Edubull

COMPLEX NUMBER

EXERCISE # 1

Question
based on

Q.1

Sol.

Q.2

Sol.

Q.3

Sol.

Question
based on

Q.4

Power of iota
Sol.
The smallest positive integer n for which
-\ N
(ﬂj =_1is-
1-i
(A)1 (B)2 ©3 (D) 4
[B]
-\ N - . n
(ﬂ] _ | @+ @+ Q5
1-i @-i) " (i+i)
_[a+n?]
- 1+1 Sol.
_ {1—1+ Zi}”
2
= (i) )
Smallest positive integer must be 2 so that (i) = —
1
.. Option (B) is correct answer.
100
The value of > i" equals (where i= v~1)
n=0
(A)-1 (B)i (C)2i+95(D) 97 +i
[C] Q6
100
zin!
n=0
- iO! + il! + i2! + i3! + i4! U, ilOO!
Si+itid i+ it
=2i-2+(1+1+...... 97 times)
=2i+95 Sol.

13
The value of the sum ) (i" + i" * 1), where

i =J—_1, equals -
(A)i B)i-1 (C)-i
[B]

Representation of complex number

.\100
(ﬁj equa|3_
V2

(D) 0

(A)1  (B)i
[O]

ERC

= {g:ro = i50 = i2 =_1

©)-i (D -1

If z2/ (z - 1) is always real, then z, can lie on-

(A) real axis (B) a parabola
(C) imaginary axis (D) None of these
[A]

(x+iy)? L (x=1)-ly)
(x-1+iy) ((x-D-iy)
_ (X —y? +2ixy)[(x-1)-iy]
: (x-1)%+y?
always real so
2xy(x-1) - y(x* —y*) = 0
=y —2x—x*+y*) =0
=Sy -2x+y) =0
=y =0 real axis

If z,, z,, z; are complex numbers such that

1 1 1

1 Z2 73

3] = |z5| = |z4| = = 1, then

|z, + 2, + 24 is-

(A) equal to 1 (B) less than 1

(C) greater than 3 (D) equal to 3
[A]
Given : [zy = |z] = [zs]
= i+i+i =1
Z; Z; I3
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z Z Z |
l2+ 22+ 32
1z P 12,1 |25

= =1

= [2,+2,+Z4 =1

= [7,+7,+75) =1

= |21+ 2+ 74

.. Option (A) is correct answer.

- . n
Q.7 [1+ cose+!s!n 6) _
1+cosO—isin®
(A)cosnf+isinnd (B)sinnd+icosnd
(C) cos n79 + isinn—2e (D) cos no
Sol. [A]

n

2,0 ... 0 0
(L+cosO+isin0)" _ 2c0s *+2'5'n*COSE

(L+cos®—isin )" -

2cos? 9_ 2isin Qcosg
2 2 2

n
cosg+isin9 ino
_ 2 2) e?

0 oy
(cos—isin e 2
2 2

- eine

=cosn@ +isinnd

Q.8 If (x +iy)>=a+ib, and u = x/a — y/b, then
(A) a—bisafactor of u
(B)a+bis afactor of x
(C)a+ibisafactor of y
(D) a—ib is a factor of a

Sol. [A]
(x+iy)®=@+ib) = (x+iy)+(a+ib)’
X = %Coa°— °C,a’h? + °C,ab*
y = °Cia’b — °Cza%® + °Csb®

u= i —% = (5C034 — 5C232b2 + 5C4b4)
a

1/5

_ (5C1a4— 5C3a2b2 + 5C5b4)
u=4(b*-a"y=—4 @ +b’)(a-b)(a+h)

oo Algebraic operation of a complex
SEREECNN number

Q.9 Z,, 2, Z3 1z, be the vertices A, B, C, D
respectively of a square on the argand diagram
taken in anticlockwise direction then

Sol.

Q.10

Sol.

Q.11

(A)22,= (L+i) z,+ (1) 2
(B)2z,=(1 i)z, + (L +i) z
(C)2z,=(1+i0)z; - (1-1) 73
(D) 2z,= (L -D) 2, (L + D)z,

[A, B]

D(z4) C(z3)

A(zy) B(z2)

Z,+23 2,+124
2 2

= 21+23=2,+t24  ....(0)
ABCD is a square so
E)’ — A_B' ein/2
= (24—21) = (Zz—Zl)i (ll)
From (i)

=24=21+ (21 + 23— 24— Z))i
= Z4(1 + I) =21+ iZ3
=22,=75(1—i)+ z3(1 +1)
Again from (i) and (ii)

(z1+ 23— 25— 24) = 251 — 24
= 2(1+1)=2zi+2z3

=27, = 21(1 + I) + 23(1 — |)

Let the complex numbers z,, z,, z; represents
vertices of an equilateral triangle. If z; be the
circumcentre of the triangle then z,2 + 7,2 + 2,2 =

(A) z¢° (B) 2zy°
(C) 3zy° (D) 9z°
[C]

O triangle is equilateral so

circumcenter = =7

=721+2,+23=32
= (21+ 2, + 23)° = 92¢°
= 22+75+725 + 2212y + 2y23 + 2321) = 97
O 22 +75+75 =212y + 2523+ 237y
= 3(z2 +25+23)=973
2 2 2 2
= 7] +25+25 =325
The point z,, z, and (1 — i) z; +iz, of a complex

plane are the vertices of a triangle which is -
(A) right angled isosceles
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Sol.

Q.12

Sol.

Q.13

Sol.

(B) equilateral
(C) isosceles

(D) scalene
[A]
A(z1)
B(Zz) C(l - i)Zl + i22
AB = (z2,-71)
BC = (1 — |) (Zl — 22)
CA= i(22 — Zl)

Clearly |AB| = |CA|
angle between AB & CA is 90°.

f@B+i)(z+7Z)-2+1i)(z-17)+14i=0,
then Z z is equal to-
(A) 10 (B) 8
[A]
B+i)(z+zZ)-(2+i)(z—7)+14i=0
Letz=x+iy

= @B+i)@2x)—-(2+i) (2iy)+14i=0
=>@B+i)x—(2+Diy+7i=0

> BXx+y)+(X-2y+7)i=0

= 3x+y=0andx-2y+7=0
Solvingwe getx=-1,y=3

77 =x*+y'=1+9=10

(C)-9  (D)-10

Ifarg (z) <0, thenarg (—z) —arg (2) =
(A) n B)-n (C) —g (D) g

[A] Given Arg (z) <0

i.e. Arg (z2)=-6

Then =r[(cos (—0) +isin (- 0)]
z=r[cos O —isin 0]
—z=—r[cos 6—isin Q]
—Z=-rcosO+irsind
—z=r[-cosB+isin 0]
—z=r[cos (m—0)+isin (t—0)]

LArg(-2)=n-06

LArg(=2z)-Arg(2)=n-0-(-0)
=nt—-0+6
=T

.. Option (A) is correct answer.

Question
based on

Q.14

Sol.

Q.15

Sol.

De Moiver's Theorem & roots of unity

If 1, oy, ay,..... o, 5 are the n roots of unity,
then (1 +ay) (1+0y) ....... (1+ o, 4)isequal to
(when n is even)-
(A)n-1

(€0

[€]

x -1=0
=x=D)"
Given1, oy, O, 03, cvvennenn.. Op_1 are

the nth roots of unity, then.

(X" = 1) = (x—1) (X — o) (X~ 0tg) (X — 0t3) (X~ ta)...
(X—Otn,l)

Put x =—1, we get

[(1)'-1]=(1-1) (-1 - o) (-1 - ) (-1 - )

(B)n
(D) None of these

Since, n is even

= (2) (1 - o) (-1 -0 (1 -0 (-1 - au)...
(=1 —0y_1)=0
(L+oy)(L+op)(L+og)(L+oy)....(1+on 1)=0
.. Option (C) is correct answer.

If oy, oy, ag,... aigare the 8, 8 roots of unity then -
(A) (01)* + () + (0tg)3 +..+ (0)3 =8
(B)a,+a, +og+..+ag=1

(C) () + () ..+ (ag)* = 0

(D) ()16 + ()16 ..o+ (g0 =0

[C]

X —1=(X-o0y) (X—02) (X—0ag) (X—dyg).....
........ (X—Otg)
od=1od=Laf=Lad=1.... ;o =

We have to check for every option as follows.
(o1)® + (02)® +(0ta)* +(0ta)’ + ..+ (g)°
= ((Xl +oa,tazt ...+ (18)3—62 Ol Ol OL3

— 32&1 (0]
=0-0-0
=0
.. Option (A) is not correct answer.

For B : Sum of roots, oy + ap + oz + ....05 =0

.. Option (B) is not correct answer.

For C : (00)™ + (0)™ +(0t3)*® +(0ta)*® +.... + (o)™

= ()" of + ()" o + ()" o + () of

+ot (0g) ol

= 2ol radrada..al

= (Otl +optoztogt .. + Otg)z — 22040
=0-0

=0

.. Option (C) is correct answer.
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For D : (o)™ + (00)™ + (aa)™® + (c)'® + ... +
((18)16
= (0a)* + (02) + (az)’ + (o) + ... +(0g)’
=1+1+1+1+1+1+1+1
=8
Since, a¥ =1, a8 =1.......... sad =1 Q.18
.. Option (D) is not correct answer.

Q.16 If1, o, w?,.....o" ~ 1 are the nt" roots of unity, Sol.
then (2 - o) (2 ®?).....(2 — ®™1) equals -
(A)2n-1
(B)"C,+"C, +..+"C,
(C) [2n+1CO + 2n+1Cl +...+ 2n+1cn]1/2 -1 Q.19
(D) none of these

Sol. [A,B,C]
Let equation X" — 1 = 0 have n roots as
("—1) = (x-1) (X—0) (X—0%) (X-a’) .... Sol.
e (x—0" Y

x" -1

-~ =(X-0) X—0) X—0%) ... x—o"

Put x = 2, we get
2" -1
2-1

=2-0)2-0)2-0%.......... 2-o0"Y

Also, (1 +1)"=2" Q.20

="Co+"Cy+"Co+"Cs+ ... +"C,

2"-1

="C;+"C+"Cy+....+"C,=2"-1
Also, (1 + 1) "t =@nrDc, 4 G+, 4 @~
NC, + M NC + 4@ gl o Sol,
+ _l_(2n+1)cn+l
:>22n+1_2x(2n+lcl+2n+lc " +(2n+1)C)
2n+1
. 22 :(2n+1)C1+(2n+1)C2+...+2n+lCn li{ 6
=
3(2|’1+1)C1_|_ (2n+l)C2+ o +(2n+1)Cn: 22“ k=0

((2n + 1)Cl + @n+ 1)Cl +
1 - (22n)l/2 _ 1
.. Option (A), (B) and (C) are correct answer.

4 (en+ 1)Cn)1/2 _

V3-i

Q17 Ifz= s A then (i101 + z101)103 gquals- Q21
(A) iz (B) z
(&3 (D) None of these

Sol.  [B]

_ \/§—| . 1+ |\/§ . 2

= =—1 =lo
2 2

@ (ilOl + 2101)103 - [ ilOl + ilOleOZ 103

= (i +i0)® = [0 = 0™ = in?= 2

(-64)Y4 equals-
(A) £ 2(1 +i) (B)+2(1-i)
C©)£2(1 ) (D) None of these

C

I(:f ]64)1/4 = sﬁ 64)1/2]1/2 = (i 8i)1/2

=[4 (£ 2] 2 _ [4(1+2i- l)]l/z

= [4 (1 + i)2]1/2 =+ 2 (1 + |)

If o is non real and o = /1 then the value of

2, 2 1 .
Qiroratra-o " js equal to-

(A) 4 (B)2
©1 (D) none of these
[A]

2,62 67

2|1+cx+a +a

— 2|1+a+a2+a3—a4| © of = 1)

= h2a’| [®1+0c+0L2+0L3+0L4:O]
1
2l=

=2 I¢

=4 O a|=1)

6
The value of Z(sin zTnk —i c05277d(j is-

k=1
(A)-1 B®)0
(C) i (D)i
[D]
< 2rk . . 2mk
—I COS——+1SIn ——
—~ 7 7
2nk . . 2nk [ 2nk . . Zﬂk]
cOS——+I1SIN—— 7 —| COS—— +1SIN ——
7 7 7 7 oo

sum of all seven values of
seventh root of unity =0
—i{0—(cosO+isin0)}=—i{-1+0}=i

The value of the expression
1.2-0).2-0)+2.38-0)B-wd)+
....... +(n—-1) (- o) (n— »?), where o is an
imaginary cube root of unity is-

2 2
A) (n(n;l)) ®) [n(n2+l)j .
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n(n +1) 2 (C) ellipse (D) hyperbola
©) [ 5 j +n (D) None of above Sol. [C]
Sol. B] Letzy=rcos O + irsin®
General term (r— 1) (r — o) (r—coz) z=127 + L r(cos 0 + isin0) + E(cos 0-
r-1){-ro*-ro + 0%} 21 '
r-1) {*-r(o+ 0?) + 0’} isin6) _
- @+r+r)=2-1 Z=X+i
. 1 . 1
: > > n(n+1)71? X+iy=c0s0 |r+=| +isin@ | r-=
rZ_l:(r3—1)=rz_l:r?’—;lz[ (2 )} -n y ( r] ( r]
B B B 1
X =Co0s 0 [r + —)
Q.22 If o (#1) is a cube root of unity and (1 + ®)” = '
A + Bo, then A & B are respectively the y =sin 0 [r _E)
numbers- '
(A) 0,1 (B) 1.1 x? y?
(C)1,0 (D)-1,1 12+ N2
Sol. [B] (r +r) [r _r)
o is a cube roots of unity
o TLEWB L Q24 If z e C & log,,; |3 + 4i < log,.; 5 +12il,
2 then z lies-
Let® = _11;'*@ = iz _1_2'*/5 (A) inside a circle passing through the origin
It o+02=0=1+m=_ o (B) z !lgs outside a circle passing through the
1+ ) = (o) origin
=(1+o 1 (C) z lies inside the circle |z+i|<5
= — .
_ 12, 2 (D) z lies outside the curve z=—i+¢i%, 0 e R.
=—® X®
-4 sol D
ol.
i3 [ _]
=- > Given,z e C
_ log jp+i |3+ 4i|<log|,.i|5+12i|
_ 1+ i3 = above inequality holds only if
2 [z+i]>1
1+i3 1 1 = [z +i]> |e"]
= t S - —z+i>e"
2 2 2 -0
i3 =>z>—i+e .
D, | Sl i.e. z lies outside the curve z=—i +¢"
2 .. Option (D) is correct answer.
=l+w
- . z,, Z, represent points P, Q on the locus
A+wB Q25 |If z, z; ints P, Q he |
=>A=landB=1 |z—1| = 1 and the line segment PQ subtends an
. Option (B) is correct answer. angle n/2 at the point z = 1 then z, is equal to-
Sl Geometrical figures in complex plane A)1+i(z-1) ®) —
Z -1
Q23 Ifz=1z + S and z, is any point on a fixed C)1-i(zg+1) (D)i(zy—1)
7
circle with the centre at the origin then z lies on Sol. [A.Cl
(A) straight line (B) circle
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Q.26

Sol.

Q.27

A
Sol.

(z1-1)= (20— 1)e"™"*
z1-1=(z0-1)i
z1=1+i(z0-1)
(Z0-1)=(z-1)e™?
(2o-1)=(z1-1)1i
z1-1=-i(z0-1)
z1=1-i(z-1)

Q.28

Locus of the point z satisfying the equation Sol.
liz—1|+]z—i|=2is-
(A) straight line segment

(B) acircle

(C) an ellipse

(D) a pair of straight lines

[Alliz-1|+]|z-i|=2

liz+i%|+]|z—i]=2

=lil|lz+i|+]z-i]=2

=S|z+i|+|z-i|=2

Letz=x+iy

S x+iy+i|+|x+iy—i|=2

=[x +i(y+ 1)+ x+iy-1)|=2 Q.29

= \/x2+(y+1)2 + \/x2+(y—1)2 =2

= X2+ (y+1)? =2 - x? +(y-1)?

Squaring both sides, we have

=X+ (y+1 =4+ X+ (-1 -4 {x* +(y-1)°

Sy 1+2y=4+yP+ 1-2y—44x? + (y-1) ol
ol.

= 4y = 4 — 4,x? +(y-1)?
= (-1 =— X’ +(y-1)°

= (y-1*=x"+(y-1)°
=x*=0

=x=0

Which is a straight line

.. Option (A) is correct answer.

The region of argand plane defined by

(C) interior and to boundary of an ellipse

(D) None of these

[C]

l[z-1]|+|z+1|<4
LetP=x+iy,A=1+i0andB=-1+1i0

then PA + PB <4 (constant)

Clearly locus of z is interior and boundary of an
ellipse.

Among the complex numbers z, satisfying the
condition |z + 1 — i| < 1, the number having the
least positive argument is-

(A)1-i (B)-1+i

(C) i (D) None of these
[D]

lz+1-i|<1

X+iy+1-i|<1
(x+172+(y-1)7°<1

LA(0,1)

point A(0, 1) =i having least positive argument

The vector z = —4 + 5i turned counter stretched
1.5 times. The complex number corresponding
to the newly obtained vector is-

15 . 15

A)6—— i B)-6+ — i
(A) 5 (B) 5
15 .
(C)6+?| (D) none of these
[A]
2= 3 z¢"
tT 2
3 . .
:E(—4+5l)(003n+|smn)
3 .
=—— (—4+5i
> (-4+50)
:6_Ei
2

z-1+z+1|<4is-

Fill in the blanks type questions

A) interior of an elli
(A) interior of an ellipse 0.30

(B) exterior of a circle

The set of points in an Argand diagram which
satisfy both |z| <4 and arg (z) = /3 is ......
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Sol. |z| < 4 locus of circle

locus of z
3

arg (2) = % equation of straight line

radius of circle
If m and x are two real

) m
eZmicot’1 X (XI_-FiJ is equal to —

Q.31

numbers, then

Sol. e2mico’[’1x 1+xi )"
—1+xi

— eZmico’[’lx (i)m (X = i)m

" (x+i)™

2mic [ § I j

(i)
1+x%  1+x2

omicot-1x  (€OS(cot™ x) —isin(cot™ x))™
(coscot ™t x +isincot™ x)™

=€

= e2M9X (cos (m cot™ X) — i sin (m cot™* x)

(cos (m cot™* x) — i sin (m cos ™ x)
= e2Miot X [cos¥(m cot 1x) — sin? (m cot ')
—i2 sin (m cot™ x) cos (m cot * x)]

— e2mic0t’1x [cos (2m cot™ X) —isin (2m COtﬁlX)]

Lo Lo
- e2m|cot X % e 2micot ™ X

=1

Q.32 For any two complex numbers z,, z, and any
real number a and b,
laz,—bz,|? + |bz, + az,|? = ........

Sol.  [azy — bzyf + |bzy + az,f?

(azy — bzy) (az, — bz,) + (bz; + azy) (bZ, +az,)
alzaf — abz,Z, — abZz,z, + b2 [z, + b |zof +
abz,7, +abz, 7, + a’ |z,

= (@ +b%) (za + [22)

Q.33  Ifa, B, yare the numbers between 0 & 1 such that
points z; =a+1i,2,=1+ bi & z; = 0 form an
equilateral triangle, thena = ........ &b=.....

Sol.

Q.34

Sol.

Q.35

Sol.

A Zl) (O,l)

C (23)
(0,0)

(z,)B
(1,b)

(ABY’ = (AC)® ...(1)  (AC)*=(AB)?

a+1=b’+1 a?+1=(a-1)>%+(b-1)7°
a=b a=b
a’~4a+1=0
same sign a=2+ 43
a:2—«/§ a:2+«/§
b=2-43 a=2-43
(0<ax<l)

ABCD is a rhombus. Its diagonals AC and BD
intersect at the point M and satisfy BD = 2AC.
If the points D and M represent the complex
numbers 1+i and 1-i respectively, then A

represents the complex number........... or........
(24) D C (23)
(z)A B (z2)

Let point A=z,

(z,-2) _ (z,-2) pin/2
(z,-2) (z,-2)
2(z4—2) = (21— 2) (%)
z;=(Q+1i) put z=3-1i/2
z=1-i z=1-3/2)i

Suppose z;, z,, zz are the vertices of an
equilateral triangle inscribed in the circle
lzZ|=2.1fz,=1+i3thenz,=........ L Z3=...
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Q.36

Sol.

z
zzl

O
Q.38
Z3
Zz—Zle 3 :(1+|\/_) (__ iJ Sol.
_(W3’-1_-3-1
2 2
iAm
zz=z1¢ 3 =1-iV3
The area of the triangle on the Argand diagram 039

formed by the complex numbers z, izand z + iz

We have ; iz = ze"™” This implies thatizisthe g
vector obtained by rotating vector z in
anticlockwise direction through 90°. Therefore,

OA L AB. So,

z+iz"J B

Area of AOAB = % OAx0OB
1 . 1.
==1z|liz| = =z
> l2llizl= -

Q.40

True or false type questions |

Q.37

Sol.

5+ 12i +4/5-12i . Sol.

Ifz= , then principal value
V5 +12i —+/5-12i

of argument z is %

\/5+12I+\/5 12i
A/5+12i —4/5-12i
_ (\/5+12i+\/5—12i)
(5+12i)—(5-12i)
5+12i+5-12i+2425+144
24i
36 3.

220 2

Principal arg (2) =—g
|z-1|+4
3|z-1|-2
exterior to circle with center 1 + i0 & radius 10.
|z-1|+4 51
3lz-1]-2

|z-1|+4

3212 2
=2/z-1|+8<3/z-1|-2
=|z-1|>10
= z lies exterior of the circle with center 1 +i0
and radius 10

If logy, >1 then locus of z is

1091/

The cube roots of unity when represented on
Argand diagram form the vertices of an
equilateral triangle.

1=¢"
® = eiZn/?:
2= e4t/3

(Dei27'c/3

‘ equilateral A

1ei0

ei41r/3

(O]

centre of circle is (0, 0)

Radius is ‘1’

Let P(x) and Q(x) be two polynomials. Suppose
that f(x) = P(X®) + xQ(x°) is divisible by
X2 + X + 1, then f(x) is divisible by (x — 1).
Given : f(x) = P(x%) + x.Q(x°)

Since, f(x) is divisible by (x* + x + 1) i.e.

It must be divisible by (x — 1). Because (x* + x + 1)
is a factor of (xX* — 1) = (x — 1) (X* + x + 1)
Hence, Both P(x) and Q(x) must be divisible by
(x-1)
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EXERCISE # 2

Only _smgle correct answer type
questions

Q.1

Sol.[C]

Q.2

Sol. [A]arg (w/v) = arg(

Q3

The value of Zn: sin ik is -
k=0 n
A1 (B) -1 ©o (D) k

Sum of n, n™ roots of unity is zero.
2nk
= cos—+|sm— =0

n
= Zsmz—nk =0

= sin— =0
k=0 n
p g r
If |g r p| =0, wherep, g, r are the moduli
rpoq
of u, v, w then
2
(A) arg (w/v)=arg [W uj
v-u
w+u)?
(B) arg (W/v):arg( J
v-u
w—u)?
(C)arg (w/ v):arg( )
V+u
w+u)?
(D) arg (W/v):arg( j
V+u

=

If P, P" represent the complex number z,; and its
additive inverse respectively then the
complex equation of the circle with PP’ as a
diameter is

C)zz, +72,=0

(B)zz +z;Z, =0

(D) None of these

Sol. [A] |z = zu*

27 =217,

Q.4

Sol.

Q5

Sol. [D]

Q.6

Let z,, z,, be two complex numbers represented

by points on the circle |z = 1 and

|z| = 2 respectively then

(A) max |2z, +z,| =4 (B) max |z, —z,| =1

©) [z +—
2

>3 (D) None of these

|2z + 25| < | 221 | + | 2|
< 2|z + |22
<2(1)+(2)

= Max. |2z, + 25| <4

It L2222 = then
5,17

(A) either |z, =0or|z,|=0
(B) Iz = 1,1z, = 0
(C) [zy] =z,| =0
(D) either [z;] =1or|z,| =1
1-2,7, _q

Z _22

= 1-7,2,f = |z - 2
=>01-72,2)(1-21Z2,) = (21— 22)(Z,— Z;)
=>1-217, -2,7, +217, .2, 7,

=07 -7, — 17 + 17,
= [zaf + |zaf* ~ [z [22f ~1=10
= (lzaf - 1) (o - 1) = 0
= either|z;/=1 or |z]=1

. C+i
=1 and z is non-real then z= —— where,
c—i

If |z|
cisreal . The value of c is

(A) tan [%arg(z)} (B) cot [%arg(z)}
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(C) tan [arg (2)]
Sol. [B]|z]=1 = Letz=¢"

ol
1

(D) cot [arg (2)]

C+i
c—i

= (using componendo and dividendo)
2c _(e“+1
c_ (cosO+1) +isin 6

= - _—
i (cosO—1)+isin6®

O ... 0 0
2c0s? — +i2sin —cos—
2 2 2 Q8

- 25in29+ 2isin 90059
2 2 2

0 X X
=x.|o x+o0® 1
o’ 1 X+
0 1 1
=x’|lo X+’ 1
o° 1 X+

=X . [ {(Xx + )0 — 0’} + {0 — 0} (X + ©)}]

= X[~ oX— 0? + 0° + 0 — 0X — ']

— 3

=X

If o is a complex constant such that
az?2+z+ o =0 has a real root then

Aat+a=1 B)a+a =0
9[ 0 . . e} Ca-a=-1 (D) None of these
2C0S—| COS—+1isin— )
c_ 2 2 Sol. [A]Ifzisreal, thenz = Z.
' 2sin e.i{cose +isin 9} equation is
2 2 2 a’+z+ @ =0 (i)
— 2 h _ - .
o= cotg o Z°+ Z + o =0 (taking conjugate)
2 >0z +tz+a=0 ...(ii)
Q.7 Let o, ®? be complex cube roots of unity. Then . / B {®_ z=7} .
. equation (i) & (ii) will have one root in
the determinant
common

2

X+1 ® )
A=| ® x+0® 1 |isdivisibleby
o’ 1 X+ o
(A) X (B) x°
(C) X7 (D) X6 Q.9
x+1 o o’
Sol. A= o X+o 1
o’ 1 X+®
use C;i>C;+C,+Cs5
2y © o’ Sol.
A=|x x+0® 1
X 1 X+ o
1 o ©?
=x.|o x+o0® 1
w? 1 X+

Rl—)R1+R2+R3

(@ - a?)=(a-a)(@-a)
= (a+a)=1
at+toa ==%1
If [z;] = |z,| = |z5l = 1 and z; + z, + z; = 0 then

the area of the triangle whose vertices are
Zl, 22, 23 IS'

33 V3
A) =~ ®)
©1 (D) None of these
[A]

|ze) = |22l =|z5|=1and z; + 2, + 23 =0

1 .. _ 1 _ 1
=>241= — L= —,43= —
Z; ) Z3
1 1 1
=21+ +23= — +—+—=0
Z Z, Z3
1 1 1
= —+—+—==0
Z ) Z3

Taking conjugate of whole complex number, we get

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




Edubull

1 1 1
= _— + _— +==0

2y Z; I3
= 212, + 2523+ 232, =0
Also, fromz; +z,+23=0
Squaring both sides, we get
1 +2+23)° =0
= Zf +Z§ +Z§ +2(2122 + 72,23 + 2321) =0
= 22 +25+23+0=0
= zf +z§ +z§ =0
= It is an equilateral triangle.

Area, A = %AD.BC

- %sin 60° AB.BC
A(Zl)
| Q.11
60°
Bz D °®
- %x% x (AB) (.. |AB| = |BC))
= lxﬁ X |Zl_22|2
2 2 Sol.[B]
1.3 -
= §x7x (21-22) (7, -7;)
= % X? X (lel —2221 —2122 +2272)
3 —
:% X (|Zl|2 + |22|2 — 2 Re(22 Zl)

3

= (24 + 2o — 2 |24 22| cos 120°)

3 1
= — x(1+1-2x1x1(=
2 x( )
= TS x(1+1+1)= ST g square unit.

Q.10  Let S denote the set of complex numbers z such
that log ,(log ,, (|zF+4 12| +3)1<0,thens Q12
is contained in-
(A) (0, 1)
(B){z|Re (2) > 0}
(C) 2| Re (z) > 3}
(D) None of these

Sol. [D] , Sol.
logys [logse (| 2|"+4|z|+3)]<0

=logy, (12 +4]z]+3)]<1
=|zP+4|z|+3<1/2

= |z[f+4|z|+5/2<0
=2|zP+8|z|+5<0

We can solve this quadratic equation as.

2] = —8++/64-40
2x2
2] = -8++24
4
_ -8+26
j2]= =
~4+4/6
|z |= 2\/_ =-ve

Which is not possible.

sint {i(z—l)}, where z non-real, can be the
i

angle of a triangle if -
(A)Re(2)=1,Im(z) =2
(B)Re(z2)=1,0<Im(z) <1
(C)Re(z) +Im(z) =0

(D) None of these

i (z— 1) must be real and less than or equal to 1.
i

:%(z—l):z;

—i
=z-1=1-7
=z+7 =2

= Re(2)=1
Now let z=1+iy

- %(z—l)z%(iy)

=y
for sin'y to exist and angle of triangle.
O<y<1
=0<Im(2)<1

If ® is the imaginary cube root of unity then the

three points with complex numbers Z;, Z, and

(-0Z; — ©°Z,) on the complex plane are-

(A) the vertices of a right triangle

(B) the vertices of an isosceles triangle which is
not right

(C) the vertices of an equilateral triangle

(D) collinear

[C]

A1), B(zp), C(-0z;, — ©°2))

Power by: VISIONet Info Solution Pvt. Ltd

Website : www.edubull.com Mob no. : +91-9350679141




Edubull

AB = |Zl - 22|
BC = oz, — (1 + ©%)z |

= || |21 - 22| = |21 - 2 Q.15

AC = |(1 + ©)z, + ©°Z|
2
= o [z1 - 22| = |21 -z,

= 4, b, care in straight line.
Similarly u, v, w are in straight line.

Let z, and z, be complex numbers such that
z, # 2, and |z4| = |z,]. If z; has positive real part
and z, has negative imaginary part, then

= AB=BC=AC
= equilateral triangle

Q13 Ifz, =a+iband z, =c + id are complex
numbers such that |z,| = |z,| = 1 & Re (z;Z,) =0,
then the pair of complex numbers w; = a + ic
and w, = b + id satisfies -

(A) wy| =1 (B) Iwyl = 1
(C)Re (w;w,)=0 (D) None of these

Sol. [A, B, C]
z1=a+ib
Z,=c+id
given [z;] = [z, = 1
—a+b’=1 ..(i)

c+d?=1 ...(ii)
also Re(z,Z,)=0

ac+bd=0

a’c? = b%d?

a’c’=[1-c[1-a%

a’c?=1-a’—c*+a’%?

a+c’=1

loog| =1

similarly |w,| =1

Now Re(w;®,) =ab + cd

from (i), @ + b* =1

= a’b?=1-a’—b?+a’b?

= ab’=(1-a)(1-b?)

= a’b?=c’.d?

= ab=zcd

—ab+cd=0

L

Q.14 If a, b, c and u, v, w are complex numbers
representing the vertices of two triangles such
thatc=(1-nNa+rbandw=(1-r)u+rv,
where r is a complex number, then the two
triangles-

(A) have the same area (B) are similar
(C) are congruent (D) none of these

Sol. [B]

= @-ra+rb
@-r)+r

Z1+Z
21772 may be
21-123

(A) zero (B) real and positive

(C) real and negative (D) purely imaginary
Sol. [A, C]

21# 2z and |z4] = [z,

Re(zi)>0and I, (z2) <0

2,42, _21+2; (z1+2,)
21-2;  21-2Z;  (2,-2y)
_ (21+2,)x(2,-7))
12,2, ?
_ 212y + 2,21 — 212y — 2,27,
|2,-2, 7
_ (237, -217)
|2y -2,

Which is either zero or I, (22 Z;)
Since I, (z2) <0
.. Option (A) and (C) are correct answer.

Part-B One or more than one correct
answer type questions

Q16 Iffzy|=1,z)|=2,[z5) =3 and |z; +z, + z5| = 1

then |9z,z, + 42,2, + 237,| is equal to

(A) 6 (B)36 (C)216 (D) None
Sol. [A]
|z =1, |z =2, |z5| =3
21+ 2, + 25 =1
= 7y + 7, +Z4|=1
= L A8 ez =y
Z; I I3

_ 1924z, + 42,2, + 2,42, |
12,2524 |
=9 217, + 42123 + 2325| = (1) (2) 3) =6

=1
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Q.17

Sol.

Q.18

The points representing the complex number z
for which arg [E) = lieon-
z+2 3

(B) a straight line
(D) a parabola

(A) acircle
(C) an ellipse
[A]

Arg(ﬁ] =T
z+2 3
Letz=x+iy
-2 _ X+iy-2
z+2 X+iy+2

_ (xX=2)+iy

T (x+2)+ly
Multiplying by [(x + 2) — iy] in numerator and
denominator, we get
- xX=2)+iy  (x+2)-iy

X+2)+iy  (x+2)-ly

_ (X2 -4 +iy(x+2)-iy(x=2) +y?

(x+2)2 +y2

_ (xX*+y? —4)+ixy + 2y —ixy + 2y

(x+2)%+y?
_ (XP+yP-4)+4iy
(x+2)% +y?

(2—2) _ T
Hence, arg =—
z+2 3

:L:tanﬁ

x2+y?-4 3
4
SR
X“+y -4
:>x2+y2—4:iy

3

2, .2 4
oy -y 4=0
y ,—3)’

Which a circle
.. Option (A) is correct answer.

Ifxr:CiS(gj forl< r<nr,n e N then

(A) Lim Re(ﬁer =1

n—o0 =1
n
B) LimRe =0
( ) n—l>oc (lr_!er

Sol.

Q.19

Sol.

I
H

(C) Lim Im(ﬁxr]
r=1

n—o

nN—o0

(D) Limlm[ ; xr] =0

r=1
[A, D]
n n
lim [ Tx = lim Hcis(—]
nN—o0 iy n—oo -1
. (1 1 1
SCiS | SH+=+=4.| W
2 4 8
=cisn

=cosmt+isint=-1

The equation ||z +i|—|z—i || =k represents -
(A) a hyperbolaif 0 <k <2

(B) apairof ray if k > 2

(C) astraight lineifk =0

(D) a pair of ray if k =2

[A, C, D]

lz+i|-|z-ill=k

= |QR -PR| =k

o

Q

(i) IfO<k<2

by the definition, the locus of R is hyperbola.
@i If k=0

= QR=PR

= Locus is perpendicular bisector of line
joining P and Q.

(i) Ifk=2

The locus is as shown

Q
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Q.20

Sol. [A, B, C, D]

Q.21

Sol.

That is pair of a ray.
If z satisfies the inequality | z— 1 —2i | < 1, then

(A) min (arg (z)) = tan* [%)
(B) max (arg (2)) = g
(C) min (Jz)) = /5 1
(D) max (jz[) = /5 +1
lz-(1+2i)<1
B

Q1.2

AF—p

= The inside region of a circle with centre
(1, 2) and radius '1'.
Let line OP isy = mx.
m-2
N

=1
1+m

3
m:_
4

= Min (Arg (2)) = %

and Max. (Arg (2)) = %
also min. |zl =0OA=0C -r
and max. |z2=0B=0C +r

The
2—i

reflection of number

(where i :J—_l) in the straight line

the complex

Z@L+i)=7 (i-1)is—

B N T N (I |
(A) > (B) 5 (©) 5 (D) o
[B, C, D]

2-i _(2-D)@-i) _5 5.
3+i 10 10 10

Line is zZ(l+i)=7z(-1)

x+iy) (@ +i)=(x-1y) (i—-1)
= X+Xitiy-y=xi—-X+y+iy

= y=X
. . [ 1 1)
so imageis | —=,—=
2 2
1 .
==(-1+i
5 ( )
Q.22 If z, z,, 73, 24 be the vertices of a parallelogram
taken in anticlockwise direction, and
|21 — 25| = |21 — z4| then-
4
(A) Z(—l)rZrZO (B) Z1+2,-23-2,=0
r=1
Z,-2, _®
(C)arg = — (D) none of these
3741 2
Sol. [A, C]
4 —
> (-1)'z,=0;arg 2472 _ T
-1 Z3—17; 2

EEIARlO8 Assertion-Reason type questions

The following questions 23 to 25 consists of
two statements each, printed as Statement-1
and Statement-2. While answering these
questions you are to choose any one of the
following five responses.

(A) If both Statement-1 and Statement-2 are true
& the Statement-2 is correct explanation of
the Statement-1.

(B) If both Statement-1 and Statement-2 are true
but Statement-2 is not correct explanation of
the Statement-1.

(C) If Statement-1 is true but the Statement-2 is
false.

(D) If Statement-1 is false but Statement-2 is
true.

(E) If Statement-1 & Statement-2 are false.

Q.23 Statement-1 : The locus of the centre of a
circle which touches the circles |z — z;| = a and
|z — z,| = b externally (z, z, and z, are complex
numbers) will be hyperbola.

Statement-2: |z — zy| — |z — Z,| < |z, — Z4|
= z lies on hyperbola.

Sol. [A]
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Q.24

Sol.

Q.25

Sol.

o

lz-2zi|—|z—2)| =k <[z2 -z
PA-PB =k
= definition of hyperbola.

22,-2
Statement-1 : If |=—1—=2| =k, (z;, z, # 0)
z22,+12,
then locus of z is a circle.
z-2
Statement-2 : As |——X = A, represents a
z-12,
circle if A ¢ {0, 1}.
22,-2
[D] m——2 =k
z22,+12,
,_ %2
Z
= 21 k
z+-2
4

will represent circle if k =0, 1
similarly the statement 2.
Let zy, z,, z3 represent vertices of a triangle.

1 1 1
Statement 1 : + + =0,

21=2y Zp-1Z3 Z;-7

when triangle is equilateral.
Statement-2 : |z — 217y — Z, 20 = |2 - 222,
— 7,20 = |zsf* — 237, — 7520, Where 7y is
circumcentre of triangle.
[D] z,—-71 = (.- 23)9'7[/3

1 i3

2

2,-21= (22— 23) {E+—

A(z1)

= (22+23-221) = i\/§(zzfz3)
squaring

Z% + Zg + 4212 + 22,25 — 42,2, — 42,25
=3[z, + 25" — 22,23]

= 722+ 22+ 28 = 242y + 2523 + 257y

= (Zl — Zg)(Zg — 23) + (22 — Zg)(Zg — Zl)
+(23-21) (21-2)=0

1 1 1
= + + =0
21—=2Z; Z;-13 I3—7

Now, If zo is the circumcentre,

l21 - 2o = |z — 2of°

(21-20)(Z, — 2p) = (22— 20)(Z, - Zp)

= |Z]_|2 Al 20 -2 212 |Zz|2 —Z 20 22 Zy

Column Matching type questions |
Q.26  Match the column

Sol.

Column-I Column-11

(A) Ifjz=-2i|+|z-Ti|=k, (P)ellipseifk>5
then locus of z is

B) Iflz-1+|z-6|=k, (Q)hyperbola if
then locus of z is 0<k<5b

©) Iflz—3|—|z-4i|=k, (R)hyperbolaifk>5
then locus of z is

(D) If|lz—(2+ 4i)| (S) straight line ifk=5

= %|a7 +az+h, (T) nothing if k <5

where a =3+ 4i, then (W) pair of rays if k =5
locusof z is
A->P,ST;,B>P,ST;,Co>Q W, D>R
(A)lz-2i|+|z-7i|=k
= PA+PB=kand AB=5
P

A(20) B(7i)
so locus will be ellipse if k>5
straight line ifk =5
No locus ifk <5
B)lz-1]+]z-6]=k
PA+PB=k AB=5
P

A1) B(6)

Similarly as part (A).
©) |z-3|-|z—4i|=k

so PA-PB=k
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and AB=5

A3)
If 0<k<5
locus will be hyperbola and pair of rays if k =5
(Also refer Q.19)

B(4i)

(D) |z — (2 + 4i)| = %|a7 + a3z +b|

- |z—(2+4i)|=%[|6x+8y+b|]

k |6Xx+8y+Db
x-2)2+(y-4)?2 = = /——2—
V=27 +(y-4)" = £ [P
. k
for ellipse 0<§<1
and hyperbola if k>5
Q.27  Column-I Column-11
z-i)_3¢n T
A)lfarg | — |=—, P) —
* g(z+ij 4 ®) 4

then |z| is always less than

(B) Ifarg (2) = %,then Q) 0

arg (z) — arg Gj is equal to

(C) z; and z; are two complex
numbers satisfying
|z+2|+|z—2|=4and
|z| = 1, then z; + z, is equal to

(R) 1

minor arc of circle with centre (1, 0) and radius

V2.

= Max. |z|=0P =1
(®) Ara(o) - Arg[
= 2Arg(z) — Arg(4)

:Z(EJO:E
4 2

Clz+2[+|z-2=9

1
B(-2,0)
Q o) P A0
21=1,2,=-1

corresponding to point P and Q.

(D) Area = % [x(1)] =

e
N

E
4

=
=

. .28 Col -1 Col -11
(D) Area of the region (S) I Q omn ° umnl
2 (A) If o1, », be complex P) -
bounded by |z| <1 and W0,
T T . cube roots of unity,
_ L < <=
g -9 (2)= A then 1" + w," is equal to
So. A-R; B-5S; C—5Q; D-P (B) If @ = 1 be nthroots of  (Q)-1
2 3 3 unity, then
(A) Arg[—_j = 2 o+to’+odt.. +om
z+l 4 is equal to

(C) If zy and z; be two (R) 2n
n

n™ roots of unity, then
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arg (AJ is a multiple of

Z,
(D) If1, », ® ... 0" aren™ (S) n
roots of unity then
the value of
(1-0)(1-0)..1-0"h
is equal to

Sol. A—->P,Q;B>P,Q; Co>R;D->S
(A) ot + o'
— 3 3
=0 .01+ ® .02

2
—oto=ot+to =-1

_ o -
o-1

‘ I—‘
|_\

2n
C) z = e[ j and all roots are in G.P. with

. (Zn)
common ratio | —
n

D) X" 1=(x-1)(X-0) (X-07)... X-a")
n
X ‘11 = (X = 0)(X = ) ... (X— ™)
taking by limitx — 1
=n
Q.29 Column-I Column-11
(A) The value of (P) 1+

T S 2y =
sin s D (r-o)(r-o’) =

(B) Ifroots of 2 +t+1=0 Q) 4
be a, B, then o + p* + o 'p*

is equal to

- 4
©) If 1_+ cos_9+ isin @ R) 1
sin 6 +i(L+ cos 6)
= cosnd — i sinnd, then n
is equal to
(D) Ifz=3+A+iVv5-27, S) o

where A e (—ﬁ,ﬁ)
is arbitrary real, then locus
of z is circle (x — h)? + y* = 1%,
where 2h — r is equal to
Sol. A—>R;B>PS;C—>Q; D>R

oelafgroa

. n |10x11x21 10x11
:sm{—.[ 5 + > +10}

=sin| —=—x 450 | =
900

B)a=w,p=ow’

S +[3 +i

op

1
:(o4+o)8+—3
(O]

—o+n’+1=0

1+20052§—l+2isin9cosQ
© 2
.0 0 . , 0
2sin—cos—+1i| 2cos”——-1+1
2 2 2
0\
e?
8
ie 2
=cosno +isinnd (n=4)
(D) z=(3+A) +i(V5—22)
Letz=x+iy
=>Xx=3+A
y=5-22
y'~5=—(x-3)’
= (x—3)*+y’=5
So h=3, r= Jg
2h-r*=1
Q.30 Column-I Column-11
(A) If|zy+ 25| = |21 — 25|, then  (P) arg zl=arg Z,
(B) If |z + 25| = |z4] + 22|, then  (Q) arg L =t - >

(C) If |z1— 22| = ||z4] = |z2||, then (R) b is purely real
z

2

() 4 is purely
z

2

(D) If 21— 2o = [za] + |2z2], then
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imaginary
So. A-5QS;B->PR;,Co>P,R;D>S

Z,+z2
(A) (22 =1
Z,-2,

i
Let 22122 - &
2,-2, 1

z, _e+1 _ (cosO+1)+isino
z, e%-1 (cos6-1)+isino

2cos? 0 +2isin Qcosg
2 2 2

—2sin? 9+ 2isin 90039
2 2 2

zZ .
'S = —| cot g
z, 2

(B) Letz; =ry[cosO; + i sind,]
Z, = 1[Cc0sH; + i SinO,]
So |z3+ Zz|2 = (|z4] + |22|)2

(r, COSO; + I, COSO,)% + (fy Sin 01 + I SiNH,)>?

= r12 + rzz + 211
= c0s(0;—6y) =1
61 = 62

(C) (r1c0s0; — rp €0S0,)% + (r1 SiNB; — 17 Sin 0,)?

= (. —rp)’?
= cos (0, -0, =1
(D) (r;1c080; — r,c080,)% + (r15iN0; — r;8in6,)°
=(r + "2)2
= c0s(0,—6y) =-1
0,—-0,=7
4L _nh a(®6;) — r_2ei1r
Z; n h
a-h [-1] — Real
Z; n

Power by: VISIONet Info Solution Pvt. Ltd

Mob no. : +91-9350679141

Website : www.edubull.com
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EXERCISE # 3

Subjective Type Questions |

Q.1

Sol.
()

For z € C, Prove that
(VRe(z)=0=z=-7

(ii) Im (z—%)4= 0 if|z| =

ForzeC

Letz=x+iy= 7z =x-1iy

Z—-7Z =X+iy—(x—1iy)
=X+tiy—x+iy=2iy

= Re(z)=0ifz=12

(i) |z|=1=zf=1=>z27 =1=>2z=1/z

Q.2

Sol.

- 1y=@- 7y
V4
= (x+iy—-x+iy)*=(2iy)*=16y*
—Im@z-1)=0if|z|=1
V4

Evaluate :
p
207 2qm
+2 .
Z(Bp ){Z (sm m —icos—— m j}
p=1 g=1
p
32
2qn
3p+2 =
Z 3p ){Zsm m icos—— 11}
p=1 g=1
10
Z [sin 29T _jcos 2qnj
<1 11

- Z (-1) [ucos__s,n zlil]
= Z (1) [cos_ﬂsm%j

an 10 erq

-Z( el = |Z:ell

an

——|Z(—1+1+e 1)

j2n j4m 6m j20m
=—[-1+1+el +ell +ell + +e 1]

i2n
_ell” —14i
- _1+1.1 e' . _1+1 1JT"0 =i
i2n i2n
l1-ell 1-ell

{Zl(s'”_"“’s > ]} = (i)

32

> (3p+2>(n)"-32 p(n)p+2z 0%

p=1 p=1 p=1

32
PO R A A A o
p=1

L0 102"
1-i 1-i

16 _
i 1_(_1) =i 1_1 =0
1-i 1-i

32
dp@f=ti+2f+3 P+ai +5F+ ..+
p=1

32.()*
It forms A.P. - G.P.
Multiplying by i and subtracting, we have

32
D p(P=Li+2P+3° +4i'+5°+ . +32i%
p=1

32
iy pif =+ 2°+ 3+ 4P + 50+ .+ 3157+

p=1

3Ri®

32

DpiP x @ —i)= i+ P+ P+t
p=1

i2..32.i%

_{1 ' J 32ii2=0-32i
1-i

ip(i)pX(l—i):—32i
p=1
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Q3

Sol.

Q.4

Sol.

(i)

32 . .
= PP = ki)

=} @i @+
- % = _16(-1)=16 (1—i)

32 O onq . 2mg P
= ; (Bp+2) ;(SIHF_ICOSFJ
=16(1-i)x3+2x0=48(1-1i) Ans.
Prove that
(i) cos 60 = 32c®— 48¢* + 18c* -1
(i) 3189 _ 3965 30¢% + 6 where ¢ = cos 0

sin o

(i) cos 60 = 2 c0s?30 — 1
= 2(4 cos®0 — 3 cos 0)* -1
= 32 cos®0 — 48 cos’0 + 18 cos’0 — 1
=32c®-48¢"+18c¢* -1
sin60  2sin 30 cos30
sing sin©
_ 2(3sin0-4sin®0) (4cos® 6 —3cos0)
- sin©
=32 c05°0 — 32 c0s°0 + 6 cos 0
=32¢°-32c>+6¢

(i)

Interpret the following fociiinz € C

(1<|z-2i|<3

(ii) Arg (z + i) -Arg (z—i) =7/2

(iii) Arg (z —a) = n/3, where a = 3 + 4i
1+z

(iv) Arg (E) = g

1<|z-2i|<3

Letz=x+iy

z-2i=x+iy-2i
=x+i(y-2)
=x+i(y-2)

=lz-2i|= {x*+(y-2)?
= 1< x?+(y-2)? <3

Imaginary/| axis

(0,2)

N/ | V> Realaxis

(i) Arg(z+i)—Arg(z—-i)=n/2

= Arg ﬂ =n/2
z-i

Z+i _ X+iy+i

Z—i  X+iy—i

_ X+i(y+1)
X+i(y-1)

Multiplying by x — i (y — 1) in numerator and
denominator as
z+i _ x+i(y+d » x—i(y-1)

z-i  xX+i(y-1) x-i(y-9
_ X +ix(y+D) -ix(y-1)+y* -1
x% +(y-1)?
_ (P +y? D +i(xy+ X —xy+X)
x% +(y-1)2
_ (X®+y?-D+ix2x
X% +(y-1)?
- 2 2_ -
Arg (ﬂj - Arg (x +2y 1)+|2><2X -
z- x“+(y-D
= — 2X2 :tanrcIZ:1
X“+y -1 0
=>x+y-1=0
=>x+y*=1
=|z|=1

which is a circle of centre (0, 0) and radius 1.
(iii) Arg (z —a) = /3, where a =3 + 4i
Arg (x +iy—3-4i)=n/3
Arg[(x-3)+i(y—4)]=n=/3
—tant Y4 =3
x-3

S ke 4 =tan /3= /3
X-3

= J3x-33 =y-4

= J3x-y=33 -4
Which is a straight line.
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Q5

Sol.

1+z

(iv) Arg —— =7/3
1-z

1+z _ 1+x+iy _ @+X)+iy

1-z 1-x-1iy - @1-x)-iy

Multiplying by (1 — x) + iy in numerator and
denominator as :

1+z _ @+x)+iy  (A=X)+iy

1-z  (1-x)-iy ([@-x)+iy
_ (1=x®)+iy(@—x) +iy(@+x) -y
(L-x)%+y?
_ (@0=x2—y?)+i(y—yx+y+yx)
1-x)%+y?
l+z _ (1-x*-y®)+2y
1-z @-x)?+y?
= Arg 2 3 =tan %
1-z 1-x° -y
2
= % =3
1-x°-y
2
S1-x-yP= =
\/§y
X2y 2y 1=0
J3
1) 1
2
=>X+|y+—| —=-1=0
) 3
1 2
2
S>X+ | y+—=| =4/3
=
Which is a circle of centre [O,—i & radius
J3
g2
NE
The roots z,,2,z; of the equation

x3 + 3ax2 + 3bx + ¢ = 0 in which a, b, c are
complex numbers corresponding to the points
A,B,C on the gaussian plane, find the centroid
of triangle ABC and show that it will be
equilateral if a2 = b.

x3+3ax’+3bx+c=0

=%+ 3 + 3bX + € = (X — 23) (X — 25) (X — Z3)
sum of roots, z; + 2, + zZ3=— 3a

$212,=212,+ 2,23+ 252, = 3b

Q.6

Sol.

Z12p723=—C
Z,+2Z
D 2 3
2
Z,+2Z
Zl-l+2-g

M
1+2

M [21+22+23}

3
Hence, centroid of AABC = 22722 %23
- 3
3
=—a
A(z1)
2
1 E
M
2
1
B(z) ) C(z)

In case of equilateral triangle,

22 4+75+75 =212, + 2023+ 2323

we know, that

@+ 2o+ 20)°= 22 +22 4722 +2 (21 2o+ 2023 + 2521)
=>@+2z+ 23)2 U2+ 2223+ 2321)

=(212+Z§+Z§ —212p—12p 23— 13 Zl)

=0
= (-3a)°-3%x3b=0
=a’=b Hence Proved

If z,, z,, z; are complex numbers such that at

least one is not real & i = i+i show that

Z1 Zy 13

Z,, Z,,Z,, lie on a circle passing through the origin.

2




Edubull

Q.7

Sol.

QS8

1 1 1 1 1 1 1 1
== == &=+ = <|—{+|—
Letz; = |zg| e =re" =z =1,

22=|22|efﬁ=r2e_'ﬁ:>|22|=r2

Z3=z3|€" =r3€" = |z3| =13

2,1 1 2,1 1

lzo|  [za]  z3 n I, n
- 2 o 1 2z 11

|z | lza]  |z5] n T I

It is only possible when ry =1, = r3 = |24] = |22]
= |z3

i.e. 71, 2, z3 all lie on a circle passing through
origin.

A,B,C,D and E are the points on the complex
plane representing the complex numbers z,, z,,
Z3, 2, & zZgrespectively. If (z; - 2,)2,= (2, - 2,) Zs,
then prove that the triangles ABC and DOE are
similar, 'O' being the origin.

A (Z . E (ZS) o) (O)

D(z4)

B(ZZ) C(Z3)

Applying rotation theorem at point B

L1—Zp _ |21—Zz| eicn (1

Z3—-1, |23 —22|

Also, rotation theorem at O,

z z ;

2s 24l g, . (2)
Zg |Z5 |

Since, we are given

(Z3-2) = (21-29) 5= Ll BERTE
13723 Ip

Taking modulus of both sides, we have

L1725 _

Z3—12y B

from (1) and (2), compare above expression

we have,

o1 = Ol
= Triangles AABC and ADOE are similar.

Zy
Zg

Among the complex numbers z satisfying the

condition ‘z+3—J§i‘:J§, find the number

having the least positive argument.

Sol.

Letz=x+1iy
=z+3-i3|= 43

= X+iy+3-iy3|= 43
= |(x+3) +i(y—+3)|= 3
= (x+3)°+(y-+3)*=3
= |y| = V3 + 3= (x+3)?
= Argz =0 (lety=Tan %‘

o= Tant V3 +43-(x+3)°
X

Differentiating w.r.t. X, we get

L 1
2
dx L. V3 +4/3—(x+3)?
X
(=2(x+3)xx 1
y 23-(x+3)2  (V3+3-(x+3)?
X2
For maximum of minimum value of 0, Put ? =0
X
SN A N (\/§+\13—(x+3)2)
V3-(x+3)?

:>x(x+3):—\/§( 3—(x+3)2j _34(x+3)
=X+3)[x-x-3]=— ﬁ(,/s—(x+3)2)—3
3 (x+3)=— ﬁ(,/3—(x+3)2) -3

V3—(x+3)?
5

= (X +2) V3 = 3-(x+3)?
Squaring both sides, we have
= 3(x +2)*=3—(x +3)?
=3+ 12+ 12X+ X2+ 9+ 6x=3
= 4x*+18x +18=0
=2 +9x+9=0

« = -9+4/81-72 _ —9+3

- 2x2 T4

=Xx=-3,-3/2

= |y|= 3 + 3= (x+3)?
whenx=-3=|y|=+3 + 43 =23
21:—3+2J§i

=X+3=
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Q.9

Sol.

Q.10

Sol.

Arg (z) = 0, =tan*

402
=tant |-=
3
when x = - 3/2
= |y|= 3 + {3-(-3/2+3)?

=3 +.3-9/4
=3 +3/2=3312
. 2,=32+i343 /2
33
Arg (z;) =6, =tan* %3

2
=tant|-+/3]
=n/3
. Required ans is z, = — 3/2 +i 3+/3 /2
because, 0; > 0,

Prove geometrically and analytically the

following inequality ‘ﬁ—l <|argz|
z

Letz=re®

- i—l‘ = e — 1|
|z

= |(cos @ — 1) + i sing|

= \/(cose—l)2 +sin%0
= /2(1—cos0)

9

2

=2

. 0
sin —
2

< 2|
=16

=|Arg @)

z,, Z, are two vertices of a parallelogram whose
angle at z, is % Find the complex number z,

representing the vertex adjacent to z, if z;, z,,
z, are in anticlockwise sense and the side
joining z;, z, is half the length of the side

joining z,, z,.

. 1
Given, |zz— 1z, = 5 |22 — 24

get

Q.11

Sol.

A(Zl) D(Z4)

/4

B(Zz) C(Z3)
Applying conimethod or rotation theorem at B, we

21—22 |Zl 22| inl4
Z3-2; |z _22|
Since, |25 — 7| = E 22— 23|
. Z,—12, :Zein/4
1312
7,-2 i
= (2529 = Catt2) 12 2 xginlt

=73=2, +% (z1 — 2p) x (cos m/4 — i sin n/4)

=>Z3=2+ % (z1—2p) x (%—fj

_ @-i)

=Z3=2,+ o2 Z1— 2\/_ 1-iz
S R PR S
PN Zl+(1 2J§+2J§]ZZ

= Z3 :% 1 {(2‘2/:/_1) 2\'/_} Z, Ans.

If cos o+ cos B +cosy =0,

sin o + sin B + sin y = 0 then prove that:

(@) cos 2ot + cos 2B + cos 2y =0

(b)sin3a+sin 3B +sin3y=3sin (a+p +7)

Leta=cosa+isina,b=cosP +isinp

andc=cosy+isiny

—=a+b+c=(cosa+cosp+cosy)
+i(sina +sinf +siny)

=0+i0=0

Oa+b+c=0

= a’+b’+c®=3abc

= (cos o + i sin a)® + (cos B + i sin B)°

+(cosy +isiny)®

= 3(cosa + i sina) (cosp + i sinB) (cosy + i siny)

= cos3a+cos 3B +cos3y=3cos (a+P+y)

and sin 3o +sin 3B +sin3y=3sin (o + B +7)

Again l+1+1 = (cos o —1isin o)
a b c

+ (cos B —isinP) + (cosy—isiny)
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Q.12

Sol.

Q.13

Sol.

=0-i0=0

=ab+bc+ca=0

Now (a + b + c)®> = a? + b? + ¢® + 2(ab + bc +

ca)

=0=a’+b’+c?+0

=a’+b*+c*=0

= (cos a + i sin a))® + (cos B + i sin B)°
+(cosy+isiny)?=0

= €0S 2o + €0s 23 + cos 2y = 0 and

sin2a+ 2B +sin2y=0

Show that the equation of the tangent to the
circle |z =ratz is Z;z+2,7 = 2r°.

Letz=x+iy
Z1= X1 +iy;
Q.14
Sol.
o — 1]
(0,0)
equation of tangent is : xx; + yy; = r?
2 2 2i 2i
=77+2,7 =2
Z1, Z, and z3 are three non-collinear complex
numbers and z is a variable complex number
satisfying !, 1t oy, prove Q.15
-2 Z-1y Z—-13
that z always lies inside the triangle formed by
Z1, Zo and za.
Given
1 + 1 + 1 -0
z-2, 2-2, 7-1Z4 Sol
-7, | 71-7, | 1-7; _,
|Z_21|2 |Z_Zz|2 |Z_23|2

27\.1(7 721) +7\.2(Z - 22) + 7\.3(7 - 23) =0
where A, Ao, 7\.3 € R+
7= MZy+AoZy +AgZg

A Ay +Ag

_ AZy Az, A2,
A +A, +Ag

C(z3)

(M
P
A3
A(z) e Mo B(z)
MZy +AoZ
Ay +A,)| S22 14 7
Z_(l 2)( Ay 343
R P

which is corresponding to point 'P' inside the
triangle.

Find the point in Argand plane which is
equidistance from roots of (z + 1)* = 16z,
(z+1)*=167"

But (1)* =+1, +i

S0 roots of the equation are

221 _1,_(1+2|) ,_(l—le
3 5 5

The point equidistant from all points is the

circumcentre [% O) .

A, B, C are the points representing the complex
numbers z;, z,, z3 respectively on the complex
plane and the circumcentre of the triangle ABC
lies at the origin. If the altitude of the triangle
through the vertex A meets the circumcircle
again at P, then prove that P represents the
complex number — z,23/z;.

(Refer Q.23)
/BOP =n-2B
A(z1)
0 C(zs)
D
B
( Pz




Edubull

Q.16

Sol.

Q.17

Sol.

$0z,=2,.7 %% (i)
also ZAOC = 2B
= 7, = 75 €' ...(ii)

Multiply equation (i) and (ii)
212, = 2,23"
ZyZ3

=7,=—
p
Z

Complex numbers z,, z,, z, are the vertices A,
B, C respectively of an isosceles right angled
triangle with right angle at C. Show that
(2,-2,)°=2(2,-25) (23— 2,).
Since, A is right angled isosceles A.

Rotating z, about zz in anticlock wise
direction through an angle of n/2, we get

A(z1)

B(z3) C(z2)
Z,-25 |2,-23] ;
2723 _|22=2al w2 \ypere |2, —23| = |21-23
2,-23 |z,-24]

= (22-23) = i(21 - 23)
squaring both sides we get,

(22— 23)2 =— (21— 23)2
= Zg +Z§ —22223 = —Zf —Zg + 22123
= Zf +Z§ 2712, = 22123 + 22223— 2 Zg —27125
= (21— 25)° = 2{(2125 - 23) + (2023 — 1122)}
= (21— 22)* = 221 25) (23 22)
Letz, =10+ 6iand z, =4 +6i. If zis any
complex number such that the
(z-24)

2

argument of is% , then prove that

lz—7-9i|=3+2.
As z; =10 + 6i, z, = 4 +6i

and arg [

z-2,

T .
]: " represents locus of z is a

2
circle shown as

Q.18

Sol.

B (10, 6
5 (10,6

R
( )(70)(100)

As from the figure centre is (7, y) and
ZAOB =90°clearly OC = 9.
= OD=6+3=9

-, Centre = (7, 9) and radius = L 32

J2

= Equation of circle : |z — (7 +9i)| = 32

(@) If iz +2z2—z+i=0, then show that |z| =1
(b) If |z| < 1, jw| < 1, show that

|z — WP < (|z] —w[)? + (Arg z — Arg w)?
(A)i?+7°-z+i=0
Si+2+ifz+i=0
=2Z2(@iz+1)+i(iz+1)=0
= (iz+1) (2 +i)=0
—iz+1=00rz’+i=0
—=z=-1lliorz*=-1
=z=—ilizior=—i
=|zf=1
Hence, Proved
B If|z|<1, |w|<1
Letz = ry (cos O, + i sin 0y)
W =, (C0Ss 0, + i sin 0,)
= |z-w [ =r; (cos 8; + isin 6;)

— 1, (€0sO, + i sin 6y)|

|(r1 cos 8; — 1, cos 0,)[° + i|(ry Sin 8, + 1, sin 6,)f
= 12412 — 21905 + 21115 — 21915 COS (81 — 0,)

2

=(r, - I’z)z + 211, x 2 Sinz(%j

use, sin 0 < 0 for small 0.

2
= (1)’ +21 % 2x (%}

= (rl — r2)2 + 4r1 M X (61 — 62)2/4

=(r— r2)2 +r0p % (0 — 92)2
=(1z|-Ww?*+z] . | (Arg z — Arg w)’
<(1z|-|w)?’+ (Arg z— Arg w)*

= lz-wf<(z|-|w]?+ (Arg z— Arg w)?
(Since, |z|<land|w|<1

Argz=6;and Argw =0,

Hence, Proved
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Passage based objective questions

Passage - I (Q. 19 to 21)

Q.19

Sol.

Q.20

Sol.

A cubic equation f(x) = 0 has one real and two
complex roots o, B + iy and B — iy respectively
as shown, then

X B(B.)
£ é::
o| P L(B.0) /Q >X
C(B.-1

The distance PL is -
(A) V3 || (B) V3 o

(C) V3 Iyl (D) None of these
[C] Diagonals of Rhombus, PCQB will
intersect at right angle and point of intersection
will be mid point of both diagonals PQ and BC.
.. Intriangle, ABLQ,
BQ?=BL?+ LQ?
2
= (%j + (PL)* = BQ?
="+ (PL)? = 4r
= PL 43 |r|
.. Option (C) is correct answer.

The roots of the derived equation f '(x) are

complex if -

(A) 'A' falls inside one of the two equilateral
A's described on BC.

(B) 'A' falls outside one of the two equilateral
A's described on BC.

(C) 'A' forms an equilateral triangle with BC

(D) None of these

[ATf(X) = (x — o) (x =B —1ir) (x = B +1ir)

differentiating w.r.t., we get

F')=X-B—-in(Xx=B+ir+XxX-a)
X-B+iN+X-—a)xX—p-ir)=0

Q.21

Sol.

Roots will be complex i.e. point A must be
inside one of the two equilateral triangles
described on BC.

.. Option (A) is correct answer.

The roots of the derived equation f(x) are real

and distinct if:-

(A) 'A' falls outside one of the two equilateral
triangle with BC

(B) 'A' falls inside one of the two equilateral
triangle with BC

(C) 'A' lies anywhere

(D) None of these

[D]

f(x) = 0 will have real and distinct roots if A

must be out side both the triangles described on

BC.

.. Option (D) is correct answer.

Passage 11 (Q. 22 to 24)

Q.22

Sol.[C]

In the figure |z| = r is circumcircle of AABC. D,
E & F are the middle points of the sides BC,
CA & AB respectively, AD produced to meet
the circleat L. If /CAD =6, AD=x,BD =y
and altitude of AABC from A meet the circle
|z| =rat M, z,, z, & z. are affixes of vertices
A, B & C respectively Then

Area of the AABC is equal to

(A) xy cos (6 + C) (B (x+y)sin6
C)xysin(®+C) (D) %xy sin(0 + C)

ZCAP=90-C
— /DAP = (90 - C — 0)
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A(za)

B(z)

soArea:% x BC x AP

= % x (2y) . (x cos (90° — C — 0))
=xy sin (C + 0)

Q.23 Affixof Mis -
(A) 22,628
(C) z,e™®

Sol. [B] ZAOB = 2C

(B) Zbei(rt —2B)
(D) 2z,e"

ZOAC = % [ - 2B]

A(za)

ZPAC=90°-C
So, ZOAP = ZOMP = ZPAC — ZOAC

=90°-C— % [180° - 2B]
Now from ACAM

= 2{90°—C—%[180°—2B]} +2C + /BOM

=180°
— /BOM = (180°— 2B)
S0 Zyy = z,2'* %)

Q.24  AffixofLis
(A) Zbei(2A— 26)
(C) Zbei(A— 0)

Sol. [B] ZAOB =2C

(B) 2Zbei(ZA - 20)
(D) 2z,e'*®

ZOAC = % [z — 2B]

A(za)

ZPAC=90°-C
So, ZOAP = ZOMP = ZPAC — ZOAC

=900 C- % [180° - 2B]
Now from ACAM

=2 {900—0 —%[1800—28]} +2C + /BOM

=180°
— /BOM = (180°— 2B)
50 zy = 7€' %)

Passage 111 (Q. 25 to 28)

Q.25

Sol.[A]

Q.26

A regular heptagon (seven sides) is inscribed in
a circle of radius 1. Let AjA;, ... A; be its
vertices, G; is centroid of AA;A,A5 and G, be
centroid of AA3;AsA;. P is centroid of AOG;G,,
where O is centre of circum scribing circle.

Z/POA is equal to-

2n 5n 6m
A) = B ©X o=
( )7 (B) - ©) & (D) -
[N
Let A = e[7j
Wherek=1,2, ........... 7
So point 'P'is :
A1+A2+A5+9+A3+A6+A7
3 3 3
3
_(0-A,
9
8n T
e 5
i| — _ 7 7
af )
9 9
LPOAlzz_Tc_E:E
7T 7 7
OP is equal to-
10 8 1
A) — B) — C) = D)1
Wy ®; ©5 O
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i[z—;‘]k 1 T
Sol.[C] LetAy= e (A) 3 82—18cos7
Wherek=1,2,........... 7
So point 'P'is : 1 .
ALtAs+As O Ag+AgtA; ® 3 (82+180037]
3 3 3

1 . T
© 3 [82—185|n7j

(D) None of these

11
R
o
|
©
>
N

SoL.[A] Let Ay = ei[if)k

11
VR
@ _
—
[ee]
~g
N
N—
|
|
@ _
—
o
~|g
N
1
@D
e
~|a
—

9 9 Wherek=1,2, ........... 7
_ So point 'P'is :
|(‘II/7) 1
op = |¢ -1 A+A,+A; O A;+Ag+A,
9 | 9 T3t
3 g 3

11
—
@)
|
©
>
N

Q.27  Gj3 lies on segment OA, such that centroid of
triangle G,G,Gs is O, then - i(8m N
' 1 i[gij . & ) e 3)
(A) 3063 = OA4 (B) 3062 = A4Gg = | —e 7 = =
9

9 9

(C) 20G3; = OA, (D) OG3 = G3A,4

i 2% |k 2= 7

Sol.[A] Let A, = e[7) PA, = e'(7)_e
Wherek=1,2,........... 7 9
So point 'P'is :
AL+A,+A; O A +A+A, i(x
3 3" 3 :|9e(7j—1|
3 9

90055—1 +9isin I
7 7

.(8m i8l i~ 9
) (5
%[—el(7)} _397 =& 97 %. /82—18cos§

1
R
(@)
|
©

R
~—

|

(7 7 i

LetGz=re'’ M2

A A, +A; N As+A;+A, +G,
So 3 3 3 =0

i
— Gy =0 D(1+i) Az.)
= IGs| = 1 Passage IV (Q. 29 to 31)

3 ABCD is a rhombus. Its diagonals AC and BD

intersect at the point M and satisfy BD = 2AC.

Let the points D and M represent complex

Q28  PA;is equal to- numbers 1 + i and 2 — i respectively. If  is
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Q.29

arbitrary real then z = re', R; <r <Ry lies in
annular region formed by concentric circle
|Z| = Rl, |Z| = Rg.

A possible representation of point A is -

W3- ®)3+2
3. 3.
©1+ i ()3~ i

Sol.[A] By Rotation

Q.30

Sol.[C]

Q.31

Sol.[B]

2,—(2-1) _ @+i)-(2-0) 27
1 2

2 (2-i)= [‘1;2‘]& i

= Zy= 1—§i or 3—l

2 2
eiz -
(A) e " (cos (r cos B) + i sin (r sin 0))
(B) e ™ (sin (r cos 0) + i cos (r sin 6))
(C) ™™ (cos (r cos 0) + i sin (r cos 0))

(D) e " (sin (r cos 0) + i cos (r sin 0))

ei[r €os 0 + risin 0]

- e—rsfne ei(r cos 0)

=e ""[cos (r cos 0) + i sin (r cos 0)]

If z is any point on segment DM then w = e”
lies in annular region formed by concentric

circles -

(A) W] =1, =2 (B)|w|:§,|w|:e

1 1
(C) wl = e—2,|W|=ez O W=, w=1

D(1, 1)
_ M@
w=e?=e ""%[cos (rcos B) +isin(r cos 0)]
|W| - e—rsine
z lieson DM

So-1<rsin0<1
=-1<-rsin0<1
Soel<|w|<e!

@ |+

IN

IA
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EXERCISE # 4

Old IIT-JEE questions |

Q.1

Sol.

Q.2

Sol.

The complex numbers z,, z, and z, satisfying

1-iy3

o B are the vertices of a triangles
Z,—-1, 2
which is [11T-2001]

(A) of area zero

(B) right angled isosceles
(C) equilateral

(D) obtuse angled isosceles

z,-2 1-iV3
[c] 22 =

Z,—14 2
3—21_23 :_1+i£

Z;-12, 2 2

Applying rotation theorem, we have

4y —Z3 _ |21—Z3| pi2n/3
Z3—1, Z3—Zz|

A(zy)

B(z2)
-7 -1 W3
23-2, 2 2

Cz3)

.. Option (C) is correct answer.

If z, and z, be the nth roots of unity which
subtend right angle at the origin. Then n must

be of the form [11T-2001]
(A)dk+1 (B) 4k + 2
(C) 4k +3 (D) 4k
[D]
X"—1=(X-1) (X—oay) (X —0z) (X—0tz) (X — cy)
...... (X*OLn,l)
=|z;]=1land|z;|=1
4zl giwe gz
z;  z,]

(o
Z

Q.3

Sol.

Q4

Sol.[B]

Q5

Sol.

Zf — N — 1 — nAK
= —-=@0)"=1=()
Z;
=n=4k

.. Option (D) is correct answer.

For all complex numbers z,, z, satisfying
|z,| = 12 and |z, — 3 — 4i| = 5, the minimum

value of |z, — z,| is- [11T-2002]
(A0 (B) 2 <7 (D) 17
[B]

Given:|z;|=12and |z,—3—-4i|=5
use, [z1— 25| 2|z | - | 22 |

= |z (z,— 3-4i) — (3 + 4i)]

> |zy| — |22 — 3 —4i| - |3 + 4i]

>12-5-5
>2
.. Option (B) is correct answer.
Leto =~ + i?. Then the value of the
1 1 1
determinant |1 -1-0® ®?|is- [11T-2002]
1 »° o’
(A) 3w (B) 3w(w —1)
(C) 3w? (D) 30 (1 - )
SR S ]
2 2
1 1 1 1 1
“1-0° 0=l o o’
1 o’ o’ 1 o’ o

=1 (0*- 0% - 1(0 - 0) + L(o® - )
:(02—0)—0)+(02+(02:0)

=30’ - 3n

=30 (0-1)

.. Option (B) is correct answer.

Let a complex number o be a root of the
equation zP*9 — zP — 29 + 1 = 0, where p, q are
distinct primes. Show that either 1 + o + o? +
..... +oaP-t1=0orl+a+o?+...+a9°1=0,
but not both together. [11T-2002]

P+ 1=0
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Q6

Sol.

Q7

=72* -2 -7"+1=0

=7"-1)-1"-1)=0

=E"-1)@E"-1)=0

= Eitherz"~1=00rz-1=0

whenz’ —1=(2z-1) (z-ay) (Z-a) (z - ag)

o (z—op_1)

where 1, o, ay, ..., o 1 are root of 24— 1

sosumofrootl+oy+ox+....+op_1=0

when 2"-1=0

=72'-1=(2-1) (- o) (z—02) (- a3)
(z—os)....(z—0q-1)

soSumofroots=1+o;+op+oagt...+0q-1=0

=>1l+outoatazt....tog1=0

Hence, Proved.

Iflzl=1,z#-1andw = z-1 then real part of
z+1

w="7? [IIT- Scr-2003]
-1 1
2 ® —
|z+1] |z+1]
2
(D)o
|z+1|2
[D] Given:|z|=1,z#1
=21
z+1

Multiplying by (z + 1) in numerator and
denominator, we have

z+1 Z+1
_(z-Dx(z+) _ zz-Z+z-1
- z+)(z+)) - |z+1)?
_ |z| +z-2-1 _ 1+z-7-1
|z+1 |z+1f
_z-Z
T

Since, z — Z = Purely imaginary
.. Real partof ® =0
.. Option (D) is correct answer.

Let z, & z, are two complex numbers such that

1—7.7
z,| < 1<|z,]. Prove that T Aan

[11T-2003]

Sol.

Q.8

Sol.

1-2,7,
2, -2

<1

squaring both sides, we have

_ 2
1-2,7,
21— 1

<1

=>N1-27,F<|zn—2zf
=>(1-217,)1-72)<(21-29) (7, - 2,)
=>1-212, - 2, + 7217, . 2,7,)
(17 — 227 ~ 217, +2,7,)
= (1 Al 22 - z122 + |le2 |22|2)
< (zaf +|z2f* 227, ~212,)
= 1+ [z 2o < [z + |z
= 1+ [z |22 - |zaf ~ |22 < 0
= (22 (2"~ 1) -1 (2 ~1) < 0
= (zf - 1) (zf - 1) <0
For |z —~1<0and |z*~1>0
= Either [z~ 1>0and |z,°—1<0
or
lzof —1<0and |z —1>0
= Either [z, > 1 and [z, < 1
or
lzof <1<z’
= Either |24/ < 1 < |zy]
or
|zo] <1< |z4
Hence, Proved.

Leta,i=1,2 3, ... are complex numbers
such that [a| < 2, then prove that there is no
complex number such that |z| < 1/3 and

n

Daz' =1

r=1
Given, g;i=1,2,3,..........
lar] <2

n
Za,.z’ =1
r=1

Saz+atratratratva .+
az+.....+az"=1

Taking modulus of both sides, we get.

= laz+ a2 +agd+...taz +... +az"|=1
Using property |21 + Z5| > |z4] + |22]

[11T-2003]
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Q.9

Sol.

= lag 7| + |ap 27| + [ag 2°) + lauz’| + [asz’| + ... +
la;z'| + ... +]an2"| < 1
Since, |a]| < 2
= 22| + |2 + |2 + 2 + 2P+ 2+ +
Lt <1

2 3 4 5 r
= vATE S v o A R v N 4 s SO ol /I S
lzI"<1/2
It forms a G.P. with common ratio ||

n
_ lzlz -y 1

|z]-1 2

n+1
2" -lz] _

1
|z]-1 2
1
2

n+1

1
=12 -lz)< S lzl- 5

n+l

Szt 2 zy<- L
2 2

Szl Ll 2 pe
33

i.e. there will be no complex number if |z| < 1/3

n
and Z a,.z" =1
=1

If  is cube root of unity (o # 1) then the least
value of n, where n is positive integer such that
1+ o))"= (1 + oY) is- [1IT-Scr-2004]
(A) 2 (B)3 (€5 (D) 6

[B]

Since, o is cube root of unity

Sl+o+e° =0

=S 1+0)" =1+
=1+ 0.0
=1+ o)

Letn=2= (1+ 0%’ =(1+ o)’

Q.10

Sol.

=1+0'+20°=1+0*+20
Sl+ep+o’+o’=l+to+o’+o
= o = ® which is not true.
Taken=3=(1+0?)’=(1+0)
= (1+0)).(1+0Y’=(1+o)l+o)
= 1+0).1+0)’=1+0).l+o)
>1+0d)eo’=1+o)o
S0t =0+’
=0+ 0.0’ =o+o’
S o’+to=n+o’=LHS =RHS.
.. Least value of nis 3
.. Option (B) is correct answer

Find the centre and radius of the circle formed
by all the points represented by z = x + iy

satisfying the relation

27N = (k = 1) where
z-p

o and B are constant complex number given by
o=a,+io,p=p,+Iip, [T -2004]

Z—O

=k; (k1)

Squaring both sides, we get
z—aff =k |z B[’
= (@Z-0)(z-a)=K (z-B)(Z - B)
=ZZ—o0Z — ozt aa

=k’ (2z -z —zB +BB
= z2f-aZ — az + ao =K |z - KBz —
KBz —k’BB
=ZP K -1)+z(a —K*B) + Z (o — k°B)
+ (KPP —aa)=0
= [z (€ - 1) + z(a@ —K*B) + Z (o —k’B) +
(KBB — o)

— 29 2
= f 42| SR | 2
ke-1 ke-1

+ [kZBB—a&] ~0

k?-1
We can compare above equation with general.
Equation of circle
lz°+az +3z +b=0
Centre: (—a)

Radius = ]a|®> -b
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= Jaa—b s X2 =la+bo + co?

po =(at+bo+co?)(@+bm +cw?d)
Centre : W k=1

=a’+abw +acew’+ab® +bwo +

bcw’ ® +ac®? +bco o’ + (o)

mes:J“%““XWB—EXJk%E—aa)

— A2 2 2 2 4 —
-1 D =+ b o + ¢ fof' +ab (0 + ©)

+be (0*® + o) +ac(o’ + ®?)

_ JKB-0)(K*B-7) - (K* (KB —ad

. 1 V3 iv3
2_1)2 Since, 0=-=-+ — => 0 =- —
(k ]_) [Q) 5 5 = O 5
:\/k“BE—aﬁkz—kZB&+a&—(k4BB—k2aa—kZBB+a&) ) 1 i3 1 i3
(- TRt Ty
_ JK*BB - Bk -k +ad - k*BB + k?od + k2B —ad _ 1 W3 1 i3
= . R T =T A R |
(k*-1) 2 2 2 2
_ K2 (0 +BB—ap—Pu Zaozo L W3 1B
K \/ _ 0’.® + 0.0
= aa+Bp—ap—Pa
(oy VTR JER ER
2 2 2 2
k —— ——
= 55 Vu@-P)-B@-h)
(k1) 1 iW3)( 1 i3
K - T2 )22
= o— o —
iy Ve-PE-p 2
. ( 1 i 3} .\ { 1 3}
= o — 2 - Ty T T D) T
K1) lo—P] 2 2 2 2
K . _L1 3,08 1 3 213
‘(k2_1)|0‘_[3|'k¢1 4 4 4 4 4 4
Hence, require answer is — -1_3__
2 2 2
Centre = KP=¢ k=1 S XP=a?+b*+c?—ab—bc—ac
_1 2 2 2
Radivs= K~ pl:k+1 A GRLRICRC R CRO
Takea=bsuchthatb=canda=c
Q.11 a, b, c are variable integers not all equal and X2 = 1{0 +(@-c)+(c—a)’}
o # 1, ® is cube root of unity, then minimum 2
value of X = [a + bo + co?| is - [IIT-Scr-2005] 2= 1 5% )
A0  (B)1 (©2 (D)3 =5 2x@-o}
> E] ‘a,b iable int tall equal X'=(a-of
'_Ven & e vz.arla € Integers not afl equa Since, (Difference of integer numbers)? > 1
o is cube root of unity, © # 1 e (a-c?>1
i 2
Take,w=fl+£ = X"z1
2 2 = Minimum value of X? =1
@’ =— 1 W3 = Minimum value of [a + bo + co?| is 1.
2 2 .. Option (B) is correct answer.
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Q.12

Sol.

Q.13

Sol.

Four points P (-1, 0), Q (1, 0),

R (v2-1, v2), S (V2 -1, —+/2) are given on

a complex plane then equation of the locus of

the shaded region excluding the boundaries
[IIT-Scr-2005]

(V2-1,v2) | B
p Q
(1, 0) L 0)
(V2-1-+2) |S

(Aﬂz+ﬂ>2&mma+1n<§
@Hz+n>2&mwa+1»<g
(C)|z-1]|>2 &arg (z—l)|<%

(D) |z-1|>2 & |arg (z — 1) <§

[A] Shaded region is 'the outside region of
circlelz+1]=2
Sojz+1|>2

/ TE/4
\n/4

—T T
Also —<Arg(z+1) < =
2 g(z+1) 9

=| Arg 2+ D)< -

A square having one vertex as 2 +43i is
circumscribed on the circle [z — 1| = 2. Then
find the other vertices of square.  [I1T 2005]
Given|z—-1|=2

M is the mid point of diagonals

AC and BD.
___B@) AG:) 2 +i43)
M K Zo(L + 0i)
’ N (1 —_—
C(z3) D(z4)

Z,+2 .
L Zg= 122 =1+0i.
=2723=2-271
2;=2-2-i3
23=f\/§
Applying rotaion theorem at point D
Z1-2Z4 _ 12, -24] @inl2
z,-23 |z4-24|
z2,-2, _ .
= ——2* =cos /2 ++isinn/2
2,2 .
= 1 "4 —j

:>Zl—Z4:iZ4—i23
:>Zl+i23:Z4(l+i)

g,z ltiZs
1+i
_ 2+iW3+i(-iv3)
> ————
1+i
- 2+|\/§_+\/§ . 4)
@+ @-
. (2+\/§+I\/§)(1—I)
2
_ 243 +iV3-2i—iV3+43
=>4 =
2
2+2/3-2i
2= ————
2
:>Z4:1+ \/§ —i

Also, coni method or rotation theorem at point
B.

23-2, _ |23-2,]| o2

Z, -7 12, -2 |
Z,—12 .

= 2222 —cosn/2 +isinn/2
Z—7

=23-2=i(22-29)
=732, 2, - 74
323+i21=22(1+i)
Z3+iz,

1+i

_ z3+ileH
To@+i) -

= 7=
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Q.14

Sol.

Q.15

Sol.

_ Z3+iz —izz+27,

7o =
2 2
_ —iV3+i2+i3) -il-iv3)+2+iv3

2 2

2-2/3+2i
=2z ———

2

322:1—\/5 +i
Hence, required veritus are
Z,=(1— J3)+i
Z3:—i \/§

2,=(1+3)—iAns

If w = a+ip where B = 0 and z = 1 satisfies the

condition that (Wl_ WZ] is purely real, then

setof z is - [11T-2006]
A{z:z=7} B){z:|z|=1,z#1}
©f{z:z=1} (D) {z:lz| = 1}
[B] Wl__WZ is purely real

wW-Wz _W-wz

1-z  1-z

= (w-wz2)1-2)= 1—-2)(W—w2)
= (w-w)(z-1)=0
As W =W

|z|=1andz=#1

A man walks a distance of 3 units from the
origin towards the north-east (N 45° E)
direction. From there, he walks a distance of 4
units towards the north-west (N 45° W)
direction to reach a point P. Then the position
of P in the Argand plane is- [11T-2007]

(A) 3e™ + 4i (B) (3 —4i) e™
(C) (4 + 3i) e (D) (3 + 4i) ei™
[D]

Q.16

Sol.

0 pACc
HE
>|Z2 P(2)
T I}
2 / 3 i3
[+ |
I
[ 2 2
1
1
West 1450 East
(0] Real axis
South
ZA e |ZA| eiT:/4
ZA:Bein/A

Applying Rotation theorem at A, we have

z-3™ 4

7 3eo_gx d y gim2 i g
3

in/4 in/4

=z-3e""=+4xie
= z=(3+4i)e™

.. Option (D) is the correct answer.

If |zl =1 and z # 1, then all the values of

lieon - [1IT-2007]

1-22
(A) a line not passing through the origin
(B) Iz =2

(C) the x—axis

(D) the y—axis

[D]

Given|z|=1landz#*1

L 1-2)1+2)
1-2)1+2)

z _ z
1-z22  (1-2)1+2)

_z(1-2+Z2-22)
11—z |1+ 2z ?
z(1-27)
[1-z[2|1+z|?
(z-22.2)
[1-z[2|1+z|?
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Q.17

Sol.

(z-Z|z]%)
[1-z[2|1+z|?

(z-2)

= ——~— " = Purely Imaginary
|1-z*|1+z|?

.. Option (D) is the correct answer.

A particle P starts from the point zo = 1 + 2i,

where i = v—-1. It moves first horizontally
away from origin by 5 units and then vertically
away from origin by 3 units to reach a point z;.

From z; the particles moves V2 units in the
direction of the vector i + j and then it moves

through an angle g in anticlockwise direction

on a circle with centre at origin, to reach a point

z,. The point z, is given by - [IIT-2008]
(A)6+7i (B) -7+ 6i
(C) 7 +6i (D)-6+7i
[D]

5 (7.6)

A

2(6,5) 4!
3
Zy(1,2) (6,2

In diagram you can see P point is given by
complex No. 7 + 6i and now it is rotated by g

angle in anticlockwise, since so it will be i (7 +

6i) => 2,=—- 6+ 7i.

Paragraph for Question Nos. 18 to 22

Q.18

Sol.

Let A, B, C be three sets of complex numbers
as defined below

A={z:Imz>1}

B={z:]z-2-i=3}

C={z:Re(1-i)2)=v2} [11T 2008]

The number of elements in the set AN B N C

is- [1IT 2008]
(A)O B)1 €2 (D) o0

[B]

Given that,

Q.19

Sol.

Q.20

Sol.

Q.21

Sol.

Aiy>1
B:(x—27%+(y—1)*=9
C:x+y= V2
VA
V2
(_1!1) \ (5!1)
P\ 2, 1) /Q

2

There is only one common point which satisfies
to all the three given curves

Let z be any point in A n B n C. Then,
|z+1—iP+|z—5—i]lies between [T 2008]

(A) 25 and 29 (B) 30 and 34
(C) 35 and 39 (D) 40 and 44
[C]

Letz; =(-1,1)and z, = (5, 1).
|z+1-if+|z-5-if=|z-2[=(6)’=
36.

Let Z be any point in A n B n C and let w be

any point satisfying lw —2 —i| < 3. [IIT 2008]
Then |z| — |w| + 3 lies between

(A)-6and 3 (B) -3 and 6
(C)-6and 6 (D)-3and 9
[D]

We know that,

[z|-lw]|<]z-w]|
=-3<|z|-|w]|+3<09.
Let z = cos O + i sin 0. Then the value of

15
D> Im(z*" ) at 6 =2°is -

[11T-2009]
m=1
1 1
) sin 2° ®) 3sin 2°
1 1
© 2sin 2° (©) 4sin 2°
[D]

Z =¢0s0 + i sin®

Z*™ = cos(2m-1)0 + i sin(2m-1)6
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Q.22

Sol.

Q.23

(A) Circle

(B) Parabola

(C) Ellipse

(D) Hyperbola

Sol.

ZIm Z2™1 = 5in@ + sin30 + ... + sin290

sin(lS.29

_ 2) . 20
= Wsm 6+ (15-1) ?)
sin| —
2
_ (sinas0)* _ 1
sin @ 4sin 2°

ve=2°

Let z = x + iy be a complex number where
x and y are integers. Then the area of the
rectangle whose vertices are the roots of the
equation zz3+ 7z2°=350is-  [I1T-2009]
(A) 48 (B)32 (C)40 (D) 80
[A] _
Let Z=xX+1y
' (¢ +y?) (¢ - y2 = 2ixy) + (x* + )
(x* — y? + 2ixy) = 350

= 20¢ +yA) (X —y?) =350
= ¢ +y?) (¢ —y*) =175

X2 +y*=25

X -y’ =7
On solving

X==x4

y=+3
.. Area of rectangle = 8 x 6 =48

[11T-2009]
Column -1
(P) The locus of the point
(h, k) for which the line
hx + ky = 1 touches
the circle x? + y* = 4
(Q)Poaints z in the complex
plane satisfying
z+2|—|z-2|=%3
(R)Points of the conic have
parametric representation

1-t? 2t
X \/5 [1+t2J'y 1+t2
(S) The eccentricity of the
conic lies in the interval
1<x<ow
(T) Points z in the complex
plane satisfying
Re(z+1)P%=|z[+1
Bo>ST;C>R; D->Q,S;

Column -1

A—-P;

Q.24

Sol.

(R)

P) ———

1
=2
Vvh? +Kk?

Vh2 +Kk? :%

2 2

X +y = % Circle
Q) llz+2|-[z-2|=3
(-2,0) (i, 0)

hyperbola having focus (-2, 0) and (2, 0)

1-12 - 2t
2’ 1+1t2

&

1+

X2

5 y? = 1 ellipse

(S) Parabola, hyperbola

(T) Letz=x+iy

(X+1P -y =x*+y*+1
2X-y' =y
y? = x parabola

Let z; and z, be two distinct complex numbers
let z = (1-t) z; + tz, for some real number t
with 0 <t < 1. If Arg (w) denotes the principal
argument of a nonzero complex number w,
then [T 2010]
A z-z|+|z-22|=|21-2|

(B)Arg (z-z1) =Arg (z - 29)

©) Z2-27 I-74 —0
Z-721 Zp-73

(D) Arg (z—z1) = Arg (2. — 21)

[A,C,D]

N
Z,-7;

So, 275 =te® v t €(0, 1)
Z—7y

So Geometrically

Z z Z;




So option A, C, D are true.
Q.25 Let o be the complex number cos %ﬁ +isin 2—;

Then the number of distinct complex number z
2

z+1 ® ®
satisfying | ® z+w? 1 |=0isequalto
w? 1 z+a
[11T 2010]

Sol. [1]
On solving the determinant
It become z° = 0
So no. of solutions = 1

Q.26  [Note : Here z takes values in the complex
plane and Im z and Re z denote, respectively,
the imaginary part and the real part of z]

[11T-2010]

Column - | Column - 11

(A) The set of points z (P) an ellipse with

satisfying eccentricity 4/5
lz—ifzll = [z + ilz| is

contained in or equal to

(B) The set of points z (Q) the set of points

satisfying
|z+4|+|z-4|=101is

z satisfyingImz =0

contained in or equal to

(C) If |w| =2, then the
satisfying

(R) the set of points z
[Imz|<1
set of points z=w — g
w
is contained in or equal to

(D) If |w| =1, then the set (S) the set of points z

of points z = w + 1
w

is contained in or equal to

satisfying |[Re z| < 2

(T) the set of points z
satisfying |z| <3

So. A-5QR; Bo>P;
C->P,ST; D->QRST
(A) Let|Zl=rvreR
Z- !r = 1Which is the equation of line
Z+ir

of perpendicular
bisectorof y=r&y=-r thatisy=0

Edubull
(B) |Z+4|+|Zz-4|=10

it will represent on ellipse
having foci (4, 0), (4, 0)

2 y2_

S0 its equation will be XY o=
25 9
whose eccentricity is 4/5
(C) Letw=2¢".
_ 3 5. .
z= = cos+ =isin6
2 2
(D) Let w=¢"
7= eie + e—ie
=2 cos 0.

Q.27 If z is any complex number satisfying
| z - 3 — 2i| £ 2, then the minimum value of
| 2z - 6 + 5i| is [IIT 2011]
Sol.

Min {IA
value
Ha-2)
2

So, Min of |2z — 6 + 5i| = PA

:Min22—3+ﬂ :2><E =5
2 2

Q.28 Letw =¢€% and a, b, c, x, y, z be non-zero
complex numbers such that a + b + ¢ = x,
a+bo +co’=y, a+bo’+co =z Then the
2 2 2

value of |x|2+|y|2 +|Z|2 is
lal”+|b[" +[c|

i2n/3

[T 2011]

Sol. wrong question if o = e then ans. is 3. If

o =e""3then no integral solution is possible.

Q.29 Let z be a complex number such that the
imaginary part of z is nonzeroanda=z*+z + 1
is real. Then a cannot take the value

[T 2012]

1 1 3
A) -1 B) = C) = D) —
w1 @®; ©, OF
Sol. [D] As a is real

Soa=a

=Z+z+1=72+7+1

=(@Z-7)(@z+Z+1)=0
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As z is imaginary
Soz-7 #0
=z+Z+1=0

=>z+Z=-1Vz=x+iy
X=—
soa=(x+iy)2+ (x+iy)+1

=0+ x+1-y)+ (2x+ 1)yi VX=—%
3

a= >
Y

soa<%Vy2>0

Soa;«t§
4
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EXERCISE #5

Q.1

Sol.

Q.2

Sol.

Let z & w be two non-zero complex numbers
such that |z| = | w | and Arg z + Arg w = T, then

z equal: [IIT-1995]
(A) w (B)-w

C)w (D) -w

[D]

Given|z|=|o|
andArgz+Argo =7
Leto=re’=|w|=r
=z=|z|e™®
=z=re" e
=z=(re)e"
=z=(-1)(r.e™)
—z=-re"

=>Z=-®

.. Option (D) is correct answer.

—i0

Let z & w be two complex numbers such that

ol <1, w < landfz+iw =z iw|=2,

then z equals : [1IT-1995]
(A)lori (B)ior—i

(Clor-1 (D)ior-1

[C]

Given:|z|<1l,|o|<1
|z+io|=z-i®|=2
=>|zt+iol=z-io|
= |z+iof=lz-iof
S@Etio)(z-in)=z-iv) (7 tie)
=77 tinZ —izo tow =7 —ieZ tioztoo
=iz —izo +tiwZ —ioz-0
Si[Z(otw)-z(@+w®)]=0
=>(Z-2) (0 +®)=0
= Eitherz=Z oro=- o
orz=zZando=-o
=>lztin|=2
Squaring both sides, we get
= z+iof=4
=>@Z+in)(Z -in)=4
=727+i07 —ivz+ow =4
(as|zf <1, |of < 1)

Si(wz+wz)=2

=2iwz=2

=inz=1

Since,z=7 =>z-7 =0
=Imp(2)=0
= z is purely real
=>z=x+i0=x
=lzf<1
=x¢<1
=-1<x<1
>0=-0
o+ o=0
= Re(w) =0
= w is purely imaginary
.. Option (C) is correct answer.

Q.3 For positive integers n;, n, the value of the
expression ;
A+D)™ + @Q+i®)"+ @+i0)™ + @Q+i7)",

where i =+/~1, is a real number if : [1IT-1996]

(A)n;=n,+1 B)n,=n,-1
€)ny=n, (D)n;>0,n,>0
Sol. [D]

A+)™ + @+i)™ + @+i>)" + @+i")™
= (@+i)™ + @-i)m+ @+ +(A-0)"
We have to first deal with

@A+i)™ + (@1-i)™

22 (172 +i132)™ + W2 -iN2)" ]

n ny
o2 [ cos® risin® | +[cos ™ +isin =
4 4 4 4

nmT . . nym nn, . . 7=mn
2"'2 | cos—— +isin —— + cos—= +isin —*
4 4 4 4

= 2%/2 | cos™” 4 isin M | cog 20— = |n,
4 4 4

+ isin(Zn—Ejnl}
4

n,m
= oM/, 2003%

Also, (1+i)" + (1-i)"




= 2"2/2 [(cos n/4 + i sin m/4)"> + [COS%+ISIH 77:)

Q4

Sol.

Q5

Q.6

Sol.

2"2/2| cos 12T 1 jsin 12T +cos® n2+|sm7nn2
4 4 4 4

2"2/2 2 cos n, /4

Then for real value of

[(A+D)™ + @ -+ @ +i)% + (i -i)"],
n>0&n,>0

.. Option (D) is correct answer.

numbers z
[HT -1996]

Find all non-zero
satisfying z =iz
Given 7 =i 72
Letz=x+iy= 7z =x-1iy
We have to solve above equation
7 =iz
—iy =i (x +iy)®
—iy =i (X —y* + 2 ixy)
= X —iy = i(¢ - y?) - 2xy
Comparing real and imaginary roots
— x=—2xyand—y = x*— y*
—x+2xy=0and xX*—y*+y=0
=x(L+2y)and X’ —y*+y=0
= Eitherx=0o0ry=-1/2
Whenx=0=0-y*+y=0
=y(@l-y)=0
=y=0,1
. z=1(Non-zero)

Wheny:—1/2:>x2—Z - = =0
= x*-3/4=0
= x*=3/4
=Xx=%.3/2

=z=3R-iRand—32-i]2
Hence, required non-zero complex numbers

complex

arei, ¥3/2—i/2and — +/3/2 - il2.
n-1

Prove thatZ(n -k) cosz—ch =" Wwheren>3
k1 n 2

is an integer. [HT-1997]

For complex numbers z and w, prove that
|zPw—|wpPz=z-wifandonlyif z=wor

zW=1. [T - 1999]
1zP. o-]of.z2=2-0
=2ZZ.0-0O.Z=Z—®

= 2(Z.0-1)-w(wz-1)=0 (D

Also, [z .o — |ofz=z2-®

Q.7

Sol.
Q.8

Sol.

Q.9

Sol.

Q.10

Edubull
2 - 2
Slfoto=|oz+z

o (zf+1)=z(of +1)
[z]> +1

z
= = 2
o |o|"+1

= Purely real

~—
1
o

U
e
VR
e I~

1
o

z
= = —
(O]

z
= — —
®

ellNt gl ni

=7Z0=7.0

from (1)

=>z2zo-1)-0(z-1)=0

>Zo-1)(z-w)=0

= Eitherz=worzen =1
Hence, Proved.

If aj, @, a3 .... an, A1, Ay, Az ... Ay, k are all
real numbers, then prove that the equation
A? A} A’

> + .+
X—a, X—a, X—a

= k has no

n
imaginary roots.
By theory

Find the number of solution of equation

2P 2z 2P = (ZV 121V z=x+iyVx
yeR&X=1.

one solution.

Show that the product

ARl EC

is equal to (1—ij (1 +1i) wheren>2.
22
Using formula.

If cos (o —P)+cos(B—y)+cos(y—a)=-3/2
then prove that -

(@ XZcos2a=0=2Xsin2a

(b) Tsin(a+P)=0=ZXcos (a+p)

(c) = sin‘a =X cos’a = 3/2
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Sol.
Q.11

Sol.
Q.12

Sol.

Q.13

Sol.

Q.14

Sol.

Q.15

Sol.

Q.16

(d) Zsin3a=3sin(a+p+y)

(e) 2cos3a=3cos(a+p+y)

() cos® (0 + a) +cos® (B + B) + cos’(® +7)
=3cos (8 + o). cos (0 + B). cos (6 + )
where 6 € R.

Using formula.

Prove that with regard to the quadratic equation

2+ (p+ip)z+q+igq =0wherep,p,q,q are

all real.

(i) If the equation has one real root then
q°-pp'q +qp” =0

(if) If the equation has two equal roots then

p’—p?=4q&pp =2q'

State whether these equal roots are real or
complex.
Using formula.

If the biquadratic x* + ax®* + bx* + cx +d = 0
(@ b, ¢, d € R) has 4 non real roots, two with
sum 3 + 4i & the other two with product 13 + i.
Find the value of 'b".

51

If a and b are positive integer such that
N = (a + ib)®> — 107i is a positive integer.
Find N.

4

Find the roots of the equation z" = (z + 1)" and
show that the points which represent them are
collinear on the complex plane. Hence show
that these roots are also the roots of the

2 2
equation(Zsin mj 72+ (Zsin m] Z+1=0.
n n

If w is the fifth root of 2 and X = ® + @?, prove
that x° = 10x + 10x + 6.

(@) Without expanding the determinant at any
stage, find K e R such that

Sol.

Q.17

Sol.

Q.18

Q.19

Sol.

Q.20

Q.21

Sol.

4i 8+i 4+3i
-8+i  16i i
—4+Ki i 8i
has purely imaginary value.
(b) If A, B and C are the angles of a triangle

e 2A  giC B
D=| eiC 2B ,ia
eiB A g2iC

where i = v/—1 then find the value of D.
@k=3
(b)-4

Find all real values of the parameter a for
which the equation (a -1)z* - 4z +a+2 =0
has only pure imaginary roots.

[-3,-2]

Show that the locus formed by z in the equation
Z° + iz = 1 never crosses the coordinate axes in
the Argand's plane. Further show that

—1m(z)

2= \/ZRe(z) Im(z) +1°

Dividing f(z) by z — i, we get the remainder i
and dividing it by z + i, we get the remainder
1 + i. Find the remainder upon the division of
f(z) by 2% + 1.

iz 1 .

E+E+I

IfZ,r=1,2,3,....2m, m € N are the roots of
the equation Z?™ + Z*™ 1+ 722 4+ +Z+1=0

2m
then prove that "

r=1 <r

C is the complex number, f: C — R is defined
by f(z) = |22 — z + 2|. Find the maximum value
of f(2), if |z| = 1.

[f(z)| is maximum when z = o, where o is the

cube root of unity and |f(z)| = J13
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Q.22

Sol.

Q.23

Sol.

Q.24

Q.25

Sol.
Q.26

Q.27

Let f(X) = logeesax (cOs 2ix) if x = 0 and f(0) = K

(where i :\/—_1) is continuous at x = 0 then
find the value of K.
K=-4/9

(i) Let C/s denotes the combinatorial
coefficients in the expansion of (1 + x)", n € N.
If the integers
a,=Cp+C3+Cs+Co+.........
b,=Ci+Cs+C7+Cyp+........
andc,=C,+C5+Cg+Cqy +....., then
prove that
(a) a2 +b3 +c2—3a, byc,=2",
(b) (a, — by)? + (by— Co)* + (Cn —an)* = 2.
(if) Prove the identity:
(Co—Cy+Cs—Cg+....)% +
(C,—C3+Cs—Cy+...)°=2"

Prove that
(@) cos x + "Cy cos 2x + "Cp cos 3x + ...
2
.+ "C,cos (n+1)x=2"cos" % .COS (”%] X

(b) sin x + "Cy sin 2x + "C, sin 3x + ...

...t "Cpysin (n+ 1) x =2".cos" g .sin [n_;rzj X

Let A = {a € R| the equation
(1 + 2i)x* —2(3 + i)X* + (5 — 4i)x + 2a° = O}has

at least one real root. Find the value of Zaz .
aecA

18

P is a point on the Argand diagram. On the
circle with OP as diameter two points Q & R
are taken such that £ POQ = Z QOR = 0. If 'O’
is the origin and P, Q & R are represented by
the complex numbers Z;, Z, & Z; respectively,
show that : Z,%. cos 20 = Z;. Z5 c0s°0.

For x € (0, n/2) and sin X :%, if

2 sin(nx) _ a+by/b
D

n
o 3

(a+b+c), where a, b, c are positive integers.

then find the value of

eIX _ ele
(You may use the fact that sin x = T)
i

Sol.
Q.28

Sol.
Q.29

Sol.

Q.30

Q.31

Sol.

Q.32

Sol.

Q.33

Sol.

41

If the expression z° — 32 can be factorized into
linear and quadratic factors over real
coefficients as (z° —32) = (z -2) (z* — pz + 4)
(22— qz + 4) then find the value of (p? + 2p).

4

(a) Let z = x + iy be a complex number, where
x and y are real numbers. Let A and B be
the sets defined by A = {z | |z| £ 2} and
B={z|(1-i)z+ (1 +i) Z=4}. Find the
area of the region A N B.

(b) For all real numbers x, let the mapping

f(x) =——, where i =—1. If there exist
X—=1

real number a, b, ¢ and d for which f(a),
f(b), f(c) and f(d) form a square on the
complex plane. Find the area of the square.
@ n—2;(b) 1/2

If 21, , are the roots of the equation az” + bz + ¢ =0,
with a, b, ¢ > 0; 2b*> > 4ac > b% z; e third
quadrant; z, € second quadrant in the argand's
plane then, show that

. b2 1/2
arg (—1J =2cos* (—J
z, 4ac

Find the set of points on the argand plane for
which the real part of the complex number
(1 +i)Z% is positive where z = x + iy, X, y € R
andi=+-1.

Required set is constituted by the angles
without their boundaries, whose sides are the
straight lines y = (\/5—1) xandy + (\/E+l) X
= 0 containing the x-axis.

Let z = 18 + 26i where zg = Xo + iy (Xo, Yo € R)
is the cube root of z having least positive
argument. Find the value of Xoyo (Xo + Vo).

12

Resolve z° + 1 into linear and quadratic factors
with  real  coefficients.  Deduce  that

4 sin lcos I- 1.
10 5

(z + 1) (z%— 2z cos 36° + 1) (2% — 2z cos 108° +
1)
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Q.34

Sol.

Q.35

The points A,B,C depict the complex numbers
Z,, Z,, Z5 respectively on a complex plane, and
the angle B and C of the triangle ABC are each
equal to (1/2) (= — o). Show that :

(z,- 23> =4(z3-2,) (z,—2,) sina / 2
Applying B and C

rotation theorem at

respectively, we have
A(z1)

—~—==—¢ (2
z,-23 AC @

Dividing equation (1) by (2), we get

2,-2y (z1-275) — AB X AC x 1
23-2; 23—z, BC BC
2
@)z [Ej (Since,|AB| =|AC]
(z,-123) =
2
L o)z [EJ e
(2, -25) R

from sine rule, we get

sin(n_a] .
4 2 _ sin(t—a)/2

sina
BC AB AC
2sina/2.cosa/2 _ cosa/2
BC - AB

= 2sin o/2 = BC/AB
= Put value of BC/AB = 2 sin o/2 in equation

(3), we get
(23-2)(2,-2,) _ 1 - 1
(2, -125)* (2sina/2)?  4sin2a/2

= (2o - 23)’ = 4sin” /2 (23— 21) (21 — o)
Hence Proved
Let z, & z, be roots of the equation z2 + pz + q = 0

where the coefficients p and g may be complex

Sol.

numbers. Let A and B represents z, and z, in
the complex plane. If ZAOB = a # 0 and
OA = OB, where O is the origin prove that
p? = 4q cos? (a/2)

ZZ+pz+q=0

—p+yp’-4q

=z=
2x1
= Let roots be
p— — 2 —
2, = P—ypP°—4q
2
J— J— 2 —
Z,= pP—ypP°—4q
2
B (z2)
o
O A(z)
|OA| =|0B|

= |z1] = 2|
Apply coni method or rotation method, we
have

2 =12l gos o5 g+ ising
Zy |2, |
2—2:C05a+isina
Z
—p+yp*-4q
:>+:cosa+isinoc
-p—yP"—4q
2
2
—p+yp° -4 -
:qu:cosaﬂsma
—p—p° -4q

= —p+ p>-4q =—p (Cos a +isin o)
— Jp?—4q (cos o+ isin a)

= p(cos o +isin a)

=— p?-4q (1+coso +isina)

p _ l+cosa+isina

= = —
Jp?-4q 1-cosa-isina

P _ 2c0s® o/ 2+i2sina./2cosa /2
Jp?-4q 2sin’a/2-i2sina/2cosa/2

(© using cos o. = 2 cos’a/2 — 1 =1 — 2 sin” a/2)
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P _2cosa/2(cosal/2+isinal/2) i :p§(1+cot22a/2)=4qcoztzoc/2
\/p2—4q 2sina/2(sina/2—icosa/2) i = p“ x cosec” a/2 = 4q cot 02/2
_ icota/2(cosa/2+isina/2) _ ot =p?x — 21 = 4q x C?SZO‘/Z
(cosa/2+isina/2) , Sinal2 sin®o./2
= p =4qcos o2
- P =jcotar Hence, Proved.

Vp? —4q

Squaring both sides, we get

p2

(p® —4q)
2 _ 2 2 2
= p“=—p° cot” o/2 + 4q cot” a/2

=i% cot? /2 = — cot? /2




ANSWER KEY
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EXERCISE # 1

Q.No. 1 5 6 7 8 9110|1112 13| 14| 15
Ans.| B [C|B| D|A|A|A|A|JAB]C|[A]J]A]J]A]|C]C
Q.No.[ 16 171181 19| 20 | 21 | 22| 23 | 24| 25 [ 26| 27 | 28 | 29
Ans. |ABC| C | B A D B B| C D|AClA| C|D]|A
30. a radius of a circle 31.1 32. (@+b?) (z,2+z,)  33.2-43,2-43
i 3. : |z|?
34. 3—E orl—El 35. -2, 1-i43 36. 2L 37. False 38. True 39. True
40. True
EXERCISE # 2
(PART- A)
Q.No. 2 3 4 6 7 8 9 10 11 12 13 14 15
Ans. A A A D B A A A D D C |ABC B D
(PART- B)
Q.No.[ 16 17 18 19 20 21 22
Ans. A A |AD|ACD|ABCD|B.CD|AC
(PART- C)
Q.No. 23 24 25
Ans. A D D
(PART- D)
26. A>P,S,T;, B—->PST,; C—->QWw, D—->R
27. A>R; B—S; C—>Q; D->P
28. A—>P,Q; B—->P,Q; C—oR; D—>S
29. A—>R; B—>P,S; C—-Q; D—>R
30. A= Q,S; B—P,R; C—>PR; D—>S
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EXERCISE # 3

2. 48(1-1) 5. 1xz=_a g, 2= 3433,
3 2 2
1-i (2v2-1)+if+2) 1 j
10, =2, 7 2,14 14, (g,o 19.(C)  20.(A) 21.(A)  22(C)

23.(B) 24.(A) 25.(A) 26.(C) 27.(A)  28.(A) 29.(A)  30.(C)  31(B)

EXERCISE # 4

1. (C) 2.(D) 3. (B) 4. (B) 6. (D) 9. (B)

p— 2 —
10. Centre of the circle = -z, = % , Radius of the circle =r = ‘%‘ 11. (B) 12. (A)

13.(0,-~/3), (1-+3,1), (1++3,-1) 14.(B) 15.(D)  16.(D) 17.(D)  18.(B)
19.(C)  20.(D)  21.(D) 22.(A) 23.A—>P; B»S,T, CH>R D>QS

24. (A, C, D) 25.1 26.A—>QR; B>P; C5>PST; D>Q,R ST

27. 5 28.3 29.D

EXERCISE # 5
V3oi A3

1. (D) 2.(C) 3. (D) 4, — — —,— — — —,i 8.onesolution 12.51 13. 4
2 2 2 2

16.(@)K=3,(b) 4  17.[-3,-2] 19. %%H

21. [f(z)| is maximum when z = ®, where o is the cube root of unity and [f(z)| = V13

22.K=-4/9 25.18 27.41 28.4 29. (a) - 2; (b) 112

31. Required set is constituted by the angles without their boundaries, whose sides are the straight lines
y= (\/571) xandy + (\/§+1) x = 0 containing the x-axis.

32.12 33.(z+1) (2% - 2z cos 36° + 1) (z° — 2z cos 108° + 1)




