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Introduction to Euclid's
Geometry

In the Chapter

Axioms or postulates are assumptions which are obvious universal truths. They are not

proved.

Theorems are statements which are proved, using definitions, axioms, previously statements

and deductive reasoning.

Euclid's Postulates :

Postulate 1 : A straight line may be drawn from any one point to any other point.

Postulate 2 : A terminated line can be produced indefinitely.

Postulate 3 : A circle can be drawn with any centre and any radius.

Postulate 4 : All right angles are equal to one another.

Postulate 5 : If a straight line falling on two straight lines makes the interior angles on

the same side of it taken together less than two right angles, then the two straight lines,

if produced indefinitely, meet on that side on which the sum of angles is less than two

right angles.

Two equivalent versions of Euclid's fifth postulate are :

(a) "For every line [ and for every point p not lying on /, there exists a unique line m passing
through p and parallel to /. (Playfair's axiom).

(b) Two distinct intersecting lines cannot be parallel to the same line.

All the attempts to prove Euclid's fifth postulate using the first 4 postulates failed. But they

led to the discovery of several other geometries called, non-euclidean geometries.

Some of Euclid's Axioms :

Things which are halves of the same things are equal to one another.

Things which are double of the same things are equal to one another.

The whole is greater than the part.

Things which coincid with one another are equal to one another.

If equals are subtracted from equals, the remainders are equal.

If equals are added to equals, the wholes are equal.

Things which are equal to the same things are equal to one another.

Euclid's Definitions :

Solid : A solid has shape, size, position and can be moved from one place to another.

Its boundaries are called surfaces.

They separate one part of the space from another and are said to have no thickness. The

boundaries of the surfaces are curves or lines. The boundaries of these lines are called

points which have no magnitude, but only the position.

A solid has three dimensions, a surface has two, a line has one and a point has none. Some

expositions of Euclid are given below :

(a) A line has breadthless length.

(38)
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(b) A point has no part.
(c) A plane surface is a surface which lies evenly with the straight lines on itself.
(d) The edges of a surface are lines.
(e) A surface is that which has length and breadth only.
(f) A straight line is a line which lies evenly with the points on itself.
(g) The ends of a line are points.

® Independent Axioms : An indivisible axiom is said to be independent, if it cannot be
logically deduced from the other axioms or statements in the system.
Theorems/Propositions : The provided statements are called theorems or propositions.
Euclid deduced 465 propositions in a logical chain using his axioms, postulates and definitions.
Theorem 1. Two distinct lines cannot have more than one point in
common. '
Sol. Given : Two distinct lines / and m. )
To prove : Lines [/ and m have only one point P in common. P
Proof : We shall prove it by contradiction. m
Let us consider that the two lines intersect in two distinct points P
and Q.
But this assumption clashes with the axiom. "Given two dinstinct points, there is a unique
line that passes through them."
Hence our assumption that the two lines can pass through two distinct points is wrong.
Hence two distinct lines cannot have more than one point in common.

@ A system of axioms is called consistent, if it is impossible to deduce from these axioms a
statement that contradicts any axiom or previously proved statement.

® Euclid's Postulate 1 can also be stated as below :
Axiom 5.1. Given two distinct points there is a unique line that passes through them.
IMustration :

Only one live PQ passes through two distinct points P and Q. Thus, the statement above is
self-evident and so is taken as an axiom.

EXERCISE 5.1 |
Q.1. Which of thefollowing statementsaretrue equal.
and which arefalse? (V) InFig.if AB=PQandPQ=XY,than AB=XY.
Givereasonsfor your answers. A B
(|) Only onellr_1e(_:ar_1 passthrough as nglep0|_ nt. p Q
(i) There are infinite number of lines which
passes through two distinct points. X Y
(i) A terminated line can be produced Ans. (i) False. Through a single point, infinite
indefinitely on both the sides. number of lines can pass through it.

(iv) If two circles are equal then their radii are
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(i) False. For two distinct points only one
straight line is passing.

(i) True.
A terminated line or line segement can be
produced infinitely on both sides.

H

v

(iv) Thisstatement istrue.
If you superimpose the region bounded by
one circle on the other, then they coincide.
So, their centres and boundaries coincide.
Therefore, their radii will coincide.
(v) True, FromAxiom1: Thingswhichareequal
to the same things are equal to one another.
Q.2. Giveadefinition for each of thefollowing
terms. Arethereother termsthat need tobedefined
fira?What arethey, and how might you definethem?
(i) Paraléel Lines
(ii) Perpendicular Lines
(iii) Line Segment
(iv) Radiusof acircle
(v) Square
Ans. (i) Parallel Lines: Twolinesinaplaneare
said to be parallel, if they have no point in common.
> a
b

Infigure.aand b aresaid to beparallel because
they have no point in common and we write, a || b.

Here, the term point is undefined.

(i) Perpendicular Lines: Twolines(ray or line
segements) are said to be perpendicular, if they

intersect at aright angle.
- Z

31\

Inother words: If oneof thetwo parallé linesis
turned by 90° then the two lines become
perpendicular to each other. So we need to define
rotation and parallel line.

(i) Line Segment : A linewith two end pointsis
aline segement. 'Line' and 'point’ have been defined
before.

(iv) Radius of acircle: Theline segment with
one end point at the centre and the other at any point
onthecircle.

‘Centre’ may be defined (assuming inside) as a
point inside the circle which is at the same distance
fromall pointsonthecircle.

(v) Square: A quadrilateral with all sidesequal
and all anglesright angles, is a square.

Undefined termsare : Figure, side, angles.

Q.3. Consider two ‘postulates’ given below:

(i) Given any twodistinct pointsA and B, there
existsathird point C which isin between A and B.

(i) Thereexist at least threepointsthat arenot
onthesameline.

Do these postulates contain any undefined
terms? Are these postulates consistent? Do they
follow from Euclid’ spostulates? Explain.

Ans. There are several undefined terms which
the student should list. They are consistent because
they deal with two different situations :

(i) Saysthat giventwo pointsA and B, thereis
apoint C lying on the line in between them.

(i) Saysthat given A and B, and you take C not
lying onthelinethrough A and B. These 'postul ates
do not follow from Euclid's postul ates.

However, they follow from Axiom 5.1 (Giventwo
dinstinct points, there is a unique line passing
through them.)

Q.4.1f apaint C liesbetween two pointsA and B

1
such that AC = BC, then provethat AC = EAB'
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Explain by drawingthefigure.
Ans.Given:AC=BC

A < : > B
c

AC+AC=BC+AC
(Equals are added to equals)
or 2AC=AB
(AC+BC coincidewithAB)

1
Hence AC= EAB'

Q.5.1n Question 4, point Ciscalled amid-point
of linesegment AB. Provethat every line segment
hasoneand only onemid-point.

Ans. If possible, let D be another mid-point of

AB.

: AD = DB (1)
A « -9 +» B
CcCD
Butitisgiventhat Cisthe mid-point of AB.
AC= OB (D))
Subtracting (i) and (ii), we get

AC-AD = CB-DB
= DC = -DC
= 2DC = 0
= DC = 0

. Cand D coincides.

Thus, every line segement has one and only one
mid-point.

Alternatively :

L et there betwo such mid-points C and D. Then

from above theorem.
AC= 1 AB
T2
1
and. AD= P AB
AC =AD

But, thisis possible only if D coincides with C.
Therefore, Cisthe unique mid-point. Hence Proved.
Q.6.InFig.,if AC=BD, then provethat AB =

CD.
’,/,j,/’"‘[)
A C
AC = BD (given) ...(0)
AC = AB+BC ()]
[Point B liesbetween A and C]
BD=BC+CD .. (i)
[Paint C lies between B and D]
Substituting (ii) and (iii) in (i), we get

Ans. Proof

Also

AB+BC= BC+CD
Hence AB = D
[Subtracting equals from equal 5]

Proved.

Q.7. Why is Axiom 5, in the list of Euclid’s
axioms, considered a‘universal truth’ ? (Notethat
thequestion isnot about thefifth postulate.)

Ans.Axiom 5inthelist of Euclid'saxioms, is
true for any thing in any part of universe so thisis
auniversal truth.

| EXERCISE5.2 |

Q.1. How would you rewrite Euclid's fifth
postulatesothat it would beeasier tounder stand?

Ans. When two lines are cut by athird line (say
transversal), such that the sum of interior anglesis
lessthan 180° then thefirst two linesintersect on that
side on which the sum fo anglesis|essthan 180°.

More than
180°
180"

Q.2. Does Euclid's fifth postulate imply the
existenceof paralld lines? Explain.

Ans. If astraight linel fallson two straight lines
m and n such that the sum of the interior angles on
onesideof | istwo right angles, then by Euclid'sfifth
postulate thelinewill not meet onthissideof |. Next,
we know that the sum of the interior angles on the
other side of line | will aso be two right angles.
Therefore, they will not meet on the other side also.
So, the lines m and n never meet on the other side
also. So, the lines m and n never meet and are,
therefore, paralel.
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Additional Questions

Q.1. AttemptstoproveEuclid’sfifth postulate
using the other postulates and axiomsled to the
discovery of several other geometries.

Ans. True, these geometries are different from
Euclidean geometry.

Q.2. Theedgesof asurfacearecurves.

Ans. False, the edges of surfaces are lines.

Q.3. Eudlidean geometry isvalid only for curved
surfaces.

Ans. Trug, it isvalid only for the figuresin the
plane.

Q. 4. Thethingswhich aredoubleof the same
thingareequal tooneanother.

Ans. True, one of the Euclid’saxioms. (Axiom 6)

Q.5.Theboundariesof thesolidsarecurves.

Ans. False, boundaries of thesolidsare surfaces.

Q.6. Twodistinct inter secting linescannot be
parallel tothesameline.

Ans. Trug, itisan equivaent version of Euclid's
fifth postulate.

Q. 7.1faquantity Bisapart of another quantity
A, then A can bewritten asthe sum of B and some
third quantity C.

Ans. True, because of one of Euclid’saxioms.

Q. 8. Thegtatementsthat areproved arecalled
axioms.

Ans. False, statements that are proved are
theorems.

Q.9.“For every linel and for every point P not
lyingon agiven linel, thereexistsauniquelinem
passing through P and parallel tol” isknown as
Playfair’saxiom.

Ans. Trug, itisan equivaent version of Euclid's
fifth postulate.

Q.10. Ram and Ravi havethesameweight, If
they each gain weight by 2 kg, how will their new
weightsbecompared ?

Ans. Let x kg be the weight each of Ram and
Ravi. Ongaining 2 kg, weight of Ram and Ravi will be
(x + 2) each. According to Euclid's second axiom,
when equals are added to equals, the wholes are
equal. So, weight of Ram and Ravi are again equal .

Q.11. Solvetheequation a— 15 =25 and state
which axiom doyou usehere.

Ans. a—15=25. On adding 15 to both sides, we
have

a—15+15=25+15=40.
(Using Euclid's second axiom)
or a=40.

Q.12. Read thefollowing statement :

" A squareisa polygon made up of four line
segements, out of which, length of three line
segmentsareequal tothelength of fourth oneand
all itsanglesareright angles.”

Definethetermsused in thisdefinition which
you feel necessary. Arethereany undefined terms
inthis? Can you justify that all anglesand sidesof a
squareareequal?

Ans. Theterms need to be defined are:

Line Segement : Part of a line with two end
points.

Line: Undefined term.

Polygon : A simple closed figure made up of
three or more line segments.

Angle : A figure formed by two rays with a
commoninitial point.

Point : Undefined term.

Ray : Part of alinewith one end point.

Right angle: Angle whose measureis90°.

Undefined termsused are: line, point. Euclid's
fourth postulate saysthat "All right angles are equal
to one another."

Inasqgure, all anglesareright angles, therefore,
all anglesare equal (From Euclid'sfourth postulate).

Three line segments are equal to fourth line
segement. (Given).

Therefore, al thefour sidesof asquareareequal.
(by Euclid's first axiom "things which are equal to
the same thing are equal to one another.")

Q.13. Two salesmen make equal salesduring
themonth of August. I n September, each salesman
doubelshissale of themonth of August. Compare
their salesin September.

Ans. Let the sales of salesmen in August be x.

If we add the same quantity inthe share of both
salesmen, then we get sales 2 x (X + X).

According to Euclid's axioms, when the things
are doubled to equals the wholes are also equal.

So, salesin the month of September = x.
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Multiple Choice Questions

Q.1. Euclid'sfifth postulateis:
(@ Thewholeisgreater than the part.
(b) A circlemay bedescribed with any centre
and any radius.
(©) Allrightsanglesareequal to oneanother.
(d) If astraight line falling on two straight
lines make the interior angles on the same side
of it taken together less than two right angles,
then the two straight lines if produced
indefintely, meet on that side on which the sam
of anglesisless than two right angles.

Ans. (d)

Q.2. Thethingswhich aredoubleof thesamething
are:
(a) equal
(b) unequal
(c) halves of the same thing
(d) double of the same thing

Ans. (a)

Q.3. How many number of linesdo(es) passthrough
twodistinct points?

@1 (b)2
(©3 (d)4
Ans. (a)

Q.4. Euclid'ssecond axiom (asper order givenin
thetext book for classIX)is:
(a) Thethingswhich are equal to the samething
are equal to one another.
(b) Thingswhich coincide with one another are
equal to one another.
(c) If equal be added to equals, the whole are
equal.
(d) If equal be subtracted from equals, the
remaindersare equals.

Ans. (c)

Q.5. Sdlect thestatement whichisnot true:
(a) Only one line can pass through a single
point.
(b) Only one line can pass through two distinct
points
(c) A terminated line can be produced
indefinitely on both the sides.
(d) If two circles are equal, then their radii are
equal.

Ans. ()

Q.6. Axiomsareassumed :

(a) definitions
(b) theorms
(c) universal truths in all branches of
mathematics
(d) universal truths specific to geometry
Ans. (c)
Q.7. Thethingswhich coincide with one another
are:
(a) unequal
(b) equal to another
(c) double of same thing
(d) triple of samething
Ans. (b)
Q.8. Twointersectinglinescannot beparalle tothe
samelin€ isstated in theform of :
(a) aproof
(b) a postulate
(c)anaxiom
(d) adefinition
Ans. (b)
Q.9. Twoplanesinter sect each other toforma:
(a) plane
(b) point
(c)angle
(d) straight line
Ans. (8
Q.10. Ashok isthe same age as Mihir. Bhuvan is
also of the same as Mihir. Sate the Euclid's
axiomthat illustratesthereativeagesof Ashok
and Bhuvan:
() FirstAxiom
(b) Second Axiom
(c) ThirdAxiom
(d) FourthAxiom
Ans. (8
Q.11. Number of planescan bemade passthrough
threenon-collinear pointsare:

@1 (b)2
(©3 (d) Infinite
Ans. (c)

Q.12. Thenumber of line segmentsdeter mined by
threecollinear pointsis:

(a) Two (b) Three
(c) Only one (d) four
Ans. (b)



