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CONTINUITY

EXERCISE # 1

Question
basedon

Q.1

Sol.

Q.2

Sol.

Continuity

(x + %) [x]

Where [.] represents greatest integer function?
Then

(A) f(x) is continuous at x =2

(B) f(x) is continuous at x = 1

(C) f(x) is continuous at x = -1

(D) f(x) is discontinuous at x =0 Sol.

[D]
f(x)= ‘x[x]+[ ] ‘

Let f(x)= when — 2 < x < 2.

[x] is discontinuous at integers
2(x+%j; -2<x<-1

1 1
X+— ;—1<Xx<——
2 2

f(x) =
0 ;

l<x<?2

2(x+£j ; X=2
2

.. discontinuousatx=2,1,-1,0

X+=

Sol.

The value of x where the function
f(x) = tan x log(x — 2)

given by:
(A) (=, 2) U {3}
(B) (—o0,2] U {3, nn + g,n e N}

5 is discontinuous are
X —4x+3

(€)(=x,2)
(D) None of these Q.5
[B]

£(x) = tan x log(x —2)

(x2 —4x +3)

tanx not defined at x € nt + 7/2 ; n e Integer
log(x — 2) not defined at x € (-0, 2]

and f(x) not defined at x e {1, 3}

Hence, set of discontinuous points would be
Xe (o, 2lu{3,nt+mn/2;nel}

Hence, option (B) is correct Answer.

1if x is rational | .

If f(x) = . . e is continuous
=1 if x is irrational

on

(AR (B) ¢

) -1,1 (D) None of these

[B]

£(x) = 1if x is rational
" |=1if x is irrational
Iim f(x) =1; x € Q (Rational Number)

I|m f(x) =—1;x e Q° (Irrational number)
xaQ

Since, there is no unique limit. Hence set of
continuous points would be empty.
*. Option (B) is correct Answer.

The set of all points where
f(x) = sec 2x + cosec 2x is discontinuous is-
A){nmt;n=0,+£1,£2.....}

(B){n—n;nzo,ﬂ,ﬁ ....... }

(c:){M N=0,+1,42 ...}
D) {nn/d;n=0,%1, £2 ....... }
(O]

f(x) = sec2x + cosec2x
f(x) = SII"I 2X +C0S2X 9 2
Sin 2X.c0S2X 2
f(x) = sin 2x-+0052x x 2
sin 4x
f(x) not to be defined at sindx = 0 = sin nx; nel
4x =nm

nm

= X=—:;nel

*. Option (D) is correct Answer.
f(x) = [sin x] + [x| is discontinuous (Here [ ]
represents greatest integer function)

(A) every where (B) at x = 3n/2
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(C)atx=—7/2 (D) at infinite points
Sol. [D]
f(x) = [sinx] + |X|
Atx = 3n
3n/2-h  3m/2+h
- 32

LHL. = lim f(x) = nmf(S_“_ j
X—>31/2" 2
lim {sm ——h } 3” }
h—0 2
lim {—sin[ﬁ—hj}rh_g_“}
h—0 2 2

= lim {[-(value less than 1)]+h—3r/2}
h—0

=-1-3n/2
RH.L=

X—>

lim f(x) = nmof(s“ hj

31'5 2

3—Tt+h

d RERIEE

|
o R e

= lim {[ Value less than 1]+3?n+ h}

h—0

=—1+3n/2
Since, LH.L=R.H.L
Hence, f(x) is Discontinuous at X = 3nt/2
AtX=—m/2
—n/2-h
- /2

LHL= lim f(x) = r!imof(—g-hj
. -

x>
2
= lim {|sin| - Z—h|+|-Z_n
h—0 2 2
lim | —sin{ Z+h |+ Z+h
h—0 2 2
= lim {[— valug less than 1]+§+ h}

h—0

—mt/2+h

=—1+m/2
RH.L= Ilm f(x)_Ilmf( n/2+h)

h—>—
2

= rI]lgwo{[sm(— n/2+h)+

)

Q.6

Sol.

lim {—sin(z—hj}rh—nlz}

h—0 2

= lim {[~Value less than1]+h—m/2}
h—0

=—1-n/2
Sine, LH.L=R.H.L

f(x) is Discontinuous at X = —w/2. In
general, we can say that greatest Integer
function is discontinuous at all points, x € nwt +

(—1)”% ;N e Integer

f(x) = [cosec x], where [x] represents greatest
integer function -

(A) f(x) is discontinuous at x = 7t/2

(B) f(x) is continuous at X = w/2

(C) £™ ,, f(x) does not exist

(D) f(x) is continuous at x = 3w/2
[B] f(x) = [cosec X]

_0___1.___

N
a

- - -
- = -

o
a

5

At x =mn/2
E—h Z+h
| | |
I | P |
2
LHL= Ilm f(x) = |imf[£hj
. h—0 \ 2
X—>—

2
= lim [cosec(n/2 —h)]
h—0

lim [1/sin(n/2 —h
lim [1/sin(n/2 —h)]

[L/value less than 1]
1.
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Q7

RH.L= lim (f(x)) = r!imof(g+hj

X—>—
2
lim {cosec(£+ hﬂ
h—0 2

lim {1/sin(5+ hﬂ
h—0 2

lim [1/value less than 1]
h—0

=1
f(r/2) = [cosec /2] = 1
Hence, f(x) is continuous at x = n/2.

Atx = 3n
2
3n 3—n+h
°% h >
l l ]
| | 31 |
2
. . 3n
LHL= lm f(x)=Ilim f[——hj
x—3mn/2 h—0 \ 2
= lim [cosec(3r/2—h)]
h—0
haOLIn(n/Z—h)}
= [-1/value less than 1]
=2
RHL= Ilm (f(x)) = lim f(s—n+hj
3t h—0 \ 2
X—>—

lim {1/sin(3—n+ hﬂ
h—0 2
lim {1/sin(£+ hﬂ
h—0 2

= [-1/ value less than 1]
=-2
f(3n/2) = [cosec 3n/2] = [- cosec /2]
= [_]_] =_1
Since, L.H.L = R.H.L # f (31/2)

Hence, f(X) is not continuous at x = 3775

.. Option (B) is correct Answer.

The set of points of continuity of the function

f(x) = 1/%—cos2 X is

(A) {x:%+2nn§xs%n+2nn, nel}

Sol.

Q.8

Sol.

Question
basedon

(B) {x:%+2nn§xs%ﬁ+2nn, nel}
(©) {x:%+2nn$xs%+2nn}

5n T
U X —+2Nnt <X <—+2N7
4 4

(D) None of these

[C]
_ |1 2
f(x) = ,/=—cos” x
2
n 3n
2 2
I | | | | |
T 3n el n
4 4 4 4

At X = /2, f(/2) = %—o

=% % (Not a unique value)

Hence, all those points X € 2nz + ©/2

where limit does not get a unique value, will be
discontinuous points.

Hence, Option (C) is correct Answer. Because it

includes = and 3—“.
2 2
The set of points for which

f(x) = | x| x-1| + is discontinuous is -

1
[x+1
(A) [-1,1]
© {101}

[B]

1
) =X x-1+ —
() = x| x =1 X+ 1]
f(x) will not be continuous at those points
where
(x + 1) will be integers. Also [x + 1] = 0
[x+1] # 0=>x ¢ [-1,0)
X+1=0,-1,£2,£3;+4....
Because at x = 0, f(x) will be continuous
Hence, points where f(x) is discontinuous
[-1, 0) U integers — {0}.
.. Option (B) is correct answer.

(B) [-1,0) v Z-{0}
(D) All integral points

Discontinuity
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Q.9 A function f(x) is defined as

cos(sin x) —cos X

f(x)= 5 , X # 0 and f(0) = a
X
f(x) is continuous at x = 0 if a equals.
(A)O (B) 4
(©)5 (D) 6
Sol. [A]
cos(sin X) — cos x
f(x) = ( 3
X
lim f(x)
x—0
. (sinx+Xx) . (X—sinXx
2sin sin 2 . 2
. ( 2 j ( 2 ) X —sin®Xx
= lim - - X >
x—0 SInX+XXX—SlnX 4X
2 2
2 Gin2
jm XX 11,
x—0 2X 2 2

lim (0) = f(0) = f(0) =a=0

tan(tanx) x <~

below Sol.

[A]
2
f(x) = X —(A+2)x+A X %2
X-=2
= 2 I X=2
2-h 2+h
| | |
2

L.H.L= lim f(x) = lim f(2—h)
X—2" h—0

(2-h)? —(A+2)(2—h)+2A

= lim
h—0 2-h-2
2
- jim (2-h)*—=(A+2)(2—h)+2A
h—0 —h
- im 22-h)(-)-(A+2)(-D)+0
h—0 -1
S 2(2-h)-(A+2)
h—0 1
=4-(A+2)
=2-A

Since, f(x) is continuous (There is no need to
calculate both limits)
Hence, L.H.L = f(2)

2-A=2

10 If f(x) = , then jump of . .
Q () Ax]+l x> © Jump .. Option (A) is correct Answer.
4
discontinuity is 36" -9"-4"+1
(A Z-1 (B) Z+1 Q12 Iffp= | Y2~ Lrcosx
4 4
K , x=0
C)1-= D) —1-=
(©) n (D) - " is continuous at x = 0, then K equals
sol.  [C] (A)161log2log3  (B)16+/2 log 6
tan(tanx), x <= (C) 16+/2 log2 log 3 (D) None of these
f(x) = ;1{ Sol. [C]
n[x]+1, X>Z 36X —9X _ 4% 11 0
f(x)=1 V2 -1+cosx
T i T
LHL_Z'f(Zj:Z k, x=0
RHL=1 _ 94 -9 441 9¥(4* -1 -1(4* -1)
_ o J2 =1+ cosx V2 1+ cosx
jumpzl—z. 0 _1)(aX _1
= lim wx(ﬁhlhcosx)xxz
) X2 —(A+2)x+A x>0 x“(2-1-cosXx)
Q.11  If the functionf(x) = N L X#2
X=2 _ n9xn4
2 X =2 = lim S22 (2 + 41+ cosx)
x>0 1—C0osX
is continuous at X = 2 then A = X2
(A)0 (®)1 = 2\n9 x A4 (+/2 ++/2)
(C)2 (D) None of these
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Q.13

Sol.

Q.14

Sol.

Question
basedon

Q.15

= 16+/2 An3 An2. Sol.

sin"’[lJ—sinz(l)H
X X

cos“[l)—cosz[ljﬂ
X X

continuous at x = 0, then f(0) should be equal to -

is to be made

If f(x) =

(A) 0 (B) 1
(C) 1/3 (D)1/2
[B]

sin4(1)—sin2(lj+l
X X
cos? (1j —cos? (1j +1
X X
sin41—sin2£+l
f(0) = lim f(x) = lim X X
Xx—0

1 1
X0 c0s* = _cos? = 41
X

f(x) =

Q.16

=1. (by common sense)

. .21 . o1 1 1
because lim | sin® =, sin? =, cos* =,cos? =
x—0 X X X X

= Does not exist.

.. Option (B) is correct Answer. Sol

f(x) = [tan"1x] where [-] denotes the greatest
integer function, is discontinuous at -

T

Y Y T
A)— —,0and = B)- —,0and =
) 4 4 ®) 3 3

(C)—tanl,tan 1,0
[C]

f(x) = [tan " X]

f(x) will be discontinuous at those points where
tan “x will become integer i.e.
tanx=0,%1,£2,£3,.......

x =0, + tanl, + tan2, + tan3

—tanl, —tan2,—tan 3

.. Option (C) is correct answer.

(D) None of these

Q.17

Miscellaneous

Let f(x) = Sgn (x) and g(x) = x (X* -5x + 6).
The function f(g (x)) is discontinuous at

(A) infinitely many points

(B) exactly one points

(C) exactly three points

(D) no point

Sol.

[C]
L .
0 2 3
14 o—
7
AL

f(x) = sgn(x), g(x) = x(x = 3) (x - 2)
f(g(x)) =0atx=0,3, 2

The set of all points of discontinuity of the
function

tanx log x .
———— contains
1-cos4x

(A) {”—;:nez} (B) {%n:n eQ}

(C)] =0, 0] U {%:n e N}
(D) None of these

f(x) =

[D]
f(x) = tan x log x
1-cos4x
tan x is not defined at x € (nn+n/2) ;

n € Integer
logx is not defined at X e (—oo, 0]
Also 1 —cosdx # 0 = cosdx = 1
= C0s4X # cos2nm ; n € Integer
= X#nn/2;n e Integer
Hence, f(x) would be discontinuous at points

nm
XE7;n€N

.. Option (D) is correct Answer.

In [1, 3] the function [x2 +1] ; [X] denoting the
greatest integer function, is continuous -

(A) for all x except nine points

(B) for all x except four points

(C) for all x except seven points

(D) for all x except eight points

[D] f(x) = [X* + 1] ; x e [1, 3]

f(x) will be discontinuous at those points where
(x* + 1) will show Integer.

A G R G

1f I3
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There are Nine Integers. But at x = 1. f(x) 1
shows continuous nature as follows : Atx= 2
lim f(x) = I|m f(1+h) = I|m[(1+h) +1]=2 12-h 1/2+h
oL MY 7R
f(l)-[1+1]-2
Hence, f(x) is continuous at x = 1 RHL= lim f(x) = lim f(lJr hj
Atx =3, lim f(x) =lim f(3-h) wsl” h—0 (2
X—3~ h—0
— 2
= lm[@- )2 +1 {1+1+h}{1}
— ok 2 2 2
=9 = lim
(3)=[9+ 1] =10 h0 (1+ hj
At x = 3, it shows discontinuous nature. Hence, 2
there are eight points (including 3) where f(x) S [1+h]-[1/2]
will show discontinuous nature. h—»o (1 h
*. Option (D) is correct Answer. 2
Q.18 y = f(x) is a continuous function such that its = tim -9 _»
graph passes through (a, 0) then h—0 (1+ h)
2
lim 109e+3F(X)) 4 1
x—>a 2f(x) L.H.L= lim f(x) = lim f[——h]
1 h—0 \ 2
(A)1 (B)0 @
(C) 3/2 (D) 2/3 [1+1_h}_[1}
Sol. [C] — im 2 2 2
= f(x) at passes through (a, 0) so that f(a) =0 h—0 ( 1 hj
m M [9 form] o
X—a 2f (x) 0 1_h 1
Apply L—H Rule we get - (- ]__E_
x—a 1+3f(x) " 2f'(x) =2 1+3f(a) 2
=3y 1 -3 = 1im-2=9_=¢
2 1+3x0 2 h-o(1
*. Option (C) is correcet Answer. 2
Since, LH.L=R.H.L
1 1 . f(x) is Discontinuous at x = 1/2
[2 +0- h}[z} .. option (B) is correct Answer.
L.HL= lim f(X)—|Im— Atx =3/2
x—0" h—0 (0-h) 32-h  3/2+h
=1im 2% =9 ) 32
h—0 (- h) 3
RH.L= lim f(x)= I|m f(0+h) LHL= lim f(x) = lim f(——hj
x—0" w3 h—0 \ 2
1 2
1ol [ Ry
2 2
= lim =5 —= L% = jim L2 2 2
h—0 (0+h) h—0 (3/2- h
= lim 0-0._ 0
h—0 (h) [2-h]- { }
= lim
a2 ST
_ 12 2 .
f(0) = — Not defined. )
Hence, f(x) is Discontinuous at x = 0 = r!iino T V3
*. Option (A) is correct Answer. [Z—hJ
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RHL= lim f(x) = Ilmf( ]

s
S

%sian2 if x<O

X
f(x)= 0 if x=2
w if x>0, x#2
1-3x2

is continuous at x = 0, then value of K is 6

Edubull

Sol. [True]
= jim 2% -3 3
h—0 Lm) Zsinax? if x<0
X
Since, LH.L#R. %_ f(x) = 0 if x=2
. f(x) is D is continuous at x = 3/2 x2 +3x+k .
Option (C) is also correct. ———— if x20,x=2
All options are correct. 1-3x
(D) is correct Answer. 0-h . 0+h
. 5 .
True or False type Questions | LHL = lm ()= m f0h)
x—0"
Q.19  The function f(x) = p[x + 1] + g [x — 1], (where i 3 \ 4
] . i = Jim sin2 (0 —h)
[[] denotes the greatest integer function) is =0 (0 _h)?
continuousatx=1ifp+qg=0 .3
1 ‘o2
Sol.  [True] = o h xsinzh
f(x) =p[x] +p +alx]-q f(1)=2p ~osinx=x—x¥31+x°/5! ...
atx =1, sin2h? = 2h? — (2h%)%/3!1 + (2h?)°/5!
RHL:p+p+q-q=2p = glmo 3 (2h? —(2h?)% 1320 2) 15— )
LHL:p—q A
if LH.L. = RHL lim 6xh® [, 4h® 160°
2p = p — q h—0 h2 3| 5|
=>p+q=1 .. true =
Q.20 The point of discontinuity of the function RH.L.= "m 0 = [im (0 +h)
(2sinx)®" . T _iim (©+h)2+3(0+h)+k
f(x) = lim —2—— + = N =
W= oo 6" 0150 )’
Sol.  [True] _ fim h®+3h+k _
h—0 2
1-3h
q 2
f(x) = n _(2sin )™ Since, f(x) is continuous at x = 0.
o 3" —(2cosx)" LH.L=RH.L.
. . n n _ =k=6
f(x) is not defined for 3" — (2cosx) - Option is true.
3" = (2cosx)™" = ((2cosx)?)"
— 2 p
= 3= (2cosx) Q.22 The function f(x) = M
- . p—>°o(1+sm nx)P +1
= \ 4 continuous at each point of its domain.
= X=nnx7n/6;n e Integer Sol. [False]
i p
Hence, option is true. f(x) = lim (@A+sinmx)” -1
P (L+sin mx)P +1
Q.21  If the function f(x) to be defined if (1 + sinnx)’ + 1 =0
(L+sinnx)® = -1
1+ sinnx = (-1)*°
sinmx = (—1)"P-1
X # sin [(—1)YP—1]
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x = Lsin[(1)-1]
T
x# lim Lsin{[1)"°-1]
p—w T
x= lim Lsin[(-1)°-1]
p—w 7T
1.
X# —sin(1-1)
T
x =0,
p—h . 0+h
. . .
L.H.L.= lim f(x)=lim f0-h
lim 19 =1m, £0-1)

— lim [1+sinm(0—h)]° -1
"0 [14sinn(0—h)P +1

1____
-2 A
0-hYp+hn/2 =
.

_ lim [+sinn(0-h)P° -1
"0 1 +sin (0 - )P +1

sint (0-h) have some Negative quantity
Hence 1 + sin t (0-h) < 1.
. lim [1+sinz (0-h)]° — 0.
p—e
= lim E =1
-0 041 '
= lim = lim
R.H.L. XI_)O+ f(x) LW f(0 + h)

_ lim @+sinm(0+h))° -1
=0 [1+sinn(0+h)P +1

sin t (0 + h) — have some + ve quantity
Hence, 1+sint (0 + h)>1

lim [1+sinz (0 + h)]°—

p—

) 1
= lm ——— 50
p—e [L+sin (0 +h)]P
P S
i p _
— im [1+S|nn1(0+h)] _1 0 _1
P g : 1+0
[L+sinm(0+h)]°

LHL =-1andRHL. =+1

Edubull
Since L.H.L. # R.H.L.

Hence, f(x) would be discontinuous.
.. Option is false.

Fill in the blanks type questions |

Q23 Iff(x)=[a+psinx],xe (0, n),ael Pisa
prime number and [x] is the greatest integer
function, then number of points at which f(x) is
discontinuous is ...............

Sol.  f(x) =[a+ B sinx]; x € (0,n), o e integer
B is prime number.

f(x) will be discontinuous at those points where
(o + B sinx) will become integer.

o + B sinx = Integer.
sinx=0,21,r/B;0<r<p-1

X =0, — n/2, w/2 sin *(t/B), n—sin *(t/B)

But x = 0, —m/2 Not included in x €(0,x).

Hence, x = g sin'r/B, m—sin 'r/p......

Therefore, total number of discontinuous points
will be [1+2(B - 1) = (2B - 1)]

Q.24  The set of points where
f(x) = sec1[1 + sin2x], where [-] denotes the
greatest integer function, is not continuous

Sol.  f(x) =sec™ [1+sin]
f(x) will be discontinuous at those points where
1+ sin’x will be come Integer.
e 1+sin’x=0,+1,+2........

L5 0 and —ve values will be
neglected
sin’x =0, 1
=sinx=0,+*1Butsinx=0
X =nn+ (-1)" (xn/2)

“20TET _ on 4 1) /2,
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EXERCISE # 2

Only single correct answer type
guestions

Q1  The function defined by f(x) = (-1’
(where [-] denotes greatest integer function
satisfies)

(A) discontinuous for x = n!/3 where n is any
integer
(B) f(3/2) =1
C)f'x)=0for-1<x<1
(D) none of these
Sol. [A]

) = (-]
we have to check for every option

ForA:
n3_h nB+ h
f f f
r.11/3
LHL= lm f(x) = lim f(n'/3—-h)
h—0

x—n*/3

Lo [(n1l3_h)3]
m-)

]

Q.2

Sol.

= (1)’
=-1

.. Option (B) is not correct Answer.
For C & /00 = ()X llog(_1) x :¥X[x3]

For-1<x<1
since log(-1) does not exist.
*. Option (C) is not correct Answer

2
x ,0<x<1
a

a ,1Sx<\/§

2
@) oy,
X

The function f(x) =

is continuous for 0 < X < o then the most
suitable values of a and b are -

(A)a=1b=-1  (B)a=-1,b=1++2
(C)a=-1,b=1 (D) None of these
[C]

2
X
2 0<x<1
a

fx)={a 1<x<+2

2_
(@07 —4b) ey <o

= xz
= |im (_q)[nxvalueless than1] Atx=1
hlino( ) 1-h 1+h
= ()" "t
RH.L= lim = lmf(nY3+h) LH.L= lim f(x) = lim f(L—h)
xont  h—0 X—1~ h—0
= lim (—1)[(“”3%)3] = lim a-h? _ 1/a
h—0 h—»0 a
s R.H.L= lm f(x) = lim f(L+h)
= lim (1)[n(1+h’” fl XL h—0
h—0 =a
= lim (_1)[n value greater than1] ) _value,_ f(l)=a
h—0 Since, f(X) is continuous, then
- C1y LH.L=R.H.L =f(1)
. lla=a=a
Since, L.H.IT;t I_Q.H.L_ . N a2=1
Hence, f(X) is discontinuous at x =n - a=+1
.. Option (A) is correct Answer. 3 AtX = 2
ForB: lim f(x) =f(3/2) = (-l LHL= lim f(x) = lim f(2—h)
X—3/2 X*)\/E7 h—0
- (71)[27/8] .
= lim a
- (_l)[3-5] h—0
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Q.3

Sol.

RHL= lm f(x)
X—)\/E+

2
= lim f(2+h) = lim 22 =40
h—0 h—>0 (/2 + h)?
_ 2b*—4b
2
Value, f(+/2) = (2b®—4b) /2
Since, f(x) is continuous at x = J2
then LH.L=RH.L=(2)
a = (2b%*—4b)12
a=(b?-2b)=+1
Taking +1:b*-2b=+1
=b’-2b-1=0
b= 2++4+4
2x1
b=1++2
Taking—1:b*-2b=-1
=b’-2b+1=0

= (b-1)°=0
=b=1
Hence, possible combinations will be
a=1;b=1+.2
or
a=1;b=1-2
or
a=-1;b=1
Hence, option (C) is correct answer.
1-cos10x
— e x<0
X
If f(x) = a x =0 , then the
Jx
—_——, x>0
V625 ++/x — 25

value of a so that f(x) may be continuous at
x=0is -

(A) 25 (B) 50
(C)-25 (D) None of these
[B]
0
0-h 0+h
L.H.L = lim f(x)
X—0

_lim f(0—h)= fim 1=¢081000=N)
h—0

h—>0  (0—h)?
_ . l-coslOh _ . sin10h(10)
= lim ———— = lm ———=
h—0  h?2 h—0  2h

Q.4

Sol.

Q5

€0s10h(100) _ 5

= lim 0
h—0
R.H.L= Ilim f(x) = lim f(0+h)
x—0" h—0

= lim vO+h = lim L

h—0 /625 J0+h —25 N0/625+/h —25

= lim U2vh = r!im 2625+ +/h
—0

h—0 1 1

X
2J625+4n  2vh

=50
Since, f(X) is continuous at x = 0,
L.H.L=R.H.L=1(0)
= 50=a= a=>50
*. Option (B) is correct Answer.

If f(x) = xP cos (1/x) ; x = 0 and f(0) = 0. The

condition for P (P e 1) is__, which make
function f(x) continuous at x = 0
(A)P>0 (B)P<0
(C)P=0 (D) None of these
[A]
f(x) = x".cos(1/x) ; x £ 0
=0 ,x=0
COSE =1-— i + i_
< oo T
eos L= 1oty Lo
X 21x?  4x*
lim xpcosEZ lim xp[liz+i4....j
x—0 X x>0 21x%  41x
P P
- i [__ ..... J
x—0 2I1x°  4Ix
=0 (Given)
It menas P >0

= ltmeansP <0
=1lltmeansP=0
Option (A) is correct Answer.

sin[x]
[x]+1

for x>0

£ = { SST2AX oy o
[x]

k for x=0




Sol.

Q.6

Sol.

where [X] denotes the greatest integer less than
or equal to X, then in order that f(x) be
continuous at x = 0, the value of k is -
(A)equalto 0 (B) equal to 1
(C)equalto -1 (D) indeterminate

[Al

sin[x]
[x]+1

forx>0

f(x)= coszi for x<0

[x]
k forx=0

LHL= lim f(x) = lim f(0-h)
—

x—0"

. T
= lim cos
h—0 2[0-h]

. T
= lim cos——
h—»0  2(-1)

= lim cosn/2=0
h—0

R.H.L= lim f(x) = lim f(0+h)
h—0

x—0"
— jim sin[0+h]
h—0[0+h]+1
= jim SO _¢
h—0 0+1
Since, f(X) is continuous at x = 0.
LHL=RH.L=f0)=k
= k=0
Option (A) is correct Answer.

Let f(x) = [2x3 — 5] where [ ] denotes the
greatest integer function. Then number of

points in [1, 2) where the function is
discontinuous, is -

(A) 14 (B) 13

(C) 10 (D) None of these

[B]

f(x) = [2x° - 5]

Greatest Integral function is discontinuous at
integer points.

Hence, 2x° ~5=10, 1, +2, 43, +4, 45 .............

{L 2
23 -5=0=x=(2.5"
2 -5=+1=x=(3)"and (2)*°
23 -5=+2=x=(3.5)"and (1.5)°
23 -5=+3=x=(4)"and (1)**
2x3-5=+4=x=(45)"and (0.5)"°

Q7

Sol.

Edubull
(This value not included)

2 -5=+5=x=0and (5)"°

Value x = 0 is not included

23 -5=+6 = x = (11/2)* = (5.5)"

23 -5=+7 = x=(6)"*

2 -5=8=x=(65)"

23-5=9=x= (7"

23 -5=10= x=(7.5)"

23 -5=11= x=(8)"=2

(This value not included because at 2 open
Interval.)

Hence, total values at which function is
discontinuous is 14. But 1 is included in this
group. Therefore, 13 points at which f(x) is
discontinuous in [1, 2)

The number of points where

f(x) = [sin x + cos x] (where [-] denotes the
greatest integer function) x < (0, 2xn) is not
continuous is-

(A)3 (B) 4
(C) 5 (D) 6
[C]

f(x) = [sinx + cosx] ; x € (0, 2x)

f(x) will be discontinuous at those points where
(sinx + cosx) will be Integer

Hence, sinx + cosx =0, = 1

SinX = — COSX = COSX = — Sin(X) = — oS (g— xj
COSX = coS(m + 1/2 — X)
= cos(3n/2 — X)
X=2nm* 3 X
2
2X =2nm + 3n/2
X=nmx S—Tc

; N € Integer @

sinx + cosx =+ 1
J2sin(x + n/d) =+ 1
1

sin(x + m/4) =+ — =sin(x n/4)
V2
x+ma=T ST Sm Im
4 47 4 4
x=0 & 3%
2 2
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oF:

Sol.

Q.9

Sol.

from (1) x = 3—“, x In
47 4 4
_m T 3 3 7
X__!_!TEY_Y_!_
4 2 2 4 4

But at x = 1t/4, sinx + cosx = v2 ¢ Integer.
Hence, points of discontinuity are
_n 3n 3n T=n
X= — Ty —y —, —
2 2 4 4
There are 5 points

Option (C) is correct Answer.

Let f(x) = /sinx ++/cosx defined in [0,1]
then

(A) f(x—3) will be continuous in [3,4]

(B) f(x— 3) will be continuous in [0,1]

(C) f(x — 3) will be continuous in [0,1)

(D) f(x— 3) will be continuous in (0, 1)

[Al

f(x) = \/sin Tx+ \/cos_1 x defined in [0, 1]
Replace x by (x — 3), we get

f(x-3) = \/sin’l(x -3) + \/cos’l(x -3
then0<x-3<1

= 3<x<4

= X € [3,4]

.. Option (A) is correct Answer.

Let f(x) = [x3 — 3], where [-] denotes the
greatest integer function. Then the number of
points in the interval (1, 2) where the function
is discontinuous, is-

(A) 4 (B)2
(C)6 (D) None of these
[C]

fx)=[x*-3];x e (1, 2)

f(x) will be discontinuous at those points where
(<* — 3) will be integer i.e.,

X*—3=0,%1, 42,3 oo,
xX*-3=0=>x=3"
X*-3=+1=x=4
xX*-3=22=x=5
this is not included (Because of open Interval)
xX*-3=+3= x=6"0

This is not included.
X*-3=+4=x=7
x*-3=+5=x=8"=2

This is not included because of open Interval.

13 5113
, 2

13 41

/3 118

1/3

Q.10

Sol.

Q.11

Sol.

Hence, X = 31/3, 41/3' 21/3, 51/3’ 61/3, 71/3 will be
discontinuous points.

*. Option (C) is correct Answer.

Function f(x) = (sin 2x)™ 2* is not defined at

X = % If f(x) is continuous at x = % then
s .

fl —| isequalto -

h) |

(A)1 (B)2

(C) /e (D) None of these

[C]

f(x) = (sin 2x) 1" 2
It is the type of (1).
Since, lim (sin2x—1)=0and lim

X—n/4 x—n/4

tan2x — «©

lim (sin2x—1)xtan? 2x
I|m . 2 x>t
4 (sin2x )2 = g

lim sin2x-1

T
¥4 cot? 2x

2C0s2x
_ o m 2cot2x.(~cosec?2x).2
X=7

li .
e "% Ly (-sin*2x)
5 2

X—>
ED_
=e2 ‘=e¢¥=1e
.. option (C) is correct Answer.

If [X] denotes the integral part of x and

sin +sin 7[x +1]

f(x) = [x] then-

1+[x]

(A) f(x) is continuous in R

(B) f(x) is continuous in all integral points
(C) f(x) is discontinuous at all integers
(D) None of these

[C]
sin— " +sin X +1]
x) = [x] {—L*=
1+[x]
Letx=a;ael
a-h a+h
—t é +

L.H.L.= lim f(x)= M f@_n)
X—a
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Q.12

Sol.

sin

T isinma—h+1]
[a—h-1]

= lim —h
oo (21 1+[a—h]

sin—"_+sinna
=@-1) @2
1+(@-1

sin +sinwa

(a-2)
a

@-1)

RH.L. = M f((x)= m f(a+h)

Y
[a+h-1]
1+[a+h]

sin

+sinmfa+h+1]

[+

sin

(ai1)+sin n(a+1)

l+a

lim
h—o a

Since, LH.L=R.H.L
Hence, f(x) is discontinuous at alinteger points

.. Option (C) is correct answer.

If f(x) is a continuous function V x € R and the
range of f(x) is (2, \/%) and g(x) = {@} is

continuous V X € R, then the least positive
integral value of c is, ([-] denoted greatest
integer function)-

(A) 2 (B) 3
(C)5 (D)6
[DO]

f(x) is continuous in X € R
and range of f(x) is (2, v/26 ).

g(x) = [@} continuous V XeR.
. . . f(x)
Since, g(x) is continuous. It means ——= must
c

not be integer. If we take ¢ = 6

then g(x) = {%} = 0 for every value of

f(x) in (2,426 )

.. Option (D) is Correct Answer

Q.13

Sol.

One or more than one correct
Part-B )
answer type questions

Q.14

Sol.

If f(x) be a continuous function for all real
values of x and satisfies x2 + (f(x) —2)x + 2.3
~3-4/3f(X)=0V x e R. Then f(+/3 ) is equal to-

(A) 2—% (B)21-3)

(C)2+ 43 (D) Zero

[B]

X2+ (F(X) — 2)x + 23 =3 - /3f(x) =0
VxeR

X2+ f(X).x - 2x + 243-3— 3f(x)=0
= f(x) (X— V3)=2x+3- 2//3-x°

2x+3-24/3 — x?
> ——————
() x_73)
£(4/3) = lim fXZXILm 2x+3- 23— x?
(v3) = IM-1(x) BT

[9 formj
0

Apply, L- H Rule weget

= Jim_ f)= fim 2=
X—)'\/E X—)\/E 1
=2(1-+3)

.. Option (B) is correct Answer.

Given the function f(x) :%, the points of

discontinuity of the composite function
y = f(f(f(x))) are at x =

(A)O B)1
(C) 2 (D) -1
[AB]

f(x) = ﬁ x =12 f(f(X) = 11-F(X)

T b S
1-x

1-x
1-x X —

-X X

f (F(F(X)) = 1/1-F(F(x))=1/1 X;

X#0

1 - 1IX—x+l
X

=X;XeRexceptx=0,1
Hence, y = f(f(f(x))) will be discontinuous at

x=0,1
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Q.15 Let f(x) {x[lﬂ for x > 0, where [-] denotes
X

Sol.

the greatest integer function, then f(x) is

1) _
(A)f(zj—o

3) _
(B)f(zj =0

(C) discontinuous at finite number of points

(D) discontinuous at infinite number of points.

[B.D]

f(x) = [XEH forx>0

Atx=1/2 f[l) f(x)— lim, { [2]}

I|m

- X—>2 |:E>< 2j| 1
LHL = ™M g = lim f(lhj
' e X_)E h—0 2

; 1
(30} 5 |- 4]
{Because

“h

= m , [value less than 1] = 0

RH.L.= lim ()= T lim f[ +hj

xe—
1

= lim 1

= m (E+hJ %+h

- lim [gmjxl}

Since, LH.L.=R.H.L. # f(%)

Hence, f(X) is not continuous at x =

Atx=23/4

N |-

Q.16

(3] = im, f00.= fm, o 3]
r!@o (ZhJ
rlwiino (%_h}l}

1
Because | 3

Vi

I
'_\

— lim —
= T [value less than 1] = 0

lim
RH.L = 0,3 9= im £(3/4 + h)
1
_ i 3
- r!@o [ZJth §+h
4
-
_ i 3
= r']'[)no (Z+h]1:|
1
Because, | 3 =1
Z+h

_ i _
= M [Value less then 1] =0

Since, LH.L.=R.H.L.=1(3/4)=0

Hence, f(X) is continuous at x = 3/4.

Therefore, we can make conclusions that there
will be infinite number of Points where f(x)
will be discontinuous.

Hence, Options (B) and (D) are correct

answers.

Given

o[ 2x-3
f(x)= 3 {cot [—xz for x>0

{x%} cos(e*’*) for x<0

where { } & [ ] denotes the fractional part and
the integral part functions respectively, then
which of the following statement does not hold
good-

(A)f(0) =0

(B) f(0*) =3

(C) f(0) = 0 = continuity of fatx =0

(D) irremovable discontinuity of fatx =0
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Sol.

Q.17

Sol.

[B.D]

[ 2x3-3
f(x) = B{COt( x2 H forx >0

{x*}cosE!*)forx <0
p—h . 0+h
| 3 .
— i — i
LHL.= lef f(x) = M (0-h)

= JIm) (0-hy*[(-h)’]) x COS[E«%]

im - [h® — [h*]] x cos (e ")

h—0
= M [h?_ [h?]] x cos e~
= M [ _h? xcos0=0x1=0

RH.L. = lim f(x)= m 0+ h)
x—0"
_lim Ja | emrt 2(0+h)*-3
h—0 {3 {cot (—(0+h)2 ﬂ}
o 2]

Jim {3~[cot *(-0)I}
lim {3-[3.14]}= 0

f(0) = lim £(x) = fim, {3—{Cotl[zsz_3ﬂ}

= lim {3-[cot "(-0)]}
= lim {3-{r]} =0

Hence, LH.L.=R.H.L.=f(0)=0
.. f(x) is continuous at x =0

Which of the following function(s) not defined
at x = 0 has/ have non- removable discontinuity
at the origin-

1 1
A)f(x)= ——— (B)f(x)=tan1=
(A) f(x) L (B) f(x) <
el/X_l
(C) f(x) = 7% (D) None of these
e +1
[AB,C]
For A : f(x) = 1/1+2'
p—h . 0+h
| i i

LHL.= lim f(x)= M f0-h)

_lm 1 _
~ h>0 1_1

1+2 h
RH.L= M fx)= M £(0+h)

x—0*

1
5

. . 1 . 1
= lim = lim —— = lim
f(0) xl—>0 f(x) x|—>0 1+ 2Lx xl—>0 1+2%

=0
Since, L.H.L. # R.H.L.
Hence. It is Discontinuous as well as have non
removable discontinuity .

For B : f(x) =tan™ L
X
0-h . 0+h
4 ;
LHL.= lm f()=lim f0-h)

= lim tan* [Lj
h—0 0-h

— lim (-1
- h'_>0tan [T]

= tan (o) = —n/2

RH.L= /M fx)= M £(0+n)

x—0"

_ i af 1
- r!@o tan [O+hj
= tan (o) = n/2
Since, R.H.L. # L.H.L.

Hence, f(x) is discontinuous and have non-
removable discontinuity.

el/X _l

et +1

For C: f(x) =

p—h . 0+h
4 ;
— i — i
LH.L. = le, f(x) = M (0-h)
-Uh _4q

= lim e—
h—>0 g/h 1
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Q.18

Sol.

R.H.L.

M f(x) = lim £(0+h)

x—0*

Since, R.H.L. # L.H.L.
Hence, f(x) is discontinuous and have non-
removable discontinuity
For D : f(x) = 1/in[x|
| 1 wnx;x=0
N {1Mn(x);x <0
oh 0+h
| 5 .
LH.L. = m ()= lim £(0-h)

= lIm 1/xn (~(0-h))

= Im 1/\nh=1/0=0
RH.L.= M f(x)= im0+ h)

= lim 1/Anh = 1/(-0) =0
f(0) = lim f(x) = lim 1/\n[0] = 1/—0 =0

Hence, f(X) is continuous at x = 0 as
LH.L.=RH.L. =f(0) =0.
.. options (A), (B) and (C) are correct answers.

Which of the following function(s) not defined
at x = 0 has/ have removable discontinuity at

the origin-
A= @ = cos[ 1]

1+2 X

v eain _ 1
(C) f(x) = x sin < (D) f(x) x|
[B,C,D]
. _ 1

For A: f(x) = T

f(0) = M f(x) = lim

1
X—0 1+2COSO 3

LHL = lim f(x) = lim *£(0-h)

lim 1
h—0 1+Zcos(0—h)

1 1

lim
h—0 1+2005h 1+2

RH.L. = lim f(x)= m (0 +h)
x—0" e

w |

— lim 1
h—0 1+2005(0+h)
—lim 1
h—0 1+2cosh
1_1
1+2 3

Since, L.H.L.=R.H.L. =f(0) = 1/3

Therefore, f(x)= _11. is continuous at x =0
1+2cosx

For B : f(x) = cos (@j

It is discontinuous function at x = 0
have removable discontinuity as follows :

LH.L= lim f(x)=1mM f(0-h)
Xx—0"

— lim C0S (sin(O—h))
h—0 0-h

_ i sinh
= m cos (—h

As lim SP0 - 4
h->0 —h

_ i _
= M cos (-1) = cosl.

-0

RH.L.= lim f(x) = lim £(0 + h)
i sin(0+h)
LyELL)

lim cos sinh
h

h—0

lim Sinh _
As M B 1

=cos 1
Sincec, R.H.L. = L.H.L. = cosl.
Hence, it has removable discontinuity
For C : f(x) = x sinn/x. It is not defined at x =
0.

oh 0+h
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Sol.

LHL. = lim f(x)= lim £(0-h)
= lim " (0-h) sin (—th]
= lim * (_h) xsin [%}

= m hx sinn/h

lim Sinm/h

hILnO n/h X7
=1xXmnt =n

RH.L.= lm f(x)= lim (0 + h)

i . T
lim (0 + h)sin (mj

li . T
Am hsin ™
_ lim Sinm/h
= 00 —n T

=lXnm=n
Since, LH.L.=RH.L.=xn
Hence, it has removable discontinuity.

I .
For D : f(x) = 1/anjx = | /x>0
1/an(—x);x <0
It is not defined at x = 0.
p—h . 0+h
; d ;
LHL = M fx) = m fo-h)
= Im 1/5n (-0 - h))
= rl]"_T)‘o 1/anh
= 1/(~o0)
=0

RH.L.= M f(x)= lim £(0 + h)

Iim “1/xn (0 + h)
lim 3/xnh

= 1/(-0) =0
Since, R.H.L.=LH.L.=0

Hence, it has removable discontinuity.
options (B), (C), and (D) are correct answers.

Which of the following function(s) has/have
removable discontinuity at x = 1

1 o xt-1
(A) f(x) = x| (B) f(x) = N
©f0=2"" (=T i

[B.D]

Edubull
For A : f(x) = 1/An ||

Lh 14h
} i t
L.H.L=lim f(x)= lim f(1-h)
X—1" h—0

= rl]"_T)‘o 1/\n (1-h) = — ve quantity
(@asAn (1—-h)=-ve)

RHL.= Xll_rﬂ+ f(x) = r|1ILT10 f(1+h)

= lim 1/An (L+h) =+ ve quantity

Since, RH.L. = L.H.L.

Hence, f(x) is discotinuous and have non-
removable discontinuity

.. Option (A) is not correct answer.

x? -1

For B : f(x) = — . It is not defined at x = 1.
X

h 1+h
; n ;

LH.L. = lim f(x)=1m f(1-h)
X—1"

. _m2_
= r!lTo a-h*-1 h)3 ! [gformj
@a-h®-1\0
Apply L-H Rule, weget.
— lim 2(1-h)(-1) -0 =93

>0 3(1-h)?(-1)-0
RH.L= M fx)= M f(1+h)

x—1"

. 2
i, G ()
1+h)®-1

0

Apply L — H Rule, weget
_ lim 2@+h)-0 _
S M0 30, h)2 0

Since, LH.L.=R.H.L. =2/3

Hence, it has removable discontinuity.

.. Option (B) is correct answer.
kS
For C: f(x)= 272"
h 1+
| ? .
LHL = lim f() = lim f(1-h)

1 1
— lim 5-2"*" _ lim o-2"
~ ho0 2 ~ hoo0 2
=22 =Z92%®=g

— lim — i
RH.L. = M f(x)= M f(1+h)
1

L2 .
lim o 1-@+h) = lim 5
h—0 h—0

Since, RH.L. = L.H.L.
Hence, It has non removable discontinuity.

_p-1/n

:2’230:2_0:1
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Q.20

ForD:f = Yriov2x
X" =X
It is not defined at x = 1.
h 1+h
. ? .

LH.L = lim f(x)= M f(1-h)
X—1"

lim Y1-h+1-y2(-h)
h—0 (1_h)2_(1_h)

im  v2-h-y2@-h) (gform)

h—0 (1—h)2—(1—h)

Use L-H Rule, weget.

1 1

—1)— x 2(~1

_ lim 2v2-h 9 2y/2(1—h) D
h—0 2(1—-h)(-1)+1

-1 1
im 2v2-h ’ J2@-h)

h—0 2(h-1)+1

11
774_7
= —2‘/51 2 - 1pye

RH.L. =M f(x) =M f(1+h)

lim V1th+1-.2@1+h)

=0 (@+h)2-(@1+h)

= lim mf\/m [gform)
=0 @+h)2-@+h) L0
Use, L—H rule, weget

1 1
- x2.1
_lim 2V2+h  2{2(1+h)
140 21+h)-1
11

- @ = _1/2\2
Since, LH.L.=RH.L.= -1/2V2.
... It has removable discontinuity.

Which of the following function(s) defined
below has/ have single point continuity.

1 if xeQ
(A)f(x)"{o if xeQ

| x if xeQ
(B)g(x)_{l—x it xeQ

_[x if xeQ
(C)h(x)"{o if x¢Q

_ [ x i xeQ
(BY ke = {—x it xgQ
Sol.  [B,C, D]
Q21 If f(x):\/; and g(x) = x —1, then -

(A) fog is continuous on [0, )

(B) gof is continuous on [0,00)

(C) fog is continuous on [1, «)

(D) None of these
Sol. [B,C]

fx) = Jx and gx)=x-1

(fog) ()= f(g(x)) = /(x-1)

(fog) (x) is defined when (x-1) >0

=>x2>1
.. (fog) (x) is continuous in [1,0)
(gof) (x) = g (f(x))
= (V)

(gof) (x) is define when x > 0.

i.e. (gof) (x) is continuous in [0,00)

.. Options (B) and (C) are correct answers.
Q.22

If f(x) = lim (sin x)2" then f is -
n—oo

(A) continuous at x =

N a

(B) discontinuous at x :g

(C) discontinuous at x = %t

(D) discontinuous at infinite number of points
Sol.  [B,C,D]
f(x) = lim (sinx)*"
n—oo

We have to check for every option
At x = n/2, it is (1)” type. Which is
indeterminate form.
.. f(x) is discontinuous at X = /2
At x = 37“ , It is (1)” type which is also
undefined form.
. f(x) is discontinuous x = 3n/2.
Hence, there will be infinite number of points
where f(x) will be undefined.

Options, (B), (C) and (D) are correct

anNSWEers.

Assertion-Reason type Questions |

The following questions 23 to 29 consists of
two statements each, printed as Assertion
and Reason. While answering these
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Q.23

Sol.

Q.24

Sol.

Q.25

Sol.

guestions you are to choose any one of the

following four responses.

(A) If both Assertion and Reason are true
and the Reason is correct explanation of
the Assertion.

(B) If both Assertion and Reason are true
but Reason is not correct explanation of
the Assertion.

(C) If Assertion is true but the Reason is false.

(D) If Assertion is false but Reason is true

Assertion (A) : f(x) = {tan x} — [tan x] is
continuous at x=§, where [] and {.}

represent greatest integral function and
fractional part function part function.

Reason (R) : If y =f (X) & y = g (x) are
continuous at x = a then y = f (x) £ g(x) are
continuous at X = a

[Al

X% —5x+6

Assertion (A) : f(x) =[x —2| + +tan x

is continuous function within the domain of f (x).
Reason (R) : All absolute valued polynomial
function, rational polynomial  function,
trigonometric functions are continuous within
their domain.

[Al

Assertion (A) : The function
3
f(x) = XT —sin ix + 3 takes the value 7/3 with

in interval [-2, 2].

Reason (R): A continuous function in [a, b]
assumes at least once every value between its
maximum and minimum value.

[D]
q X3 q
Assertion : f(x) = T—smnx +3

X € [-2, 2]

x=7/3=2.33

since 2.33¢ [-2, 2]

Hence, x = 7/3 will not be taken by f(x).
Assertion is false.

Reason : Reason is true because any function
in [a, b] is continuous. or simply we can
understand this by a string stretched between
two ends. If we disturb at one point, then a
wave will travel along from disturbing point to
other point . As wave travel, it will pass

Q.26

Sol.

Q.27

Sol.

through every point on its path at least once a
time. Hence, Reason is correct answer .
Therefore, option (D) is correct answer.

Assertion (A): Function f(x) = [tan2x] is
discontinuous at x = 0.
Reason (R): [f(x)] is discontinuous at point
where f(x) takes integral values between its
maximum and minimum value.
D] ,
Assertion : f(x) = [tan“X]

Rl : 0+h

| 5 .
L.H.L.= lim f(x) = lim f(0-h)

x—0" h—0

— i 2
= Im " [tan?(0 - h)]
i 2
lim Ttan’h]
0
lim f(x) = Im (0 + h)
x—0" =

R.H.L.

lim * [tan®(0 + h)]

i 2
lim Ttan’h]
=0

f(0) = lim f(0) = lim [tan’x] =0
x—0 x—0
Since, LH.L.=R.H.L.=f(0)=0
Hence, f(x) is continuous at x =0
... assertion is incorrect.
Reason : Reason is correct as [f(x)] will be
discontinuous if f(x) will become integer.
.. option (D) is correct answer.

Assertion (A): The function defined by

is

f(u) = Z;andu:
2u° +5u-3 X+2

discontinuous at x = _?7 ,—2, 0.

Reason (R): If f(x) and g(x) are discontinuous
at x = a then fog (x) is discontinuous at x = a.
[C]
Assertion : f(u) = 3/(2u’ + 5u — 3)
Andu=1/(x+2) ; x#-2
Also 2u* +5u—3 #0

} —-5+425+49
2x2
-5+7
= U#

=uz-3,1/2and x#—-2
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Q.28

Sol.

Q.29

u=-3= 1 —x+2= fox=_73
X+2 3

1 1
u==-=—=x=0

2 X+2
Hence, At x = —7/3, 0, -2, function will be
discontinuous. Assertion is true.
Reason : If f(x) and g(x) not defined at x = a
then (fog) (x) may or may not be defined at
X = a. Reason is false.

.~ option (C) is correct answer.

Assertion (A) : For f(x) = [x] and
0 Xe
9(x) = { 2

gof is continuous while
X xeR-1

f o g is a discontinuous function.

Reason (R) : gof is a constant function while
fog involves greatest integer function
discontinuous at | — {0}.

[Al

Assertion : f(x) = [X]

O;xel

[X]?;xeR -1

0;xel

[x?];xeR

Since, it is given that (gof) (x) is continuous.
Then (fog) (x) will be discontinuous.

Hence, Assertion is correct.

Reason : Reason is correct and explanation of
assertion as explained above.

(gof) (x) = g (f(x)) = {

(fog)(x) = f(g(x)) = {

1-cos(l—cosx)
4

Assertion : lim

X—0 X
1—003{1_Cgsx.x2}
= lim X
x—0 )(4
2
1—cosx—
2 1 1
=lim x ===
4 8

Reason : If lim (g (x)) :f[limag(x)) = f(m)

provided ‘ f’ is continuous at x = m.

Sol.

(O]

Column Matching type questions |

Q.30

Sol.

Q.31

Match the entry in Column I with the entry
in Column I1.

Column |
sin{x}; x <1
(A) If f(x):{ in{x};x < where {}
cosx+a;x=>1
denotes the fractional part function, such
that f(x) is continuous at x = 1.
if | K| = % then k is.
J2sin 4“

(B) If the function f(x):w is
continuous at x = 0, then f(0) is
©) f(x)= XxeQ , then the values of
1-x,x¢Q

x at which f(x) is continuous

(D) If f(x) = x + {~x} + [X], where [X] and {x}
represents integral and fractional part of x,
then the values of x at which f(x) is is
continuous

Column 11

(P) 1

Q)0

(R)-1

OF

A—->PR;B—>S, C>S5D—->PQ,R

Column |
(A) If f(x) = 1/ (1- x), then the points at which
the function fofof(x) is discontinuous
1
B) fuy=————
®) T u?+u—2

, Where u:il. The

value of x at which ‘f” is discontinuous
Xx-1,x>0

(C) f(x) = u? where u:{ The
X+1,x<0

number of value of x at which ‘f’ is
discontinuous
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Sol.

Q.32

(D) The number of value of x at which the

) 2x° —8x% +11 .
function f(x)=—, X3 8X2+ is
X' +4x° +8x° +8x +4
Discontinuous

Column 1l
1
(P)E
Qo0
(R) 2
)1
A—->Q,S;B—-PR,S, C—>Q;D—>Q

Column |
(A) If P(x) =[2 cos x], X € [-n,x], then P(x)
(B) If Q(x) =[2sin x], X € [-x, =] then Q(X)

Sol.

(€) If R(¥)= [2 tan x /2], m[-%,ﬂ, then
R(X)

(D) If S(x):[fscosecﬂ , XE|:g,27'c:| ,then
S(X)

Column 1l

(P) is discontinuous at exactly 7 points
(Q) is discontinuous at exactly 4 points
(R) has non- removable discontinuities
(S) is continuous at infinitely many values
A—->PR,S;B—>PR,S;
C—>Q,RSD->R,S
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EXERCISE # 3

Subjective Type Questions |

Q1  If f(x) =§—j L (%) = f(x), f2(x) = fof(x),

fk+1(x) = f(f k(x)) where k=1, 2, 3, ........
Then find the points where the function g(x)
defined as g(x) = f1999(x) is discontinuous.

sol.  f)= X2 Given: f(x) = f(x)
X+1

f2(x) = fof(x) = f(f(X)) =F“(x) = f(F“(x)).
wherek=1,2,3

g0x) = F9%°(x) = £(F %) = F(FF*7 ().
FL(x) = f(x) = X2
X+1
X-1

A0t
P29 = f(f9) = X+1— = XX 0 g
X74+1 X—1+x+1 X

x+1
1,
CRGOREIE
-—+1
X
_-x :_(H_Xj -1
~1+x x-1) fx’
Lex
4 _ 3 _ 1+X _1- Y _
£4(x) = f(f (x))—f(lxj = QH_X'
4 1-x
f'(x) =x
1900 = f(F°60) = 2= = (9
x-1

fG(X):f(fs(X)): X+1 —x-1-x-1_ __1
E+1 X—1+x+1 X

X+1
-1/x-1 —1-x
f'(x) = f(F°(x)) = =
00 =1(F°C9) -1/x+1 —1+x
S+ _ 1
x-1)  f(x)
x+1
£ = f(F 1)) = XL = XHi=lex
09 =1(F () Lﬂ+1 X+1+1-X
x-1
£90 = f(F°(x)) = 2= =f(x)
X+1
x-1 4
£100x) = f(F )= X+l = XZizx1 -l
() = 1(F00) x-1 X—1+x+1 X

Q.2

Sol.

1
|
—(1+x
P90 = f(F () = —X— = 0
1. —l+x
X
- (“_Xj: 1
1+x f(x)
X+1
1 X+1-1+x
flz(x)zf(fll(x))z §+% - 1+x+1-x =X

—+1

x—1

Hence, we can make conclusions that

1999(x) must be —1/f(x)

19%(x) must be —1/x & " must be
f(x)
f1999(x) - f(f1998(x)) = f(f(f1997(x)))
£1997 not defined at x = -1
1% not defined at x = 0
£1%°° ot defined at x = 1
Therefore, discontinuous points will be —1,0,1.

2 2
IF ) = X2 + —— + —X 4+ ..
1+x @+x°)
X2
——t ... then check continuity of f(x)
@L+x9)"
atx=0.
2 2 2
f)=x2 + =+ 2t X ..
1+x°  (1+x°) @L+x9)"
= lim x*|1+ ! >+ 12 5 et 12 +oe
n—e 1+x°  (1+x%) @+x2)"

= lim x* [It forms GP. with first term and

n—oo

. 1
common ratio 51

1+X
1
1/1-———
i zl: |: (1+X2)n+li|:|
=1m X
n—o0 1- 1
1+x2
1
1—— =
L 2|: (1+X2)n+l:|
-
0o X
1+x2

1 2
= nI|m {1——(1 xz)””} x (1+x%)
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. ) 1
0=t ()

. 1

=lim |(1+x%)-

n—o {( ) (1+x2)"}

f(x) = 1+ X°

0-h . 0+h

' 0

Continuity atx =0
L.H.L. = lim f(x) = lim f(0-h)
Xx—0" h—0

= I [L+(0-h)]=1

RH.L= lim ()=, f(0+h)= M, [1+(0+h)]
x—0"
=1

f(0) = M f(x) = M (14x%) = 1.

Since, LH.L. = RH.L. = f(0) = 1

Hence, f(x) is continuous at x = 0

1-sin x

Q3 Iff(x) = X cos X. (8x3 — md); x # m/2.

Then determine f(r/2) if f(x) is continuous at
X = m/2.
1_3—'”)(4 .cosx (8x3 — md) ; x % n/2
(m—2x%)

f(xf2) = lim ()

Sol.  f(x)=

_ i (€0sx—sinxcosx)(2x - 1) (4x? + 12 + 27X)

X—m/2 (2X77t)4
(cosx —%sin 2x)(4x2 +7% +27x)
= lim
X—m/2 (2x—n)®

(gformJ
0

(=sin x —cos2x)(4x2 + n? + 27X) +

Apply L-H Rule, weget

(cosx - %sin 2x)(8x +2m)

X—1/2

3(2x —m)?

(—COSX + 25in 2X)(4x? + 1% + 27x) +
(—sin X —c0s2x)(8x + 2m) +
(—sin x —c0s2x)(8x + 2m) +

(cosx - %sin 2xJ.8

= lim
X—m/2

6(2x — )
(—cosx + 2sin 2x)(4x2 + n? + 27x) +

(=sin X —c0s2x) (16X + 4m) + (cosx —%sin 2xj.8

X—m/2 6(2x_n)
0
—form
0

(sin X + 4c0s2X)(4x% + % + 27X) +
(—C0osX + 2sin 2x)(8x + 2w) +
(—cosx + 2sin 2x) (16X + 41) + (—Sin X — c0s2x).16
= [im + (—sin X —c0s2x).8
X—>7n/2 12

2
(1—4){4.7Z+1T2+7I2J+0+0+

(-1+1)x16+(-1+1)x8

12
2
_ (-3)(3n )n;;)+0+0+0 — 3.2
n
Q4 If function f(x) = lim then check

nso 14 x"eX
continuity at x = 1.

n

Sol.  f(x)= lim —=2
n—o 14 x"e
1-n . 1+h
; : :
n
f(x) = lim =0
noo 14 x"e

whenx<1as lim x"> 0

n—o

= lim =1/e* when x > 1

n—o X

f(x) =
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Q5

Sol.

LHL= lim f)= M @ -hy=0
X—1"
RH.L = lim f(x)= M f(1+h)= M g 0+M=g 1
x—1*

Since, R.H.L# L.H.L.

.. T(x) is discontinuous at x = 1.

Suppose that f(x) = x3 — 3x2 - 4x + 12 and

f(x
90 = {x(__é ¥ #3then-
A i x=3 Q6
(a) Find all zeros of f
(b) Find the value of A that makes g continuous
atx=3
(c) Using the value of &, determine whether g is Sol.
an even function

f(x) =x3 - 3x* —4x + 12

f(x
g(x) = {% x#3
A ;Xx=3
(A) f(x) =x*—3x*—4x +12=0
Putx=2
f(2)=8-12-8+12=0
.. (x—2) is a factor of above equation
XX —2)—x(Xx—2)—6 (x—2)=0
(x-2)(*-x-6)=0
xX-2)(x+2)(x-3)=0

Xx=-2,2,3
(X=2)(x+2)(x-3) Y £3
(B)g(x) = (x-3) ’
A iXx=3

3-h 3+h

LH.L = lim f(x)= lim f(3—h)
X—3~ h—0

_ i 3-h-2)@-h+2)(3-h-3)

hs0 (3-h-3)
= mG-h-2)@3-h+2)

=5
Since, g(x) is continuous at x = 3.
LHL =f(3)=>A=5

X=2)(x+2)(x-3) 'x

(x_3) X#3
C = B
(©) 909 : s
(—X=2)(X+2)(-x-3) Y3
(-x-3) ’
9(=x) = 1=9(x)
5 ix=3

Hence, g(x) is an even function.

Draw the graph of the function

f(x) =x - |x = %%, — 1 <x <1 and discuss the
continuity or discontinuity of f in the interval
-1<x<1.

f(X) = x — [x — X9

0 1
When x <0
f(X) = X + (X — X%
=2x— X
When0<x<1
f(X) = X — (x-x?)
:XZ
When x > 1
f(x) = x + (X — %)
=2x — X
2x—x%;x <0
fx)=4 x? ;0<x<1
2x—x%;x =1

continuityatx =0:

oh O+h
} 0 t

LH.L = lim f(x)= lim f(0—h)
Xx—0" h—0

lim (2(0-h) - (0-hy?)

- 2 _
rI]||_1>10 (-2h-h%) =0

— i _ lim
R.H.L.= lim f(x) = 5, f(0+h)

x—0*

=1 (0+h)’

=0
f(0) = lim f(0)=0

x—0

Since, LH.L=R.H.L.=f(0)=0
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Sol.

.. f(X) is continuous at x =0
Continuity atx =1

L 1+h
} l t
LH.L.= lim f(x)=lim f(1-h)
X—1" h—0
— 2
= fm, G0
=1

RHL. = lim fx)= M £ (1+h)
x—1"

=M [2(1+h) - (L+h)]
=2-1

=1

f(2) = lim 09 =21

=1.
Since, LH.L.=RH.L. =f(1)=1
.. f(x) is continuous at x = 1.

/
y=x*
(11)

’

y = 2x—x*

> X
\2,0)

y = 2x—x*

Discuss the continuity of the function

f(x) = x| + [x — 1] and draw its graph.
() = x| + x - 1|

When x <0,
since x| = —x
X<0=>x-1<-1

X-1]=-(x-1)
=—x +1
Then, f(x)=-x—-(x-1)
=—x-x+1
f(x)=-2x+1
When0<x<1

= X|=xand [x-1=-(x-1)=-x+1

f(x)=x-x+1=1

When x >1,
fx)=x+x-1
=2x-1

-2x+1 ;x<0
fx)=4 1 ;0<x<1
2x-1 ;x>1

y

y=2x-1

y=—2x+1
N
\ 4
\\l/ > X
SN2
4 \
/ Y
4 \
-1 AN
A Y
A Y
y=-2x+1|y=2x-1
2x+y=1 |2x-y=1
L.i_y:l L_f_i:l
1/2 1/2 -1
Continuity atx=0
on . 0+h
. 5 .
LH.L.= lim f(x)=lim f(0-h)
X—0" h—0

= rI]||_1>10 (-2(0-h)+1)
=1.
_ _ lim
R.H.L.= lim f(x) = 5, f(0+h)
x—0"

:r|1"—T>10 1
=1
f(0) = lim f(x) = 1
Xx—0
Since, L.H.L. = RH.L. = f(0) = 1.

Hence, f(X) is continuous at x =0
Continuity atx =1

1h . 1+h
| y .
L.H.L.= lim f(x)=Ilim f(1-h)
x—1" h—0
= fm, @
=1

RH.L. = lim f(x)= M £ (1+h)
x—1*

= m @@+h)-1)
=2-1
=1

Edubull
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oF:

Sol.

Q.9

f(2) = lim f() =21

=1
Since, LH.L.=RH.L. =f(1) = 1.
Hence, f(x) is continuous at x = 1.

Draw the graph of the function F(x) defined as
follows:

t09-{2,

Where n is an integer and [x] denotes the
largest integer not exceeding x. What are the
points of discontinuity.

f(x) = x—[x] 2n <x<2n+1

=1/2 2n+l <x<2n+2
When0<x<1=[x]=0;y=X
When1l<x<2=[X]=1;y=x-1=>Xx-Vy
=1
When2 <x<3=[X]=2;y=X-2=>X-
y=2
3<x<4=1[x]=3
3
4<x<5;[X]=d=>y=x-4=>x-y=4
—1<x<0;[X]=-1ly=x+l=>-x+y=1
—2<X<-1;[X]=22y=X+2=>—x+ty =2
—3<x<-2;[X]=3=>y=x+3=>-x+ty=3
4<x<-3;[X]=4d4=>y=x+4=>-x+ty=4

A ALA SRS

4 3 2 -1 0 1 2 3 4

2n<x<2n+1
2n+1<x<2n+2

T YVEX-3=>X-y=

L1

-2

- -3

y=1/2,2n+1<x<2n+2

iel<x<2
3<x<4
5<x<6
-1<x<0
-3<x<-2
5<x<-4

Discontinuities will be at Integer points.

=1-x;0<x<1
=X+2;1<x<2
=4-x;2<x<4

Given that f(x)

Sol.
Q.10

Sol.

Q.

Sol.

Q.12

Q.13

Determine g(x) = f [f(x)] and hence find the
points of discontinuity of g, if any?
continuous at x e R — {2, 3}

If f(x.y) = f(x) f(y) for all x, y € R and f(x) is
continuous at x =1. Prove that f(x) is
continuous for all X € R except x = 0.

fixy)=1(x).f(y) ; x,y e R
Given f(x) is continuous at x = 1.

- M f(a—h) = 1M f(1+h) = f(1)
f(1.1) = f(1). f(1) = f3(1) = f(1) = f(1) = 1
Jmf(a-h) = 1™ f(1+h) = 1.
Let ageneral point, x=a;aeR
.a_h . a+h
. : .
LH.L.= lim f(a-h) = lim f(a(1-h/a))
= rI]imO f(a) x f(1-h/a)
= f(a) x im (1-h/a)

(use given property) f(x.y) = f(x). f(y) = f(a)
Ifa=0, rI1im0 f(1-h/a) — undefined

RH.L. = M ¢a+h) = M fa+hia))

=M, f(a) x (1 + h/a)
= f(a) x ™, (1 + h/a)
= f(a).

Put a =0, MO (1+h/a) undefined
f(@) = lim f(x)
X—a
Since, L.H.L. =R.H. L. =1(a).

Hence, f(X) is continuous at all x € R except o.

is continuous

If g(x) = fim X (X)+h(x)+1
moo  2x™ 4+ 3x +3
at x = 1 and g(1) = Iiml{loge(ex)}z""gex, then
X—>

find the value of 2g(1) + 2f(1) — h(1) .Assume
that f(x) and h(x) are continuous at x = 1.

[1]

Draw the graph of f(x) = (1) where [-]
denotes the greatest integer function.

Discuss the continuity of f(x) = {x + (x — [x])?}
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Q.14

Sol.

at x = 2 and x = 2.5, where {-} stands for
fraction part of x and [-] is greatest integer
function.

Let f be a function satisfying
f(x +y) = f(x) f(y) — \J4—-f(y) and f(x) - 4 as
x — 0. Discuss the continuity of f

discontinuous if f(x) = 0,
continuous if f(x) = 0 for x € R—{0}

Passage based objective questions |
Passage I (Question 15 to 17)

A function f(x) is said to have jump
discontinuity at a point x = a if both of the

lim f(x) and lim_f(x) exists but not
X—a

X—a

equal ie. lim f(x) = lim f(x) and f(a) may
X—a X—a

limits

be equal to either of the above limits.

The non-negative difference between L.H.L
and R.H.L is called jump of the function
y = f(x) at x = a. A function having a number of
jumps in a given interval is called sectional or
piecewise continuous function.

2
Q15 If fx) = S+x X<l, then jump in the
x-4 x21
function f(x) is -
(A)3 (B)6
©)9 (D) None of these
2
Sol.[C] f(x) = {5“‘ “
Xx—-4 x21
al 1+h
| > .

LHL= lim f(x) =M f(1-h)
X—1"

— i 2
= 5+ (-]
=6
RH.L. = lim f(x)=/M (1 +h)
x—1*

= m (1+h-4)

— lim
h—0

=_3.
Since, R.H.L. # L. H.L
Hence, function discontinuous at x = 1.

(h-3)

Q.16

Sol.[B]

Q.17

Jump = Non-negative difference between L.H.L
and R.H.L.

=6+3=9
.. Option (C) is correct Answer.

The jump of the function at the point of

_al/x
discontinuity of the function f(x) = 1 al/x
+a
@>0)is-
(A)4 (B) 2
()3 (D) None of these
1_a1/X
f(x) = PN ; (@>0)
Since, f(x) is not defined at x = 0.

p—h 0+h

0
LHL.= lim (= lim " §(0 — h)
lim 1-a "

h—0 1+afl/h

li -1h _ o
las Ma~"=a
=0(@>0)

RH.L.= lim f(x)=/m f(0+h)
x—0"

Since, RH.L.#LH.L
.. f(x) is discontinuous at x =0
Jump=1+1
=2
.~.Option (B) is correct answer.

|x+1]; x<0
X ;x>0
[x|+1; x<1

900= {—|x—2|; x>1
jumps in f(x) + g(x) at point of discontinuities
are -
(A1
©3

If f(x) :{

then the number of

(B) 2
(D) None of these
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Sol.[B]

Passage- 11 (Q. No. 18 to Q. 19)

Q.18

Sol.

Q.19

Sol.

Let f: R > R be a function defined as,
x| <1

| >

1-[x],

f(X)={ 0

| x

vV X € R. Then

The value of g(x) is

(A)a(x) =

(B) g(x) =

(€)g(x) =

(D) None of these

[B]

The function g(x) is continuous for x e
(A)R-{0,1,2,3,4}

0
2+X

1&mw:ﬂﬁnﬂa+n

X<-3
-3<x<-1
-1<x<0
0<x<1
1<x<3
X>3
X <=2
-2<x<-1
-1<x<0
0<x<1
l<x<2
X>2

x<0
0<x<1
1<x<2
2<x<3
3<x<4

4<x

B)R-{2,-1,0,1,2}

(C)R

(D) None of these

[C]
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EXERCISE # 4

Old II'T-JEE Questions |

Q.1 If f(x) = g—l then on the interval [0, «t],

[11T-1989]
(A) tan [f(x)] and 1/f(x) are both continuous
(B) tan [f(x)] & 1/f(x) are both discontinuous
(C) tan [f(x)] and f-1 (x) are both continuous
(D) tan [f(x)] is continuous but 1/f(x) is not
(V [] is greatest integer function.)

Sol.[B] We have, f(x) = %X—lfOI‘OSXSn
-1, 0<x<2
0, 2<x<m=

tan(-1), 0<x<2
tan0, 2<x<mw

[f()] = {

= tan[f(X)] = {
" Xli_)n} tan[f (X)]=—tan1
and Iin; tan[f (x)]=0

So, tan f (X) is not continuous at x = 2
Now f(x) = %x—l = f(x) = X_gz

1 2

f(x) x-2
clearly, f(x) is not continuous at x = 2,

tan[f (x)] and tan {L} are both
f(x)
discontinuous at x = 2

Q.2 The function f(x) = [X] cos {(2x — 1)/2}m,
[[1 denotes the greatest integer function, is

discontinuous at [T 95]

(A) all x
(B) all integer points
(C)no x
(D) x which is not an integer
Sol.[C] f(x) = [X] cos{(2x-1)n/2}
Continuity atx =0
oh 0+h
| 3 i
LH.L= rI1iino f(0-h)= r|1ir_T>10 [0-h]cos{(2(0-h)-1)n/2}

= lim (1) x cos{(-2n-1)w/2}
=_1x0=0.

RH.L = M £0 + hy= M [0+h]cos{(2(0+h)-1)n/2}
= M 10+h] cos{(2h-1)m/2}
=0xcos(-n/2) =0

f(0) = im () = [0] cos(-/2) =0

LHL =RHL.=f0)=0
.. f(x) is continous at x = 0
Atx=1

1-h 1+h

LH.L.= fim f(1-h)= lim [1-h]cos{(2(1-h)-1)/2}
= (0) x im cos{(1 - 2n)r/2}
=0.
RH.L = Mg+ hy= M [1+h]cos{(2(1+h)-1)n/2}

M 1. cos{(2h +1)n/2}
1.0=0
(1) =lim 109 =lim [1] cos{(2-1)/2 }

=1x0

=0
Since, LH.L.=RH.L.=f(1)=0
.. f(x) is continuous at x = 1.
We can prove that for all xeR, f(x) would be
continuous Hence, at No point, f(x) will not be
discontinuous
.. Option (C) is correct answer.

Q.3 Let f(x) = [X] sin (

T

[x+1]

the greatest integer function. The domain of f

] , where [.] denotes

iS....... and the points of discontinuity of

[11T-1996]

Sol. The function is not defined for those values of
x for which [x + 1] = 0, In other words it means
that0<x+1<lor —1<x<0. ...(D)

f in the domain are.........




Q.4

Sol.

Hence the function is defined outside the region
given by (1). In other words for
x>0andx<-1lorxe]—o,—1[U]0, x]
Now consider integral values of x say X =n

R.H.L. =lim[n+h]sin ———
[n+1+h]
. T
=nsin

(n+1)
LH.L. = lim [n—h]sin———
h—0 [n+1-h]

=(n-1) sin”

n

V =nsin—

h+1

Since R # L = V. Hence the given function is
not continuous for integral values of n (n =0, —
1)

Atx =0, f(0)=0, lim f(0 + h)

= lim [h] sin—— =0

h—0 [h+1]
The function is not defined for x < 0. Hence we
cannot find lim (0 — h). Thus f(x) is continuous
at x = 0. Hence the point of discontinuity are
given by I — {0} where | is set of integers n
exceptn=-1.

Let f(x) be a continuous function defined for
1 < x < 3. If f(x) takes rational values for all x
and f(2) = 10, then f(1.5)=.........

[11T-1997]

Since f (X) is given continuous on the closed
bounded interval [1, 3], f (x) is bounded and
assumes all the values lying in the interval
[m, M] where
m = min f (X) and M = max f(x)

1<x<3 f(1) <f(x) < (3)
If mZ M, then f (x) must assume all the

irrational values lying in the [m, M]. But since
f (x) takes only rational values, we must have
m = M i.e. f (x) must be a constant function.
As

f(2) = 10, we get

f(x)=10Vv x e [1, 3]

f[1.5]=10

Q.5

The function f (x) = [x]% —[x2] (where [y] is the
greatest integer less than or equal to y), is
discontinuous at - [11T99]
(A) All integers

(B) All integers except 0 and 1

(C) All integers except 0

(D) All integers except 1

Sol.[D] f(x) = [x]* - [¥]

Continuity atx=0
p—h . 0+h
. d ;
L.H.L= im {[0-h]>-[(0-h)*]}
= lim {1-[n}
=1
R.H.L.= M e1o+h]2 —[(0+h)}

= i, {o-[n}

=0
Since, LH.L=R.H.L
Hence, f(X) is discontinuous at x = 0.
Atx=1

1-h . 1+h
i ' ;
L.H.L.= im {[1-h]-[(1-h)Z}

= lim {0 [(Value less than1)’J}

=0.

R.H.L.= M 11+ —[(1+h)}
= im {1-13=0

f(1) = MM {L20 - [1773
={1-1}=0

S~ LHL=RHL=f1)=0
Hence, f(x) is continuous at x = 1.
Let us take, a general case, when x=a;
aelnteger
Ia—h . ath
. 3 .
LH.L= lim f(a-h) lim {[a-h]*-[(a-h)*T}
= lim {(a-1)°- (@ -1)]
—a’+1-2a-a’+1=2(1-a)
RH.L= T favh) = Ty { [a+h]’ [(@+h)T}

= Ty {~a} = 0.




Q.6

Sol.

Since, L.H.L. # R H.L.
Hence f(x) is discontinuous at all Integer points
except x = 1.

Determine the constants a, b and ¢ for which

A+ax)¥* x<0

the function f(x) = b ,x=0
13
is continuous at x = 0. [REE 99]
AL+ax)Y*  ,x<0
f(x) = b ,x=0
(x+c)t® -
(x+)Y2 -1’
0-h . 0+h
. 4 .
— lim _ = i 1)) 1/0-h
L.H.L. hLO f(0-h) Mo (1+a(0-h))

— i R

= m,a-2h
It is the type of (1)”

tim (- ah)x[ 1)

— e h—0

=¢?
|.m (O+h+c)”® -1

(0 h 1)1/27

1/3

I|m (h+ C)

R.H.L.= M f0+h)= Jim

Since, limit exists, then ,I]'Lno (h+c)*=1

=c=1
f(0) = IimO fx)=b

lim (h+1)"%-1 (o )
RH.L=gM 25 =2 | 2 form
"0 h+pt2-1 (0

Use L-H Rule, weget
1 1
—h 1)3 _
_tim 3D O
~—h-0 —1
—(h+1)2 "o
2 fim (h+)~*"
IR

Since, f(x) is continuous at x =0
~LH.L =R.H.L =1(0)

Q7

Sol.

@D
1
wlN
1
o

=IogZ/3;b=§andc=1.

Discuss the continuity of the function

X
f(x) = X =1, f(x) = , x| < 1.
09 =17 M2 1700 =1
[REE 2000]
fX)=—— ;[X|21x<-1lorx>1
1+ | x|

X
= —— X<1l=>-1<x<1

1-|x|

L;xs-l

1-x

L—1<x<0
- J1+x

L;O£x<1

—X

L,le

1+
Continuity at x = -1

mall —1+h
. ~+ .
LH.L=lim fh-1)
h—0

. 1-h o 1-h _
lm ———— =1lm =~ =-1
h—0 1—(@1-h) h—>0 h
1-h _lm -1-h
RHL=\T =) =2 =1,

1-1-h
Since, LH.L. #R.H.L.
Hence, f(X) is discontinuous at x = 1.
Continuity atx =0

-h

p—h . 0+h
} 3 ¥
LH.L=lim f(0-h)= fim 0"
h—0 h—»0 1-0—h
— im
h—0 1—h
=0
lim lim O+h
RH.L= f(0+h _
h—0 ( ) h—0 17(0_’_ h)
. h
= lim —
h-0 1—h




Q8

Sol.

=0
f(0) = lim (x) = lim (Lj =0
h—0 h—0 \ 1-X
since, LH.L.=R.H.L.=f(0)=0
Hence, f(x) is continuous at x = 0
Continuity atx =1
1-h . 1+h
| ? .
L.H.L=lim f(1-h)
h—0

_ 1-h _ 1
= |lim ==

h—»0 1+1—h 2
lim lim 1+h

R.H.L= f(1+h) = _—

h—0 ( ) h—0 17(1+h)
_ 1+h _
= lim — =-

h—»0 —h

Since, LH.L. # R.H.L.
Hence, f(x) is continuous at x = 0
f(x) is Discontinuous at x = -1, 1.

Discuss the continuity of the function
el _ o

RUCEIIPY
1 x=1

X=1

f(x)= atx=1.

[REE 2001]

/D) o
RUCEINPY

1 x=1

1-h . 1+h

J i t
L.H.L.=1lim f(1-h)

h—0

f(x) = X#1

Ql/-h-1) _ 5

lim —————
hoo ellhl o

i el _o
h—>0 e h 42

= laslime"=e*=0.
h—0
U@+h-1)

_lim _lim e
R.H.L.=p50 f(1+h) =150 SUTETPY

i e1/h )

fim 1226
h—0 14 271N

=1,as lim eMM=¢*=0
h

—0

Since, RH.L. # L.H.L.
Hence, f(X) is not continuous at x = 1.

Q.9 For every integer n, let a, and b, be real
numbers. Let function f: IR — IR be given by
fx) = a,+sintx, forxel[2n,2n+1]

b, +cosm x, forxe(2n-1,2n)’
for all integers n. If f is continuous, then which
of the following hold(s) for all n? [11T-2012]
(A) an,l - bn,l = 0 (B) an - bn = 1
(C)a,—bpy=1 (D) a1 —by=-1

Sol.[B,D]At x=2n
X —2n" a, + sin 2nwt = a,
X—2n b,+cos2nr=b,+1

For continuous
At Xx=2n+1

an=b,+1

X—>2n+1" Dby +cosn(2n + 1)=
bn+1—1
X—>2n+1 ap+sinn(2n +1) = a,
for continuous  a, =bpy —1
an — bn+1 =-1
forn=n-1 an1—b,=-1




EXERCISE # 5

Q.1

Sol.

Q.2

Sol.

Let f(x) be a continuous and g(x) be a
discontinuous function, prove that f(x) + g(x)
is a discontinuous function. [11T-1987]
Given that f (x) is a continuous functions, and
g(x) is a discontinuous functions, then for some
arbitrary real number a, we must have

)I(iTa f(x) =f(a) (D)

and Iima g(x) #9() en(2)
lim [f (x) + 9(x)]

= lim f X + lim gx) = f @ + g (a)

Now,

[Using (1) and (2)]
= f(x) + g () is discontinuous.
Alternative :

Let h(x)="f(x)+ g (x) be continuous.
Then, g(x)=h(x) —f(X)

Now h (x) and f (x) both are continuous
functions.

. h (X) — f (x) mustalso be continuous. But it
is a contradiction as given that g (x) is
discontinuous. Therefore our assumption of
f (X) + g (X) to be a continuous function is
wrong and hence f (X) + g (X) is discontinuous

Find the values of a and b so that the function

x+a\/§sinx, 0<x<mnl4
f(x) = 2xcotx + b, n/4<x<n/2
acos2x—bsinx, mw/2<X<m
is continuous for 0 < x < . [11T-1989]
Given that,
x+a\/§sinx , 0<x<m=l4
f (X) =4 2xcotx+b , mwld<x<mnl2
acos2x—bsinx , m/2<x<~®w

is continuous for 0 < x < .

f (xX) must be continuous at x = % and x

NS

im () =1 (/4)

X—>T

Q.3

Sol.

= lim f[E—h]=ﬁcot +b
h—»o (4 4 4

= lim (——hj+ax/_sm[—— j E
h—»0 \ 4 2

r

4

- T+a="4p=a-b=
4 2

f(x) = (1/2)

(1)

Also, lim
x—m/2*
= lim f(£+hj:2.£cot£+b
h—0 2 2 2
= lim acos 2(£+hj —bsin (£+hJ =b
h—0 2 2

= acosnt—bsinn/2=b = —a-b=b

= a+2b=0 ....(2)
Solving (1) and (2), we get, a = I &pb=_"L
6 12
1—cos4x' x <0
X2
Let f(x) = a, x=0
N
—_ x>0
16 +/x —4

Determine the value of a, if possible, so that the

function is continuous at x=0.  [11T-1990]
We are given that,
1—00254x . x<0
X
f(x)=1 a , x=0
Jx
— , x>0
V16 +/x — 4
Here LH.L.atx=01s,

_ . l-cos4(0-h) _ 1-cos4h
= lim —————* = lim ———
h—0 (0-h)? h—0 h?2
F02
- im 2sin“ 2h 4-38

h—>0  4h?
RH.L.atx=0is,
- V0+h
=lim ———
h—0 16 + /0 +h—4
— im Jn (16 ++h +4)
h>0 16 ++/h 16

J16 +4=4+4=8

lim V16++Jh +4=




Q.4

For continuity of function f(x), we must have
L.H.L.=R.H.L. =f(0)

= f0)=8=a=8

Which of the following functions are continuous
on (0, ) [11T-1991]
(A) tan x

(B) jtsin Lt
0 t

1, 0<x£3—n
4

(©)

. 2 3
2sin—X, —<X<T7
9 4
X sin X, 0<xsg

(D)

T . T
=sin(m+X), —<X<7
2 2

Sol.[B,C] On (0, n)

(A) tan x=1f(x)

We know tan x is discontinuous at X =

NS

.. (a) is not correct

®) 1= | Oxtsin(%) dt

' (x) = X sin(%) Which exist on (0, )

~.F (), being differentiable, is continuous on (0,

m)
.. (B) is correct.

1 , 0<x<3r/4
©) 109 = 25in2?X, 3nfd<x<m

Clearly f(x) is continuous on (0, w) except
possible at x = 3n/4, where,

LHL = lim f(s—n—hj = lim 1=1
h—>0 4 Xx—0
RHL = lim f[S—’Hh]
h—0 4

lim ZsinE 3—n+h
9\ 4

x—0

lim 2 sin[EJr&j =2sin
h—0 6 9

Also f(3—nj =1
4

As LHL=RHL = f(%}

:2_1:1
2

Q5

Sol.

.. f(x) is continuous on (0, w)
.. (C) is correct.

Xsin x , O0<x<nl2

(D) f(x) = {

T . T

—=sin(m+Xx) , —<X<7

2 2

Here f(x) will be continuous on (0, =) if it is

. T
continuous at X = E

Atx =

N a

h—0

=tim | Z-hlsin|Z-h|=ZsinE=T
h—>0\ 2 2 2 2 2

RHL = lim f(£+ hj
h—0 2

LHL = lim f(g_h)

lim = sin [n+g+hj

h—»0 2
T . Y - . T T
== sinfn+=| = —sin= =—=
2 [ 2] 2 2 2
AsLHL=RHL .. f(x) is not continuous
{1+ | sin x [Jeinx —%<x <0
Let f(x) = b ; x=0
glan2x/tan3x : O<X<g

Determine a and b such that f(x) is continuous

atx =0. [11T-1994]
Given that ,
{1+ | sin x [}/5iX —%<x <0
f(x) = b Xx=0
g tan 2x/tan3x . 0<x <g

is continuous at x =0
hIimO f(0-h)=f(0) = hIimO f(0 + h)

We have, r!im0 f(0-h)

a
= i, [+ sin (1) 15700

a lim —2_log(t+sinh)
sinh

= lim [L+sinh]®" = ¢™* e
h—0
and f(0)=b
ef=b (D)




Also lim f(0 + h) = lim gtan2h/tan3h
h->0

h—0
Iimtanth 3h Xg
= gh0 2h  tan3h 3
=e?B (2)
S e =p
From (1) and (2) e*=b=¢e”?
= a=2/3 and b=e*

Q.6 Letf(x) ={min(x, y)}{max (.}

wherey = v1-x?

Discuss the continuity of f(x) in [0, 1].

Sol. y= 1-x2 3x2+y2=1
f(x) = {min(x, )}

’
’

(1/«/,?,1/«/5)
y>X \/ /min
o 1
P
le’XZ,OSX<i
V2
f(x) = x 1
( 1—x2J  —<x<1
2
checking continuity
1
LHL=RHLatx= —
J2

Passage | (Question 7 to 9)

Let h(x) be a function defined as

/b—a .
1 | TS|n2x
Jb-a \/ ( e ]2
1+ ‘/—smx
a

consider functions f(x) and g(x) defined as

x) = [(X)] {h(x)} - gx) = sgn (h(x) for x <

-vJa+btan?x

h(x) =

2
domain of h. Where [-] and {-} denotes greatest
integer and fractional part function respectively
and f(x) = 0 = g(x) for x ¢ domain of h.

Q.7 Function h(x) is discontinuous at-

(A)ng (B)x=0 (C)x=n (D) None

Sol.[A] h (x) is not defined at x = 7/2

.. Option (A) is correct answer.

Q.8 Function f(x) is discontinuous at-

yx== (B)x=n
(C)x=0 (D) All of these
Sol.[D] f(x) = [h()] . {@}

Since at x = 0, &, 3n/2, h(x) = Integer.
But Greatest Integral function does not defined
at Integer points.

.. option (D) is correct answer.

Q.9 Function g(x) is discontinuous at -

(A)x:%n (B) X = /2
C)x=n (D) All of these
Sol{D] 900 =son (h9) = {11 109"

& for x e Domain of h.
Since, LHL=-1& RH.L=+1

Hence, for every value of domain of h (x), g(x)
will be discontinuous

.. option (D) is correct answer.

Q.10 If g: [a, b] onto [a, b] is continuous show that
there is some ¢ e [a, b] such that g(c) = c.
Sol. [a, b] —> [a, b]
g(x) = f(x) —x
g(a)=f(a)—a=a
g(b) =f(b) —b<b

n
Q.11  Givenf(x) = Ztan[%} sec(%j; rnneN

r=1

. }\n[f (x)+tan i) —[f (x)+tan Ljn {sin (tan XH
g(x) = lim 2" 2" 2
X n
1+[f(x) +tan ZT]

=k forx = g & the domain of g(x) is (0, 7/2)

where [ ] denotes the greatest integer function.
Find the value of k, if possible, so that g(x) is
continuous at x = r/4. Also state the points of
discontinuity of g(x) in (0, n/4), if any.

Sol.  Let X =9
2|’




Q.12

Sol.

2
= T, =sec20.tand = 1+ tanze tand
1-tan“6

= tanﬁ[ 5 —1} = T, =tan26—tand
1-tan<0
3 X X
s f(x) = tan—- —tan—
( ) ; 2I’—1 2r

f(x) =

tanx—tan5 + tan5+tani +ot
- 2 2 23

(tan X _—tan i)
2n- 2"

X
f(x) = tan X — tan 2—n

lim g(x) = Iim{"m I n tanx— (tanx)" [sin(tan(x/ 2)]J

M MR 1+ (tanx)"
4 4
= lim 0— [sin (tanx/ 2)] _
n* 1+0
X
im g() = fim [MB™=0)_,
T T 1+0
X—— —
In(tanx) ; O<x<m/4
T
fx)=<k=0 ; X =—
) 2
—[sin(tanx/2)]=0; n/2>x>%

Let f be continuous on the interval [0, 1] to R
such that f(0) = f(1). Prove that there exists a

point c in {Oﬂ such that f(c) = f (c+%).
f:[0,11—> R
g(x) = f(x+ %) —f(x)

f(0) = f(1)
(i) g(0) = f(1/2) — f(0) = f(1/2) - f(1) &
(i) g (1/2) = f(1) — f(1L/2) = —f(1/2) - f(1) ®
= change in sign
. oneroot e [0, 1/2]




ANSWER KEY

EXERCISE # 1

QNo. [ 1 [ 2 [ 3] 4] 56| 7] 8] 9 [10f11[12{13]14] 15| 16 | 17| 18
Ans. bf{Bf{B|D|]D|]B]J]C|B]J]A[C|[A[C|[B]C] C C|DfC

19. True 20. True 21. True 22. False 23.2 -1 24. (2n —1)%, nel

EXERCISE # 2

(Part-A)

Q.No. 1 2 3 4 5 6 7 8 10 ) 11 | 12 | 13
Ans. A C B A A B C A C C C D B

(Part-B)

QNo. | 141 15 16| 17 18 [ 19 ] 20 | 21| 22
Ans. |AB|B,D|BD|[ABC|BCD|BD]|BCD|[BC|BCD

©

(Part-C)

Q.No. | 23] 24| 25 26 27 | 28 29
Ans. AlA]A D C A D

(Part-D)

30,A>PR;B>S5;C—>SD—>PQ,R 31.A—>Q,S;B>PR,S;C—>Q;D>Q
32.A—->PR,S; B>PR,S; C>QRS, D>R,S

EXERCISE # 3

(1)x=0,1,-1 (2) discontinuous 3) - % (4) discontinuous
(5) (@) 3, £ 2 (b) 5 (c) Even function (6) fis continuous in—1<x<1
(7) continuous for all x e R (8) discontinuous at integers
(9) continuous at x € R — {2, 3} 1n1 (14) discontinuous if f(x) = 0,
continuous if f(x) =0 for x e R—{0}
(15) C (16) B (17)B (18) B (19) C

EXERCISE # 4




1) B 2cC (3) (—o0, =1) U [0, ), | — {0} where I is the set of integer except x = -1

(4) 10 (5)D (6)a:Iog§,b:§,c:1
(7) discontinuous at |x| = 1 (8) f (x) is discontinuous at x = 1
(9 B,D

EXERCISE # 5

(2)a =% b= 1_; (3)a=8 (4)B,C (6)a= % ,b=¢e”® (6) Continuous for x < [0, 1]
An(tanx) if 0<x<X
M A 8)D (9)D (1) k=0;9(x) = 4

0 if Tox<X
4 2

Hence g(x) is continuous everywhere.




