(zx)dx, put 2x = vy, the given integral
3
reduces to

1 (6+6T 6l
EL fydy= - =3

1
I(m, n) :Jtm(l +t)ndt, thenl, =2
0

[IIT Scr.-2003]
n I(m+1,n—1)

A) | = .
(A) Ty m+1 m+1

1 manoy
B) I =
) lenny m+1 m+1

2n n'I(m+ln—1)
C) I = - ’
©) temm 1+m m+1

2n n'I(m+ln—1)
D) I = + :
(®) temn 1+m m+1
[C]

Integrating by parts we get
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. tm+l 1 1tm+l N1
oo = | (@ +1) - j n(+t)"dt
m+1 0 om+1

2" n 1

= - —— | t™@a+t)"tdt
m+1 m+1 Jo

2" N,
m+l mep BT

Q6  Iff(x)= Xfle“zdt . Then f(x) increase in -
' [11T-2003]
(A) (-2, 2) (B) No value of x
(C) (0, ) (D) (=0, 0)
Sol.  [D]
x2+1
Here, f(x) = .[e“zdt

XZ

Differentiating both sides using Newton's
Leibnitz formula, we get,

e 0" i(x2+1) —e 0 i(x2)
dx dx

2 2 242
= g )T ox — o) 2x

f'(x)

=9 ~(x+2xP4]) 2%l
“ 2 ¢ ’ 4,52 Q38
{where, e 1 >1 v xand e * ">V >0vx}
S f(x) >0
which shows 2x <0 orx <0
= X € (-0, 0)
Sol.
Q.7 If f(x) is an even function then prove that
n/2 nl4
[ f(cos2x) cos x dx =2 [ f(sin2x)cos x dx.
0 0
[11T-2003]
/2
Sol. Letl= IO f(cos 2x) cos x dx (1)
nl2
= j flcos2 (/2 — X)] cos (n/2 — X) dx
0
Q.9

nl2
= IO f(— cos 2x) sin x dx

n/
= IO ’ f(cos 2x) sin x dx (fiseven) ...(2) Sol.

adding (1) and (2)

G|

nl2
21 = J.O f(cos 2x) (sin x + cos x) dx

_ w/Ez_ n/2 1 .
1= - IO f(cos 2x) (E sin X
L COos X) dx
2
= L™ fcos2 14 d
= f.[o (cos 2x) cos (x — n/4) dx

letx—7n/4 =t=dx=dt

1 nl4 T
= —= —+
| N J:EM f(cosZ(4 t)) cos t dt
1 /4 .
= = f(~sin2
7 Lm (—sin 2t) cos t dt

nl4
= \/5.[0 f(sin 2t) cos t dt

f is even Hence proved

If tfxf(x)dx:§t5 for t > 0, then f (4/25) is
equ(;l to - [1ITT-Scr.2004]
W-2 ®0 ©F O

[C]

j:xf(x)dx = %tS

Differentiating both side we get
(). 2t = 2t*
f(t) =t

2 4 2
utt=— weget f| — |==
P 5 g (25) 5

1
[ ‘/1_—’( dx equal to - [11T-Scr.2004]
0 1+X

(A)g+l (B) g—l (€)1 (D) &

[B]
_ h /l—x
I-! mdx
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Put x=cos2 0 dx =-2sin 20

25|n 20. ﬂde
coso

nl4

nl4 /4
= 2] 2sin20do = 2] (1-c0s26)do
0 0

. nl4
= 2[x5'“29} = /2 -1
2 0

2
X' COS X. C0S /0

10 Ify(x) = do,
© y &) e 1+sin246
g dy L
find ——atx=m. [11T-2004]
dx
X2
Sol.  y(g= | LKooy,
2110 1+sin J_

x> cos
- cosx [ _cosy0

m /101+S|n2\/_

dy . J-XZ cos\/_
=L =_sinx
dx n /101+S|n2\/_

COSX
1+sin“ x

T[Z
Y=o’ _coso_gg (1){—1 2}
dX |, n /101+5|n2J_ 0
=2z
n/3 3
Q.11 Evaluate: | m+4X dx [11T-2004]
_232—cos(|x|+m/3)
/3
Sol. - _dx
/3 2—co{|x|+nj
3
/3 3
+J' de

3 2—cos(| X | +n]
3

The second integral becomes zero ; f(x) is odd.

n/3 1
=2 —d
! njo 2-cos(x +7/3) X

G|

Put x+ /3=t = dx=dt

i3 1
I = an dt
n/3 2 —cost

1-tan (t/2)
1+tan? (t/2)

Putcost=

Solving we have

2n/3 2
_ 2n sec“t/2 dt
3 Jus , 1 2
tan“t/2+| —
&
= # [tan -1 (\/5 tan t/2)]12;;3
4n[ [tan*13 n/4)J
-]f 2 s 1
Q.12 tef(t)dt =1-sinx; 0<x<—, then f [—J
sin x 2 \/g
is - [1ITT-Scr.2005]
(A)3 (B) 13 (O)1 (D)3
Sol. [A]

Differentiable both side we get
—cos x sin’x f(sin X) = — cos x

fisinx) = ——
sin“ x
put sin x = =N
V3
1
fl—|=3
%)

Q.13  Evaluate:

[el*[2sin (1/2cosx) +3cos(l/ 2cosx)]sin x dx
0
[11T-2005]

Sol. I= Ie'c"sx'{Zsin(%cosxﬂ sin x dx
0
+J.e'°°sx'{3co{lcosxﬂ sin x dx
2

0
=1 +1
Ihb>(2a-x)=-f(x)So 1=0
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G|

/2 -
=6 j @ o0sX co{lcosx] sin x dx ) (1++2)
2
0
Put cos x =t = —sin x dx = dt Q.16 Iff"”"(x)<0,V x e (a b)and cis a point such

thata < c <b, and (c, f (c)) is the point lying on
the curve for which F(c) is maximum, then
f’(c) is equal to -

(A) f(b)_;(a) (B) ( ( ) f(a))

0 1
| = —GJ'et costdt = GJ.et cos Lt
2 2

_ . 1
=6 [et cos%) +%J.Oetsin%dt} b- b—a
0 2f(b)-f(a
| | BECEER
1
= 6|ecost 14+ [etsinlj —EJ e' cos_dt Sol.[A] f"(x)< 0 Vx e (a,b)forc € (a, b)
2 T2 2), 230 2

{ L1 1} 1 FO) = 2 (@) + £9) + =)+ )
= 6/ecos——1+—=esin—| — =1
2 2 2 4 b_a
= —f(C)+—f(a) —f(b)
|+ 1I:G{ecosl+£esinll} 2
4 2 2 2 B q L
_24{ 11 1 } :F(C)—Tf(c)+zf(a)—§f(b)
|= — |ecos—+—esin——
5 2 2 2

=

- [(b—a)f'(c) + f(a) — f(b)]

N

1., 501100
[ @-x*)"ax F”(C)=%(b—a)f"(c)<0

Q.14  The value 5050 0 is equal
J': (1- XSO)loldX
€O oo [11T-2006] 6f"(c)<0
Sol. 5051 . F(c) is max. at the point (c, f(c))
f(b)—f(a)
Passage - (Q.15 to 17) [11T-2006] Where F'(c)=0=f'(c) = 5 (Tj

Let us define the definite integral using the

b . .
formula j f(x)dx:—b_a (fa) + f(b)), and for ~ Q17 IFT() is apolynomial and

jf(x)dx ( ](f(t)+f(a))

¢ € (a b), when c-T for more accurate result lim (_af =0 forall
e - , then d ff tmost be-
j f(x)dx = (%j (f(a)*+ f(b) + 2f(<)) ?A) 0 egre‘(aBo) Z(X) Ca(nCE; e e(D) s
a+h h
f(x)dx ——(f h)+f
h [ (f(a)”(c))} [b c(f(b)”(c))} coL(0] Lim [ f000x-7 (Fa+h)+1(@) o
h—0 h3 0
Q.15 Evaluate anSin K dx - using L.Hospital rule
: ﬂ _ f(a+h)f%(f(a+h)+f(a))fgf‘(a+h)
A g2 ) Gu2) Lim p~
T 1 1 h,,
(C) Z(“ﬁ) (D) Z(“Zﬁ) e Sfa+n) -2 f@)- fa+h) o
h—0 3h? 0

T o

Sol.[B] Izsm xdx = 24 [sin0+sing+ Zsingj Using L.Hospital rule

Power by: VISIONet Info Solution Pvt. Ltd
Website : www.edubull.com Mob no. : +91-9350679141
34




Q.18

Sol.

%f‘(a+h)—%f'(a+ h)—gf"(a+ h)

= Lim
h—0 6h

_ f'@+h)

12
For f(x) exist minimum degree 1
= at most degree from option is 4

n

LetS = and
Z‘1n2+kn+k2

n-1 n

" Zn?+kn+k?

[11T-2008]

forn=1,2,3, ... Then

Y
(A)S, < — (B)S,> — .19
33 33 Q
T Y
©OT,<—F OT>—
33 33
[AC]
n-1 n
T,=
kZ:zon2+kn+k2
1
Lim T”:.[ dx 5
n—0 01+x+x
1
Letx= K :jd_xz
n 1 3 SOI
Ol x+=| +=
(x+3) 5
1
X+=
:itanfl 2
3 8
2 1o
- i tan,l 2xX+1
3 NERA
2 1 4 1.2 [n =
= L [tant J3-tant—= )= {———}
NE) M3 3 L3 6
T _ e
Lim T,= —_= —
n—o [ 6 3\/5
Thisis forn —» o
. Buth<oo
T
LT < —
n 3J§

k=11
1
Lim Sn—j dx 5
n—»o O1+x+x
k e
Letx=— = —
n 33
Againn — o« then S -
n 3J§
Sn<i as n is not exactly oo.

33

Let f(x) be a non-constant twice differentiable
function defined on (oo, «0) such that f(x) = f(1 — x)

and f Gj = 0. Then - [11T-2008]

(A) " (x) vanishes at least twice on [0, 1]

B) f'[%j:o

( ) 1/2 1 d
C flx+=|sinxdx=0
1, [ +2j

1/2
(D) j f (t)es"™dt = j f(1—t)esi"™ dt

1/2

[A,B,C,D]
f(x) = f(1 - x)
fx)=-f1 -x) = f(1/4) = F@B/4) =0
(given)
put x =1/2

= ()
2 2

= f (1] =0
2

Since f'(1/2) = f'(1/4) = f(3/4) = 0 hence by

Rolle’s theorem statement A is true.
as given f(x) = f(1 — x)

replace x by x + %

(3o o] 2] o

1/2 1) .
Now, | = I f| x+= |sin xdx
-1/2 2
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1/2 1) .
- f(—x+EJsmxdx (putx =—=X)

112 Q21 If I,= j&dx, N=0,1,2,......... ,
" (L+7*)sinx
1 i —T
I=— f(—+ x]sm X dx [by (1)] then : [1IT-2009]
-1/2 \ 2 10
= (A) 1y = Loz (B) D lymis =10n
So 1=0 o L=
Now, let t=1-x ©) Y lom =0 (D) In = I+
1/21:(1 )esinnx d m=1
B L X X Sol.  [A,B,C]
1 : t sinnx
= | flI-t)e " dt h= | ——
L/z - " _-[[(1+nx)sinx
- - - n X i
Q.20  Let f be a non-negative function defined on the =1, = J‘ﬂ dx
X X 7n(1+TEX)SinX
interval [0, 1]. |fj 1-(F'())2 dt = j f(t) dt,
0 0 . _ T sin(nx)
Adding 21, = I _ dx
0<x <1, andf(0) =0, then- [1IT-2009] < sinx
1 1 1 1
Aff=|<Zandf|=|>= T
) ( j 2 (Sj 3 orln:_[s'_nnxdx
sin x
1 1 €
(B)f > —andf =
2 3 sm(n+2)x
= In+2— I— X
1 sin X
@fU H ;
2° 3 Consider
(D) f(Ej > % and f[?j < % by, = jﬁ sin (n+2-)x—sin L
0 sin x
Sol. [C]
- - j Zcos(n.+1)x Smxdx:O
y =sin x ! ° sin x
| e (D
0 s 10
| & again Z|2m+1:|3+|5+|7+""'121
X X m=1
j,/l—(f'(t))2 dt = J-f(t) dt using (L) = 1015 = 101,
0 0 =10mn
On differentiating 10
>l = 0 because
V1-(F'(x)? =f(x) o1
On solving f'(x) = y1-(f(x))? ln = | SIN2MX 43 = 0 use f(a—x) = —f(x)
. sin x
f(x) = sin x 0
®sinx<x, Vx>0 Also l1 # I,
as by trial I, = |
sor(2] <1 vl
2 2
f 1 < 1 Q.22  Thevalue of lim — t”l(lﬂ) dt is -
3 3 x>0 x3 o t'+4
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Sol.

Q.23

Sol.

Q.24

%HQfm:{

[11T-2010]
1 1 1
A)0 B) — C) — D) —
(A) ()12 ()24 ()64
[B]
Use L'hospital rule in
J‘ t}\n(l+t)
X—>0 x370 thi4
- Lim xan(l+Xx)
x—0 (x +4)3x
= Lim n(d+x)
x—0 x3(x +4)
=t -1
3. 2
The value(s) of I —) dx is (are) -
0 1+x?
[11T-2010]
71 3=n
A) —- B)— (C)0 D) ———
( ) m ( )105 ©) (T
[A]
| = j‘x"’(l—x)"'
1+x?
_ 1x8—4x7+6x6—4x5+x4
- I 2 dx
0 1+x
1
= I(x6—4x5+5x4—4x2+4— )dx
0 1+x2
_ 22

For any real number X, let [x] denote the largest
integer less than or equal to x. Let f be a real
valued function defined on the interval [-10,
10] by [1T 2010]

f(x):{ x—[x]

1+[x]—x

if [x] is odd
if [x]is even

2 010
Then the value of n—f f(x) cos nx dx is
10 /-10
{x} Wx]isodd
1={x} W[x]iseven

graph of y = f(X) is

Q.25

Sol.[A]

AAAAA

5 4 -3 -2-1 |01 2 3

0 f(x) & cos nx both are even functions
22 10
So, = — jf(x) cos nx dx
-10

20

T jf(x)cosorx)dx

.. f(X) & cos nx both are periodic then

2
=7l I f(x) cos(nx) dx
0

1 2
nzlj(l— X) cosx(nx)dx + J.(x —1) cos(nx)dx
0 1

nz{zzz} _4
T

Va3 xsin x?
ThevalueofJ‘ — - dxis
Jm2 SN X +sin(An 6 — x°)
[11T-2011]
3 1 3
A )\n— B) = A\n —
(A) = 5 (B) >, Ao
3 1 3
C) A\n — D) = A\n —
© 5 ( )6 5
Letx®=t xdx= 3
2
Izl? sint
2}n sint + sin(An6 —t)
...... (1)
I_ET sin (6 —1)
Zm sint + sin(An6 —t)
...... )
Add (1) & (2)
1T
2l= = | dt
Zmz

1= 1onz-an2)=1n
4 472
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Q.26

Sol.

Q.27

Sol. [B] sz cosx dx +

Let f: [1, ©) — [2, «) be a differentiable

X
function such that f(1) = 2. If 6'[ f(t)dt= 3x
1

f(x) — x? for all x > 1, then the value of f (2) is.
[11T-2011]
[6]

6 j f(t) dt = 3xF(x) - x°
1

6 f(x) = 3f(x) + 3xf '(x) —3x*
3f(x) = 3x f '(x) — 3%

dy 2
X—— —y=X
dx y
dy 'y _

dx X

y_l :Jx_ldx = oxtcoy=xP+ox
X X X

Ofl)=2=c=1
y= X2-+ X
fQ)=4+2=6

The value of the integral

/2
2 T+ X
X +1In

T—X

jcos xdx is [1T-2012]

-n/2
2 2 2

i i i
(B) 7—4 ©) 74‘4 (D) 7

n/2 X
TC_
I m( jcosxdx

T+ X
-n/2

1 1
Even function Odd function
/2

=K szcosxdx+0
0

(A) 0

nl2

—n/2

= 2[x?sin X + 2x cosx — 2sin x]5'? =

i

2
T 4
2

Q.28

Sol.

to —ve.

+Vve.

G|

If f(x) = jetz (t—2) (t-3) dt for all x e (0, ),
0

then

(A) f has a local maximum at x = 2

(B) f is decreasing on (2, 3)

(C) there exists some ¢ e (0, o) such that
f'(c) =0

(D) f has a local minimum at x = 3

[11T-2012]

[A, B, C, D]

f(x) = j e’ (t—2) (t-3) dt

0

f/(x) = e (x-2) (x-3)

/XY

f'X)<0 Vxe(273)
so f(x) is decreasing on (2, 3)
alsoat x =2, f’(x) changes its sign from +ve

Hence x = 2 is point of maxima
Atx =3, f’(x)changes its sign from —ve to

Hence x = 3 is point of minima.
Alsof'(2)=f'(3)=0
So from Rolle's Theorem there exist a point ¢

such that f"(c) =0

Passage (Q 29 to Q. 30)

Q.29

Let f(x) = (1 — x)? sin’x + x* for all x e IR, and
X

letg(x) = | [M I t) £(t) it for all
1 t+1

X € (1, ). [1IT-2012]
Consider the statements :

P : There exists some x e IR such that
f(X) + 2x = 2(1 + X9

Q : There exists some x e IR such that
2f(x) + 1 = 2x(1 + x)

Then

(A) both P and Q are true

(B) P is true and Q is false

(C) Pis false and Q is true
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(D) both P and Q are false
Sol. [C] (P): (sin®) (1- X)* + x? + 2x = 2 + 2X°
(sin’X) (L—x)? = x*—2x + 2

1-x)?+1

sin®x = -, which is greater than 1 =

1-x)
no solution

= P is false.

2

. fa2,
(Q): 2sin°x= %)

2
X
0<

S E s

This inequality is satisfied by some value of x.

Q.30

Which of the following is true?

(A) g is increasing on (1, o)

(B) g is decreasing on (1, «)

(C) g is increasing on (1, 2) and decreasing on
(2, 0)

(D) g is decreasing on (1, 2) and increasing on
(2, 0)

Sol. [B] g'(X) = LM—MXJ
443

for x >1

f(x)

always+ve

g’ (x) <0=g(x) 4 on (1, )

Match the Column type questions |

Q.31

Match the integrals in Column | with the

values in Column 11 [11T-2007]
Column | Column 11
@ e ® ()
® ]2 @2l
© flfi ®) 2
2
o 2= ©;

Sol. [A>SB->S,C>P,Do>R]

G|

(A) j ix =2[ —1_dx =2tan1= 72
114 x? 01+x?
1
® | ! gx =sint1-sint 0=n/2
0 17)(2
3 dx 1 1+x 1 2
C = = |log——| = =log=
© -[Zl—xz 2( I Jz 2 93
2 dx 4.2
(D) — = (sec x)1
=sect2-sect1= =
3
Q.32  Match the statements in Column-I with the
values in Column-I1. [11T-2010]
Column-I Column-11
(A) A line from the origin meets P) 4
the lines X=2= ¥=1- 2+1
1 -2 1
(8
and 3_y+3_z-1
2 -1 1
at P and Q respectively. If length
PQ =d, then d? is
(B) The values of x satisfying Q@O0
tan "’ (x + 3) —tan * (x —3)
=sn[(]
=sin" | = |are
5
(C) Non-zero vectors &, band ¥ (R) 4
satisfy &. b=0,
(b-8). (b+E)=0and
21b+8|=1b-§].
If §= b+ 48 then the possible
values of p are
(D) Let f be the function on [, 7] (S)5
given by f(0) = 9 and
f(x) = sin (%j/sin(xj forx =0
2 2
The value of 2 jf(x)dx is (M6
Y

Sol.

A->T;B—>PR; C>0Q,S; D>R
(A)LetP=(A+2,1-2A,A-1)

2
QE(2u+§;fuf3,u+1)

equation line PQ
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G|

- . . . nl2
r=A+2)i+(0-20)j]+*-1)k =§j |n5x
2 m o5 sinx
ta(@u-2+2) i+ -4 +@E+2- 2 2
3 _8 j sin (3x+2x) _8 _[(l+20054x)dx
Ak Ty sin x
.. This line passing through origin so. =4

k+2+a@p—k+§)=0

1-20+a@h—p-4)=0
A-l+a(-Ar+2)=0

on solving above three p = % &r=3

SOP=(5-5,2) &0Q= (— % 4y
SoPQ =46 = (PQ)’=6
(B)tan (x + 3) —tan ' (x -3) =sin"* %
tan ! 26 =tant 3
X° -8 4
= x*-8=8
= X*=16 =>x=1%4
©)|bP+b.E=K.¥ (D)
put 5:p5’+4l‘:’ vh.b=0= E.E:—%M
(2
from (1) and (2)
2
bz —16 ...3
c 4- u+p
< 2lb+ Bj=|b-¥|and K= pb+ 4k
2
b_2: LZ (@
c 3-2u+p
from (3) and (4)
m=0,5
sing—x
(D) f(x) = 2 _ S|r1 5x + su.w 4x
sin X sinx  sinx
2
1= 2 [foodx= —jf(x)d =2 [
7 m ¢ sinx
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EXERCISE #5

Old IIT-JEE objective type questions |
Q.1 For any integer n the integral

T
[ " cos3 (2n +1) x dx has the value
0

[11T-1985]
(A) B)1
©o (D) None of these
Sol. [C]

| = IeCOSZX cos3 (2n +1) x dx
0

using
. 0, fla-x)=-1(x)
jof(x)dxz 2joa/2f(x)dx, fla—x) =f(x)

where, f(x) =%, cos® {(2n + 1)x }

s fm—x) = €)= cos® (2n + 1)x ) = — f(x)

= 1=0

Q.2 Let f : R — R be a differentiable function and

0 ot
f(1) = 4 then the value of lim [ ——dtis -
x—1 2 x-1

[11T-1990]
(A) 8f'(1) (B) 4f'(1)
(C) 2f'(1) (D) (1)
sol.  [A]
f(x)

f(x) 2tdt
im [ <2 dt = i J 4
x—1 X— x—1 X—=1

{using, L-Hospital's rule}
N (CORK(EY)
x—1 1
= 2f(1). (1), where f (1) = 4.
=8f'(1)

Q.3 Letf: R > Rand g : R — R be continuous

functions then the value of the integral

nl2

[ 60 + £(01 [9(x) —9(-x)] dx i -

-n/2
[11T-1990]
(A)n ®1 ©-1 (Do
Sol.  [D]

nl2

I= I {f(x) + f(=x)} {9(x) —9(-x)} dx
-n/2

) a 0, f(-x) =-1(x)
using Lf(x)dxz ZI:f(x)dx, f(x) = F(x)

< Let ¢ (x) = {fO)+ (=9} {9(x) — 9(-x)}
= ¢ (%) ={f(+ T} {g(-x) —9(})}
= ¢(x)=-¢(x) ¢ (x) is odd

/2 A
- L{/Zq)(x)dx =0

n/2
Q4  Thevalueof | dx -

o 1+tan”x

(A) 0 B)1 (C)nl2
Sol.  [D]

is:  [11T-1993]

(D) /4

/2 1

LetI:J‘

3 dx
0 1+tan®x

/2
SR
1+ Sin

cos® X

/2 3
= I X 4« (1)

0 cos®x+sin®x

cose’(n—x]
/2
= r 2 dx
® o T ox |+sind Fox
2 2

{@ | Oaf ()dx= Oaf @-x) dx}

n/2 sindx
=l= j ﬁdx ...(2)
0 sIN”X+C0S” X

Adding (1) and (2), we get
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/2 gin 3 3
2|=J- S!n3X+C053de
0 sin”X+cCos” X
/2
32I:J‘ ldx
0
/2
21=[x]; " =n/2 = | =n/4

2n
Q5 The value of j[25in x]dx where [.] represents
0

the greatest integral function is : [I11T-1995]
5 5
W-7 ®-1m ©F O-2n
Sol. [B]

2n
Letl= J-[Zsinx] dx
0

For 0<x<n/6=0<2sinx<1
=[2sinx]=0

/6 <X<5m/6=1<2sinx<2
=[2sinx] =1

5n/6 <x<m=0<2sinx<1
=[2sinx] =0
TE<X<Tn/6=-1<2sinx<0
=[2sinx] =-1

/6 <x<1ln/6 = -2<2sinx<-1
= [2sinx] =-2

11n/6 <x<2n=-1<2sinx<0

=[2sinx] =-1

51/6 Tnl6 11n/6
g |:j 1dx+j —1dx+f —2dx
/6 m 7nl6

2n
+ J- —1ldx
11rn/6

|
—
ol
g
|
o3
N—
+
|
<D|§‘
+
a
N—
+
N
|
cn|'.:‘
a
cn|5‘
N—

= -z

Q.6

Sol.

Q.7

G|

If f(x) = A sin (nx/2) + B, f [ j 2 and

jf(x) dx = —A , then the constants A and B are

[11T-1995]
(A)n/2and =/ 2 (B) 2/m and 3n
(C)0and—4/n (D) 4/mand O
[D]

We have f(x) = A sin (“_Zx) +B. f(%) -2

And j fx) dx= 22
0 T
f'x)= N cos & :f(lj = &cos—
2 2 2

_ Arn
242
But f[%j =2

\/_:>A——

2[

1
Now I f(x) dx = 2A
0 I

:>j [Asm( ]+B}dx = ZTA

{ 2A  nx T _2A
= | ———Cc0s—+Bx = —
T 0

g+ A _2A
T T

=B=0
Let f be a positive function, let
1= [ % FIx (Lx0]dx & 1= [ F[x (1 - x)]dx,

where (2k-1) > 0, then :—1 is -
2

[11T-1997]
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Sol.

Q.38

Sol.

Q.9

Sol.

(A)2 (B) k
[C]

€12 (D)1

) b b
Applying L f(x)dx = L f(a+b—x)dx

On I; we get

h=hL-1

X
If g(x) = [cos* tdt, then g(x + ) equals -
0

[11T-1997]
(A) 9(x) + 9(n) (B) 9(¥) - 9(n)
(C) 9. 9(r) () 4%
a(n)
Al
g(x) = _[ OX cos*tdt  (given)

g(x +m) = I0n+xcos4 tdt

T 4 TT+X 4
:j cos tdt+j cos” tdt
0

= |1 + |2
= I =9g(m)
T+X 4
I, = I cos” tdt
T

Put t=n+y = dt=dy
X X
l, = IO cos* (y + m) dy = IO [cos(m+y)]*dy

= fx(fcosy)“dy = jXCOS“ydy:g(X)
0 0
Lo g(X+m)=g(x)+g(m)

. r
r!l_rno - r:lm equals - [11T-1997]
(A)1+ 5 (B)-1++5
(C)-1+ 2 (D)1++2
[B]
1% 2x
== I ax
2 1+ x2

Q.10

Sol.

Q.11

Sol.

Q.12

Sol.

= [x/l+ X2 } i
0
= \ﬂg__l
X 1
If [ f(t) dt = x + [ tf (t) dt, then the value of (1)
0 X
is - [11T-1998]
(A)12 (B0 (€)1 (D -%
[A]

on f(t) dt = x + Ll {f (1) dt

Differentiating both side with respect to x
We get
fX)=1-xfX)=> 2 +x)f(x)=1

1 1
fxX)= — =f1)==
= 1) 1+x = () 2
Let f(x) = x —[x] for every real number x, where
1
[X] is the integral part of x. then jf(x) dx is:
-1
[11T-1998]
(A)1 (B) 2 ©o (D) -1/2
[A]
1 1
j f(x)dx = j (x—[x])dx
-1 -1
= Il xdx — jl [x]dx
-1 -1
=0- jll[x]dx [® x is an odd function]
jl [x]dx = Io[x]dx + jl[x]dx
-1 -1 0
0 1
= I_l(—l)dx+ IOde = [x] 91 +0=1
If for a real number vy, [y] is the greatest integer
less than or equal to y, then the value of the
3n/2
integral | [2sinx] dx s - [11T-1999]
nl2
(A) - = (B)0
(C)—mn/2 (D) n/2
[C]
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Q.13

Sol.

The graph of y =2 sin x for 1/2 <x < 3775 is

2
51/6 ! \7n/6 3r/2

Q.14
from graph
2, X=m/2 Sol.
1, =w/2<x< 5_7t
6
f(x)=[2sinx]= 4 0, %’%xsfc
-1, mn<x<7nl6
-2, 7—Tc<xs3—7c
2
There
3n/2
I [2sin x]dx
/2
5n/6 T Trl6
- J.TE/2 dX+ISn/6OdX * J.rr (71)dx
3n/2
+J' (-2)dx Q.15
Trl6
5n
Y Tnl6 n/
= [X] n6/2_[x]n —2 [X] gn/%
Solving we get :—%
3n/4
J' is equal to: [11T-1999]
n,41+cosx
w2  ®2 ©f @©O-=
2 2 Sol.
[A]
3n/4  dx
= ...(1
.L/4 1+cosx M
_ 3n/4 dx
- In/4 1+ cos(r— X)

© J'bf(x)dx = jbf(a+b—x)dx)

3n/4  dx
Lm 1-cosx
Adding (1) and (2)

3n/4 2
20= [ —
n/4 1—-c0S” X

Q)

G|

3n/4
= 1= I cosec?xdx = [-cotx]*™*

nl4

= [—cots—n+cot£} =2
4 4

n 2
[ S Xdx, a>0 [IIT Scr. 2000]
Jo1+a¥
(A)=n B)yma (C)=n/2 (D)2n
[C]
. 2
I:J- COS"X 4
-n1+a"
. 20 x aX 2
:>|:J- cos(x)dx :_[ a cosxdx
-« 1+a* -t 1+a*

=2|= r cos® xdx =2 J.Oncoszxdx

—T

= jn(1+0052x)dx = {X+S|n2x} =
0
0

| = _E
2

Let g(x) = [f(t)dt where t is such that
0

N |-

<f(ty<1forte [0, 1] and 0 < f(t) < % for

t € [1, 2]. Then g(2) satisfies the inequality -
[11T-2000]

(A)—§Sg(2)<% (B)0<g(2)<2

©5<o@<;  (D)2<g@ <4
)

X 2
g(x) = IO f(t)dt = g(2) = jo f(t)dt
1 2
= j f(t)dt+j f(t)dt
0 1

Now, <f(ty<1lforte]0,1]

N |-

1 1 1
We get J.O%dt < jof(t)dt < joldt
(apply line integral on inequality)
L < 1f t)dt <1 1
> < fod <1
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Again, 0<f(t) < % forte

LZOdtS sz(t)dté J‘:%dt

(apply line integral on inequality)

G|

sinx for|x|<2
2

Cos X

L2 . If F(x) = {e

otherwise
j * ) dx = j ® F dx + J' *Fx)
_2 -2 2

2 3
=I e * sin x dx +J 2dx
2

2
= 0< .[ fyde< < .
! 3 COSX o7 : :
=0+
From (1) and (2), we get - 2[3 2 [;]]2_ 2(@ e“*sin x is an odd function )
1 2 - B
1 SJ f(t)dt+j f(t)dt< 3/2
0 1
L Q.18  Letf(x)= [e*(x-1)(x—2)dx. Then f decreases
or = <g(2)<3/2
2 9(2) in the interval - [11T-2000 Scr]
= 0<g()<2 (A) (0, -2) (B) (-2,-1)
©) 12 (D) (2, +0)
e2
. log, x| , . Sol. [C]
.16 The value of integral | |—=— dxis -
Q g EL Fr(x) = e (x—1) (x—2)
[11T-2000] - 4 *
3 . 1 2
@5 ®2 ©3 O
Sol.  [B] Fill in the blanks type questions
o log, X tllog, x ‘ log, x
J—ge dx = I—ge dx+j—ge dx )
Jox Jilx X SECX COSX SEc” X +COtXCosec X
— 2 2 2
Since 1 is turning point for QL9 1(x)= |cos™x coszx COSEZC X
| 1 C0s” X CO0s” X
9 X| for + ve and - ve values 1
X T
2 then  [F() X wovvrrrrrrrrnnnn [11T-1987]
1
:_J- IOgede+Je Iogexdx 0
el X 1 2
SECX  COSX  COSECX.COtX +Sec” X
=1 [(log, x)?]% +1 [(log, )21 Sol.  f(x)=|cos®x cos®x cosec’x
2 ° 2 1 cos®x cos? X
Solving we have .
R —— R
- %{0—(—1)2}+ %(22—0)=5/2 7 tosx
SeCX  COSX  COSECX.COtX +sec’ x
ool - f(x) = cos x| cos® x  cos® x cosec®x
Q.17 IfF(x) = ¢ A for|x|32. SeCX  COSX COSX
2 otherwise
Rl —> Rl — R3
3
Then [FO)dx = [11T-2000] =10 ,
) 0 0 COSECX.COtX +Sec” X —CosX
(A) 0 (B) 1 C) 2 D)3 =cos x|cos® x  cos® x cosec?x
Sol. [C] SecX  COSX COSX
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= (cosecx . cot X + sec” x— cos ). (C0s® X — COS X). c0S

Q.20

Sol.

Q.21

Sol.

_ [sin2 X +¢0s° X —c0s® x.sin? x

X

= > .COS°X. sin’x.
sin? x.cos® x

=fsmx cos® x(1 sin” x)
= —sin? x — c0s° X

] nl2 _ nl2

.jo f(x)olx_—j0
{using Gamma function,}

m+1lfn+l

2 2
m+n+2

2

(sin® x + cos® x )dx

/2 Cm n
I sin™ x.cos" xdx =
0

B EEREE
22 T

d

2
__{_+§} _ [15n+32]
4 15 60
15
The Integral f[xz]dx , where [ ] denotes the
0

greatest function equal to...... [11T-1988]

15 L V2 15

J.[xz]dx = j Odx + J.ldx+ I2dx
0

0 1 J2

=0+ [ +2[di2

= (V2 -1)+2(15-+2)
:\/_—1+3—2\/_:2—\/E

2
The value of _[|1—x2 ldxis... [I1T-1989]

-2

2 -1 1
j|1—x2 ldx = J-(xz—l)dx+.|.(1—x2)dx

-2 -2 -1

2
+ | (x* 1) dx
!

3 -1 371 3 2
= —X -X + Xf—X + —X —X
3 3 3
_2 -1 1

Q.22

Sol.

(§—2—£+1J
3 3
3n/4
The value of j dx is..... [11T-1993]
1+smx
3n/4
= ——dx ...(1)
1+sinx
/4

T/ _
|- IS ‘ (n/4+37/4-%)
/4 . n 3n
l+sin| —+—-X
(4 4 j
b b
(@j £(x) dx :I f(a+b—x)dx )
a a

J-3TC/4 T—X
= A — X
n/4 1+sin(m—Xx)

3n/4 T 3n/4 X
= | = I dx — I dx

n/4 1+sinx n/4 1+sinx
3n/4
Si=af | (from (1))
n/4 1+SIin X
3n/4
— 2l = nj dx
n/4 1+SIinX
T 3n/4 dx
=== J. _—
2 Jn/a (L+sinXx)

3n/4 1-sinx
—1== ( )

2 Jnra (L+sinx)(L-sin x)

_ 213“/4(1 smx)
2 Jria 1-sin?x

n o340 1 sin X
—J. ————— |dX
2 Jnl4 \cos“ X c€Os” X

n (3n/4 2
= 5 I (sec” x — sec x. tan x). dx

nl4
= = [tanx—sec]*"}*
= ~1-(V2-42)]

—2+242] =q[V2-1]

Njla Nla YRS
-
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Q.23

Sol.

Q.24

Sol.

The value ij\/s_:/;\/_ dX S,
[11T-1994]
1= [—X
!ﬂ+&dx (1)

Since jb f(x) dx = jb f(a+b—x) dx
-

:>I—I \/_ \/5_x
Adding (1) and (2), we get

o= [P xEBox
L

3
32I:Ildx:1 :>|:%
2

..

If for non zero X,

af(x) + bf(%j = i—5, where a = b, then
X
[11T-1996]

af (x) + bf(L/xX) = % _5  (given) ...(1)

replace x by 1/x in (1), we get

af (1/x) +bf (X)=x-5 ...(2)
multiply (1) by a and (2) by b and substract we
get

@—-b)f(x)= 2 —bx—5a+5b
X

:f(x)—;[ —bx - 5a+5b}

b?)

Now,

2 4 1 2

Lf(x)dx 'ﬁL {——bx 5a+5b}

2

= ﬁ {alog |x|—gx2 5(ab)x}

1

Q.25

Sol.

Q.26

Sol.

Q.27

G|

= ﬁ[alogZ—Zb—lO(a—b)—alogl

+g+5(a—b)}

7
=—— lalog2-5a+—b
(az—bz){ g 2 }

2n s.2n
XSIn= X
oSIN™" X+COS™ X

[11T-1996]
king
2n _ . on
(2r—x)sin<" x dx

| = N T/ eSS
< sin 2Ny +cos®" x

2 .
JI[ sin?" x

2A=2n | ——5—
5 SIN“ X +C0s™ X

dx

w ta2n
SIn™" X
:27'CJ. . 5—dX
0SII’] X+C0S™ X

/2 .
sin 2" x

:4nI—_ - S— X
5 Sin“"x+cos™ x

37 i
The value of f de is

X
[1IT-1997]
e
| = j- nsin(rlog x) dx
1 X
nlogx =t
37n 36 37n
I= Isintdt: Isintdt+ Isintdt
0 0 367
_ 37n _
= —[cost]ssn =
X2
Jcostzdt
mL — = . [11T-1997]
x—0 X sinx
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Sol.

Q.28

Sol.

LH rule

) cosx*.2x

Iim ——M—

x>0 X COSX +5in X

) 2cosx*

im ———— =1

x—0 sin x
COSX +| ——
X

sinx

Let LFp)=8— x>0.1f
dx

42esinx2
dx= F(k) — F(1), then one of the

1
possible value of k is.............. [IT-1997]

4 2% esinx2
|= j .
1 X

dx

X° =t
16 esint

| = j
t

1

dt = F(16) — F(1)

=k=16

Old IIT-JEE subjective type questions |

Q.29

Sol.

Evaluate the following [11T-1985]

™2 xsinx cosx
I dx

o cos* x+sin? x

| = J‘ xsmx COSX
COS x+S|n X

T J
( X).sm XCOSX
n/2\ 2

cos* x +sin* x

n/2 tan x.sec? X
21 = J- —— —dx

0 tan*x+1
/2
1 j % .d(tan? x),
2 90 1+ (tan“x)
where t = tan? x

[tan*lt] ——(tan o —tan* 0)

Q.30

Sol.

Q.31

Sol.

Q.32

G|

Evaluate jx—w( ;0<a<m
01—0050c sin X
[1IT-1986]
T X
Letl = ———dx (1
Io 1-cosasin X M
— 1= I”L)‘)_dx o)
0 1-cosasinx

Adding (1) and (2), we get

n dx
21= nj _
0 1-cosasinx

.'.2I=71:'[01T

1+tan? Xdx
2

(L+tan?X)—2cosatan X
2 2

=21= ,Wheret:tang

2dt
n j %
0 1+t +2tcosa

dt
0 (t+cosa)? +sin?a

_oom 4 t+cosa. ”
= — tan -
sina sino 0

-1

21=2n

—tan " (cot )

sin o
_ w I T _am
sino [2 (2 D sina

maxima and minima the

Investigate for
function

f(x) :f[2(t4)(t-2)3 +3 (t-1)2 (t-2)2] dt
1
[11T-1988]

f(x) = j 2t -1)(t—2)% + 3 (t-1)2 (t-2)2} dt

. f (x) {2 (x— 1) (x=2)% + 3(x-1)* (x-2)°}.1
= (x 1) (x=2)% {2(x- 2) + 3(x — 1)}
+ Wt

= (x=1) (x=2)* {5x - 7} f
.. f(x) attains maximumat x =1

and f(x) attains minimum at x = %

Evaluate

'lflog [V@—X) +/(@+x)]dx
0

[11T-1988]
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1
Sol. 1= Ilog(«ll—x + 1+ x)dx

0
Put, X = cos 20, then dx = — 2 sin 20 dO
0
=2 j p log(+1—c0s26 ++/1+c0s26 ) (sin 260) do

0
=2 .[ p log{ V2 (sin © + cos 0)}sin 20 do

0
=2 j p {(log~/2 ) sin 20 + log (sin © + cos ©). sin 20}
do

0
~2log V2 [—coszej
2 /4
0
2 j ,log(sin 6 +cos).sin 20do
€0s26 0
2

nl/4
0 _qJ _

_J cos0 s!neX €c0s20 40
n/4\ C0SO+SIiNO 2

=log (2 ) - 2{0+1J.0 (cosO —sin e)zde}
2Jdn/4

=log V2- 2[—{Iog(sin 0 +cos0).

_1 0 .
=5 log 2 - Lm(lfsln 20)do
0
-1 log2 - [9+ Cosze}
2 2 /4
:l|ogz_(l£j 1|0g2_£+£
2 2 4 2 4

Q.33  Prove that the value of integral

2a
[ {%} dx is equal to a.
0

[11T-1988]
Cra o f(x) .
Sol. I= J.O mdx (l)
- | #_fRa-x) 4 (ii)
o f(2a—x)+f(x)

Adding (i) and (ii), we get

21 = Izawdx =2a
o f(x)+f(2a—x)

=1l=a

Q.34  Prove that for any positive integer K,

G|

sinzkx _, [cos X + cos 3X +....+ cos (2k —1) X]

sinx

Hence prove that

/2
J'sin 2kx cotx dx =
0

r

2

We know,

2 sin x {cos x + cos 3x + cos 5x + ...+ cos (2k —1)
x}

=2 sin X cos X + 2 sin X cos 3X + 2 sin X cos 5x
+

...+2sinx cos (2k —1) x
=sin 2x + (sin 4x —sin 2x) + (sin 6x — sin 4x) +

... T {sin 2kx — sin (2k — 2)x} = sin
2kx

® 2 {cos x +cos 3x + cos 5x + ... cos(2k — 1) X}

_sin 2kx
sin x

(1)

Now,

sin 2kx
sin X

sin2kx.cot x = .COS X

=2 cos X {cos X + cos 3x + cos 5x + ... + cos (2k—
Dx}
{using (1)}
= {2 cos® X + 2 COS X COS 3X + 2 COSX COS 5X +
...t2 cos x cos (2k — 1) x}

= (1+ cos 2x)+ (cos 4x + cos 2x) + (cos 6x + cos
4x)

+.... H(cos2kx + cos(2k — 2)X)
=1+ 2 {cos 2x + cos 4x + cos 6x
+...cos 2k — 2)x} + cos 2kx

/2
s jo (sin 2kx) .cot X dx

nl/2
+2 JO (cos 2x + c0s 4X ... cos(2k — 2) x)dx

nl2
+ J' cos (2K)x . dx
0
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Q.35

Sol.

Q.36

Sol.

_ g_l_z{sm 2X N sin 4x

. /2
. sin(2k — 2)x
2 4

(2k-2) |,

.\ {sin(zk)x} w2

2k |,

I
x

Show that

nl2 nl4
[f(sin2x)sinx dx=+2 [f(cos2x)cosx dx
0 0

[11T-1990]
/2
Let,lzj0  (sin 2x).sin xdx (D)
/2 i T (T
Then, | = J‘ f<sin 2(——xj.sm[——xj dx
0 2 2
/2
= jo f{sin 2x}.cosx dx .2

adding (1) and (2), we get

nl/2
21= I f(sin 2x).(sinx +cosx) dx
0
nl4
=2 I f(sin 2x).(sinx + cosx) dx
0

nl4
=242 J. f(sin2x)sin(x+£jdx
0 4

=242 Ioﬁ/4f(sin 2(%- xD.sin(%— X +§jdx

nl4
=42 IO f(cos2x).cosx dx

- Xsin (2x) sin (ncosxj
2 d

{ — X [11T-1991]
. xsin(2x).sin(gcosx]

| = jo o dx (D)

Then,

Q.37

Sol.

G|

. (m—x).sin 2x.sin(gcosx]

= jo —— dx ...(2)

(x —m)sin 2x.sin[ncosx)
T 2 d

. 2 X ...(3)

adding (1) and (3), we get
21 = J.nsin 2x.sin(£cosxjdx
0 2

T (T
= I= I sin xcosx.5|n(5cosx]dx
0

{put, gcosx=t:>— gsinx dx = dt

=sinxdx=- Ed'[}
T
_ -n/2
=1= —2 E.sin t.dt
T n/2 T

4 nl2 .
= —2.[ tsin tdt
T —n/2

nl2 4 x 2=

4 d _
|=— [-tcost+sint]™], =—
= Y

4 8
752 TEZ
A cubic f(x) vanishes at x = -2 and has relative
minimum/maximum at x = -1 and x = 1/3. If

1

[f(x)dx=14/3 . Find the cubic f(). [11T-1992]
-1

f(x) is a cubic polynomial.

Therefore, f '(X) is a quadratic polynomial and
f(x) has relative maximum and minimum at

X = % and x = — 1 respectively, therefore, —1

and 1/3 are the roots of f'(x) = 0. Therefore,
f'(x)=a(x+1) (x—1/3)

B (2 2 1)
za| X +=x-=
3 3

Now, integrating w.r.t. X, we get

3 2
fx)=a XX Xl
3 3 3

where c is constant of integration.
Again f(-2) = 0 (given). Therefore,
f(-2)=a (—§+i+gj+ c
3 3 3

—2a 2a
=>0=—+Cc=>cCc=—
3 3
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Q.38

Sol.

Q.39

3 2

i) =a| X X, 2
373 33

Again J‘llf(x)dx =14/3 (given)

1
= J. 8+ x2—x+2)dx = 14
13 3

1
= | 71%(0+x2 +0+2) dx = =

(©y=x>and y=— xare odd functions)
[ el 1

=2 ZI xzdx+4j 1dx} -4

3o 0 3

(©y =x*and y = x° are even functions.)

1
a |[2x3 14
= — || —+4X = —
3(( 3 , 3

a(2 \_14 a(14)_ 14 _

> |44 |=—=>—-|—|=— =a=3
313 3 313

Hence , f(x) = x3 + x> —x + 2

Determine a positive integer n <5 such that

1
[eX(x—1)"dx = 16 — 6e. [11T-1992]
0
1
Letl,= I eX(x-1)"dx .
0
Putx —1=t= dx =dt, then
— 0 t+1 ¢n — 0 nat
'n‘J ettt dt—eLt eldt

0
=e|[t"e'1%-n| t"e'dt
(tre1%nf’

Integrating by parts taking t" as first function
0
e (O(l)“le1 - nJ. t" e dtj
-1

0
= ()™ - neJ- t" et dt
A

== )" —nl, (D
for n=1,

= I:ex(x—l)dx = [e*(x-D]} - Iolede

=e'(1-1)-e*(0-1)-[e*E =1-(e—1)
=2-¢

Therefore, from equation (1), we get

l,= ()% -21,=—1-2(2-e)=2e-5
and I3 = (-1)**-3l,=1-3 (2e —5) = 16 — 6e
Hence, n = 3 is the answer.

Evaluate

Sol.

Q.40

G|

dx [11T-1993]

J3-2x5 +xt—ax3 4 2x? +1

5 A+ (x*-1)

| = J‘3 2x5 —2x3 +x* +1+ 2%
2 (x2+D)(x% - (x2 +2)
_ J'3 23(x% =1 + (x2 +1)? o
2 (x2+1D?%(x% 1)
3 3 3
= I %dx +I z;dx
2 (x“+1) 2 (x° -1

:|1+|2

3 3
Now, I1:.|. % X
2 (x°+1)

Putx’+1=t = 2xdx =dt

e e[ e

= ]y + H ’

5

—A10-An5+ = Lot
0 5 10
3
Again I, = L (x21—1) dx

3 1
S [ —
2 (x-D(x+1
= 1 '[3;(:1)(
2 J2 (x=-D(x+1)

3 3
) SV Y
2 92 (x-1) 2 J2 (x+1)

3

= Ip= {%An(x—l)} —%[kn(x+1)]g

2

Hence, | = |1+ |2
=\n (2)—i+1)\n2—1)\ni
10 2 2 3
= 1)\n 6—i
2 10

nm+v

Show that ~ [|sinx|dx = 2n +1- cos v
0

Where n is a positive integerand 0 <v<m
[11T-1994]
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Sol.

Q.41

Sol.

nm+v - on

I|sinx|dx :.[ [sinx|dx + j | sin x |dx
0 T

0

nm i nm+v.
+.....+I |smx|dx+j | sin x |dx
(n-In nm

T oern . nm+v o
:ZI | sin x | dx +I | sin x |dx
) (r-= nm

rm
Now to solve, I

(r-)n

| sin x |dx , we have

X=(r-Dn+t
=sinx=sin[(r—1) = +1t] = (-1)"*sint
and when x = (r — 1)z, t = 0 and when

X=rmt=n

rm T
= j |sinx|dx = j [ (-1)sint]|dt
(r-1)m 0

:J |sint|dt
0

:J. sintdt
0

= [-cost]§ =—cosm+cos0=2
i nm+vo .
Again J‘ |sin x |dx , putting x = nx + t
nm
nm+v :
Then I | sin x |dx
nm
v ) v o
= _[ |(-D)"sint|dt = I sin tdt
0 0

= [-cost]g =—cosv+cos0=1-cosvV
Therefore

ne+v N n
j |sinx|dx:2j |'sin x | dx
0 —J(r-1)z

nm+v ;
+J | sin x |dx
nm

1 NtV
:22+I | sinx | dx
nm

r=1

=2n+1-cosv

In/z sin8x log cotx

[REE-1995]
0 C0S2X

12 gj
| =J~ﬂ sin8x log cotx dx

0 C0S2X

nl2 _gj _

I:j sin 8x(—log cotx) dx
0 —C0S2X

=2l=0=1=0

Q.42

Sol.

Q.43

Sol.

Q.44

Sol.

G|

. )dx [11T-1995]

wv3) x* o 2x
j cos
~WA3) 1 _x4 1+X

Letx =-y=dx=-dy

UJ3 4
:J‘ y - | m—cos™ 2y2 dy
~1431—y 1+y
1/43 X4
21=2 dx puty =X
= nIO XA puty

143 1peUV30 1 1
I= —ldx +— d
n“o X+2I0 (1—X2+1+X2] X
1/4/3
=L iniX +l(tan’lx]2/ﬁ
V3 4l 1-x), 2
= E £+lm\/§+l_i
2|6 2 3-1 43
/4
Evaluate [ n (1+tanx)dx
0
nl4
| =
J
/4 T
= j An 1+tan(—xj dx
0 4

/4 _
= j n [1+—1 tanX)dx
0 1+tanx

/4 2
= j n ( jdx
0 1+tan X

/4
|:I0 On2-n+tanx)dx  ....(2)

[11T-1997]

An (1+ tan x) dx (D

adding (1) & (2)

21= jomxn 2dx = an2x]"*

1= Lon2
8

n 2X(1+sin x)
“* 1+cos® x
[1IT-1997]

T 2Xsin X
dx+j N7 dx
-n1+C0S“ X

Determine the value of j dx

| = J‘ﬂ 2X
-n1+cos? x
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Q.45

Sol.

Q.46

1=0+4 [ X0X gy (D)
0 1+c0s° X
I=4 “de 2)
0 1+cos” X

adding (1) & (2)

o
2= 4z [ 1% g
0 1+c0s” x
putcos x =t = sin x dx = —dt
-1 _ 1
1= on[ O = onf o
11+t 11+t

2

=4rn [tan*1 t]é =4n. — =7

N

Let a + b = 4, where a < 2 and let g(x) be a

differentiable function, If j_g > 0 for all x.

X
prove that L?g(x)dx + I;g(x)dx increases as

(b — a) increases [1T-1997]

letb—a=twherea+b=14

= a= ﬁ , b= ﬂ
2 2

Asgivena<2, b>2=1t>0

Now j:g(x)dx + Iobg(x)dx

4-t t+4

Let ¢(x) = J' g(x)dx + j
vo=d 17 (F) {73
5[5 )]

Since g(x) increasing function so
4+t 4t 4+t 4-t
So - >1 - =g | >g
7> =

= ¢'()>0
Hence ¢ (t) increasing as t increases

g(x)dx

a b .
= f g(x)dx +'[ g(x)dx increases as b — a
0 0

increases

Prove that

Sol.

Q.47

Sol.

Q.48

Sol.

G|

jdx= 2. _[ltan’1 xdx
1-X+X 0

1, 4 1
jotan (—2
Hence or otherwise, evaluate the integral

1
[tan™ (1 —x+x?) dx. [11T-1998]
0

1
I tan * _ dx
0 1-x@2-x)
1 _
= J tan’l 1X_+X dx
0 1-x(1-x)
1 1
= I tan’l(l—x)dx+j tan * x dx
0 0

1 -1 L -1 f -1
= I tan xdx+j tan™ xdx = ZI tan " xdx
0 0 0
Hence proved

1
0 j tan 11— x +x?) dx
0

1
:J- [n/Z—tanl(;zﬂdx
0 1-X+X
1 1
de—f tant 1 dx
02 0 1-x@1-x)

T 1 -1
= — — 2| tan—xdx
> Mo -2,
:E—Z[xtan x] +2 dex
2 01+X
= g——+[kn(1+x s = an2
nl6 |
Evaluate the integral | v3cos2x -1,
o COsX
[REE-1999]

X
For x > 0, let f(x) :j% dt . Find the function
+
1

f(x)+f(lj and show that f(e)+f[ j -1
X 2
[11T-2000]

f(x) = j— dt
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1/x ant
J.l 1+t

- (2)-

Lett= 1:>dt
(2] '59“’3) &)
_ (X At
( j 1 (1+ p)p dp= L 1+t a
1 1+t X ant
f(x)+f(;j_ 11+t( t Jdt_.[l Tdt

_ (ot | _ (nx)?
2 1

__dp
p’

smt

Q.49 Given j—dt a, find the value of

4 -
Sin(t/2) dt in terms of .

| [REE-2000]
A2 Adrn+2-t
4r I A I
Sol. = sint/2 dt :lj' sint/2
4n-24m+2—t 24, ,1+(2n-t/2)
Let2n—t/2=u= dt=-2du
0
J‘ sin(2m — u)( 2 du)
1 1+u
J‘lslnu _
0l+u
/2 COSQX
Q50 Evaluate: [ —F————dx [REE-2001]
o €OS’ X+sin” X
n2 cos? x
Sol. = —— = dx el
IO cos® x +sin® x M)
n2 sin®x
I= ———dx (2
-[0 cos® x +sin® x )

/2 cos® x +sin® x
32|:I ﬁdx
0 cos®x+sin®x

/2
=.[ (cos® x +sin® x —sin® x cos® x) dx
0

m/2 i 2 2 3 3
:I (1—3sin“ xcos” x —sin” x cos” x) dx
0

G|

/2
2I:J E+§cos4xfisin 2x+isin6x dx
o \8 8 32 32

Solving we get
/2
= Ex+isin4x+30052x—icos6x
8 32 64 192

50 3 1 3 1
—
Le 64 192 64 192}

0

_om 1
16 12
~om 1
2 24
Q51 If

I\/(cosx +0052% +C0s3X)? + (sin X +sin 2 + sin 3x)2 dX

has the value equal to (EM/WJ where k and

w are positive integers find the value of (k?+w?)
Sol. 153

Q.52  Match the column :

Column-1 Column-2
10 x_5

(A) j{ - }dx— ® 1
50

®) [ranixk- @ 2
s

© - I [2sin x]dx = (R) 0
n/6
1 1

D) J'cotTt X dx — ©) 3

-1
where [.] represents greatest integer function.
Sol. A->R;B>R;C>P;D>P

10 X
(A) ![5}4 dx =0
(B)-x=t

0
= j [tan* ] (~dt) = 0

tani
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(©)

671/3
2 I[Zsin x]dx =1
T

/6

(D) king

add

1
2|=J'1dx:>|=1
-1
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ANSWER KEY
EXERCISE # 1

Qus. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Ans. C D A A C B A C B B D B C A B
Qus. | 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Ans. | A D B B A C B B B B B A C C C

Qus. | 31 32 33 34 35
Ans. C D B A C

36. True 37. False 38. False 39. True  40. 7 41.1 42. 7t

EXERCISE # 2

PART-A
Qus. | 1 2 3 4 5 6 7 8 9 | 10 | 11 | 12 13 14 | 15
Ans.| D| Al C | D|DJ|D|B]|B|A|C|A]|D Cc B | B

Qus. | 16 17 18 19 20 21 22 23 24
Ans. B C B A B C A D C

PART-B

Qus. [ 25 26 27 28 29 30 31 32 33 34
Ans. | CD A, C ABC |ABCD| AD|ABC| AC |ABCD| AD B

PART-C
35. D 36. C 37. B
PART-D
38. A->PQ B>P, C>PQ;D—>PQR 39.A->PQ B>R C>PQ;D>S
40. A > S;B>R; C—>S;D->S 41. A > QR; B—>S; C>PQR;D—>PR

EXERCISE # 3

1.\n 4 2 4 3.z 5. % 7. -2 cosnk:0<k<l, > :k>1--2 :k<0
5 4 2 2 72 2
10. 11.343-242-1 122 13. 2602 -8 16, |7 T® Sl g
n?-1 8 262 6
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18.a=4,b=1 19, 2 20. ~1/4 22,2 sin 2% — sin X 20, T _ 1632
3 242 5
Inl
25, (b_a)mmi__ MM 28. 2 sinx 29.7/81n2
(m+n+1)! 2—-)\
Qus.| 30 | 31 | 32 | 33 [ 34 | 35 | 36 | 37 | 38 | 39 | 40 | 41
Aas.| c |l A|lp|lclalalele]lalc|p]s
Qus. 1 2 3 4 5 6
as.|l c | B | Al c | c]| o
8.C 9.B 10. 2n 11. fﬁzl}an13—13} 12. A
NE) 4
13. E[e cos(i—tan*l Ly i] 14. [5051] 15.B
V5 2 V5
16. A 17.A 18. AD 19. AB,C,D 20.C
21.ABC  22.B 23. A 24. 4 25. A
26. 6 27. B 28.A,B,C,D 29. C 30. B

3. A-> S;B—>S; C—>P;.D—>R

32. A>T, B->PR;

EXERCISE #5

C->0Q,S;D->R

Qus. 1 2 3 4 5 6 7 8 10
Ans. C A D D B D C A B A
Qus. 11 12 13 14 15 16 17 18
Ans. [ A C A C B B C C
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19

25.

29.

32.

41.

46.

49.

52

.%20(2—\5) 214 22, p(¥2-1) 23.1P2
n’ 26. 2 27.1 28. 16
7132 LTl
r 30 ¢
16 sin o
1I0g2—1 +Z 36. 37.f(X) =x3+ X2 —x + 2
2 2 4 72
0 4, T\ T Lo B2
216 2 |[J3-1| 3
1
AN 2 47. J6 £ _2 cotl—J
;2o
o 50. 0% 1
32 24
L, A>R:B>oR:Co>P:D>P

48.

51.

24. — 2

{alog 2—5a+1b}
a— 2

31. f(x) attains maximum at x = 1; f(x) attains minimum at x = 7/5

1 1
. —log (6) — —
> g (6) 0

. Zxn2 44, 12
8

1 2
= (Anx
> ()

153

G|
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