MATHS FOR JEE MAIN & ADVANCED

HINTS & SOLUTIONS

EXERCISE - 1
Single Choice 10. point(2,0)or (3,0);f'(2)=-1 of £'(3)=1
I
. .| C = 0==
1. Let any point on the curve is ?Ct 2
_ dy 2 20 dx| _|dy
VT T X die 4 S Tae
dy d
-V = 2t3 _y >1
dx dx
Equation of tangent is
3y? &y =27= P _
yoc=—28 (X_%) Y ix x Y
For x intercept % >1 = y<9
y
0—ct2=—2t3(a—£):>i=a—g = 3<y<3 = 27<y*<27
o2t ot = 27<27x<27 = -1<x<1
_3¢
AT 21. y=xn
Fory intercept dy
x =nx""!=na""!

C
b-ctt=—28 (0—?]

= b-ct2=2% = b=3ct? slope of normal = —

n-1

na
9 ¢’ 27¢°
Now a2b= Zt_z X 3Ct2 = T y
(0,b)
I
4. d_y} =k = tan¥=k> = cot (——\VJ =K? )
dX x=0 2 (bﬂ ):Xn
J/ P
X
\‘OTE/Z—\V
W
. 1
| dv/dx = cot 0 equation of normal y—a"=— ——(x—a)
7 na
T ut x =0 to get y-intercept
= (E_W) =cot™! k2 =sin! ;4 = B . ety P
J1+k y=at —;
6 dx _ na
at - °
y = 300 Hence b=a"+ =
X o 0 if n<2
Figure {
From figure z2=x2+ y> Lim b = > ifn=2 = (O1
dz  dx o if n>2
Zat Tt
dz

d
Ifz= 500 thenx =400 => 500 — =400(5) = d—f =4

dt
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APPLICATION OF DERIVATIVES

23. Length of subnormal =y d_z
2=8ax — 2 dy =8a
y Y ix
dy
— =4
Y dx 2

28. f(X)__T(H%]dt = f'(x):x+§

1 1
=x+ —
g(x)=x " forx e [—2, 3}

Let P=(c, g(c)), ce B 3}

g(3)- g@)

ByLMVT, ¢g'(¢)= 1
10 5
1_3 2
1——:
¢ 5.1
2
R T A
2 2
3 1 5
t@=\2" 3"
2
3 5
P=| |2, >
( 2 ﬁJ

31. f(x)=sinx—cosx—ax+b
f(x)=cosx+sinx—a<0VxeR

= a>cosx+sinxVxeR

:>a2\/5

b+4
35. f'(x) = [LIJ 5x4—3

l1-p

It is sufficient to solve for p, the condition
f3x)<0vVxeR

(s

l-p

1] 5x*-3<0VxeR

Case-11-p<0 p>1
Inequality holds true.
Case-II'1-p>0 p<l1

: . p+4
Inequality holds if 1-p -1<0
= p=2-4, p+t4<(1-p)
= p=2-4,p’-3p-320
—/21
= —4Sp£3 \/_
2
Hencep e {4, 3?} U (1, )
@ =Vx)2 +x)
—\/_, 0<x<4
36. fg=4 @-Vx)
4 , x=4
16 -3x , 4<x<6

244x , 0<x<4
= fx)=14 , x=4
16 -3x, 4<x<6

So f(x) is continuous only
37. UsingLMVT in [2, 4]

f4)-fQ) _ f4)+4
C4-2 2

f4)+4
2

f(c)

P)>6 = 6= fi4)>8
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MATHS FOR JEE MAIN & ADVANCED

39.

44.

47.

49.

55.

f-2)=f(3)=0

f(x) is continuous in [-2, 3] & derivable in (-2, 3) so

Rolle's theorem is applicable.

so 3 ¢ e (-2, 3) such that f(¢c)=0

2¢% —5¢% +4c¢-1

=0 =1/2
= 17 = c=1
Using LMVT for f in[1, 2]
f(2)-f(
vV ce(l,2) %:f'(c)SZ

fQ)-f(1)<2 = f2)<4 ..()
again using LMVT in[2, 4]

f(4H-£(2)

Vde@4d) ——

=f'(d)<2

f4)-f(2)<4

8—f(2)<4

4<f(2) = f(2)=24 ...2)
from(1)and (2) f(2)=4

f(x) =3tanx + x* -2, f(x)=3 (sec*x+x*)>0
= f(x)isincreasingin V x € (0, n/4)
T

f0)<0 & f(_j >0
4

= f(x) =0 has exactly one root in (0,;] .

Forxe(0, 2)

fi(c)= %:(f)(()) (Here ce(0, x))
= f(x)=2.f'(x)

fix)<1

. f(x)=x»(1-=x)"

f(x)=25x* (1-x)" - 75.(1-x)" x*

=25.x4(1-x)"{1-x-3x} +—1;—
=25x*(1—=x)"(1-4x) py
®=h+x

Area of base (triangle) is T3a2

NG
3x=—a
2

Volume V=h g a?

3

=h—.4.3x2

Figure

=33 h(®-1?)

dv

o =33 (0°-3h)

1
V is maximum when h = ﬁ .

57. for x>d, f(x) =4x—-(a+tb+c+d)

= ffx)=4 = fxi T

for c<x<d, f(x) =2x-a-b-c+d

= ff®=2 = fxi?

for b<x<c,
fx)=x-a+x-b+c—-x+d-x=c+d-a-b

= f'(x) =0

= f(x)=constant

for a<x<b,
fx)=x-a+b-x+c-x+d-x=b+c+td-a-2x
= f'x)=-2

= f(x)is ¥

for x<a f(x) is again decreasing . Hence f(x) is least

when b<x<c.
v

As shown : W (
T t X

Ol a b C d

59. f(x)=x(22+42.x2+62.x* +....+1002.x*}
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APPLICATION OF DERIVATIVES

1-Inx
60. A'=—F—=0atx=e
X
—x—-2x2 —1Inx
JO LR T
X
A"<Qatx=e = maxima
1

max/x=e - e

_I=x t+3x—x’
cos(m—20)= " 67. f(x)= —
1 1 2
_ - - - x-4)(3-2x)—-(t+3x—-x")
Area 5 X.Xtan0 gsin’ 0.c0s0 £ (x)= B}
. 3 2
Minimum area when tan6 = 1 =>X= 3 for maximum or minimum, f'(x)=0

1 . -2+ 11x-12-t-3x+x*=0
61. f(x)= = {1+ cosx} sinx
2 ~x2+8x—(12+1)=0

_sinx  sin2x for one M and m,
2 4 D>0
P = 5% COZZX 64-4(12+0)>0
) 16-12-t>0 = 4>t or t<4
_ 2cos”x+cosx—1 _ (2cosx—1)cosx+1)
2 2 o H_H-h
+ - . ==
t t t R T
0 w3 S=2nrh
) B B 3B .
f 3)= 7 tg T g cmaximumvalie AT

f(0) = f(r) = minimum value
62. obviously fis increasing and g is decreasing in (x, X,)
hence f(g(oc2 - 2a)) > f(g(3oc —4)) as f is
increasing
= g(a’-20)>g(3a—4)
a?—20<3a—4 asgis decreasing
a?-5a+4<0
(a—1)(a-4)<0 = ae(l,4

Inx
63. A= —
X

(e,1/e) +

P R -
2
dsS
O .
o f —
sign o ar
) R
Maximum atr = E
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EXERCISE -2
7. r= é Part # I : Multiple Choice
S
— . — . . d
where A =Area of triangle CPQ and s = semiperimeter of L @A) 2y_Y: 4o — ( d_y) _ 2a _ ??z ~m,
ACPQ. dx dx/, 'y, e™*
o’sin20  a’sin20 o sin26 &) o1
25 2042050 2 1+sin® For 11" curve (—] == ¢’ T3
dx 2 2a
sin 20 m, m,=—1
; = 1772
Consider f(0) I 2sin®
o (&)
(B) 2y (dx 1 =4a ; 2x=4a dx/,
2a X
- — _ 2
2 M= Y1 y 2a
(0] ? o 2_4 . 2_y ..
Yi axy ....(1) X{ =4ayj ...... (i)
P Q mym, #-1
a'2
, (1+sin0)2cos20—sin 20.cos 0O ©) y=—; x*-y*=b?
F®)= (1+sin0)° =0 X
2(1 + sin@)(1 — 2sin?0) — 2sind (1 —sin*0) =0 i X
m; = z;2x172y1m220:>m2:
2(1 —2sin?0) =2 sin6 (1 —sind) Y
1 — 2sin’0 = sin0 — sin’0 _?  _a
. . . = = =_1
sin’0 +sin0—-1=0 m;m, XY, a2
. —1£v1+4 . 5-1
sinf = — Soosinf= ———
2 2 dy
D) m=-—"=a; 2x+2ym,=0
74. Let d be distance between (k, 0) dx
and any point (x, y) on curve. X
my=— "
d= \J(k—x)*+y’
_ ax a
d= x> +20-K)x+k’ mymy = —— :,ﬁz,l

(7 y?=2x-2x%).

. Jacok® —4a -k 3. f0)=2¢-32+M)xX+122x
Maximumd = 4(_1) f(X) — 6X2*6(2+ 7\‘) x+ 1200

D>0
Maximumd = ~/2k? — 2k +1
36(2+ AP —24.12.1>0
= (A-2)>0
= A#2

so required set is option (A,C,D)
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APPLICATION OF DERIVATIVES

4.

2y’ =ax?+x’

dy
6y? = 2ax + 3x2

d_y 5a’

_ 3
dx|,. 62> 6

Tangent at (a, a) is 5Sx —6y=—a

_—a.,_32
=3B

a2 2
+pi=61 = ——_—+— =61
P 25 36
a>=25.36
a==x30
Ay o
dx
d
i =K% =tand
dx|, _,

(where 0 is angle made by x-axis)

Let ¢ be the angle made by y-axis

3n
tan® =tan| ——¢ | = 0
( > ¢j cotd

(m—0)
coth= K?

d=cot 1 (K?) 9

=sin~! (—1 )
e L\/I +K4J

f0)=0=1f(1)

there willbe no x € (0,0) (.. Rolle’s theorem is not ap-

plicable)
for which f’(x)=0 i.c, cot'x= 5
1+x
| 1 1+x%)-2x’ _4 x2 -1
’(x)= 2 7( ) 7 . >+ 2
1+x (1+X2) 1+x (x2+1)
-2
’(x)= ——<0
= Gy

f’(x) is strictly decreasing

lim £(x)= lim( = tcot! xj =0
== o 14 x

f(0+) = lim | cot 'x ——— | ==
%) x%[co * 1+x2j 2

f(x+z)—f(x)

T

T
=~ M i
2/m © ce [0’ 2)
(.. LMVT is applicable)

(c)< X
f(c)<2
f[x+zj—f(x)<2xE
i n 2
f(x+2j—f(x)<1
T

f’(x) 2 0; f(x) is increasing

f(x) [f(0), f{=0))
f(0)=0

. . ._cot'x
lim f(x) = limx cot ' x = lim

X—® X—>® x>0 1/x

.-l
= lim
o] 4 x

f(x) €[0,1)

f(x) = sec x will have no solution

x(—x")=1

2

sec” X(cosX +X) (cosX —X)
(1+x tanx)’

f'(x)=

The only factor in f'(x) which changes sign is cosx —X.

Let us consider graph of y = cosx and y=x

y =X
\\ =C0S X

0 %o =,
Figure
It is clear from figure that for x € (0, x,), cos x —x >0

and for x (xo,g)

cosx—x<0, = 1 (x) has maxima at x,

10. (A) f(x)hasno relative minimum on (-3, 4)

B3
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MATHS FOR JEE MAIN & ADVANCED

(B) f(x) is continuous function on [-3, 4]
= f(x) has min. and max. on [-3,4] by IVT
(©) f"(x)>0= f(x)is concave upwards on [-3, 4]
D) f3)=f(4)
By Rolle's theorem
c e (3,4), where f'(c)=0

= critical pointin [- 3, 4]

_2(x-2)+3

11.
y x—-2

3
x=2)

d}xi(X—z)2

y decreases V x € R

y=2+

2y -1

Now, x= yj
Xy —2x=2y-1
y(x—2)=2x-1

B 2x—1
y X—2

=f1(x) [Also,y € R—{1}]

14. Slope of tangent =1
f(x)=1
x2-5x+7=1
x2=5x+6=0

x=2,3

8 7
f(2)= g,f(3): 5

9. 54
> f(0)=1(1) &'f is continuous in [0, 1] &
derivable in (0, 1)
fi(c,) =0 for atleast one ¢, € (0, 1)
Similarly, - f(1)=1(2)
f'(c,) = 0 for atleast one c, € (1, 2)
= f(c)=1(c)

= {"(c)=0foratleastone c € (¢, c,)

20.

A) f(x)=x—tan'x

1 x?

f'x)=1- =
) 1+x* 1+x?

>0

= fisincreasingin (0, 1)
f(x)>f(0) but £(0)=0
f(x)>0 = x>tan"'xin(0, 1)

(B) f(x)=cosx—1+ %2
f'(x)=—sinx+x=x—sinx>0 in (0, 1)

= (B)is not correct

(©) f(x)—1+xln(x+ Vl"'ij - J1+x2

1 2x
I+
2 J1+x* 2 X
£ (x)= x| ——YL+X" +ln(x+\/1+x )—
x+1+x> N1+x?
:—lji7+ln(x+\/1+xz)——H)i7 >0V xeR

= (O)istrue

2

D) f(x)=x— %—ln(l+ X)

7(1—x2)—17 x? <0
I+x

1
S P

= (D)is correct

hence f(x)is decreasingin (0, 1)

dx 2(—cosec2t)

dt cott

=Sy

AT

d

& sec? t - cosec’t
T dy

tt=— T —g

wtTy dt

d
d_y =0 for tangent & hence it is parallel to x—axis & its
X

normal is parallel to y axis

B3
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APPLICATION OF DERIVATIVES

=x2 T
24. 2y=x 28. f(x)= Jcostcos(x—t)dt (D)
2y’ =2x 0
y'=h = I—cost-cos(x —n+t)dt (using King)
0

Equation of normal at (h, k)

(y-k)= —%(x —h) f(x)= Icost-cos(x +t)dt ...(2)

As it passes through (0, 3) (1) +(2) gives

So.B-kyh=-(h) = G-kh=h 2f(x):J.cost(Zcosxcost)dt

o, h3-k-1)=0 0

, h(2-k)=0 T ™2

or, ( ) f(x)=cosx Jcosztdt =2cosx Icosztdt

or, 2h—hk=0 0 v
h? h? TCOSX .

or. 2h— — =0 Q k= Y f(x)= Now verify.
2

or. 4h—h*=0 Only (A) & (B) are correct.

or, h=0, £ 2

‘ , 30. fx)= [V1-t* dt
. Required points are (2, 2) & (-2, 2) ) ('[ B>

(Rejecting (0, 0) since, its distance from point (0,3) is —x 1
o fx)= [ V1 -t* dt
3 which is not shortest.) 0

X
1 1 1 = —j\/l —u* du (Putt=-u)
0

. =2- - =1- +1-
26. £(0=2- 7 N -+ ——
) ! f—x) =—(x) = 'f' is odd function.
X
= 115’ +[ - m} 20 Check other options.
27. ¢$(x)=13(x)— 31 (x)+4f(x) + 5x +3sinx +4 cos x 31. f(x)= e
X
9'(x)=(3f*(x)— 6f(x) +4)f'(x) +5+3cos x—4sinx......(1) £(0) — oo tangent is vertical at x = 0
3cosx—4sinx>-5 Equation of tangent at (0, 0) isx=0

5+(3 cosx—4sinx)>0 Equation of normal is y =0

fx)=f'(x)
also 3fA(x)—6f{x) +4>0 = D<0
1
Px)>0 VI'(x)>0 X =x = x=x
Now let f(x)=—11 = x=0;1 ;-1
O'(x) =—11(3f%(x)— 6f(x) +4)+5 +3cos x —4sin x 36. y=x"3(x-1)
Now 3f(x)—6f(x) +4> 1 dy 4 1 1 1
—==_xP__ =—[4x—1]
= —11 32X -6f(x)+4)< —11 ... (i) x 3 3 x¥ 3P
3cosx—4sinx <5 1 1
= 5+@Bcosx—4sinx)<10 .. (iii) hence  fis Tfor x> 4 and £ for x< Z
(i) + (i)
= —11(3f¥(x)—6f(x)+4)+ 5+ (3cosx—4sinx) <—1 x*"is always positive and x =1/ 4
= dx)<-1 the curves has a local minima
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MATHS FOR JEE MAIN & ADVANCED

4 |
now f'(x)= e formeN
3 n— 1 must be odd = nis even

(non existent at x = 0, vertical tangent)
1 12 l 44. (A)letf(x)=sinx—e™

' x )__F 35 then f’(x)=cosx+¢e™

b ) 1 2 [2x+1 Now between 2 roots of f(x) =01i.e. e*sinx =—1
T oox?? X

T ox there will be one root of f*(x) =0

X
1 . ' sinx —e™
) (inflection point)
graph of f(x) is as (B) Let fix)=x""+sinx— 1

y f(x)=100x*+cosx>0,x € [0, 1]

f"(x)=0 at x=—
e*cosx=-1

= f(x)is increasing.
(C) Suppose f(x) = ax*—2bx? + cx, then clearly f(0) =0
AT and f(1)=a-2b+c=0,
2N > f(0)=1(1)
By Rolle’s theorem f'(x) =3ax?—4bx +c=0

1 3 4/3}1 for atleast one x in (0, 1) which is positive
0 n dy 2a e%

Ja=7] 9 Ohy=4x = =7 y

:7 4: T &y 12 -

2a

38. ' () = B0 — 6(f(x)) + 4)T(x) + 5 +3 cos x —4 sin x a2 2
—V9+16<5+3 cosx—4sinx<5+/9+16 Product of slopes = (2—;j (;—Zj -1
adding (3(f(x))? — 6(f(x)) + 4)f (x) |
(B(f(x))* - 6(f(x)) + H (x) <¢’ (x) < B(Hx))* 45. ) = x+1y ~ 3x+sinx
~ 6(f(x)) + Hf (x) +10 Domain of 'f' is (—e0, —1) W (=1, )
> 3(f(x)P—6f(x)+4=3(f(x)=1)2+1>0 |
(3(f(x))?— 6(f(x)) +4)f (x) >0 when ever f(x) is f'(x)=-3 [m +1 J +cosX.
increasing.
= f'(x)<0 = fis decreasing
= ¢ x=0

. . . : Lim fix) »>c0 Lim f(x) >0
= ¢ (x) is increasing, when ever f(x) is increasing. x>l x>l

If f (x)=—11then Lim f{x) —»—oo Lim f{(x) — o
B(f(x))*—6f(x) +4) f'(x) +10=-33 (f(x) - 1)*-1<0
= ' x<0 = ¢ (x)is decreasing.

41. fx)=x-1)" '(x+ )!

2n+Dx*+2n+ 1)x*+2(n—1)x—1]
At x=1 2mn+Dx*+Q2n+Dx>+2(n-1)x—1%0 = f(x) =0 has exactly two roots.
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APPLICATION OF DERIVATIVES

RS x-3 . 1)?
46. ' (x)= and f"(x) = .Now interpret ) = - _x=D) s
x’ x* S0 T0= 1 F T 2x(1+x%) O
y f(x) is decreasing V x> 0.
1/4 e : :
: : X On | —, /3 |, greatest value is
oo 1 2 3 {ﬁ f} ¢
ol _El.[Lj d least value i
)6 2 n| 3 ) and least value is
15 100 ~40.12x(x +3)(x — 1) |
. fx)= i
(3x* +8x’ —18x* +60)° -2 _Ze _
| f(J3)=3 - 73
f'(x)=0 . L
0 -
signs of f (x) Part # 11 : Assertion & Reason
at  x=0, x=-3,x=1 3. Statement-II:
so atx=0, f(x) has local minima. ) f(x) is continuous, derivable & f(1)=1(2) =0
and atx=-3, x=1 ; f(x)haslocal maxima = f'(x) =0 has atleast one root in (1, 2).

= e'™(2x-3)+10e'™(x*-3x+2)=0
has atleast one root in (1, 2).

= 10x*>-28x+17=0 has at least one rootin (1, 2).

40 —40
(=53, f-3)= —5 f3)<0.1)>0and f(x)#0

= f(x)is undefined at point(s) in (-3, 1). Hence f(x) has
Statement-1 is true & statement-II explains statement-1.

no absolute maxima.
4. 7 (x)=50x*-20x"
49. g(x)= 2f(%)+f(l—x) =10x"(5x - 2)
and 2'(x) = £'(x/2) - £'(1 — x) x = 0 is stationary point. Statement-2 is ture.
f(0)=0

Now  g(x)isincreasing if g'(x) >0

(5)zras (&7)-6-6

[* f"(x)<O0i.e. f'(x) is decreasing] f1)=0
- % <1-x — x<2-2x Global maximum is 0. Statement-1 is true.
) 5. Consider f{x) =x"*
= 3x<£2 = x<2/3 = 0<x< 3 + —
3 I-Inx —t»—-—
. : f(x) =x" vx>0 O e
= g(x)increasesin0<x<2/3 x?
and g'(x) <0 for decreasing . atx =e, f(x) has absolute maximum value.
X 31/3>41/4:21/2'
= f'(ij <f(l-x) = —>1-x
2 2 Hence both statements are true & statement-II
= x22/3 = 2/3<x<1 explains statements I.
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2

xxif x20 13, LI = ————
6. f(x)—[ _ x> +200
x++/—x if x<0 0 2x(x* +200)-3x*  x(400-x*)
X)= 3 N K
The graph of f(x) is shown with " (x) = 0 as x=— 1/4. Also (<’ +200Y (<’ +200Y

derivative fails at x = 0. Hence there are two critical points.

+ —

0  (400)"

(400)1‘3 '

St. IT is false.

d St. I') f(x) has maxima at x = (400)'" & 7 is the
y

7. d_ =7x04+24x>+2 closest natural number.
X

which is always positive . a_has greatest value for n = 7.

2x+2
16. f(x)=m(2+x)—

8. —-— is continuous in (-2, o)
4 (x+3)* —4(x+2)
= T T e e+
x> +2x+1 (x+1)°
From figure st. L is false, because f{0-h)< f0) TGy 23y
st. I is obviously true. (f'(x)=0 atx=—1)
10. Let f(x) =0 has two roots say x =T, = fisincreasing in (—2, o)
and x=r, where 1,1, € [a,b] also Lim f(x) —>—o0 and Lim f(x) - o0
= f(r)=f(r) o H"
hence there must exist some ¢ € (r,, 1,) where f' (¢) =0 = unique root
but f'x)=x-x>+x*—x}+x2—x+1
forx>1, f'®=-x)+x*-x)+x*-x)+1>0
for x<1, f'x) =(1-x)+x*-x)+x*-x)+x>0
hence f'(x)>0 forallx
Rolles theorem fails
= f(x)=0 can not have two or more roots.
12. f(x)= );1/; (1—-®nx)

f'(x)<0,whenx>e
f(x) is decreasing function, when x > e
n>e = f(m)<fle)
ot <el® = e>r

Statement-1 is True, Statement-2 is False
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EXERCISE -3

Part # I : Matrix Match Type

(A) xlogx=3-x |
y=xlogx
y'=1+logx

- + ,
S B —— —1/eb--=-5
0 1/e (.0)

. logx 1/x _
lim 1 735?* _ =0
x—0 A 1/ x

Lim xlogx — oc

There is exactly one root of the equation in (1, 3).

(B) Let g(x)=](4ax®+3bx?+2cx+d) dx

= gx)=ax*+bx’+cx’+dx+K

= g0)=g(3)=K {> 27a+9b+3c+d=0}
By Rolle's Theorem
g'(x) = 0 has atleast one root in (0, 3).

(C) Let the required inteval be (a, b).

ByLMVT
f(b)—f@)
“h_a =1(c)
b+£—a—L
= M:l,—z
b-a c
1 L*1 - b=3
= l-—=1-7 = ab=
f(b)—f(a)

0) = =10
(2b—b2)—(2a—az)_
= b_a =2(1-¢)
2b-a)-@" -2>) _,
b-a

= 2-(bta)=1 = (bta)=1

(A) f(x) is continuous and differentiable f(0) = f()

Hence condition in Rolle’s theorem and LMVT are

satisfied.

B) f(1H=-1,{(1)=0,f(1")=1

. . . 13
f(x) is not continuous at x = 1, belonging to [E,E}

Hence, atleast one condition in LMVT and Rolle’s
theorem is not satisfied

2
©) Px)= g(x— 1), x#1

Atx =1, f(x) is not differentiable.

Hence at least one condition in LMVT and Rolle’s theo-

rem is not satisfied.

(D) Atx=0 1
el—l -0
LED. = limtase! o-l_
= l1im =] =_
T e x—0 0+1
RHD.=1

Atx =0, f(x) is not differentiable

Hence at least one condition in LM VT and Rolle’s theo-

rem is not satisfied.

y=ax’*tbx+c

- Points A, B and D lies on the curve.

4da-2b+c=3
a-b+tc=1
4da+2b+c=7

Solving the equations we geta=b =c = 1.
y=x’+x+1

To maximize area of V\ABCD, we maximize area (ABCD).

2 1 -2 0
To maximize Area(ABCD) we have to maximize h (as
shown in figure)

for maximum h

= Slope of BD = Slope of tangent at C

720wt
271 &*D

B3
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(© Lety=-3+4x-x>

X =

N | —

Yo T2 T T

1 7)
C5(2’4 @

On the basis of this the coloumns can be matched. c
5,—4
6. (A) LetPQ=x p( )
4— L
Then BP = ZX Frglie
2+ 2 _ 4L, 23 5
.PS:4__Xt o0 \/?—)(4_)() x*+y*—4x+3=0
. 2 2 (x—2)*+y*=1, center C = (2, 0)
A
Consider point P(5,—4)
s R CP=\9+16 =5
Maximum value of
B 60° c 2
TXp X Q (\/—3+4x—x2+4) +(x=5) is (5+ 1)2=36.
Figure
D)
NG
area A of rectangle = > (4-x)x
NG
dx *7(4—2X)*0 = x=2
d’A
=_ <0
dX2 \/g

22—
A is maximum, whenx =2. Xy =5

a’ .
Maximum area = g 22=2.3. 2 5 cos0, b= /5 sin0

Square of maximum area = 12 Let f(6) be perimeter

(B) Dimensions be x, 2x, h f(6)=2a+2b
72=x.2x.h =2./5 (2cos0 + sin0)
36=xh ...(1) £'(0)=2+/5 (~ 2sind + cos0)
=4x2+
R =4 " f"(0)=2 V5 (<2c0s0 — sin0)
S=4x*+6 36 1
x X f'(0)=0 = tanezg and f"(0)<0
@ -3 ﬁ _ M = f(0) is greatest
x Tk x>
a=4,b=1
Forleast S, x =3 and least S is 108. R
a’+b>=65
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APPLICATION OF DERIVATIVES

d d
7. (A 4yd—z=2ax:> 4d—z:2a

%:—73 =—1 = a=2
2y’=ax’+b

2=a+b

b=0

a-b=2-0=2

(B) Slope of normal = -1

dy
Slope of tangent =1 = —
dx

dy

18y — =3x%°
ydx X

18b = 3a?
7£ (')

6 ..... 1

Ob’=a* ... (i)

M. _4.p= B _8
36 ¢ T ATTRT T3
bod4 > -2

ATPTETE T3

7
(©) (1, 2) satisfies y=ax*+bx + 5

7
= 2=a+b b = a+tb= b

dy
_x =2ax+b=2a+b

d
for II™ curve o 2x+6=2
dx

1
Slope of normal = B,

datbe -t
"""

Solve fora & b

(D) Put, (1, 1)
dy
— =2
dx
y+txy' +ta+by'=0
1+2+a+2b=0
at2b=-3 . (ii)

get the values of a & b

l+at+tb=0 ... (i)

Part # II : Comprehension

Comprehension # 1

f(x) =x*f(1)—xf'(2) + £"(3)
fl0)=2 = f"(3)=2

fix) =xf(1)—xf'(2) +2
f'(x)=2xf(1) - f'(2)
f'Q)=4f(1)-f'2) ... @

£(x)=2f(1)
£1(3)=2f(1)

2=2f(1) = f1)=1
£12)=4()~£'2) (from (i)
f1(2)=2

f(x)=x>-2x+2

1. f'x)=2x-2
= f'(1)=0

2. f'x)=2x-2 = f'(3)=4
equation of tangent at (3, 5) is
y—5=4(x-3)
y=4x-7

3. 2e*=x>-2x+2

interseting at (0, 2)

) ()
dx ), > \dx ),

. . m, —m,
angle of intersection =
1 +mm,

_6 N
tan0® = 7 = 0 =tan 7

Comprehension # 2
1-3

da
— =2 = a=2t+c
dt

> ¢=0 {r
a=2t

a=0,whent=0}

the curve y=x?—2ax + a’+ a becomes

y=x?—4tx + 4t* + 2t

B3
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if x =0, then y = 4t* + 2t

dy

— =—4t
dx

dy
ix 2x — 4t

at x=0
equation of the tangent
y— (42 +2t) =—4t(x—-0)

le. y=—4tx+42+2t

vertex of y = x2 — 4t x + 4% + 2t is (2t, 2t)
distance of vertex from the origin =2 V2t

rate of change of distance of vertex from origin

with respecttot =2 2

e k=242

c(t)=4t>+2t

c dc
— =8t+2 . =162 +2
dt 8 dt att:Zﬁ 6\/_
o=162+2
m(t) =—4t
m_, . dm
dt o . dt att=1 -

F(x)=8x3+4x>+2bx+1
£ (x)= 242+ 8x + 2b=2(12x2 + 4x + b)

for increasing function, f'(x)>0 V xeR

1
D<0 = 16-48b<0 = bz; = (©
2. ifb=1
f(x)=8x>+4ax’+2x +a
£'(x)=24x>+8ax +2 or 2(12x>+4ax+1)

for non monotonic f' (x) = 0 must have distinct roots

hence D>0

ie. 16a2—48>0 = a?>3;
a>.[3 ora<-.f3
ae2,3, 4.

sum=5050—-1=5049 Ans.

3. If x;, x, and x, are the roots then
log,x, +logx, +log,x; =5
log,(x,x,x;)=5
X, X,X, =32

=32

= a=-256 Ans.

oo |

Comprehension # 4

2. Atx=-5f"(x)changes from+ ve to—veand x =4, ' (x)
change sign for + ve to — ve hence maximaatx=—>5 and
4. fis continuous and f' (x) is not defined hence x =2

must be geometrical sharp corner

Comprehension # 7
f(x)=3x*—4x* - 12x*+5
f(x)=12x*—12x>—24x

=12x(x—-2)(x+1)
a=—l,a,=0&a,=2.

/D
A [¢) B/

D C

on the basis of above graph, the given questions
can be solved.

Comprehension #8

x+1
In| —
. 1 . X ©
1. Limxhh|l+—|=Lm—=>-<2 —

x>0 X x—>0° l 00
X
Using L'Hospital's Rule
| = Lim _(L_lsz _ Lim (l— ! j-xz
x—0 x+1 X =0 \x  x+1
. 2 . X

=Lim ‘X" = Lim =0 Ans.

S0 x(x+1) S0 (x +1) ns

B3
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2. Lim f(x)=1 (canbe verified) X +sinx
0 f(x)= , x € [0, 7]
Lim £ =< ’
Also fisincreasing forallx>0 = (D) Now let m<t<2m,
y then f(t) + f{2n—-t) ==
e — , 2n—t+sin(2n—t)
. e f(t)+ =
(can be verified) 0.1) 2
’ X .
t st
o ie f(t)-&-n—z—T:n
) -
3. I= 1+— . t+sint
iy k e fin="—
n\)n X +sinx
{given f(x)=(1+ 1/x)* and f (k/n)= HE } o f®)= T formsx<2n
taking log, X +sinx
/ Thus f(x) = 5 for0<x<2xm
R A n )"
nl= I,;E}};kz;ln(l + Ej Also f(x) = f(4n—x) forall x € [2m, 47]

= f(x) is symmetric about x =27

1 &k 1
= Lim—> =In| 1+— |d
im E_ n( y j X

n%aon k—]n
1 1
= -hln 1+—jdx .
01l 142 43 0 2n 4n
I Figure
—ln(l+lJ«X—z}l+‘i‘(l_LJ.x_zdx o from graph of f(x)
X) 20, o\x x+1) 2 o a=2m-0=2n
B=a
1 1 px+1-1
£—1H2—0j+5£ x+1 Maximumvalueisf(2n):n:%

1 1 1 Comprehension # 10
EIHZ+E[X—IH(X+1)]O f(x):tan’l(.nx)

1. »»r tan’'(x) & ®nx are increasing functions.

1 1 1
- zln2+5[(1—ln 2)-0] = b = f(x) is also increasing function.
/= Ans. T
Je 2.  lim tan’'(®nx)—>-— 5
x>0
Comprehension #9
. T [(-mm
1-3 lim tan™' (®nx) > — = range of'f'is [—,—j .
X—®© 2 22
s
Let g(x) = = ;mx , X € [0, ]. g(x) is increasing

function of x.

range of g(x) is [0, g}
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3. From graph, g(x) is discontinuous at x =x,, X, X, 12 2
tan”'(®nx )=—1; tan"(®nx,)=0; tan”(®nx)=1 L4775 %3

— 1 . — 1 . — @tanl f = — y6 2 5 + 2 4

= xX=F—; Xx,=1; x,=¢ (x)73x— 5 X t2x

f(x) =4x>— 12x*+ 8x’=4x7 (x* - 3x + 2)
tan | +1>3.
e =4x3 (x-2) (x-1)

— atanl
xl+x2+x3 e 4

Comprehension # 11

LGS
X
1
Lt —en| 0 Lo
x—-0 X
1 0 I On the above basis the answers can be given.
X

e L on(gﬁ+1]—z .......... a)

x—0 x X3

for limit to exist

1o

= fx)=ax’+ax’+ax

Also  f'(0)=f'2)=f'(1)=0
f'(x) = 6a,x’ + 5a x*+ 4a x’

=x’(6ax’+ 5ax+4a)

f'2)=0

= 24a,+10a +4a, =0 ... ?2)
f'(1)=0
6a,+5a +4a,=0 .. 3

Consider eq". (1)

1
In u[ﬁﬂuy =2

x—0 X3

- f(x)
on e(xhﬂ)?) =2
:>ij;[0 aox6 + a;:s +a2x4 %
= a, =2
Putting a, in (2) & (3)
24a,+10a, =-8
6a,+5a =-8

on solving this we get
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EXERCISE -4 5. Att=0 the point is origin
dx . 2t+Csinl /=0
2. f(x)=sin2x—8(a+ 1)sinx + (4a>+8a— 14)x e .
f(x)=2cos2x—8(a+ 1) cosx+ (4a>+ 8a—14) o
f(x)=2(2cos’x—1)—8(a+ 1) cos x +4a’+ 8a—14 dy _ hmﬂ =1
=4{cos’x —2(a+ 1) cosx} +4a>+8a—16 dt =0t
=4{cosx—(a+1)}2-20>0 ﬂzl_
x 2

:{cosxf(a+1)}2,(\/5_)z>0
f(x)={cosx—(a+1)—~/5 } {cosx—(a+1)++/5 }>0

. . 1
equation of tangent is y — 0 = E(X -0)
=cosx>a+l +\/5_ orcosx<(a+ 1)_\/5 equation of normalis y—0=-2(x—0)
vVxeR 7. Let AC be pole, DE be man and B be farther end of

at+1+4/5 <-1 or (a+1)—+5 >1
a<—2—\/§ or a>\/§

shadow as shown in figure

From triangles ABC and DBE

45 15 c
ae(—0,-2-5)U(f5 ,0) X+y |y
E
4. (B) f)=—(x— 1) (x+1) 1y sk .
P()=—{3(x - 1(x+1 )+ (x -1 ) 2(x + 1)}
=—(x-12x+1) {3x+3+2x -2} Ao by B
= —(x-1)?x+D(Bx+1) d q d
_ . g, xty)= ot
' : ; dt dt dt dt
-4 1 =4+2=6
5

fa) f(b) f(x)
10. Considerg(x)=|0@) ob) o)
v@) yb) yk

Apply LMVT in g(x) in [a, b]

(© fx)=x &nx 12. Let the pointis (X, y,)
f(x)=1+®nx | A % Slope of line joining (0, 0) & (x . y,) is
f'(x) = 1 >0 0 < m= 2t

(x)= % e 1T X,
= concave up .
, 22
Lt yenx=0, It xenx—>w Cx+2yy") X X
x—0" > X—m (x2 n yz) = y2
(1 + —J
X
2(x +y1y) _ Cy'xi —y1)
&7 +y1) i +y1)
(1.0) 2x, +2yy' =Cx)y' -Cy,

2x,+Cy, =y ' (Cx,-2y))
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14.

15.

20.

22.

_ 2x, +Cy))
YT (Cx, -2y)

2

m, —m,
Calculate tan0= |7 |

I +m;m,

Let (h, k) be point of inflection h sin h =k (i)

y' =sinx + X cosx

y'" = cosx + cosx — X sinx

y"'=0 = 2cosh—hsinh=0= 2cosh=k ...(ii)

sin?h+cos?h=1

K* K

w4
locus y2 (4 + x2) =4x2

1 = 4k2+h%k2=4h

2ax 2ax-1 2ax+b+1
fx)=| b b+1 -1
0 0 1
(R,—>R,— (R, +2R))
f(x)=2ax+b = f(x)=ax>+bx +c

f(x) is maximum at x = 5

f’[%)—o = S5a+b=0 26.
f0)=2 = c¢=2,f(l)=1=at+tb+c=1
azl, bz—i, c=2
4 4

1 5
f(X): ZXZ —ZX+2

f(x,)=g(x,)=0
mm,=~-1 and |m|=|m,)]
= m=1;m=-1o m=-1;m,=1

y=fx) \y=9g(x)

lhirg [(0+h) (0-h)]= lhirg [0-h¥]=-1

ax’+2bxy+ay’-c=0 ... (i)

dy

&:

2xa+2b(y+xﬂj+2ay 0
dx

dy _-Qax+2by)
dx  2bx+2ay

bx +ay

slope of normal = ax +by

slope of line joining origin & point (X,, y,) SRiR
X

minimum distance is along normal.

bx, +ay; y
o et o =
ax; +by; x;

= X, Ty, 00X, ==y, (ii)

from (i) & (ii) required points are

C C _ C _ C
forx,=y,; \2@+b) V2a+0) ) & [ V2a+0) \2@+0)
+ C C
forx=-y | = 2@-b) \2@-b) not possible

sincea—b<0

f(x) =sin’x + Asin’x

f'(x) = sinxcosx(3sinx +21\)

f"(x) = 6sinxcos?x — 3sin’x + 2Acos2x

f'(x)=0 = sinx=0 orcosx=0o0r sinx = _i_}‘

;r&O'f—E<X<E
cosx#0i 5 2

sinx=0 = x=0
-2\
3

sinx =

“1<sinx<1 = _1<_T<1

2 2
A # 0 otherwise there is only one critical point.
IfA>0,then f"(0)>0

= x =0 point of minima & f'(x) changes sign from

.2 .
positive to negative for x = sin ! (Tj (point of

maxima).
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27.

30.

If L < 0 then x = 0 is a point of maxima while

x =sin”! (Tj is a point of minima. Thus for

AE (—%, %j — {0} function has exactly one maxima &

exactly one minima.

Let No. of children of john & anglina=y

X+t +y=24

y=23-2x

Number of fights

F=x(x+1)+x(23-2x)+(x+1)(23-2x)
=_3x>+45x+23

df
&:O = —-6x+45=0 = x=7.5

But 'x' wil be integral.
checkx=60rx=7

F=191

Any point on curve y = x* is P(t, t)

ﬂsz
dx

equation of normal at (t, t?) is
P=m (x-0
_ =—— (X —
Y 2t

Solving with y = x* we get

- 1
xzftzz—l(xft) = (xt)(’“‘“‘_jzo
2t 2t

= Xx= 't—L
X 2t

So normal cuts the curve again at

changes sign from negative to positive about

36.

37.

1 1
t=—— t=—

3 as well as 3
(No chord is formed for t = 0)

1
z i1s minimum at t = i_\/z & minimum value of

z=PQ*=3
Shortest normal chord has length \/g & its
equation is x+\/5y—\/5=0

or X—\/Ey+\/5:0

Let the vertices L, M, N of the square Sbe (1, 0), (1, 1) &
0, 1 the
origin. Let the co-ordinate of vertices A, B, C, D of the
quadrilateral be (p, 0)(1, q)(r, 1) & (0, s)

respectively & vertex O be

Then a2=1-pP+¢ N C—M
b=t .
c2=(1-s)3+r?

) O A L

d?=p?+¢?
Thusa’+b*+c2+d>=(1 -p)*+q*+(1-q)°
+(1 -1+ (1 -s)P+r*+p’+s?
Let flx)=x*+(1-x)* 0<x<1
f(x)=2x—-2(1-x)
fx)=0 = x=12
f'(x)=4
= f(x) is minimum at x = 1/2 & max. value of
f(x) occuratx=0,x=1
12<f(x)<1

So 2<a’+b*+c?+d*<4

A+B+C=n = dA+dB=0—=dA=-dB
_ _ 2R - constant

snC _2R= constan

a=2RsinA = da=2RcosAdA ... (i)

similarly db=2RcosBdB ... (ii)

Divide (i) by (ii)
da _ cos A(dA)

db cosB(dB)
N % _ cos A
db cosB

B3

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141



MATHS FOR JEE MAIN & ADVANCED

4.

EXERCISE -5

Part#1: AIEEE/JEE-MAIN

2.

f(x) =2x*-9ax>+ 12a’x+1 a>0
o f(x)=6x>—18ax + 12a?
S f'(x)=12x-18a
for maximum or minimum
6x2—18ax +12a2=0
x?—3ax+2a’=0
Xx=a or x=2a
maximum at X = a and minimum atx =2a
- (a>0) given)
p=a, q=2a
L Pp=q
a’=2a
a(a-2)=0
a=2

2

1 1
fx)=x+— fx)=1-—=
X X
x==1
o 2
(x)= N

minimumatx =1

u=+Ja’ cos> 0+b* sin’ 0 + yJa’ sin> +b? cos’ 0

w2=a2+b>+2 /@@’ cos’ 0+b” sin® B)(a’ sin> 0+ b’ cos’ 0)

a* cos® Bsin® 6+a’b* cos* O
w=a’+b’+2 212 - 4 4 -2 2
+a“b”sin” O+b” sin” Ocos” O

w=a2+b2+2 [a’b*(1 -2sin’ Ocos’ 0)
+a* cos® Osin® B+b* cos® Osin’ O

=a>+b2+24/a’b> +(a* —b* —2a°b? )sin’ Ocos’ O

. 2
_elerb2+2\/212b2 +@ -b’y x(smzzej

=a>+ b+ \J4a’b> +(@’ —b’ ) sin’ 20
u?is maximum when sin?20 = 1

u?is minimum when sin?20 =0

2 2
Umax) ~ Ymin.)

2(a+Db?) —(a+b)?
2a’+2b%>—a’—b?—2ab
a?+b?—2ab=(a—b)?

x=a(l + cosB), y = asin0

T
do = —asm 5 40 = acos
dy cos dx) sin®
IEI slope of normal = | — |=——
dx sin 9 dy ) cos®

. sin
y —asinf = . (x —a—acos0)

0s0

ycosO — asinB cosO = x(sinO) — asinB(1 + cosO)
xsin® — ycosO = asinO(1 + cosO — cos0)

clearly passes through (a, 0)

Check the option one by one
third option f(x) = 3x>—2x+ 1

f'(x)=6x-2>0 x > 1/3 itis incorrect

x =a(cosO + 0 sin0) & y = a(sinb — OcosO)

& in6 + sinb + O cosO
m = a(—sinO + sin cos0),

dy .
—— =a(cos 60— cos O + 0 sin 0)

do

Cdy  sin0

" dx  cosH

lope of normal = — <22 __ cot0
slop€ oI normal = — sme =—CO

it makes angle (g + q) with the x-axis

cos0

sin 0

eqofnormaly—asin®+a6cos0=—

(x—acos0— a0sin0)
= xcosO+ysinO=a.
Hence it is at a constant distance 'a' from the origin.
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APPLICATION OF DERIVATIVES

10.

11.

12.

d
Angle betweeen the tangents d_i =2x-5
(5,1 (3, 1=
dx (2,0)_7 dx (3,0)_ = Angle= 2
X2
x)=5+7
ol 2
= f'x)= 22
For maximum or minimum, f'(x)=0
12,
2 X
= x*=4 = x=%2
4
Now, f'(x)=—
X
at  x=2, f"(x)>0
and x=-2 f"(x)<0

So, there exists a local minimum at x =2.

A triangular park
1 ) T
A= — (2xcos0)(xsinb) I
2 sin®
» |
=3 x?sin20 ) )
M——2xcosq — C
Amax = ﬁ
2

f(x) = tan"! (sinx + cosx)

1 x(cosx —sin x)

f(x)= >0
) 1 +(sin x+cos xY
cosx —sinx >0 COSX > sinx
sinx < cosx tanx <1
<Z xe|-Z2 T
X< — -, —
4 2 4
. UsingA.M.>GM.
2 2
p-+q
—F2>p.
5 p-q
1
= pqu
= (ptq’=p’+q*+2pq
= P+

15.

17.

Graph of P(x) under given
conditions. It is clear that P(x)
has max. at 1 but not minimum at —1.

. Point (2, t) is on the parabola x = y2

Its distance fromy —x =1
2
t" —t+1
d(t) =————
RN
1
—[2t-1]=0

NG

d(t)=

t=—
2

d"(t) =—=>0

N3

1
d(t) is min at t = >

Its value

1
f(x)=———
(x) e +2¢"
1
y=m Lete*=1t € (0, )
_ ! = y= ! = ty-t+2y=0
y t 5 y ERD y y
+7
t
D>0
1-8y*>0
~ 8y 150 = E[L L}
YOS Y22 22
buty >0
1
ye |0, —
g ( 2\/5}
.fofl
o ()—3

s f(e)= % (c e R)

So Statement—1 is true, Statement—2 is true ;

Statement—2 is a correct explanation for
Statement—1.
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18.

19.

20.

22.

=x +—
y=Xx 2
dy 8
o2
dx x>

Equation of tangent is parallel to x-axis

dy
w0

= 17%20 =2x=8=x=2
X

4
At, x=2,y=2+—=3=y =3

4

point is (2, 3) equation of tangent is :
y-y, =0(x-x)
y=3

f has a local minimum at x = —1
- lim f{ _
. Jm £()> f(-1)

k+2<1
k<-1
s k=-1

£'() = /x sin x
f'(n) & £'(2m) are 0.

n 2n

= local maximum at x = 7w and local minimum at x =27

Atx=0 f(x)=1
and forx=h and x=-h (h—>0;h>0)
tan x

X

Function has a minima at x =0

Statement—1 is true.

tan x

Now  f(xX)=! & ¢
1 ;x =0
xsec’ x-tan x
vnd 53— X # 0
f'®= X
0 ;x =0
f'(0)=0

Statement-2 is also true.

4
23. V=—"mnr

24.

3
Initially r=4500t,r=r,

4500n:§7t Qo=

dv 4 dr
Now — = —n(3r2) —
Va3 ( )dt

dr dr -18

—Na=4nrP— = —=—— ... i

AN dt 2 @
2 r’
r'dr=—|18 dt —=-18t+C
Jrar=-Jis @ = 3
Att=0, r=15m

sy
“ 73
= P =—54t+3375...... (i)
At time t =49 min
from eq. (i)

[ij - 18
dt )i 4o OF

(Negative sign shows decrement in radii)

S =-18(0)+C=C=1125

r=9m

1
f'(x):;+2bx+a

fi((-1)=-1-2b+a=0....(1)

1
F@=7+4b+a=0 ... (2)

1
solve (1) & (2) :>a:5, b=——

4
st : 2 is true
1 1 1 1 .
f'X)=—-—-——=—| —+— always —ive
()X22(X22j(}’)
3
f'"-1)=—= <0
2
" 2)——i<0
( 4
Local maximumatx=-1 & 2
y =]t dt
0
ﬂ:‘ | =2 = x=%2
dx

B3
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APPLICATION OF DERIVATIVES

If x=2, y=ftdt=2

)
It x=-2, y=[-tdt=-2
0

Tangents are (y —2) = 2(x — 2)
or (y+2)=2(x+2)
X intercepts = £ 1.

26. f(x)=2x3+3x+k
f'x)=6x2+3>0
= f is increasing function
= f(x) = 0 has exactly one real root

(as it is an odd degree polynomial)

28. 4x+2nr=2 = 2x+mr=1
1-2x
= r=
b
f(x)=x*+nr?
1-2x|
:X2+ nx@
s
1-2x)’
f(X):X2+ﬂ
T
2(1-2x)%(2
f(x):2xiw=0
o
2(1-2
LA
b4

= mx=2-4x

1—mr
= nx=2-4 7

mx=2—2(1—nr)
nx=2-2+2mr
TIX =27,

Part #II : IIT-JEE ADVANCED

1. Slope of normal

1 3n dy |
= _ =tan— = — =
dy/ dx 04 dx

L f3)=1

f(x)=4x*-3x—p

1
492‘
2=+

f(1)=(1-p)

f(1).f[9 =—(1-p)<0 Fpel-1,1]

1
f(x) = 0 has atleast one root in [E, 1 }

fi(x)=3 (2x— 1) (2x+ 1)

1
= f'x)>0 Vx> 5

= f(x) =0 has exactly one root in [%, 1 }

Let the root be x = cos 6
4 cos’0—3cos0=p
cos30=p

1 1
= 0= gcos*1 P = x—cos(gcosl(p))

3y?%y' + 6x = 12y'
2x=y(4 -y
2x
CEE
For vertical tangent y = +2
Aty=2

4
8+3x2=24 = 3x*=16 = X:iﬁ

At y=-2
8+3x2=-24
x? = negative
Not possible

2
(A) cosx—1> —X? (given) ... (i)
consider f(x) = sin(tanx) —x
' (x) = cos(tanx) (1 +tan’x)— 1

= (tan’))cos(tanx) + cos(tanx) — 1

+91-9350679141
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14.

2

i
cos(tanx)— 1> — from (i) and 'g' is increasing & concave up in [0,—}

2

1 T T
(tan’))cos(tanx) + cos(tanx) — 1 > tan?x {cos(tanx) 5 } &f (5) g (5] .

1
= f'(x)>tan’x {cos(tanx)— 5 }

0<tanx<1 {&03xs%}

= cos(tanx) > ;— from the graph f(x) > g(x) Vx € [0,3}

= (x>0
= fx)2f(0) = f(x)=0

17. Consider g(x)=x>—f(x)

'g' is continuous-derivable

X

(B) Consider g(x) = J. f(t)dt (5_1'_2'- .. ByRolle's theorem
g(1)—g(0) O g(1)=g2)= g'(c,) =0 foratleast one c, € (1,2)
=g(a),0e(0,1) {byLMVTin[0,1]} ... ] 2(2)=g(3) = g'(c,) =0 for atleast one ¢, € (2, 3)
g(2)—g(1) glc) =g\,
=g'(B),Be (1,2) {byLMVTin[1,2]} ... (i)

L = g"(c)=0foratleastonec € (c,c,).
(i) + (i) = g(2)-g0)=g'() +'(B)

= 2-f"(c)=0

4
= [f)dt =2 faflo”)+ BEE" )} ~ f'(0)=2

0
Letg(x)= [p(x)dx+K 19. Put x,=x +h & x, =x

£102 45%2 |f(x +h) - f(x)| < h?
g(x)= 2 —23x!101— +1035x +K
fim (XD OO
x'? —46x"" —45x* +2070x h=0 h — h=0
= +K
2
£ <0
_XK _45XX_46)+K Possible only if f'(x)=0
2
flx)=c

g4511%%) = g(406) atpoint (1,2)  f(x)=2

= g'(x) =0 has exactly one root in (45"1%, 46) y=2
, 3x* +3x 20. Let p(x)=ax’+bx*+cx+d
. Letf(x)=sinx+2x & g(x)=
p(-1)=10
6x+3 _ .
f'(X):COSX+2 g'(X): X = —atb-c+d=10 ... (l)
b
) p(1)=—6
f'x)=-sinx  g'x)=— = a+btc+d=-6 .. (ii)
- p(x) has maxima atx =—1

= 'f'is increasing & concave down in [0,5} P(=1)=0
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APPLICATION OF DERIVATIVES

22.

= 3a-2b+c=0 .. (iii)
p'(x) has min. atx =1
p"(1)=0
= 6a+2b=0 .. (iv)
Solving (i), (ii), (iii) and (iv) we get
b=-3a
3a+6a+c=0 = c=-9a
From (ii) a-3a-9a+d=-6 = d=lla-6
From (i) -a—3a+9a+1la—6=10
= l6a=16 =
= b=-3,c=-9,d=5
p(x)=x*-3x*-9x+5
= px)=3x"-6x-9=0
= 3x+1)-3)=0

From (iv)

From (iii)

a=1

= x=-lisapt. of max (given) and x =3 is at pt. of min.
[ max and min occur alternatively]
pt. of local max is (-1, 10) and pt. of local
min is (3,-22)

And distance between them is
=B -CDF +(-22-107 =16 +1024
=1040 =465

@b) > oo | f Ot

X 0<x<1
= g(x)=f(x)=12-¢"" 1<x<2
X—e 2<x<3
gx)=0
atx=1+@n2
x=0&x=¢
1 0<x<l1
g'x)=4-e"" 1<x<2
1 2<x<3

S g'(l+In2)=-—2andg"(e)=1
= g(x)haslocalmax. at x=1+In2 and local min. atx=e.

x> +2x+4
X+2

32. A y=
= xX2+(Q2-y)x+4-2y=0xisreal;so D>0
y2+4y—-122>0
y<—-6,y>2
so minimum value = 2

(B) (A+B)A-B)=(A-B)(A+B)
= AB=BA
as Ais symmetric & B is skew symmetric
= (AB)=-AB
= k=13
(C) a=logslog2 = 32 =log,3

Now 1 <26%3™) o

= 1 <2klnd) 9 = 1<32%<2
1 .2 3
—<2 <= —<2°<3

B 3 72

so k =1 is possible

D)

sinf = cosd

= cos(z_gj:cosq)
2
T
——0=2nn+
> )
z 0 =2nm+
5 —9=2nm [0}
T
= 9:&(1)75:721175

1 T
i + =) = 1
= - ®x¢ > ) = even integer

33. fx)= x> —ax+1

S T A+ 1
‘ 2a(x* = 1) . da(-x’ +3x+a)
e = x* +ax+1Y and £7(x) = (x* +ax+1)

(@-2)
@22 (1) +(2—a)2f"(-1)=0

4a
f"(1) = m and f"(-1) =
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34. Aswhenx € (-1, 1), f'(x) <0
so f(x) is decreasing on (-1, 1) at x =1

4a

(1) = @12y >0 so local minima atx = 1.
T_f©
35. g(x)= dt
J;1+t2
f'e*) 2a(”* —1)*

' — e =
g o T T rae + 1P (1)

g'(x)>0 whenx>0
g'(x)<0 when x <0
36. f(x)=2x>—15x>+36x—48
SetA= {x| x* +20 <9x}
Fx2-9x+20 < 0
x5 x4)<0
= xe€[4,5]
Now, f(x)=6x2-30x+36=0
= x*-5x+6=0
x=2,3 and f(x) 1 inxe (—0,2) U (3, )

= Inthe set A, f(x) is increasing

= f(x)_=f(5)
=2.125-15.25+36.5-48
=7
( 3
37. Lt Ll+i§()}:2
X—> X
= 1 PO _,
x—0 Xz

Let p(x) = ax*+ bx® + cx?

p(x)

> Lt —~=1 =c=1
X

x50
p(x)=ax*+bx’+x?

Now, p'(x) =4ax’ + 3bx? +2x
> p(1)=0,p'(2)=0
—4a+3b+2=0

39.

41.

32a+12b+4=0 = a=—,b=-1

L
4 b
= p(x):j‘—x“fxt%x2 = p(2)=4-8+4=0

fx)=(1+bH)x*+2bx + 1
It is a quadratic expression with coeff. of
x*=1+b>>0.

f (x) represents an upward parabola whose
min value is :l_a’ D being the discriminant.

4b* —4(1 +b%)
41 +b%)
For range of m(b) :

1
m(b) =— = m(b) = W

1
m>0a150b2202>1+b221

!
.V
1+b =

Thus m(b) = (0, 1]

f(x):lnx+J.\/l+sintdt
0
f'(x):l+\/1+sinx
X

X T
COoS| ———

33

X T
CoOS| ———

(2 4]

- f'(x) is non-derivable but continuous.

f’(x)=1;+\/5

>

is non-derivable

hence option (A) is incorrect & option (B) is correct.
For option C

X

f(x) = (®nx) + I(\/l + sin x)dx

0
since f(x) is positive increasing function for all x > 1
= )] =1x) & [F)}=(x)
Let f(x)=y

f’(x)—f(x):l—lnx—i-\/l +sinx—IJl +sint dt
X 0

B3
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APPLICATION OF DERIVATIVES

dt

f'(x)—f(x)zi—lnme/l +sinx —\/ET

t n
COS| ———
(2 4)

l—lnx<0 ; when o > e
X

OS\/1+sinxS\/5-

T t m
cos| ——=
[2 4j

0

dt>\/EV(>c>32—TE

3
= f(x) — f(x) <0 V a>7“>1

Hence option (C) is correct.

For option (D) |f(x)| + |f(x)] = o
when x — oo.

Therefore option (D) is incorrect.

Alternate :

fx) = @nx + [ /1 + sin tdt
0

f(x) = l+\/1 +sin x
X

for x > 1

l+\/1+sinx <1+\/5

X

but ®nx +I./1 +sintdt will always be more than
0

1+~/2 for some a > 1
> J\/I +sint >0 & ®nx is increasing in (1, o)
0

= fx)>fx) Y a> 1

(C) is correct

COSX

2+/1 +sinx

= f'is not derivable on (0, o)

1
fr(x) =——+
X

42.

(B) is also correct

f(x) is unbounded near x = 0 in (0, 1) hence |f(x)| can
never be made less than a finite number hence
[f(x)[+|f '(x)| can never be less than f.

Ifx € [0, 1]

then x> < x < 1

Add e*"2 to all sides

x2eX +e X <xe* +eX <e
= h(x) <gx)<f(x)

2 2
where, f(x) = e* +¢™*

f1(x)=2x " —e™)>0

= f(x) has a maxima at x = 1

1
= a=¢+—
(S

2 2
h(x) = x*e* +e*

XZ

h'(x)= 2x%e® +2xe* —2xe”

= 3. .x2 x? -’
=2x’e” +2x(” —e " )>0

= h(x) has a maxima at x = 1

1
c=e+—
€

=
7> hx)< gkx)<f(x)
= g(x) also has a maximum value at x = 1
=

a=b=c

. F(%)=2010(x-2009)(x-2010)’(x-2011)’(x—2012)'V x e R

f(x)=®n(g(x)) Vx e R

g(x) = e
gx)=0= " fx)=0= f(x)=0

increasing decreasing decreasing increasing increasing

2009 *

+ +

2010 2011 2012

local maximum at x = 2009, hence only 1 point.
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44.

46.

Ans. (A)
f:(0,1) >R
b-
f(X)=ﬁ b € (0,1)
ver BT -1
= J‘(><)——03X_l)2

= f'x)<0Vvxe(,1)

hence f(x) is decreasing function
hence its range (-1, b)

= co-domain # range

= f(x) is non-invertible function

. Ans. 2

Let f(x)=x"—4x’+12x +x -1
f'(x)=4x"—12x>+24x
f'"(x)=12x"—24x + 24

=12(x —2x+2)>0

= f'(x) is strictly increasing function

7 f'(x) is cubic polynomial

hence number of roots of f'(x) =0 is 1

= Number of maximum roots of f (x) =0 are 2

Now f(0)=-1, f(1)=9, f(-1) =15

= f(x) has exactly 2 distinct real roots.

F(x)=(1—x)?sin’x +x2

P: f(x)+2x=2(1+x?)

= (1-x)*sin’x +x?+2x=2+2x?

= (1-x)?sin’x—x*+2x-2=0

(1-x)*cos’x+1=0
which is not possible.

.. Pis false.
Q:2f(x)+1=2x(1+x)
2x%+2(1 —=x)%sin’x + 1 =2x>+2x
2(1-x)?sin’x—2x+1=0.
Let h(x)=2(1 —x)*sin’x—2x+ 1,
clearlyh(1)=-1
and h(x) =2(x*—2x + 1)sin’x —2x + 1

47.

48.

2 1 . 2
=x’ [2[1 ——Jr—zj.sm2 X—=+—
X X X X

h(x) > cvasx — .
By intermediate value theorem
h(x) = 0 has a root which is greater than 1.

Hence Q is true.

2(x)=] (2((:11)) - lntJf(t)dt

g'(x) = (%— lnxjf(x)

fx)>0 VxeR
Suppose.

2(x-1)
X +

h(x)=2 —( : +lnxj
xX+1

4 1

(x+1Y x

(x-1)

X(x+1)2

hx)= Inx

h(x)=

h’(x):—

h(x)<0

So h(x) is decreasing

so h(x) <h(1). Vx>1
h(x)<0 vVx>1

So g(x)=h(x) f(x)

g(x)<0 Vx>1

g(x) is decreasing in (1, o).

f(x):jetz (t—2)t —3)dt

+ - +

S5
= f'x)=e* (x-2)x—-3)

f'@=7r3=0

= f"(c)=0 for same ¢ € (2,3) (by Rolle's theorem)
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49, f(X) — |X| + |(X+ 1) (X* 1)| Putx=5 = 120A>—460A+300=0
120*—40A+30=0
X ox—1 x<-1
X=X 612 ~23).+15=0
2
——x —-x+1 -1 x<0 -
= o= (L—3)(6L—5)=0

L > xX’+x+1 0 x<1

5
i N=3& =2
> X +x-1 x 1 6
2
d_2V=—92x+24x=120—92x
\/ dx

2
ath=3 :>d—2V<0

dx

2
atA = i:> d_v >0 (rejected)
6  dx*
T ol 1 T 52. f(x) = (a+b) ~ b~ al
f has 5 points where it attains either a - {Za ,ash = 2 min (a, b)
local maximum or local minimum. 2b, a>b ’
hi =2kx[,b=|x+2
50. LetP'(x)=k(x—1)(x—3) where a = 2jxj, b = jx + 2|
=k(x’ — 4x + 3) ‘
3

= P®x)=k ?—sz +3x |+c
> P(l)=6 X

4k
= ——+c=6 (1)

3

P(3)=2
= c¢c=2 -(2)
by (i) and (ii) ~. Local maxima and minima at x = -2, —g &0

k=3 53. f(x)=x*—xsinx —cosx
S P =3 -1 (x=3) f'(x) =2x—Xcosx —sinx + sinx
= P(0)=9 =X (2—cosx)

51. Where P=8A+ 150+ 8\ + 15\ & A is constant ;(|)_+
aph of f(x) will be
Il 5, graph of f(x)
>
8\

Let removed length from each sides is x
Removed area is 4x*= 100 = x=5
V=(8A—2x) (151 —2x)x oo f(x)1iszero for 2 values of x
V=120Px—46Ax>+4x° (Y
& 12002 —92ax+12:% =0
dx
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tan X =—mx
y:tanxn&y:—nx 2. A
asinx +bcosx

Here  f(x) = osinx +deosx is monotonically
increasing
then f(x)> 0
0 72 Now  f(x)
/ (csmx+doosx)(acosx bsinx)—(asinx+bcosx)(ccosx —dsinx)
/( 7/ (csinx+dcosx)’

intersection point lies in acsinx cosx —besin® x +ad cos’ x — bdsin x cos x
1 3 5 —acsinx cosx +adsin’ x —bccos’ x + bdsin x cos x
—1|u| =2 |u| = - -
2’ ’ 3 (csinx +dcosx)’

ad(sin® x +cos” x) — be(sin® x + cos” x)

1
option (B) is correct for [n + Eanj =

(csinx +dcosx)’
as well (n, (n+ 1)) because root lies in B ad — be
0. D (1,2)w(2.3) (csinx +dcosx)’
f(x) Here f(x)20VxeR
58. f'(x)+ X =2 = ad-bc20
= xf’(x)+f(x)=2x ad,> be
Id(x.f(x)) :I 2xdx 3. y=x? .
= xf(x)=x2+c
dy
c d—x—2x
f(x)=x+—(c#0asf(l)=1
(x)=x+5(c# 0as (1) 1) >
For this function, only (A) is correct. e l y=-x+c
2

11
(E’Zj on parabola Figure

shortest canal will be along the common normal of

y=x?and y = x — 2 which will be,

y=—-x+c¢
7 it passes through ll = c:E
P 1125 4
. 3
solving, y=x—2 and y:7X+Z
IR
y=-gandx=-¢

Hence point on straight line along the

shortest canal is (E, _Sj
8 8

Add. 41-42A, Ashok Park Main, New Rohtak Road, New Delhi-110035
+91-9350679141
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(B) 8. (B)
n+l n a anl
Consider the function f(x) = % L Time taken by the truck = 300 hours
n+1 n n-1 X
2
a,,X 2} 300

T + 5 tax. . Fuel consumed = | 2+—— | 2= litre

600 ) x

Then f(0)=0 and f(1)=0 .
expenses on travelling

200 300, [24 X ) 3000
E =200 x " + 600

hence  f'(x) = 0 has at least one solution in (0, 1)

x(4a—2x) 6ax —2x” X
£100 = Jaax—x* + = <,
e Waax-x>  Vdax-x
60000 6000 66000
V x € (4a,3a) = + +5x =—— +5x
X X X
so f(x) is decreasing in [4a, 3a]
dE 66000
(D) o T T +5<0 forallx € [30, 60]

f(x) = 8ax — a sin 6x — 7x — sin 5x

f'(x) =8a—6a cos 6x —7 — 5cos 5x

most economical speed is 60 kmph.

9. f(x)=x*-3x+k k=]a]
fx)=3x-1)(x+1)

=8a—7—6acos 6x—5cos 5x

f(x) is an increasing function
— 1 is maxima is 1 is minima

f(x)=0 S 8a-T7z6a+5
= 2a>12 |
a6 LNl /
a e [6,x)
Figure
1 -2
=0 = X % for three roots f(—1) f(1) <0
since, we have a cubic polynomial with coefficient of = (k+2)(k-2)<0
x* +ve , minima will occur after maxima. ke(-2,2)
Case-1: Ifa>0 = —-2<Ja]<2
I 1.1 =3 al f(lJ>0 b< 1 oo
tmna73 = a=3 also 3 = b<-7 10. (A)

. = x(1—x)
Case-2:Ifa<0 S, f(x)=x¢

f’(X): ex—xz +x ex—xz (1—2X) _ exﬂ(z (1+X—2X2)

-2 1
then — 3— = 5 = a=-2
a = —e" (2x +1) (x —1) >0 (for increasing function)
1 (<2 (D L (1)
alsof(g)w = 3 - 5 3 2(3) b0 Xe[_%, 1}
4 1 2 11
4.1 2 40 L S, f0)=(x~2) 2x+1)
= 2779 3 = b7y :
2 2
f’(X): E(X—Z)’”3 (2x+ 1)4‘2(X—2)2/3 = 3()(——2)1/3

Qx+ 1) +2(x—2)>3
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MATHS FOR JEE MAIN & ADVANCED

11.

12.

2 [2X+l+x—2}

= (x-2)" 3
_ 2 (5x=5)
x-2" 3

x=2 and x=1 are critical points

1 1 X
S ) =2 4 .
! 1+x2 (\/1+x2—x) {\/ler2 }
1 1

C1+x2

- V1+x?

1 1
=2_ +
[1+X2 \/1+x2]

f'x)>0vVxeR
d ’
S,: = £(x)=21x)f'(x)<0
so f2(x) is decreasing function

B,0)

7 g(x)is increasing & f(x) is decreasing.

= gxt)>gx-1)&fx+1)<flx-1)

= flgx+ D} <f{gx- 1} &g{f(x+ D} <gifix-1)}

X+p®  pq  pr
fx)=| P4 x+q" ar
pr qr

:X3+(p2+r2+q2)x2
X+1°
f(x)=3x*+2x(p* + ¢*+1?) = x {3x+2(p* + >+ r?)}

+ — +
L L

' —
*%(p“q“ r’)

2
Here f(x) is increasing if x < -3 P*+q*+r)andx>0

2
decreasing is if—g P>+ q*+r?)<x<0

. (B,C)

f(x) =x3—x%+100x + 1001
f'(x)=3x2-2x+100>0 VxeR

f(x) is increasing (strictly)

14. (A) Letx

1555) > 30
1999 2000
flx+1)>fix—1)

= x+handy—>x
[tan~'x — tan"'y| < [x — ¥

[tan~'(x + h) — tan"'x| < [h]

<1

d o
—(tan
o e x)

1
1+x°

= <1 hence true

(C) |sinx—siny| < |x—Y|

x—>x+h y-ox

sin(x + h) —sinx
h

= |cosx|<1 hence true

Alternative solutions

For x =Yy, this is true
Letx,y e Randx<y

consider f(t) =tan't, t € [x, y]

. tan”'y —tan' x 1
Using LMVT, y—x REPSE ce(x,y)
-X
= tan'y-—tan'x= 1y+ 2 <y—xX e @)
similarly x>y, tan'x—tan'y<x-y ... (ii)

From (i) and (ii) we get |tan71 X —tan”' y| <|x—vyl
Similarly considering g(t) = sin tin [X, y]

siny —sinx

we get =cosc
= siny—-sinx=(cosc) (Yy—X)Sy—X  .cerune (iii)
andsinx—siny < x-y ... (@iv)

(iii), (iv) = |sin x — siny| < [x — V]|

. (AC,D)

fx)=(x-1)*(x-2),neN .. 4}
Fx)=4x-1PE-2+x-1)*nx-2)""!
=(x-1Px-2)""'(4x—8+nx—n)
= (x— 1) (x=2)" ' [(n+ 4)x— (n+ 8)]

B3
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APPLICATION OF DERIVATIVES

16.

17.

18.

Ifnisodd, then f'(x) >0 ifx <1 and sufficiently close to

1 and f'(x) <0 if x> 1 and sufficiently close to 1
x =1 is point of local maximum
Similary ifnis even, then x =1 is a point of local minimum

Further if n is even, then f'(x) <0 for x <2 and sufficiently

close to 2 and f'(x) >0 for x >2 and sufficiently close to 2.

x =21s apoint of local minimum.

D)
Let the slope of the tangent be denoted by tan
length of tangent =y cosec y

length of normal =y sec y

length of tan gent

length of normal — coty oy
Statement-1 is false

length of normal =y sec y = ‘ yN1+m’

yV1+m’
length of tangent =y cosec y = T

Statement-1 is False, Statement-2 is True

)

Statement-11I is obviously true.

Statement-I : Consider the function f(x) =e*. P(x, , €)
and Q(x, ,
y = f(x) and a point R divides the line joining P and Q

e*2) are two points on the curve

internally in the ratio 1 : 2, then coordinates of R are

[2)&1 +Xx, 2e™+e* J

>

3 3

2X,+X.
2 X + X, 11X
e (B
3
Statement-I is true.

Statement-I1 is true and it explains Statement - 1.

(D)
Let g(x) be the inverse function of f(x). Then f(g(x)) =x.
f'(gx)).g(x)=1
1
f'(g(x))

Le. gx)=

19.

20.

21.

GV

g'x)=- (g(x).g'(x)

1
(f'(g(x))’
In statement-1 f"'(g(x)) > 0 and g'(x) > 0
g'(x)<0
concavity of f(x) is downwards
statement is false
In statement-2 f"'(g(x)) >0 and g'(x) <0
g'(x)>0
concavity of f(x) is upwards

statement is true

D)
Statement-I: 5 —4 (x — 2)** attains greatest
valueatx =2

Statement-11 : obviously true

D)
x2
Statement-2 f(x)= ————
x” +200
. A (x* +200)2x —3x°x’ ~ —x"+400x
=TT 012000 (1200

As x> 0", f(x) ® 0*

400%?
At x=40013 f(x)= 600

As x> o, f(x)—>0
So statement : 2 is true

but statement : 1 is false as 40013 ¢ N

A)->@m, B-=>(@, O->0, D>
dy _ 4t
dx 3

4t
Tangent is y — at* = 3 (x—at®)

at’ 4

. . at
x-mntercept = T y-intercept = — T

IfP divides AB inratio A : 1

3
20420
=
= a ot
=
= AT

B3
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MATHS FOR JEE MAIN & ADVANCED

B) E = e cos y : slope of normal = — 1

equation of normal is x +y=1

/.2 X ‘
(1+lj(1+l) >+1+8 =3
a b

y=10-(10-x)=x
maximum value ofy =3

(D) Equation of tangent at P is ty = x + t?

©) -~

it intersects the line x =0 at Q

coordinates of Q are (0, t)

1 0 t 1
area of APQS = 3 I 0 1
2t 1

1 1
=5 [t(1-t)+2t] = E(H—t)

Areaz L
rea= o
1 d 2 da 1(3'[2+1)>0 vt el0,2]
LI __ a2 =
Oy e i o : slope of tangent = — 2
Area is maximum for t =2
dy
=er™ ;. — =¥ (-2):slope of tangent = — 2 1
Y dx ) P £ max area = E[2+ 8]=5.
tan6=0
23.
y bex/3 ]
(D) Length of subtangent= | —; | = 1 =3 ’
y b* e)(/3
3
22. (A)—>(@), B)->(@), ©)>(@), [D)-=>(@® \
(A) By graphitis clear that at x =—1 is local max. and x =0 is
local min.
B) a+b=1 2.(A)
Consider y =ke* and y=x
(14—1](14-1) = \/1+l+l+i — \/14_2 L ke®) b : = ke*
a b) = ), ab et (o, ke*) be a point on y = ke
if it lies on y = x also then o = ke*
a+b 1
- = d
Vb <222 dy
dx
b< — L >4 dy
3 4 ~4 ab Ix =ke*=a=1

{7 y=xis tangent to y = ke* at one point}
1=ke ire.k=1/e
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APPLICATION OF DERIVATIVES

3. (A)
25. Graphofy=1(x)

Consider y =ke* and y=x
(=2, f(=2))

X
from above question e*= — if we decrease the value of N
1 k y —/\ A -
k from —, then ’
e
1 fy= L X
slope of y = 1~ increases 5 —
X
y=¢*andy= E intersect at two distinct points
1 Figure
ke|0,—
o] )
24,
(=2,1(-2))
1. (D)
Let0<a<p<1,and a, B are the roots of y=|x|
fx)=x*-3x+k=0 = fla)=f(B)=0
= f(x)satisfies RMVT
= f(c)=0 = 3c¢?=3
= c==x1
but ¢ must be lies between o & 3.
Hencek € ¢
2. (A)
Let f(x) =tan'x Figure
-1 -1
tan y—tan X . . . .
thenforsome o € (x,y), ()= ————— (LMVT) Three points of intersection. Three solutions
-X
1 |tan’1x—tan’1y| | 1 | 2
= e[ <oy | (el
Y (-2, f(-2)) (2, f(2))
= ftanx—tan"y| < [x— AT N
3. (D)
Let f(x) =sinx & g(x) =cos x,Also sinx # 0
forx e (0, gj , then by cauchy's theorem
f(p)-f(a) ) £'(6) Figure

gPB)-g(a) g

sinf —sina cos0
=— -~ =-—cotf
cosf—cosa  —sin6
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MATHS FOR JEE MAIN & ADVANCED

i (=2, f(=2))

2
Figure y=—3x
26. y= S 2 =—1
YT X7 = y=-—
Let P(2,—1). TangentatPis x—-y=3. ... (i)
Chord of parabola with P as mid-point is
(4a’—-5a)x+y=8a*’-10a—-1 ... (i)

27.

4a* -5 1 8a’-10a-1
Comparing (i) and (ii) a a__.A a

4a’-5a+1=0 = a=1, 1
If a=1thenparabolaisy=—-x>+5x-4 and
P(2,-1) lies inside.

1
If a= 1 then parabola is.

2

16

5
y=-— +ZX_4 and P lies outside

(16)
12-y*
36

2
For the points of intersection, we have 4 YT =1

= y=+.3 andx=+3
Consider the point P (3, Ji )

Equation of the tangent at P to the circle is 3x + /3 y=12
slope of this tangent is — 3

. _x 4B
Equation of the tangent at P to the ellipse is I + e y=1

1
slope of this tangent is — —=
P s 33

if o is angle between these tangents, then

2
tano= ——=
NG
1 —2 2
o = tan \/5 . k=4and hencek’*=16

29.

30.

)
1
x=—1landx= 3 are roots of f'(x) =0

= fx)=aBx-1)(x+1)=a3x*+2x-1)
= fx)=a(x*+x>—x+Db)

f(-2)=0 = b=2
= fx)=ax*+x*-x+2)

1
[tooax =12
he! 3
! 14
3 2 S
= J‘la(x +xX —x+2) = 3
L 14
2 A ____
= a J'lx +2 = 3
2 l+2 _1a =1
= a 3 = 3 = a=
fx)=x*+x>—x+2
Letf _sinx
etfix) = ——
e _ Xcosx—sinx  cosx (X —tanx)
(x) = X2 = )
Xe (0, Ej ; (.. tan>x)
2
—x” sin X —2X cos X +2sin x
(9= -

Let g(x)=—x%sinx —2xcosx +2sin x
= g'(x)=—x%0sx<0 v x e (0,7/2)

forx>0 ,wehave g(x) <g(0) ie. g(x)<0

’(x)<0 and f’(x)<0 V xe (0, gj

A+B+C f(A)+f(B)+f(C)
:f( 3 )>( 3 j

. (A+B+C sinA sinB sinC
sin| ——— + +
3 A B C
A+B+C 3
3
s1nA+s1nB+51nC - 93
A B C — 2&m

>
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