MATHS FOR JEE MAIN & ADVANCED

HINTS & SOLUTIONS

EXERCISE - 1 X
Single Choice - ; =hy+tc
2. m-3m’-4m+12=0 = m=+2,3 x=lLy=1 =c=-1
meN henceme {2,3} = (O) 1—i=lny
y
. . 9 ﬂ _ _ — Xy
4. ysin2x—cosx+ (1 +sin x)d =0 wherey=1(x) y=¢¢
* ~fy _©
e =—
dy +( sin2x j _ cosX y
dx 1+sin’x )’ 1+sin’x yeV = = (A)
sin2x dx dt X —
LE =etsin?x  _ ot o ghllein?) _ o o d
.F. ;
(by putting 1+ sin’x =t) (ex+xex)d_ T dy
y(1 +sin’x) = JCOSXdX j—t +(ye¥—1t)=0 = % —t+yeY=0
y y
y(1 +sin?>x)=sinx+C ; (y(0)=0) = C=0 .
LE. efI Y=g
__sinx
hence, y= 1 +sin’x teY=_ Jyeye*ydy
(E]_E .
\6)75 xeteY=— L 4C
2
5. Y-y=m(X-x) f(0)=0 = C=0; 2xe*e¥+y’=0

for X-intercept Y =0

dy
X:x_l 8. E:_k\/;; whent=0; y=4
m
0
d t
hence x—l=y ITyz—kIdt
" 2 VY 0
dy ¥y 0 t
or ax  x—-y 2\/§4:—kt=—g
O t
0-4 =—— = t=60minutes = (C)
put y=Vx 15
V+X‘(11_V:% 10. y eX=Axe > +B
X a ; e 2x. Y, —2y e 2x :A(e—2x_ 2x e—2x)
dv \Y V-V+V
_— = S — SRS 3 —2X
X x 1.V A% =Y, Cancelling e =* throughout
y,—2y=A(1-2x) wee(D)
[=rav - [& diffrntiaing agt
vz " ifferentiating again
1 y,— 2y, =-2A = PR T 2
—V—ZnV=lnx+c 2 1 2
52 hence substituting A in (1)
———-mh—==hx+c
y 2(y; = 2y) =2y, —y)(1-2x)
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DIFFERENTIAL EQUATION

11.

2y, —4y=2y,(1-2x)—(1-2x)y,

14. [fo0dx =y
(1—2x)i1(91—2yj+2(92—2yj=0 ! P (xy)
dx \dx dx Differentiating 2
hence k=2 and [=-2 d 4
y
. _ f(x)=3y%.—
= ordered pair (k, )=(2,-2) dx
(x.y)
y=xe*¥ L, dy y .
=3y* — = y=0 (rejected
y=e*-xe*=(1-x)e*T for x<1 ™ y ! )
y'=—e*-[e*—xe*]=e¥-1-1+x] or 3ydy=dx
=(x—-2)e* 2
3y
for point of inflectiony"=0 = x=2 N =x+c¢ = parabola = C
15. (x-h?+(y—-ky=a> .. @
dy N
2x-h)+2(y-k) =—=0 ... (ii)
dx
dy g dzy
+ —_— + _ — oo
2 2 1 (dx) y-k) o 0 ... (iii)
A= J‘xe”‘ dx =— xe*| + Ie"‘ .
o o 9 From (3) we have (y—k) , use in (2) to get (x —h) and put
5 (x—h)and (y—k)in (1)
=C2en- (),
= . - - - d
=-2e’—(e?-1=1-e?-2e?=1-3¢? 16. d_z —y=y2(sin X+ cos x)
. dy 1
. smx& +ycosx=1 _zﬂfl:SmXJFCOSX,
/2 y dx oy
d_ +y cotx=cosec X 1 1 dy dt
X Let —— =t= —~—=—
y y dx dx
LE.= ejCOthX = e™EM) —ginx 0 /2
dt .
y sinx = Icosecxsinxdx & +=sinx+cosx
ysinx=x+C LE e*
if x=0, yis finit
B0 VIR Sooteet= J‘e"(sinx+cosx)dx~—leX =e*sinx+C
C=0 Ty
y=x(cosecx)= _X if x=0,y=1 = C=-1
sinx .
2 - ~ S —esinx-1
Now I<— and I>—
4 2
n 2 if x=mn then —e—:—l = y=¢"
Hence 3 <I<T = (A) y
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MATHS FOR JEE MAIN & ADVANCED

17.

18.

19.

20.

dy
— =1 _
dx 00—y
dy
= fm:fdx =_on(100-y)=x+c

since  y(0) =50
S —0n(100-y)=x—®n50

= -0n50=c

[ 50 ] 50
= On|——| =x=> 7,5 . =¢
100 -y 100 -y

y=mx-+c;

d’y . dy
3 4y =-4x
dx? dx Y

0-3m—4(mx+c)=—4x

substituting in

—3m—4c—4mx=—4x
—(Bm+4c)=4x(m-1) ()
(i) is true for all real x if

m=+1 and c=-3/4 = B)

g—ltanl:—secl L
dx X2 X x.xz'

i[%tan% dx 1
=g "X

IF =sec —
X

~ - Isecz(led*t LI
= y.sec == ) & dx=tan = +c

ify—>-1 then x>0 = c=-1

1 1
= y:SIH; —COS;

S, : y?=4ax
2yy' =4a
272 ’ g_l gfd_x
yay :>dx_2x = y o 2x
S,: xcosatysina=p (1)
cos a+sinay =0
y' =—cot a -(2)

solving (1) & (2) we get we get 2 degree equation

S, ax*+by’+c¢c=0
x*+ky*+k,=0 two arbitary constant
order=2

1
21. Y-y=— " (X-x)

when m:ﬂ
dx
take,let Y=0
X=my+x
hence  x(my+x)=2(x>+y?)

d
Xy &y =x2+2y? (Step-A)
Now puty = vx
dv  xP(1+2v)  1+2v°

+x — =
veXx dx x’v \%
P (x,y)
G
O] my+x-(1,0)
dv 142V 1+ v?
X — = —v=
dx \% \%
J~Vdv B d_X
1+v? X
1
5 In(l+v¥)=mhx+c
2
In(lJer J =c
X
x2+y?=cx* = A
22. Given yﬂ +x=x+1

dx
y2
T=xte | Ay

x=0,y=0 = c=0 (x+1,0)
my-+x
y?=2x = latus rectum=2 = B
23. o) =¢'(x)  ¢(1)=2
do
. =4
o h(x)=x+c

Oon2=1+c = c=0n2-1

onp(3)=3+c=2+0n2 = §(3)=2¢

B3
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DIFFERENTIAL EQUATION

27.

29.

31.

33.

LF. =e™*
IF :eI—Zxdx =67X2
ye X = J.e’x(cosx—sinx)dx put —x=t
LR e 2| & e =-——+C
=_ J'et(cost+sint)dt y (x+1) x+1
=—elsint+c at x=0,f(0)=5 = C=6
/)
0 x 6x+5)
ye*=e*sinx+c | s fx)= <1 .€

since y is bounded whenx > = ¢=0 36. differentiate xy(x)=x2y' (x)+ 2xy(x)

y=smx or xy(x)+x2y'(x)=0
n/4
- —si = d
Area J(cosx sin x)dx V2-1 = A x—y ty=0
0 dx
X
lnc+ln|x|:; Imy+hx=hc
xy=c = (D)
—X
diff. wrt. x, 1.2 2y1
X y 37. Let equation of St. Line
2
Y_:y_xﬂ Y-y=m(X-x)
X dx
d 2 2 mx —
o l—y—z = (p(i} =— y_2 = (D) Distance from origin = ‘ }; =1
dx  x x y X I+m
S (mx—y)P=1+m?
&y oY) ¥ (mx =)
dx x*) dx x’ av 2
d b8 (2
now m:—y =— dx dx
dx
X dy X _x2
=_ — — A = ) i
= m 2y = » By 38. y=f(x)=e 2 .The graphis as shown
. dy
+ —— =+ae¥X
siny " ae /\
in & = = & = cot ©
siny5 =Sy o coty
equation to the orthogonal trajectory will be obtained 39 X dy = ( - y ~—1 jdx
e T 2
by solving the differential equation Xty Xty
xdy — ydx
dy _ = —Z y2 =—dx
T =coty X +y
c—x=/(siny) = siny=ce™ — tan' L = x+c — y=xtan(c-x)
X
2
y2 I X_ +c 1
2 40. j f(tx)dt=n"f(x)
2 0
2x(x +1) e
' _ —f —
- — T = Gy
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MATHS FOR JEE MAIN & ADVANCED

EXERCISE -2

1
puttx=y =dt =3 dy Part # I : Multiple Choice

3. y=e*cosx

O Sy ¢

f(y)dy=nf . .
) dy=nf(x) y,=-€*cosx—e*sinx=—e*(sinx + cosx)

St——x %4 |,_.

f(y)dy=x-n-f(x) =— /2 e*(cosx cos% + sinx sin%)
Differentiating .
F(9=n[ () +xF'60)] =72 e cos (X‘Zj
f(x)(1-n)=nxf'(x)
f'(x) I-n y,=+ J2 e* cos (x—%) + 2 e*sin (x—%)
f(x)  nx
1-n I-n B T ) T
: = — = - =42 e*|cos| x—— |+sin| X ——
Integrating lnf(x)—( a0 )lncx—ln (cx) 1 2 [ ( 4j [ 4jj
1-n
fl)=cx* = 2.2 e*cos (XEE)
4 4
similarly
2 2n
= (\/5) e cos (XTJ

y,=— (V2) e cos (37}
y, =t ( 2 )4 e’ cos(x%)

=— (\/5 )4 e cosx

y,t4y=0
Similarly
8

Yg = (\/5)8 e’ cos(x %Tn] = (\/5) e™*cos (x—2m)

=16 e™ cosx
y,—16y=0

dy N dx ~0

l+y? 1-x?

= tan'y+sin'x+c=0

= cot™ ; +cos” \J1—x2 tc=0
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DIFFERENTIAL EQUATION

sin X
9. f(x)= _dy_ydx W2y
X dx x
y X
dy —Ony=3@nx+®nc | Iny=2 ®nx+ ®nc
13. dX+y—f(x) Ky=C y= ox?
LE.=¢e*
Option (C)

yeX= jex f(x)dx +C |
— logy=c +logx

now if 0<x<2 then ye*= _[e"e”‘ dx+C 2
logy=®nc, +logx>
X=x + 1
= ye*=x+C y=Cx°
x=0,y(0)=1, C=1
yeX=x+ 1 (1) 18. We have equation of tangentis (Y —y) =m(X —x)
| ) Put X=0,wegetY=y-mx. Y
X+
Y= T y(1)= . Ans. = (A)iscorrect Now (OT)?>= (PT)? (given)
= (y-mx)>=x>+m?x? P(x,y)
y'= e —(x+ler —(x2+1)e* = y? +m’x? - 2mxy = x> + m*x?
e X
 dy y' -x’ Ol(om X
—2e — 1 T 2y
y(1)= 5= = =— < Ans. -
€ e e & d dt
i Puty?=t = 2 a_ a4 = X—=t—x"
= (B)iscorrect y y dx dx dx
if x>2 dt t
=2 T =-
ye¥ = _[e"’z dx dx  x
J.—ldx
yeX=e*"2+C L IF =¢ X =g hx=—
X
y=e?+Ce™ |
as y is continuous The solution is given by t(—] = I—dx =—x+C
X
. 1 L _ = t=—x+C
Lim ** :le(e2+Ce ") T
o2 x—>2 Hence y?+x%>=Cx.
3el=e2+(Ce2 = (C=2 Ifthis is passing through (2,2) = C=4= x>+y>=4x
forx>2 = (x-2P+y*=4
y=e2+2e*hence y(3)=2e3 +el=c22e ! +1) It's director circle will be (x —2)> +y?=38.
y'=—2e™ Put x=0, y"=4=y=2 or-2

y'(3)=—2¢3 Ans. = (D)iscorrect Intercept on y-axis is 4.

This represents a family of circles with centre at y-axis

15. x>y +xyy,—6y’=0 and passing through origin.

It is quadratic equation in y, Verify other alternatives.
= —Xyiﬂxzy2 +24y2X2 _ _xy-_i-Sxy 22. Given that yd_y = j_y at (2’ 1)

! 2x’ 2x’ X d—y

X
d
V iy _ = F=rra(2,1)

yl - X | yl - X dx

d A d 5 .. Equation oftangent having positive slope is y = 2x — 3.
L _ =2y & _=y - -

dx 3 | dx " Now verify alternatives.
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MATHS FOR JEE MAIN & ADVANCED

Part # I1 : Assertion & Reason

2. Equation oftangent Y —y = m(X —x) 7.

put X=0, Y=y-mx

O]

hence initial ordinate is

y-—mx=x—1 = mx-y=1-x

dy 1 I-x C . . .
—— — —y = —— whichis alinear differential equation
dx x X

Hence statement-1 is correct and its degree is 1

= statement-2 is also correct. Since every 1% degree
differential equation need not be linear hence statement-2

is not the correct explanation of statement-1.

X 1
3. Statement-2 @®&n — — — =
y Xy

ic Onx—Ony— — =¢
Xy

dy
+ v
dy yrx dx

(xy)’
xy? dx —x%y dy + ydx + xdy =0
(1+xy)ydx +x(1 —xy)dy=0

diff. 1]
x y dx

statement is true.

2

Statement-1 x— L

1
+ — 2+23/2:
3 e

dy 1 dy]
vy =2 4+ = [p2 2 | 2x+2y— | =
1 y dx ah 2 X +y ( de 0
dx—ydy+x 1/)(2.4-}/2 dx+y,/xZ+y2 dy=0
(1+x1/X2+y2 Ydx+y(=1+ /x> +y*> )dy=0

6. S-1: orderis 2

10.

13.

dy
x—= _
1 (dx yj
7 3 =mx+c =
1+y—2 X
X
2 Xdl_y Xdl_
X dx dx Y
— - 5 =mx+c = 94X =mx+c
X +y X X +y

statement-1 is false
statement-2 is linear form of differential equation which
is true

Integral curves are
y=cx—x>
The DE does not represent all the parabolas passing
through origin but it represents all parabolas through
origin with axis of symmetry parallel to y-axis and
coefficient of x2 as — 1, hence statement-1 is false.

Statement-2 is universally true.]

d
Line touches the curve at (0, b) and d_)}j also exists

x=0
d

but even if &y fails to exist. tangents line can be drawn.

2y d d 3x
C,:2x ?yd—y: _y} ——lzml

X dx xy
dy dy y
Sy —2 3= A =_ZL
C,:3xy ax Y 0 = i l( 3x, m,
19
m, -m,=-—1 = C, and C, are orthogonal

X

. Wehave f(x)= jf(t)sintdt—jsin(t—x)dt
0

142448

(King property)
= f(x)= j f(t)sin tdt + j sin tdt
0 0
f' (x)=f(x) sinx +sin x

d . .
d_z —ysinx=smX which is linear

B3
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DIFFERENTIAL EQUATION

EXERCISE - 3 Part # II : Comprehension
Part # I : Matrix Match Type

Comprehension #1
3. (A) xdy=ydx+y*dy . A
Oor reservoir

xdy —ydx [x]
——— =dy = —d|—|=dy dV, dVy _
y’ y & “Va 2 g Tk
7£:y+c put x=1 y=1 =c=-2 Va dv, t
y = IV—:kIIdt:10—=—klt
Vay A 0 Ag
x_ X _
-y Y2 = 37 = V,=V, et
111 . —kt
®) dy t y= 1 Similarly V VBoe 2
dt t+1 t+1 i
\Y
R so A = B0 etk
LF=¢ 1 =¢ M (g4 1yer Ve Ve,
solutionis (t+1)e' y=—e'+c At t=0 , V, =2V,
0 0

putt=0 and att=1,V,= 1.5VB
and y=-1 = c=0

3 3
Dely=—¢l . = = e tk-ky oelgky) = =
y SO 5 175 175 )

y=—

N | —
-

1
AttZE, V,=kV,
©) (*+y)dy=xydx

3 1/2
o) k—2(zj = k:\/3_

by _ X
dx  x*+y’
2. Letatt =t both the reservoirs have same quantity of
Cy— dy _ T\ water, then
PEYTY T T V.=V, = 2etibh=1
1 3\ 1 1
= Onv-— b =—onx+c = Z = 5 oot = log,, 5
c:—l = t,=log,, 2
2
dal 1 1
P t = —
y 1x* 1 ~ and also t, 7~ 2 g3
on =~ - _—_ =_@Onx—— puty=e log, — 2
X 2 y2 2 p Y ng 3
X=.3¢ Vv,
3. Now V—A =2 el R = () =2 el
d B
® 220 3
dx X fi(t) = —2(k, - k) e ' = 2lnz ek kot
xy=C put x=1,y=1 and weget C=1 = f(t) is decreasing.
put x=2
R
= ¥y 5
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MATHS FOR JEE MAIN & ADVANCED

lC(;mprehension #2 Comprehension #3
3 3qv 2 2 —
d_y+ 7% ) x> 1. 2x3dx +2y’dy — (xy?’dx + x*y dy) =0
dx (1+x° Y 1+x x4 y* 1
— | 4+ = | _ _—_ 2 2=
jiidx z d 5 d 5 2d(x y)=0
LE=em =" = (1+x%)
. = dEx+y -xy)=0 = x‘+y' -x’y’=c
4x
y(1+x%)= I4x2dx :T+C xdy — ydx
— 2
passing through (0, 0) = C=0 PR A L R - —X — 4dx=0
X" +y y
4X3 1+(X)
Y= 0o
3(1+x7) d(yj
dy 4 (1+x*)3x* —x’-2x 4 3x* +x* X 7 tdx=0 = d(tan [ n +dx=0
dx 3 (11 x°) =312y 1+(YJ x
X
4x*(3+x%) y
T O3(1+x%) = Mn'(;J+x=c
dy
hence i >0 Vx#0; 3. e¥dx + xe¥dy —2ydy =0
d(xe)—d(y*) =0
d .
&y =0 at x =0 and it does not change sign = x=01s Solution is xe¥ —y* = ¢
the point of inflection Ans. Comprehension # 4
1-3

y=f(x)isincreasing forall x € R
) . oo - -1
X2, y=0 5 X2 =0 Yy =@ Equation of normal (N) : Y —y= ;(X—x)

Area enclosed by y = f~!(x), x-axis and ordinate atx = 3

[\

X
Put X=0 = Y=y+ —
m

E_ij LS
A=373 o 1+x? X
- i d
put 14x2=t = 2xdx=dt hence y-intercept of the normal is y + %
2
AZE_EI(t_DdtZZ 2]‘ X - ydy+xdx
3 349t So, y+—— = X°+y’ — = |dy
v dy NS +y2
’ dx
2/3 y :f(X)
\ 0(070)/ X
(L(»\W(LO)
2 2 2 2 v(0 1)
= 0|l lnt =———[(2-In2)-1 72
3 3[ 3 3[( ) ] ( ’
x +y
:2 2[1 n2)] :Ean I = Idy =[x +y? =y+k
3 3 3 [x%+y?
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DIFFERENTIAL EQUATION

As M(—\/g,l) satisfy it, so k=1

= xX>+y?=y?+2y+1 = xz—Z(y+%j

dy

F h
rom graph o -

} =1 = tan0=1 = O=tan"'(1) Ans.
(1.0)

Clearly, required area

12 2 1
J x -1 dx 1 [X— - xj
0 2 2 3 0
(square units).

|
N | =
TN
W | =
|

—
~—
Il
[SSHIE

(L),
common
normal

x,==1,0,1
Now, distance of (1, 0) from (0, 1) = /2
So, shortest distance between the curve C

and the circle= /2 -1 (units).

Comprehension #5

1.

We have

fx)=2x3+3 (1—%} x*+3(a’~a)x +bSo,

£1(x) = 6x2+ 6 (1—373) x+3(a2—a)

Now, for f(x) to have negative point of local minimum,
we must have both roots of the equation

f'(x) =0 real (unequal) and negative.

3a)’
Discriminant >0 = 36 Kl —7j —-2(a’ _a):l >0

= (%—lj >0
= aeR-{2} ... (1)

Also, sum of roots < 0

3a 2
<0 :>7—1<0:>a<§ ....... ?2)

And product of roots > 0

2
3(a”"—a) >0
6

= a@a-1)>0=ae(-x,0)U(l,©) ..... A3
From (1) n (2) n(3), we get a € (—x, 0)

We have

g(x) = % 4 x2+(1—37a]x+[a22_a]

2
As discriminant of g(x) = (% - 1] >0VaeR- {2}

= Ordinate of the vertex of parabola y = g(x) lies
below x-axis.
So, ae R—{2}

We have

h"(x)=6x-4 = h'(x)=3x>-4x+c

As h'(1)=0,s0 0=3-4+c = c=1
h'(x)=3x>—4x+1

= hXx)=x>-2x2+x+k
v

/ x=2
X
[§) "1 L
-1 x=1
/ A ’

As h(1)=5,s05=1-2+1+k =k=5.
Hence, h(x)=x>-2x>+x+5

Clearly, required area

B3
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MATHS FOR JEE MAIN & ADVANCED

EXERCISE - 4

Subjective Type

1. () @,2 (i
(iv) 1,2
(v) 3, degree is not applicable (vi) 3,2
(vii) 2, degree is not applicable

(3,2) (i) 1,1

(I x*+y*+2gx+2fy+c=0
Differentiation, we get,
= 2x+2yy'+2g+2fy'=0
Again differentiating,

= 1 + (y|)2 + yyu + fy" — 0
Again differentiating,

:> 2(yV)y" + ylyll + yylll + fylll — 0

{1} " 1
= WYYy -
y

= 3y(T -y 1+ =0

(I (y =Dy = D+ 2(x +yy)(x—y) =0

(IV)y=c, e +ce™+ce

dy

= _ 3 2

dx 3c, e +2¢c, e +c, €
dzy

—5 =9, e*+dc, e +c, e
dx

d3y

—5 =27c, ¥ +8¢c,e™+c, e
dx

Apply (4) -6 > (3) + 11 x(2) -6 x (1)

= d3 6i+11d——6y=0
¢ dd dx
. dr
3. @) vy =—Kk(T-9S)
= @n(T-S)=-kt+C
on(S,—S)=C

In| L=S = _kt
S, —S

y} =0 (from (i))

.od
(ii) a(4‘rcr2):kt

2
[d(amr?) = [kedt = 4#—% +c
t=0;r=3 = c=36m
t=2;r=5 = k=32n
rr=4+9
= =4 +9
ody Ay
(iii) x - x
Ony=,0nx+C
y=kx"
du dv
A) —+Pu Q; —+PV Q
4 p
= dx (u-v)=—Plu-v)
du -
© V):dex
u-v
= @n(u-v)=-]Pdx
ﬂ+Py:Qx
dx
1
LF. =
u-v
1 Q
. = +
Y u—v Ju—V ¢
= L | Q +c' [u satisfies it]
u-v ‘u-v
Y- T ix
u-v.  u-v

= y=utk@-v) .. (1)

(B) If y = au + Bv is a particular solution then

compare with (1)

a=k+1,p=-k
= at+tf=1
(O) If o is a particular solution then it satisfies (1)
= o=utk(@u-v)

u—-v

= constant
ow—-u

B3
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DIFFERENTIAL EQUATION

5.

Let P (x, y) be any point on the curve C.

Now, ﬂ:l
dx vy
y
3
\ curve C
P(x,y)

7.

™) [1 +yd +x2)]dx = —x(I +x* )y

vy, y___ 1
dx x x(1 +x%)
kel ok

1dx

-

O * 1+x°
(0,0) \
. xy:—tan_1x+c
1 e
/ VD y-xy'=b+bx%
% N = yfb:(x-i-bxz)ﬂ
= ydy=dx Y, X dx
(0,0)
. ., _ &
= y—:x-i-k Z) x(1+bx) y-b
2 N

Since the curve passes through M (2,2), so k=0

= y?=2x
Hence required area

2

0
0

(square unit)

= p+q=19

y—x=m(X-Xx)

Ony=—Onx+c =

= ZIJXdX = 2\/§><%(x3/2)2:
3

1 b
. =1 - 1
= I( 0 ]dx og(y b)+ ogc

= logx —log(1 + bx) = log(y — b) + logc

X
= 5 =~ (1+bx)(y-b)

1
b

1
= b+ (— +b)x=y(l +bx)
c

= b+kx=y(l +bx)

dy vy y* cosx
X x x 2
X

X X

COS X

_ 3 dy_de
y = y4 dx dx

-3 cosx

LF. &3/ % 23

3cosx
37_J. x> dx

1
= ——3X3
y

=4 x3y’3 =3sinx—c

=-3sinx+c¢c

B3
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MATHS FOR JEE MAIN & ADVANCED

dy _ 2xy
XD dx s
ldy 1 _2x
y2 dx y ex
Put— —=t
Ldy _a
yz dX dX
b
dx eX
I.F. is ejdx =e*

2X
te :I—ex dx
eX

1

— ——e¥=x%+c
y

= ylet=—=x*-¢

d
X  xx*+1) d_z +(x2-1)y=x>®nx

ﬂ (xz—l)y 3 x*1 nx
dx x(x2+1) x? +1

x2-1
IX(X2+1)dX _ X2 +1

X

[F.=¢

(x2+1\y IX2+1 x2

= X — onx dx
k X X X"+
(x2+l\
= )y:Jx.nxdx
X
(x2+1\ x> x>
= y=@nx. — — — +¢
k X 2 4

= 4x*+1)y+x*(1-2@nx)=cx

8 y2+y’y2_x2

2
X

2

Yy X

X

=1n , where same sign

has to be taken.

—2tan71 L, 2
9. e 73 = (y+2)

|y —mx| _ | my + x|
Ji+m? Ji+m?

ly —mx| = jmy + x|

10.

= y-mx==+(my+x)
by taking positive sign

y—mx=my+Xx

y—x=m(x+vy)
dy y-x
= m=—=
X y+X
iA t—1
t dx t+1

1
- E'n(l +t)—tan't=@nx+c

®On /x’ +y’ =—tan’' % +c

7tan—ly/x

= Jx’+y’ =¢,¢

from equ. (i) by taking negative sign

+1
ﬂ: X put y=tx
dx A
X
. dar t+l
=t ax T —t+1
1-t dx
= 2dt -

1
= tan't- 5.11(1 +t)=@nx+c

®on /x’ +y’ =+tan’ Lie
X
—ly/x
= ,[Xz-i-yz :Czetan

. —ly/x
then final solution /x> +y> =c¢ et

+91-9350679141
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DIFFERENTIAL EQUATION

11.

12.

13.

(ii) multiply equation (1) by o and equation (2) by 3 then add

1
A) c(x—y)PP(x2+xy+y?)=exp| —=tan
(A) e(x=y)**( y+y?) p{ﬁ

0 X+2y}

x3

where exp x =e*

(B) y'—x2=c (y*+x)

x2+y272x:0, x=1

@

Y +P(x).y=Q(x)

y, &y, are two solution of above equation so

Nowify=y, +C(y,~y,) is asolution of diff. equation then

=

y, +P(x)y, =Q(x) (1)
Y, TP(x)y,=Q(x) ~(2)

d
Ix (y, +c(y,~y) +PX) (y, +c(y,~y,) = Q(x)

v, tely, —y,) T PX) (y, +ely,—y)) = Q(x)
(3

from equation (1) & (2)

v, -y)=P® (¥, -v)

Now from equation (3)

=y, +PX) c(y,~y,) + PX)y, + P(x) C(y,~y,) = Q(x)

=y, TPy, =QKx)

which is true by equation (1)

SO

y =Yy, +c(y, —y,) is a general solution of given diff.

equation

(ay,"+ By,) + P(x) (ay, + By,) = Q(x) (o + )

let y=ay, + By,

y' +Px)y=Q(x) (a+B)

for y to be solution of diff. equation

at+p=1

14. f(x)>0 Vx>2

d% (x f(x)) <—k f(x)
Ty<-ky [f(x)=y]

dy
de
dy
= <_ +
XK y(k+1)

dy k+1)
—= + —— y<0
dx X Y
k+1
IF — eITdX :elnxkﬂ — Xk+1

d
XK d—z +k+1).xy<0

i k+1
dx (yx*" <0
= g(x)=y.x*"!decreases V x > 2
g(x) <f(2) . 2¢!
f(x) . x**1 < f(2) . 2k+!

fix) <A . x k!
. y=x?
dy
- =2x=2; hence, tan0=2
dx A1)

Let the line / makes an angle ¢ with the x-axis

B _tanb-1 1
m,=tan ¢ = 1+tan® 3
la5°_ |
A(LL1)
¢
equation of the line / is,
1= 1 1
y—-1= 3(X7 )
= 3y-3=x-1 = Jy=x+2
solving line and parabola y = x2,
3x2=x+2 = 3x2-x-2=0
2
x1x2:—§; but x,=1;
2
X =-3

o H44]

D)

B3
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MATHS FOR JEE MAIN & ADVANCED

13 (6-36+8 _1[§+2}
302 27 312 27

71 81+44 | 125 &,
31 54
= a,+a,=287

162 a,

16. (A) x2+2y?=c, (B) siny = ce™*

Xz_yz
17. Xz +y2

let the line from origin be y = mx

dy 1-m> . .
= Tom? which is constant and independent of X, y
m

Hence f'(x))=g'(x,)

18. 27 % minutes

19.
D). y+x@nax=0 (). y?=3x2—6x—x’+ce*+4
(1) x®ny=e*(x—1)+c av). siny=(e*+c)(1+x)
(V). ex*+2xe7=1
dy dy
2 il 2 —xl=0
o (-2
dy _ dy _
dx_y or D
%2
= lIny=x+c or y=7+c
= y=ke*
VI, yP=—1+x+1)ln —— or x+x+1)1n —S
x+1 x+1
— Ay,
vy xy=t = dx y dx
dx dx x
4 (1—t+t2):x(i—ij
dx x
1-t+t?) t dt
= =
X x dx

1+t dt

= =—
X dx

dt  dx

1+ x

= tan't=@nfx|+ ®nc
= tan’'(xy)= ®nlcx|

Xy = tan®n|xc|

(IX) e'=c.exp(—e*)+e*—1

223 . c
X)) vy SINX + ——
3 s’ x

x*+ct

22. y?=
y 2x?

or y*+2x°@nx =cx’

y’int  xy
LSN m’LST

23.

(y-mx)’  xy

| my | m? (YJ
m

m#0 y#0
[as y=0 or y=cisnota solution]
(y —mx)*=xy

y-mx== \/E

d +.
y £ Xy =mx = &Y l
dx X
Loy, ﬁ
dx x X
put X—tz
X
Y _ppox St
dx dx
now diff. eq.
dt
P +2xt— =24
dx e+t
after solvingx:esz/_x ;x=¢ 2
24.f(x)=e*

B3
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DIFFERENTIAL EQUATION

25.

26.

27. x2+y*—2x=0

We have f'(x) = Inx+2- RICE
x In x dy
29. Equation of tangent Y —y = Ix X=x)
= dy + Y —mx+2 @ d
dx x In x x4
y
. .. dx
[ distance from origin = PRy
Integrating factor = € X~ mnx 1+ (d—y]
X

Solution of the differential equation (1) is

= -1
ynx Ilnx(lnx+2) dx +C Equation of normal Y -y= d_y (X —x)

= yhx= I(ln2x+21nx)dx +C dx
dy dy
(j(f(x)+xf'(x))dx:xf(x)+c) = Yooy, —Xtx
= yhx=xh’x+C
As, x=1 X+yg
= C=0 distance from origin = —dxz
Hence, y=xnx 1+[Qj
1 dx
fx)=xhx = f'(x)—x(—J-l-lnx
X
fle)=e, f'(e)=1+1=2 N Xdyer X+ydy
ow, |TX—— = -
fle)—f'(e)=e-2 dx dx
= [fe-'©)] =0 d d
either — x—— +y:x+y&
Equation of tangent
dy y
— = + —
Y—y:%(X—x) T YT g
X
dy
Y -0 X dx N = (x+y)&:y—x
whenY=0,X=x-y —
dy _@(_x,y)
1 dxj — 2 dy,
| x—y—|y| = 42 > 30. —— +Py, =Q, —/— +Py,=
‘2( ydy Y a Ol ydx 0* >X d ! Q’ dX 2 Q
dy’ —
dx Y Puty =y z
XY=y ==+ 2a’
Y L odn d o dy,
dx  x 2a° dx 1 dx dx
= _ L Ae—
dy 'y S W v
= 2l __
2 T Mg TP T
X J2a 1 4
= o Tmi7 5 T dy d
y y e 9 _
=y, - +z +Py, z=Q
a2 2 4
= — =+ — + = =cy+ — Z Z
v YT = ¥ T7Q=Q =y, g =Ql-2)
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MATHS FOR JEE MAIN & ADVANCED

Q
= on|z_1\:_1y dx + 2
1

[ Qgx

= z=1+ae "

31, y=f(x)f(x)=0f(0)=0

jox f(x)dx =K f(x)"*'
f(x)=(n+ 1) Kfx)" f(x)

e K Y
y dx

Idx =(n+1) KJ.y“’1 dy

n

= x+c:(n+1)ky—
n
x=0;y=0 = c=0
~Ly=1 k=——
=LY = n+l
x=y" = y=x"
dm
el
S
1
—dm = -Adt
m
onm=—At+c
m = ke™ (att=0, m=m)
= k:m0
R B a om,
m=mge (att=t, m=m, -0 )
= x:—ln(l—ij
to 100
o1 (X—Y)d_:X+y
dy _y=x o Yy _ x4y
dx y+x o dx x-y
Put y=vx
. ﬁ ~v-l1 N ﬂ o l+v
=Y de_v+l oy de_l—v
v+1 —dx v—1 —dx
= f 2 dV:J— or J > V:J_
1+v X I+

1
= 5 ®n |l+v?+tan! v=—@nx+ ®nc

1
or 5 ®n |l +v—tan' v=@nc — ®nx
Hence solution will be

1
5 on|l +v+ @®nx=+tan'v+ @®nc

—1
X 1+V2 :keitan v

= ’XZ +y2 — Cei tan~ ! y/x

d
. We have, x—yd—X A
dy dx

&« _ LY

= Xx-y dy = -

Taking positive sign,
dy ? dy dy
2| —| —-x|7 | +ty=0 -
R (dx ) X ( dx y = dx

0,2)

X

(6] =
e (1.0 @O\ xy=2

But no solution exist, as it does not pass through (1, 1).

Now, taking negative sign,
dy ? [ dY)
2| = | +x || -y=0
- (dx ) lax) 77

dy  —x+4x*+8y

= dx 4
dy dv
24 Qy = 2 18 —L —9y—
Let x*+8y =v = 2x+8 dx 2v Ix
S dv = + g*il
0, Vigg “XT-XEV= Ix
= v=*xx+tc = JX*+8y =+x+C

So, curves are

Jx2+8y = x+2and \x*+8y = —x+4
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DIFFERENTIAL EQUATION

On squaring, we get 2y=x+1 and x+y=2. EXERCISE - 5
3 | s Part#1 : AIEEE/JEE-MAIN
m
Clearly, required area =A, +A, = 1 + 2 1% ; .
(given) 1. X_Y 2 Puty=vx
dx 2xy
So,(m+n), ., =5+4=9
y dv
ax =V+x—
. Input rate = 10 gm/min dx
After time t volume of tank = 50 + (2 — 1)t V+X£ _ vx -x* y v -1
m dx 2X.VX 2v
Concentration of salt in time t = 0 gm/lit
m 50+t xdv v’ -1
_ : 50 lit t. or —— = v
Output rate = S0+t .1 gm/min. tt=0 dx 2v
d_m: —m +10 _>J |__> ﬂ:,\,z_l _J'ZVdV: d_X
dt 50+t 2lit/min | [11it/min * dx v 1+V X
m(50 + ) =J10(50 + t) dt
( ) ( ) —log(1 +v?) =logx +¢
= m(50+t)=500t+5t2+¢
= (Fatt=0,m=0= c=0) logx +log(1 +v?) =loge
= m(50+t)=5(100t+t?) ¥ 1y
logx.| 1+ | =logc or x P =c
100+t X X
= meat 50+t
2+ 2
2 o x*+y?=cx
X
. Jfi(x)dx=F(x)+c
2. y=e*
f(x) = F'(x) L °
letF(x)=y logy=cx .. @)
dy N B sin2x 1 ' '
dx YT (i sinxy y Y=o ¥y
LF. = esinx , ,
y . o Y
S G o c= y put in equation (i) logy = y X
y.esinx = 2[— dx+c
(1 +s1nx)2 or ylogy =xy'
e (t+1-1
yeS“”‘ZZI(—)dt [Put sinx = t] 3 Giveng _ y-1 or J- dy :J~ dx
(A +ty ) dx  x(x-1) y—1 x(x+1)
—zjet{L+ X }-i—c ~ X
t+1 (1 +tY log(y—1)=log| | +logC
2et zesinx _ cX X
sin X — + sin X — + or y— 1 T T (l)
ye t+1 =N sinx +1 ¢ x+l
5 Equation (i) passes through (1, 0)
=>y= = + c. e sinx C
pin x +1 1= = C=-2 Putin ()
dy -2 c0sX .
f = -7 = —C. — sin X —ZX
0= % T emariy 5 X =D=—7 -DE+D+2x=0
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MATHS FOR JEE MAIN & ADVANCED

4. Equation of given parabola is y*= Ax + B where A and B d
Y Y [ 10eX41 lwhich
are parameters 9. = x 0g » +1 |which is homogeneous equ.
X
2
dy d’y (d}’j d xdv
2 = == = —vx W, X
Yix y dx> dx Puty=vx, ix v+ ™
This is the equation of given parabola order = 2, dv  vx g VX
degree 1 v+x&:? 0g;+1

n

=v(logv+1)—v=vlogv+v-v

(1 +y2) — (etanfly_x)ﬂ or (1+y2)§+x+etanfly oy
dx dy dx

1

dx X et Y dv. rdx A
d_y W = m Ivlogv = J. " = log(logv)=1logx + logc
dy 1 = logZ =cX
NowLF =e ' = gy X
1 ey 10. GivenAx*+By?’=1 Divide by B
. an~ _ tan
solution x(e™ ¥)= J- iy e Ydy +C

A 1
. B X2 +y?= B Differentiate w.r.t x
tan™! Y — € + C

X€
A dy .
or 2xelan71 y:ezmrfl y +K ZXE +2y& :0 """ (l)

Again Differentiate w.r.t. X
6. Given family of curves is

242 — A d? dy Y’
Xty -2ay=0 .. M 22 1oly Z{—yj -0 . (i)
2x+2yy'—2ay'=0 .. () B dx® \dx
Now put the value of 2a from (1) to in (2) R )
2 2 A _ yHJ,_ ﬂ . . .
X+ 2yy - X +y =0 Put E =7 dx in equation (i)
y
2 G2\ — - 2 2\ — 2
2xy+(y*=x)y'=0 or (X*-y)y'=2xy 5 yﬂ+ dy +2yﬂ:0
dx> (dx dx
7. ydx+(x+x%)dy=0 ydx+xdy=—x*ydy ,
or xydzy +x(dyj ydy 0
1 A B
Id(XY) _ Iﬂ = —— —_logy+c dx’ dx dx
(xy) y <
It have second order and first degree.
= -1 +logy=c 11. Let the centre of circle is (h, 0) and radius will be also h
Xy
equation of circle (x —h)?+ (y — 0)>=h?
8. y=2c(x+c) . @)

2 dex 426 e = x*-2hx+h*+y*=h’
y*=2cx+2c+/c

dy = x2-2hx+y*=0 .. (i)
2y dx 2 Equation (i) passes through origin differentiating it w.r.t. x

= yy, = C Putin equation(1)

= y*=2yy,(x+ \Y¥1 ) q
. A L

y2=-2yy,x=_2yy, /yyl = h=xty Ix put in equation (i)

or (¥ -2yyx)’= 4y’y;

dy
2x—2h+2y Ix

d
XZZX[X-Fy—yj +y?=0 = vy :x2+2xyﬂ
Degree =3 order=1 dx dx
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DIFFERENTIAL EQUATION

12.

14.

dy o, oy v
dx puty=vx, dx =V de
\ VX dv
vitx— =1+ — = X—=

X X X
_[dV: dx
X

= v=logx+c or %Zlongrc...(i)
Giveny(l)=1 = 1l=logl+c = c=1put(i)

y=x®nx+x

. Equation of circle (x —h)*+ (y—2)*=25 ... @)

Differentiate w.r.t. x

dy
2(x—h)+2(y—2)& =0

dy L
(x—h)=—(y—2)5 putin(i)

(yz){d—yj F(y-2)=25
dx

or (y-2(y)+(y-2)=25

y = CleCZX ........ (1)
y'=cce? ?)
ynzclcgeczx
y'=c,y' A3
Now @

@

Y,

y
= Putin(3)

"—y— ' " '
y —y'y =y'y=()?

. cos x dy = y(sinx — y)dx

dy _ ysinx -y’ dy . ,
dx COSX dx Aoy seex

1 dy 1
= —z—z—tanx—secx
y dx y

1 dy 1
= 5, ~ _tanx=-secx
y dx y

=

16.

17.

1 dy
= —-— - —t—tanx=secx .. 1)
y dx 'y

1
Put —=tin equation (1)
y

1dy _dt
= _y2 dX dX ..... (2)

From equation (1) & (2), we get,
dt

= —_tt.tanx=secx
dx

Itan x dx

LE.=e
— elog |sec x| =sec X
Solution of differential equation is :

t. secx = _[ secx . secx . dx + ¢

1
; secx = tanx + ¢

secx =y (tanx + ¢)

%:y+3 >0 y(0)=2y(log2)="?

X
[~ fax

y+3
logly+3|=x+c
y(0)=2
logl2+3|=0+c = c=log5.
y.(log2)="?

logly +3|=1log2 +log5
log |y + 3| =1og 10
y+3=10

y=17

dv
S K(T-t
m (T-1)

jdv = j—K(T —t)dt

t2
\% :—K[Tt—?}+c

Att=0V=1l = C=I
T—i +1
V=-Kt >
T -KT?
V(T)=-KT T—; +1= > +1

B3
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MATHS FOR JEE MAIN & ADVANCED

18. Equation of tangent at (x, y,) is General solution is
_ dy,
y=% = Xm (X Xl) xe v = el/y(l +lj+C
y
int t dx,
x—intercept=x,—y, 7
PR gy, o x=1+ & +Cel
According to question Y
Put x=1,y=1
dx,
X~ ldi 1
X =— N I=1+—+Ce"”
1 > 1
dx, = C=-1/e
= Xl__YI a el/y
x=1+—-— .
L g
X
y 20, PO _Lpe) 450
= Ony=—0Onx+®Onc dt 2
c integrate
= y=_ = Xy=c¢
* [ _la
Nowatx=2,y=3 P-900 2
= c=6 1
6 On|(Pf900)|:Et+C (1)
Xy=6 = y=—"
X given t=0 —> P =850
19. ydx+[x L] dy=0 =30
. yAdx - =
Y (X v from (1)
dx x 1 1n](P — 900)| = t + ®n50
= Y —+Xx=— = —+—+— nj(P -~ )|75t n
y dy y° vy
1 _
. a2 lt:ln‘(P 900]‘
Integrating factor IL.F)=¢ ¥ =e'¥ 2 50

General solution is —

1
X'e—l/y:J-yTeil/ydy + C

at P=0
Let 1l—fyl—3€”ydy tzzon%
-1 t=2@n18
put 7:t o
y2dy=dt 21. P=100x—-12x .§+C
1=—te'dt x=0, P=2000
=—e'(t-1) C=2000
=e(1-1) Pix=25)= 2500 — 1000 + 2000 = 3500
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DIFFERENTIAL EQUATION

24, y(1 +xy) dx = xdy

d_y:XJr-yz:} d_y y 2

dx x dx_;+y
Bernaulli's DE
n=2
LF = J(l—2)(—ljdx :Ildx =X

e X e X ’
solution y'? x = I(l -2)x.1.dx

2

X X

—=-——+C
= Y Tt

Given f(l)=-1

= L:—1+C = C=—l
-1 2 2

] X_ X 1
equation y 2 5

1 1 1 1
when x=—-—,wehave ——=—————
2 2y 4x2 2

L) 4

~ y 4 T Y75

Part # 11 : IIT-JEE ADVANCED

1. Let X, be initial population of the country and Y, be its
initial food production.
Let the average consumption be a units. Therefore, food

required initially aX . It is given

90
Y, =aX, [Wj =09aX, . )

Let X be the population of the country in year t.

dX
Then a = rate of change of population

3
= mX—0.0?}X

—X—003dt
X - .

) dX
Integrating | x - §0.03dt

= logX=0.03t+c
= X=A.e"5" where A=¢
Att=0, X=X, thus X =A
X = Xo e0.03&
Let Y be the food production in year t.

t
Then Y=Y, (1 +i) =0.9aX (1.04)
100

(> Y,=0.9aX from (1))

Food consumption in the year t is aX ¢"*".
Again for no food deficit, Y — X >0

= 09X, a(1.04)>aX """

Taking log on both sides,
t[®n(1.04)-0.03]>®n 10— ®n9

In10-1n9
= 2 10(.04)-0.03

Thus the least integral values of the year n, when the

country becomes self sufficient, is the smallest integer

In10-1n9

ter th lto———————
greater than or equa 0111(1.04)_0.03

d t |
o - — LFE

Ithtdt
y =€
dt 1+t 1+t

=e'(1+1)

- 1
solutionis ye™ (1 +t)= Ie ¢ +t)m+c

ye (1 +t)=—e'+c giveny(0)=-1 = ¢=0

1
1+t)=-1 = —
y(I+1) or Y=-7.7

1 1
and y(l):f—1 1 275

B3
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Given : liquid evaporates at a rate proportional to its

surface area.

\Y%
— «—S

g

1
We know, volume of liquid = 3 nr’h

and surface area = mr? (of liquid in contact with air)

1
or V= 3 nrhand S=nr? ... ?)
Also, tanf= — =L 3
SO, an 0 = i n A3
From (2) and (3),
V= 3 nricot O and S=mr? ... @

Substituting (4) in (1), we get

L rcot6.30. S = ke
5 meot 0. 3r%. — - =—Knr

0
= cot 0 .[dr:_K
R 0

where T is required time after which the cone is empty.
cot0 (0—R)=-K(T-0)

R cot 0 =KT
H=KT

=

=
= (using (3))
=

dy —cosxdx

dy —cosx(l+y)
& 2T
l+y

dx 2 +sin x 2 +sin X

log(1 +y)=-log(2 +sinx) + ¢
or log(l+y)+log(2+sinx)=c
Given y(0) = 1 means whenx=0,y=1

= log2 +log2=clogc=>c=4

4

v 2 +sin X

= l+y=

: or
2 +sin X

8.(A ﬂ* = This is h t
.(A) i Xty 1s 1s homogeneous so pu
dy dv
= — =v+ —
y=VX, i v "
dv XVX v
vt —x = 2 = 2
dx X*+(x)  1+v
v __Vv_ g -V
or de71+vz 5 U=

B

g d d d d
[ g

1
or 7 —logv=1logx+c

\'%
pUtV:X
X
’ y
= . :log; +logx + c=logy +cgiveny(l)=1
1 X
5 ~¢ = c=2 = 2y =logy +2

Now putx=x, y=e

2 2
X, 1 3 , 6e
=14+ —== = — a2
e’ 1 S T3 O X > 3e
= x,=+3.e
xdy—ydx ydx —xdy
— 57— =dy or —F—=—

.
o jd[gj ~fay

X =-y+c Given y(1)=1
y

= l=-1+c = c=2
X -3
—=-y+2 Now y(-3), — =-y+2
y y

or y*-2y-3=0
y=3y+y-3=0=(y-3)(y+1)=0

y=3
or y=-1 But y>0
y=3

B3
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DIFFERENTIAL EQUATION

11.

12.

Lt ) - Xt d
() i CHO-X SO Y R
t—Xx dx (x-3Y)
Applying L-hospital, we get BN
= X f(X)-2xfx)+1=0 = ly=7T"7+c = y= oAl XRg

X f (%)= 2xf(x) s
&>y

1,
x4

d [ fC 1 ,,. 1
= (x_);] :—X—4 = f(x)=cx +§

2
Also f()=1=c= T
2x* 1
= — 4 —
= f®) 3 " 3x
dy 1-y*
(B) x v
X y
= | Y dy = [dx
\ll—yz
= —\l-y*=x+c = (xtc)P+y’=1

Centre (—c,0); radius = 1

dy

dx
J.X\/xz—l - '[y\/yz—l

2 T
“Ix = gec-lv + = ——= ¢ o=—
seclx=secly+c 7 y2) 3 T

T T
secIx = secly + 3 = y = sec(secx — E)

1 1 T
Now cos'— =cos!1— + —
X 6
14.
NEY
cos!— = cos'— — cos ! —
X 2
L_A3 1y
y  2x x> \2
2 B [T
y X x>

Hence S(I) is true and S(II) is false.

5

(B)1:j(x—l)(x—2)(x—3)(x—4)(x—5)dx

1

Applying x > 6—x

Izj‘(S -x)4 -x)3 —-x)2 —x)1l —x)dx =-1

= I=0.

(O)f (x)=cos’x +sinx

f'(x)=—2cosx sinx + cos X

= cosx(2sinx+1)=0

cosx=0orsinx= E

sign of f'(x) changes from —ve to +ve while f (x) passes

th h n 5w
ro ==, —.
ugh x 5 6

(D) f (x) =tan! (sin x + cos X)

COSX —sin x
1 +(sin x + cosY

fx)=

x € (3n/4, /4)

y=fx
Tangent at point P(x, y)

Given

d
(8] o
X )
Now  y—intercept
d
= Y=y- x=
dx

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
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Given that dy (B)  Given y(0) =0, g(0) =g(2) =0
iven that, y — x— =x , vos ,
™ Let y() +y() . g(x) = g(x) g(x)
dy y = Y&+ yx) —gx) gx) =0
—2 _ 2 = _x’ is a linear differential equation
dx X y'(x)
= S —+yX)=gK)
. g'(x)
. _ J*de _ _enx _ ln[;] _
withlF.=¢ * =e =¢ =X dy(x)
= T Tyx)=gX)
| dg(x)
Hence, solution is 2 = J.—xz.—dx +C Jato
X X = LF =¢ %" =et®
2
o Yo X ¢ = y(0et™ = [e*g(x)dgx)
X 2
Given f(1) =1 Y@)et = glxpe™™ —et +c
; putx =0
Substituting we get, C = 5 = 0=0-1+c = c=1
= y(2). eg(z) — g(2)eg(2) _ eg(z) +1
3
so y= X134 - y2)=0-¢+1 = v(2) =0
2 2
27 9 16. ?—ytanx:szecx
Now  f(-3)= %—= = X
ow  f(=3) ) 9
15. (A) (Bonus) N ef*tanxdx — cosx

(Comment : The given relation does not hold for x =1,

. Sy . . Equation reduces to
therefore it is not an identity. Hence there is an error in d

given question. The correct identity must be-) V.COSX = J' 2x.sec x.cos xdx
X = v2
6] fdt =3xf(x)-x* -5, ¥x =1 = yeosx=x"+C
1 > y(0)=0 = 0=0+C
Now applying Newton Leibnitz theorem Sooyceosx =x2 = y(x)=x*secx
6£(x)=3x/'(x) - 3x" +3f(x) o2 2
2y 2 : —|=—V2 = . (A) is correct
= 3f(x)=3x/(x) - 3x Y(J AN (- (A )
Let y=f(x)
2 2
dy 5 xdy —ydx _ [Ej I, 2m (.. (C) is wrong)
= Xd_X y=X = x—2 =dx Yy 3 9 9
. ] — 2
N J'd(z) _ Idx Also y'(x) = 2x secx + x? secx tanx
X
(m)_® 72 o
= Y_x.icC (where C is constant) RARAVYREY 16 (- (B) is wrong)
X
2
= y=x +Cx 2
w . and y'[ﬁjzz.ﬁ.z T INEY
T fx)=x"+Cx 3 3 9
Given f(1) =2 = C=1 ,
4n 2w
f@)=2+2=6 B (- (D) is correct)
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DIFFERENTIAL EQUATION

17.

18. —=

f)-2fx)<0

Multiply both side by e

e f(x)=2e X f(x)< 0
d -2x

&(e fx)) <0

Now,  gx)=e>f(x)

g(x) is a decreasing function.

X>—
2

gx)< g(%j

S eTM0<T = f<e

1

. 1jf(x)dx<l j e dx

1/2 e1/2
IR TR R IR
_|:2ee 1/2_26(e e)_z(e 1)

o ] feox <2

1/2

obviously f(x) is positive

'1[ f(x)dx >0

172

dx
cosvdv = —
X

sinv= @nx-+c

sin(ljzlnx+c
X

T
7 passing through (ng

W i 1
=sin—=c=>c=—
6 2

sinz
X

:lnx—i-l
2

Paragraph for Question 19 and 20

19. (/" ()~ 2/ () + f(x)) > |
D(/'(0) — f(x))e) > 1
= D((/'()~ f(x)e )20

= (f'(x) — f(x))e™ is an increasing function.

1
As we know that e™f(x) has local minima at X = ry

1
e (f'(x) - f(x))=0at x= n
Let F(x) =e™(f'(x) — f(X))

1
F(x) <0 in (0, Z]
1
e*(f(x) - f(x) <0 in [Oa zj

1
F6) < f(x)in (Oa zj
option C
20. D(e™*(f'x)— f(x))=20V x € (0, 1)
DD(e*f(x)) =20V x € (0,1)
D(e™f(x))=0
Let F(x)=e™*f(x)

F"(x) > 0 means it is concave upward.

o]

©0.0) "T.0)

F(0)=F(1)=0
Fx)<0VvVxe(0,1)
e*f(x)<0Vxe(0,1)
fx)<0
Option D is possible
dx
x+2P+y(x+2)=y*. 4
dx (x+2)’ L X2
dy ¥ y

B3
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oL dx_dt
X+2 7 (x+2) dy dy

dt

t 1 1
—_—_— _ J‘*dy
dy yz LF = o'y

1
ty=C+ _[Y —7 y

ty =C-—logy

=Yy

y=C-logy
X+2

Itpasses (1,3)= 1=C+log3 = C=1+1log(3)

y
X+
[A] option is correct.

5 =1+log3-logy

For option (C)
2 2
—(X+ ) :1—log(ZJ
xX+2 3
x+1=Ilog (%}
Soy=3e !
= Intersect
For option (D)
2 2
(x+3) _lz_log[(Hs)J
442 3
(x+3)2—1__10g{(x+3) }
X+2 3
2
-1
3e[&J = (x+3)
~x -2

= will intersect.
= (D) is not correct.

@ x)'(d d
NI
= Inx’= % %

= lenx2dx = Iy dy
Put x?= = 2xdx=dt

2

1
= jlntdt:y—
2 P

= c+tOnt-t=y’
= y=x’enx’-x’+c

D)
ﬂ, (x+y)+1
dx = 2(x+y)+1
RO
pU X Y' ] dX 7dX
ﬁ t+1 ~ 3t+2

= +1=
dx 2t+1 ! 2t +1
2t+1
= dt= | dx
I3t+2 I

o 21 on(3t+2)=x+c
39

= 6(x+y)—On(3x+3y+2)=9x+c
= @n(3x+3y+2)=6y-3x+tc

Since it passes through (0, 0) hence equation of curve is

3x+3y+2
6y—3x=@n |————
2
A)
Ys 3y,
=3y2 = 73 | =22
men s ey

= ®ny,=3 ®ny +®@nc

= y,=cy’ = J‘y_zzz cy,
Y
1
_ T = +
= y, cy +d
= —dx=(cy+d)dy

2

cy
= oX= +dy+te

+91-9350679141
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DIFFERENTIAL EQUATION

d’y ) dy
+1)=2x—
e (x*+1)=2x

:jdXd—j dx

dx

x*+1

.n(ﬂ) =on(x*+ 1)+On
= ax ) = x*+1)+@nc

d
= Doe@t1)

dy
= c¢=3 asatx=0,—-——=3
dx

dx

dy
= T =3x*+1Ddx

dx
= y=x’+3x+1
(B)
dy _ 1

dx xcosy+2sinycosy

dx |
dy =Xxcosy+2sinycosy

dx
= E +(—cosy)x=2sinycosy

LF. = ¢ 1% — siny
The solution is

X. esiny =2 [e=siny _siny cos y dy

U

X. ey =_2sinye s -2 [(—¢~") cosydy

U

x.eSiny=_2sinyesiny+2 [ cosydy
=_2sinyesiny 2 esiny+¢

= x=-2siny—2+cesity = cesiny — 2 (1 +siny)
k=2

A)

Directrix L to x axis, Let x = o and focus on x axis Let

(B,0), Now

(x—BY+y>=(x—ay

B2-2Bx +y*=0a’—20x

X=a

P(x, y)

(B.0)

y=2B-o)x+o’-p?
In general y*=mx+c¢ (Two arbitrary constant mand c)

dy
oy—2 =
ydX m

2 2
w3 4y (dy) -0
dx dx
Directrix | to x axis, Let x=o and focus on x axis Let (3,0)
, Now
(x-By+ty’=(x-oay
B2-2Bx +y?= 02— 20x

X=a

P(x, y)

(8.0)

Y=2(B—a)x+ 02— p?
In general y*=mx+c (Two arbitnary constant m and c)

—y—m

dx

&’y (d_Y)z_
2ydXZ +2 ix =0

A)
Put x = sin@ , y = sing, so that the given equation is
reduced to

cosO + cosd = a(sinb — sind)

0+ (E)f(pi2 6+ . 06-0
5 cos —— =2acos — —sin —

= 2cos

2
= 0-¢=2cot'a
= sin!x—sin'y=2cot'a

= cot =a

Differentiating we get
! 1 &y _
Jox? 1y dx

So the degree is one.

B3
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9. (A)

eitherydy +xdx=0 or y—-x=c
since the curves pass through the point (3, 4)
x*+y?=25 or x-y+1=0

10. (A)

The given differential equation is

dy
2_ — 4 =
(x*-1) PR Al

This is a linear differential equation of the form

ﬂJrP = here P =
ax y =Q, where P =

and Q =

x*—1

2x
Pd ——dx 2
IF.= eI = eIX“*1 =e VN =(x2-1)

Solution is y (1.F.) = [Q (LF.) dx

s 1
= yx*-1)= J.de

x—1

x+1 +&

1
= yx*-1)= Elog
This is the required solution.

11. (A, B)
y = e cosx

. e
y, = —€7cosx — e sinx = —J2e*cos (x —Zj

o= (V2) e cos [x-2 ]

(x* -1’

] e

y, =t (\/5)4 e*cos (x—m)=—4e*cosx

= y,t4y=0 k,=4

Differentiating it again 4 times
y,+t4y,=0 = y,—16y=0 = k,=-16
Y, T4y, =0 = y,t64y=0 = k,=64

Similarly k,, =-256

dy .
. (A) & =—c, sinx + /¢, cosx
d2
d—}zl =—C, COSX — \/E sinx =2 -y
X
d2
n }2] +y+2=0
X
dy sec’x/2 . X
d_x =CcOosX % —sinx ®n tanz
2tan—
dy ) X
—_ =cotx—sInx .n(tan —]
dx 2
d2
}2] =—cosec’ X — | sinx. .1 +c0sxln(tan§)
dx sin x 2
d2
—}2/ =_cot’x—2 — cosx ®n| tan—
dx 2
d2
d }2] +y+cot?’x=0
X
dx =—C, sInx + ¢, cosx dx cosxln tanE

d’ d?
dx}zl =—(c, cosx + ¢, sinx) + o (cosxln(tan %D

d? .

d—}zl =—C, COSX—c, sinx — cot? X — 2 — cosx 0n(tan %)
X

dzy

dx?

+y+cot?’x=0

+91-9350679141
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DIFFERENTIAL EQUATION

13. (B,C)
dy .
(A) & =—c, sinXx+ ,/c, cosx
d2
d—}; =—C, COSX— 4/C, sinx=2-y
X
d’y
dx’ fy-2=0
dy sec’x /2 . X
(B) & =C0S X R —sinx ®n| tan —
2tan— 2
dy t inx ®n| tan ~
—— =cotx—sinx ®n -
dx 2
dZ
y _ ) . 1 X
~ = —C0Ssec’ X — (smx. - +cosx1n(tan—j)
dx sinx 2
d2
—}2/ =—cot’x —2— cosx ®n| tan—
dx 2
dZ
1 }2/ +y+cot?’x=0
X
dy . d X
(C) —— =—c¢,sinx+c,cosx+ - | cosxln| tan —
X ! 2 dx 2
d’ . d’
dx}zl =—(c, cosx +c, sinx) + o (cosxln[tan %D
d’ .
}2/ =—C, COSX —C, SinX — cot* X — 2 — cosx On(tan ij
dx 2
d2
d—}zl +y+cot’x=0
X
14. x*+y?+2gx+2fy+c=0

15.

(There are three arbitrary constants g, f and c)

2x+2y-ﬂ+2g+2f~ﬂ=0
dx dx

2+2y; +2yy, +2fy, =0

4y1y2 + 2y1y2 + Zyy3 + ny3 =0
from (i), (ii) and (iii)

ys(1+ 1) =3y,y3 =0
(A,B, D)
& Xy +xy)=1
3 OV Xy

d—x 24,3 1
= dy—xyfxy = - dy+

d—X 23
= dy_xy+Xy

1 1
put, = = t and differentiating with respect to y — =

& dt
dy  dy
dt ¥ >
= ——Hty=-y = e?t= |-y ’d
dy y y e j y y
1 B
= —=2-y*+ce?
16. (B)
X
Statement-Il ®n — — —— =c
y Xy
) 1
e Onx—@ny— — =c
Xy
diff.

L1 ﬂ+ y+xdz0
(xy)*

xy? dx —x%y dy + ydx + xdy =0
(1+xy)ydx +x(1 —xy)dy=0

statement is true.

Xi; dx

2

y

1
Statement-I x— — + 3 xX2+y)?+c=0

2
dy 1 dy)
v 2 4+ = [z, 2 |2x42y— | =
1 ydx + 2 X +y ( de 0

dx—ydy+x ,,x2+y2 dx+y ,,x2+y2 dy=0
(I+x x> +y? )dx+y(=1+ Jx* +y* )dy=0

Statement is true

17. (B)
dy 1
dx —xt F

1
dy=xdx+ — .dx
X

x? 1
I
x=3,y=9

2 3 2 3
27+2 29
‘"6 6
X 1.2
y 2 X 6

Statement-I is true
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18.

19.

20.

21.

Statement-I1

dy
dx =t

?—texte™+1=0
et —t(e*+1)+e*=0
e't(t—e’)—(t—e’)=0
(t—e) (te*—1)=0
dy=e*dx

y=e

xdyfl
edx_

y=-¢*
y = ¢, + c,e™ can not be the solution of given diff.

Equation.

B)

Statement-I : Equation of all circles can be given by
x*+y*+2gx+2fy + ¢ =0, will be of order 3

Statement-II : is obviously true but it does not explain

statement-1

©
Statement-I y* &y +(x+y)=0
y dx y
y =t
dy dt
Yix
1

—$t+ +t=0
2 dx T

is homogenous equation
Statement-II is obviously false

(B)
Statement-1 is obviously true
Statement-2 is also obviously true

but statement-2 does not explain statement-1

(A) Variable separable
(B) Variable separable
(C) Variable separable
dt
(D) Puttany=t = seczyﬂ: —
dx dx

dt
tanx — +tsec’x=1
dx

(Linear Diff. equation)

22. A)->(@, B)->@), ©O)->@®, {D)->(@)
dy—-yd
(A) xdy=ydx+y*dy - 2T YER yyzy s =dy
= —d(i}—dy
y
X
—;:y+c put x=1,y=1 = c¢c=-2
Zoy 2 Now =5 = x=-15
y y ow = X,
dy t 1
®) — - —

il

Lf= e ol dt _ e71+1n(l+1) :(t+ 1)671

solutionis (t+1)e' y=—e"'+c

put t=0 and y=-1 = c=0
Now at t=1
2ely=—¢!
_ !
M
©) (*+y)dy=xydx
ﬂ = ut y=vx ﬂ :V+Xﬂ
dx  x*+y’ put y > dx dx
v dv 1
1372 :V+x& = onv-— 22 =-@nx+tc

1
put x=1,y=1,v=1,thenc=- 5

y 1x° 1
on - - __—_ =-@nx— " put y=e
X 2y2 2 ey

X,=.f3 ¢

dy

y
— 4+ = =
dx Zx 0

D)
x2y=C put x=1,y=1

and we get C=1

NN

putx=2 = y=

1. (B)

dx  ydy
x  l+y’

1
= @nx= 5.0n(1+y2)+c

from the given condition ¢ =0 x2—y*=1

B3
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DIFFERENTIAL EQUATION

2. (A)
d 1+ v? d dx
T = oy 0
dx 1-x° l+y 1-x?

= tan'y+sinlx=c

(1+x)?

3 (B)QZ(HX) (I1+y)givesy=¢e * -1
- (B) 5 .

24.

200

[in]10-y/];m =kt

In (190) —In 10— f(t)| =kt
In 10— f(t)| = In190 — kt
[10 — f(t)| = €10, e
ft)- 10= 190
ft)=10+190 ™.

((t) > 0 as M(t) = 10)

dy
— +ky =kM(t
2 dt y ®©

Let M(t)=10° (constant )

200

[1n|(10 - y)Umo = k[t]go
In(190) —1n(90)=40k

_ In(19) —In(9)

k
40
200 t
by _ k[dt
40010—}' 0

. In390-1n190
k

t:40(ln39—1n19j

25.

1. (B)

Obviously option B is not a solution

2. (B)

Among the four option B is the solution of the

differential equation

3. (D)

26.

27.

Among the four option D is satisfying

3)

The given equation contains one constant.
Differentiating the equation once, we get
2x —2yy' =2c (x’ +y’) (2x + 2yy’)

22
X W
Butc:m

Substituting for c, we get

_ KAy -y
x*+y*)’

(x-yy") L2 (xtyy")

= (CHy)(x-yy)=2(x-y) (x+yy)
= Yy [(X*+y)+2(x-y)] =x (2 +y) - 2x (x>~ ¥?)
= yy (¥ -y)=x(3y*-x’)
o x(3y* —x%)
= YT yex -y

2)
Suppose the point at which normal is drawn is
p=(xY)

. . dx
Equation of the normalis Y -y=— o (X—x)

Yy
at XaxisY=0
y dy

coordinate of X = —— +x
dx

. . . d
Point where it cuts the X axis are (y d—y+ X, OJ ,
X

say A

Mid point of PAare | X+ ) % , which lies on the

curve 2y?=x
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d
yz:ZHyﬁ

= vy &y +2x=y* ... @)
dx
put y2=t
. L dy  dt
and differentiating with respect to x 2y d_x = d_x
Now from equation (i) we get L E +2x=t
2 dx
dt
= Fle 2t=—4x

—2dx
LF. = eI =e™ = teP=-— J’e—zx 4x +c

dxe™ 1, _
- +—_[4ezxdx +e
-2 2
= ye¥=+2xe™ +te¥+c
at x=0y=0 =c= -1
y?=2x—-e*+1

28. (1)
For reservoir A,
dv,
dt = leA
dv, B
v, =k, dt = InV,=-kt+c
initially t=0,V,=V_,
InV , =c = InV,=-kt+InV_,,
\Y%
= In [V(;] =—kt = V, =V, e ...
For reservoir B,
dv,
dt :7k2VB

Similarly V, =V ™
Given thatatt=0, V , =2V

OB

3
Att=1hr, V,= 2V,

3
Y VOB esz

&
= V, e 5

29.

3
k= = Kz =
= Wue™ = Vg e (P Vo, =2V

OB)

:> e(kl ’kz) — i

3
= (k,~k,)=In4/3
Aftertimet: V,=V,

—k,t

kit _
= VOA € 7VOB €

-kt _ =kt
= 2V, ¢ =V €
— 2= e(kl—kz)t
= In2= (k1 —kz)t
In2
In (4/3)

from (iii) and (iv) we get t=

= t=log,,2

@

Since given differential equation is
y(X+y)dx=x(y'-x)dy
(xydx+x*dy)+y*dx—y’xdy=0
x(ydx+xdy)+y* (ydx—xdy)=0
xd (xy) =y’ (xdy—y dx)

U4l

= xd(xy)=x%*d (%j

CaGH
(xy) \x X

Y
\ y = 3n/16
0 >X
o intesrating = LX) |
n integrating — Xy 2\x C
at(4,-2)
110 2y,
~ 8 2l 4) "¢
= ¢c=0 y*=-2x = y=(-2x)"»

B3
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DIFFERENTIAL EQUATION

30.

sin® x 2x
Since y=g(x)= JT/I: sin”'V/t dt+ L:S cos™'/tdt

d
_X:gq@:x.max+x(—mﬁm:o
dx

y=¢ (constant)

. 1
ut SInX = CcosX = —=
b 2

Lo = Ll//: (sin \ft +cos Jt)dt

m(1_1)_3n 3
“21278)716 ¢ YTET g
3n
Hence area between y = 16 and y=(-2x)"
3n/16 31/16 y3 1(3n)
= IO xdy= J.O [—7}1}’ = g[gj sq. units.
4)

(x2+4y? +4xy)dy = (2x + 4y + 1) dx.

dy 2(x+2y)+1

dX (X+2y)2 ........

put, X + 2y = t and differentiating with respect to x

dx  dx
. dt 1 2t+1
From equation (i) we get | ——1| = =
q (iywe g (@ ) 3 2
dt 174t+2
- x0T e
tZ
————— dt=[d
- J"c2+4t+2d J.X
4t 42
= J‘d‘t—jmdtfx-‘rc1
202t +4)—6
— | dt=x+
R -[t2+4t+2 Pr=x+c,
{2 @n(f+4t+2)+6—— on t+2-+2 n
= t— =
( AN e PV B

= y=0n((x+2y)>+4(x+2y)+2) — % on

x+2y+2—\/§

+ ¢, where ¢ = ¢ /2he
x+2y+2+\/5 !

dictionary definition of physics is “the study of
matter, energy,
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