Theory of Equations

TOpiC 1 Quadratic Equations
Objective Questions I (Only one correct option)

1.

If a and B are the roots of the quadratic equation,

«%+ xsin® —2sin 0 =0, 0 D@),g@ then

a2+ B2 .
51 57 1s equal to
@™ +p @ -p) (2019 Main, 10 April 1)
g12 96
(@ ——— b)) ————
(sin B +8)12 (sin B + 8)'?
ol2 ol2
(c) 1 (d) PN
(sin© -4 (sin B - 8)

Let p, ¢ OR. If2 — +/3 is a root of the quadratic equation,
x>+ px + g =0, then (2019 Main, 9 April 1)
(@) ¢°-4p-16=0
®) p*-4¢-12=0
(¢) p>-4q+12=0

(d) ¢2+4p+14=0

If m 1is chosen in the quadratic equation

(m?+1)x* -3x+(m? +1)> =0 such that the sum of its

roots is greatest, then the absolute difference of the

cubes of its roots is (2019 Main, 9 April 11)
(b) 85

(a) 10J5
() 8J3 @ 443

If o and B are the roots of the equation x* —2x +2 =0,
then the least value of n for which %g =1is

(@) 2 () 5
() 4 (d) 3
The number of integral values of m for which the
equation (1 + m?)x? -2(1 +3m)x + (1 +8m) =0, has no
real root is (2019 Main, 8 April 11)
(a) 3 (b) infinitely many

(© 1 @ 2

The number of integral values of m for which the

quadratic expression, (1 +2m)x*> -2(1 +3m)

x+ 41 +m), x OR, is always positive, is

(2019 Main, 12 Jan Il)
@ 3

(2019 Main, 8 April 1)

(a) 6 (b) 8 (c) 7

10.

11.

12

13.

14.

If A be the ratio of the roots of the quadratic equation in
%, 3m%2 + m(m —4)x +2 =0, then the least value of m for

. 1 .
which A + N =1,1s (2019 Main, 12 Jan 1)

()-2++2 (b) 4-2V3
(©)4-3J2 (d2-+3
If one real root of the quadratic equation

8122 + kx + 256 =01is cube of the other root, then a value

of kis (2019 Main, 11 Jan 1)
(a) 100 () 144
(c) -81 (d) -300

If5, 57, 5r2are the lengths of the sides of a triangle, then
(2019 Main, 10 Jan 1)

3
CY "

r cannot be equal to

5 7 3
a) = = c) =
(a) . (b) A (©) 5
The value of A such that sum of the squares of the roots
of the quadratic equation, % + (3 —A)x +2 =A has the
least value is (2019 Main, 10 Jan II)
4 15
(a) = (©)1 (©) = (d) 2
9 8
The number of all possible positive integral values of a
for which the roots of the quadratic equation,
6x? - 11x + o =0 are rational numbers is
(2019 Main, 9 Jan 1)

(@5 (b) 2
(c) 4 (d)3
Let a and B be two roots of the equation W2 +2+2 =0,
thena®® + B® is equal to (2019 Main, 9 Jan )

(a) 256 t(b) 512
(¢) -256 (d) -512
Let S={xOR:2 0 and 2|vx - 3| + Jx(Jx -6) +6 =0 .
Then, S (2018 Main)

(a) is an empty set

(b) contains exactly one element
(c) contains exactly two elements
(d) contains exactly four elements

If o, 0C are the distinct roots of the equation

x* —x+1 =0, thena'® + [5107 is equal to (2018 Main)
(@) -1 ()0
(©1 (d) 2



28

15.

16.

17.

18.

19.

20.

21.

22,

23.
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For a positive integer n, if the quadratic equation,
x(x+1)+x+1)(x+2)+... +(x+n-1)x+n)=10n
has two consecutive integral solutions, then n is
equal to (2017 Main)

(a) 12 ()9 (c) 10 (d) 11

The sum of 22111 real values of x satisfying the equation
(@ —5x+5)" TN =14s (2016 Main)
(@) 3 (b) -4 (@5

Let - g <0< —%. Suppose a; and 3; are the roots of the

(c) 6

equation x* —2xsecB +1 =0, and a, and B, are the roots
of the equation x*+2xtan®-1=0. If a, >B, and

Oy >By, thena; + B, equals (2016 Adv.)

(a) 2(secb — tan B) (b) 2secB

(c) —2tan® (d) o

Let a and B be the roots of equation x* —6x -2 =0. If

a,=0a" =B" for n 21, then the value of I ~ 208 is
2a4

(a) 6 (b)—6 (2015 Main)

(©) 3 (d) -3

In the quadratic equation p(x) =0 with real coefficients

Then, the equation
(2014 Adv.)

has purely imaginary roots.

plp()] =0 has

(a) only purely imaginary roots

(b) all real roots

(c) two real and two purely imaginary roots
(d) neither real nor purely imaginary roots

Let o and B be the roots of equation px2 +qx+r =0,

p#0. If p,gand r are in AP and l+%:4, then the
o

value of |[a —B]1is (2014 Main)
61 2417 34 24/13
(a) V61 ®) 2017 (© <34 @ 213
9 9 9 9
Let o and B be the roots of x* —6x -2 =0, with o >p. If
a,=0a" =B" for n 21, then the value ofalLZOL8 is
2a4
(a)1 (b) 2 ()3 (d) 4 (2011)

Let p and ¢ be real numbers such that p 20, p® # g and
p’#-q. If a and B are non-zero complex numbers
satisfying o +p = - p and a® +B® = ¢, then a quadratic

equation having x and — as its roots is (2010)
B a

(@) (p° +@a®-(p° +29)x +(p* +q) =0

b) (P° +qx®-(p® -29)x +(p* +q) =0

© (° -« -(6p° —29)x +(p® —g) =0

@) (@* -@a®-(5p” +29)x +(* —g) =0

Let a, B be the roots of the equation x* — px+r =0 and

% , 2B be the roots of the equation x> —qx+r =0.Then,

the value of r is (2007, 3M)

2

(a)%(p—q)(zq—m ® 2@-p)ep-0)

© §<q— 2p)(2q - p) &) §(2p -9 (2q-p)

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

If a,b,c are the sides of a triangle ABC such that

22=2 (a+b+c)x+3\ (@b +be +ca) =0 has real roots,
then (2006, 3M)

(a)x<i31 (c)m%,g@ (d)m%,g@

If one root is square of the other root of the equation
2% + px + g =0, then the relation between p and q is

@ p’ -qBp -1 +q*=0 (2004, 1M)
®) p’ —q@Bp+1) +q° =0

©p’ +qBp-1)+q =0

@ p’ +qBp+1)+q¢* =0

The set of all real numbers x for which x> — |x + 2| + x >0
18 (2002, 1M)
(@) (o0, =2) U(Z0 ) (b) (-,~v2) 029 )

(©) (=o0,= ) 0(I0 ) (d) (2,)

The number of solutions of log, (x — 1) =logy(x —3) is

5
B2

() 3 (b) 1 (2001, 2M)
(c) 2 (@0

For the equation 8x% + px +3 =0, p >0, if one of the root
is square of the other, then p is equal to (2000, 1M)
(a)1/3 ()1 (OF] (d) 2/3

If o and B (@ <B) are the roots of the equation

22+ bx + ¢ =0, where ¢ <0 < b, then (2000, 1M)
(a) 0<a<pP (b)a <0< <|al
©a<p<0 @a<0<lal<p

The equation \/x+ 1 —\/x -1 =,/4x -1 has (1997€C, 2M)

(a) no solution

(b) one solution

(c) two solutions

(d) more than two solutions

5

§(10g2 x)2 +logg x ——

The equation x4 4 =42 has (1989; 2M)

(a) atleast one real solution

(b) exactly three real solutions
(c) exactly one irrational solution
(d) complex roots

If a and B are the roots of x% + px + ¢ =0 and o ?,B*are
2

the roots of x“-rx+s=0 then the equation
x% —4gx + 2¢% —r =0 has always (1989, 2M)
(a) two real roots
(b) two positive roots
(c) two negative roots
(d) one positive and one negative root
The equation x - =1- 2 has

x-1 x-1 (1984, 2M)
(a) no root (b) one root
(c) two equal roots (d) infinitely many roots
For real x, the function W will assume all real

x—c

values provided (1984, 3M)
(@a>b>c b)a<b<c
(©a>c<b (d)a<e<d



35.

36.

37.

The number of real solutions of the equation
|x|*-3|x| +2 =01is (1982, 1M)
(a) 4 ()1 (03 (d) 2

Both the roots of the equation
x-b)x-c)+(x-a)x-c) +(x —a)(x =-b) =0

are always (1980, 1M)
(a) positive

(b) negative

(c) real

(d) None of the above

Let @ >0,b5>0 and ¢>0. Then, both the roots of the
equation ax® + bx + ¢ =0 (1979, 1M)
(a) are real and negative

(b) have negative real parts

(c) have positive real parts

(d) None of the above

Assertion and Reason

For the following question, choose the correct answer

from the codes (a), (b), (c) and (d) defined as follows :

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

38. Leta,b,c, p,qbe the real numbers. Suppose a,B are the
roots of the equation x®+ 2px + ¢ =0.
and o ,% are the roots of the equation ax? +2bx + ¢ =0,
where B20¢ 1,0,1%
Statement I (p?-q) (b*-ac) 20
Statement II 6 Opa or & qa. (2008, 3M)
Fill in the Blanks
39. The sum of all the real roots of the equation
lx-2*+|x-2| -2 =0is...... . (1997, 2M)
40. If the products of the roots of the equation
x% = 3kx + 2¢7°8% —1 =0is 7, then the roots are real for
k=.... (1984, 2M)
41. If 2 + i3 is aroot of the equation x> + px + ¢ =0, where
pand q arereal, then (p, q) = (...,...). (1982, 2M)
42. The coefficient of x* in the polynomial
(x=1)(x—=2)...(x —-100) 1s.... (1982, 2M)
True/False
43. If P(x)=ax? + bx +c and Q(x) = — ax® + bx +¢, where
ac # 0, then P(x) Q(x) has atleast two real roots.
(1985, 1M)
44. The equation 2x% + 3x + 1 =0 has an irrational root.

(1983, 1M)
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Analytical & Descriptive Questions

45.

46.

47.

48.

49,

50.
51.

52.
53.

54.

55.

56.

Ifx2 - 10ax -11b =0 have roots c and d. x2 = 10¢x - 11d =0
have roots ¢ and b, then finda + b+ c+d. (2006, 6M)

If a,B are the roots of ax®+ bx+c¢=0,(a 20) and
a +38,B + 3 are the roots of Ax® + Bx + C =0, (A #0) for
some constant 8, then prove that
b% —4ac _B®>-4AC
a A?
Let f(x)=Ax>+ Bx+C where, A,B,C are real
numbers. prove that if f (x) is an integer whenever x is
an integer, then the numbers 24, A + B and C are all

integers. Conversely, prove that if the numbers
2A, A+ Band C are all integers, then [ (x)is an integer

(2000, 4M)

whenever x is an integer. (1998, 3M)
Find the set of all solutions of the equation
ol —ppy=l —11 =277t 41 (1997 C, 3M)
Find the set of all x for which
2x 1
5 > (1987, 3M)
2x“+5x+2 «x+1
Solve| x2 +4x+3|+2x +5 =0 (1987, 5M)

For a <0, determine all real roots of the equation

22 -2alx-al-3a® =0 (1986, 5M)

Solve forx: (5 + 2«/@)"2 B4+ 6 —2\/E)x2 ~3 =10 (1985, 5M)

If one root of the quadratic equation ax? + bx + ¢ =0 is

equal to the nth power of the other, then show that
1 1
@" " +(@e"" +b=0 (1983, 2M)

Ifa and B are the roots of x* + px + ¢ =0 and y, are the
2

roots of x“+rx+s=0, then evaluate@ -y)B-vy)
(@ -3)B -9d)intermsof p, g, rand s. (1979, 2M)
Solve 2log, a + log,,. a+3log, a =0,

where @ >0,b =a®x (1978, 3M)
If o and B are the roots of the equation

22+ px+1=0;y, dare the roots of * + gx + 1 =0, then
¢* =P’ =@ ~yY)B V(@ +O)(B+d (1978, 2m)

Passage Type Questions

Let p, g be integers and let a,f3 be the roots of the equation,

2

x*=x-1=0 where

a#B. For n=0,1,2,.... , let

a, =pa” +qgp".
FACT : If g and b are rational numbers and a + bv/5 =0, then

a=0=b. (2017 Adv.)
57. a,=

(@) a; + 204, (b) 2ay; + &

© a; —a (D ay; +
58. Ifa, =28 then p+2q =

(a) 14 (b) 7 (c) 21 (d) 12
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Topic2 Common Roots

Objective Questions I (Only one correct option) 3. A value of b for which the equations x* + bx -1 =0,

2 _ . .
1 If o, and y are three consecutive terms of a X"+ x + b =0 have one root 1n common 18 (2011)
non-constant GP such that the equations () =2 ORAE] (© V5 (@2
2 2
ox” +2Bx +y =0 andx” + x —1 =0 have a common root, .
then, a(B +y)is equal to (2019 Main, 12 April 11) Fill in the Blanks
(@0 4. If the quadratic equations x*+ax+b=0 and
(b) op 2>+ bx+a =0 (a £b) have a common root, then the
(0 ay numerical value of a + bis... . (1986, 2M)
(d) By
2. If the equations 2%+ 2x+3 =0 and ax®+ bx + ¢ =0, True/False

a, b, c R have a common root, then a: b: cis
(a) 1:2:3 (b) 3:2:1 (2013 Main)
() 1:3:2 d 3:1:2

5. Ifx - ris a factor of the polynomial f(x)=a, x",
+ a,_, x n-1

ris a root of f' (x) =0 repeated m times.

+... + a, repeated m times (1 <m < n), then
(1983, 1M)

Topic 3 Transformation of Roots

Objective Question I (Only one correct option)

1. Leta,Bbe the roots of the equation,(x —a)(x —b) =c,c#0.
Then the roots of the equation (x —a) (x =) + ¢ =0 are
(a) a,c ®)b,e (¢) a,b (d) a+c,b+c (1992, 2M)

Analytical & Descriptive Question

2. Leta, bandcberealnumber s witha #0 andleta,Bbe

the roots of the equation ax® + bx + ¢ =0. Express the
roots of a®x? + abex + ¢ =01in terms ofa,B. (2001, 4m)

Topic4 Graph of Quadratic Expression

Objective Questions I (Only one correct option)

1. Let P4, -4) and Q(9,6) be two points on the parabola,

y? =4y and let X be any point on the arc POQ of this
parabola, where O is the vertex of this parabola, such
that the area of APXQ® is maximum. Then, this

4. If ¢ OR and the equation -3 (x - [x])* +2 (x —[x])
+ a? =0 (where, [x] denotes the greatest integer < x) has
no integral solution, then all possible values of a lie in
the interval (2014 Main)

maximum area (in sq units) is (2019 Main, 12 Jan ) (@) (-1,0)0(0,1) M) @, 2)
(a) 125 M) 7 © (-2,-1) @ (-, -2) 02 )
6%5 1225 5 For all @, 22 + 2ax + (10 —3a) >0, then the interval in
© e (@ 4 which ‘@’ lies is (2004, 1M)
(@a<-5 (b)-b<a<2 (c)a>5 (d)2<a<5

2. Consider the quadratic equation, (¢ —5) x*—2¢x + (c —4)

=0,c#5. Let S be the set of all integral values of ¢ for
which one root of the equation lies in the interval (0, 2)
and its other root lies in the interval (2, 3). Then, the
number of elements in S is (2019 Main, 10 Jan I)

6. If b > a, then the equation (x —a) (x —b) —1 =0 has

(a) both roots in (a, b)
(b) both roots in ( — o, a)
(c) both roots in (b, + )

(2000, 1M)

(a) 11 (b) 10 (d) one root in (-,a) and the other in (b,)

(© 12 (d) 18 . If the roots of the equation x% - 2ax + a® + a =3 =0 are
3. If both the roots of the quadratic equation real and less than 3, then (1999, 2M)

x% = mx + 4 =0 are real and distinct and they lie in the (@) a<?2 (b) 2<as<3 (©) 3< as4 ) a>4

interval [1, 5] then m lies in the interval
(2019 Main, 9 Jan II)

. Let f(x) be a quadratic expression which is positive for

(a) (4, 5) () (-5, - 4) all real valuesof x. If g(x) =f (x) + ' (x) + /"' (x), then for
©) (5, 6) @) (3, 4) any real x (1990, 2M)
(@gx<0 (b gx)>0 ©@gx=0 (Dgx®=0



Analytical & Descriptive Questions

9.

10.

If ¥ + (@ — b)x + (1 —a —b) =0 where a, b OR, then find
the values of a for which equation has unequal real roots
for all values of b. (2003, 4M)
Let a, b, cbe real. If ax? + bx + ¢ =0 has two real roots o
and [, where a<-1 and B>1, then show that

1+ 4200
a0

a (1995, 5M)

Topic5 Some Special Forms

Objective Questions I (Only one correct option)

1.

The number of real roots of the equation

5+2% -1 =22 -2)is (2019 Main, 10 April 11)
(@1 (®) 3
(c) 4 (@) 2

All the pairs (x,y) that satisfy the inequality
2o . .
gVsinTx - 2sinx+ 5 EIl—Z <1 also satisfy the equation

gy (2019 Main, 10 April I)
(a) 2|sin ] =3 sin y (b) sin x =|sin ¥
(c) sin x=2sin y (d) 2 sin x =sin y

The sum of the solutions of the equation
[Vx = 2] +Vx(/x =4) +2 =0 (x >0) is equal to
(2019 Main, 8 April 1)
(@ 9 (b) 12
© 4 @ 10
The real number % for which the equation,

2x> + 3x + k£ =0 has two distinct real roots in [0, 1]
(2013 Main)

(a) lies between 1 and 2 (b) lies between 2 and 3
(c) lies between —1and 0 (d) does not exist
Let a,b,c be real numbers, a#0. If a is a root of

a®? + bx + ¢ =0, B is the root of a’?-bx-c¢=0 and
0 < o <P, then the equation a®? + 2bx + 2¢ =0 has a root

y that always satisfies (1989, 2M)
_a+B —qa P

(@y= 5 (b)v—a+§

©y=a (da<y<p

If a + b + ¢ =0, then the quadratic equation

3ax® + 2bx + ¢ =0 has (1983, 1M)

(a) at least one root in (0, 1)

(b) one root in (2, 3) and the other in (-2, —1)

(c) imaginary roots

(d) None of the above

The largest interval for which

w2 -x" +at —x+1>0is (1982, 2M)

(a) -4<x<0 (b)0<x<1

(c) -100<x <100 (d) —o<x<o

Let a, b, cbe non-zero real numbers such that

J’; (1 + cos® x)(ax? + bx + c)dx (1981, 2m)

2 8 2
= .[0 (1 + cos® x)(ax” + bx +c)dx
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11. Find all real values of x which satisfy x* - 3x + 2 >0 and
x% —2x -4 <0. (1983, 2M)

Integer Answer Type Question

12. The smallest value of &, for which both the roots of the
equation x%-8kx+16 (k% -k +1) =0 are real, distinct
and have values atleast 4, is ...... . (2009)

Then, the quadratic equation ax?+ bx + ¢ =0 has
(a) no root in (0,2) (b) atleast one root in (1,2)
(c) a double root in (0, 2)  (d) two imaginary roots

Objective Questions II
(One or more than one correct option)
9. LetSbe the set of all non-zero real numbers a such that
the quadratic equation ax®-x+a =0 has two distinct

real roots x; and x, satisfying the inequality |x, — x5 <1.

Which of the following interval(s) is/are a subset of S?
(2015 Adv.)

1 1 1 1 1 1
—,——0 b Og-—,0 —0@ s
@ G- JBQ Of = ] <c)§o,£§(>§ﬁ, HE
10. Let ¢« OR and f:R - R be given by f(x) =" —5x +a.
Then,
(a) f(x) has three real roots, if a > 4
(b) f(x)has only one real root, if a > 4

(¢) f(x)has three real roots, if a< -4
(d) f(x)has three real roots, if -4<a <4

Passage Based Problems

Read the following passage and answer the questions.
Passage I

Consider the polynomial f(x) =1 + 2x + 3x%+ 4x>. Let s be

the sum of all distinct real roots of f(x) and let ¢t =] s|.
(2010)

11. The real numbers slies in the interval
W W ok g 0B

12. The area bounded by the curve y = f(x) and the lines
x=0,y=0and x =¢,lies in the interval

3 21 11 21
(a) %I 3@ () % EQ (©) (9,10) @ @o o
13. The function /' (x)is

(a) increasing in Qﬂf, - i@and decreasing in % i, t@

(b) decreasing in % t, —%Qand increasing in % ?11, t@

(c) increasing in (=t, t)
(d) decreasing in (—t, t)
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Passage 11

If a continuous function f defined on the real line R,
assumes positive and negative values in R, then the
equation f(x) =0 has a root in R. For example, if it is
known that a continuous function f on R is positive at some
point and its minimum values is negative, then the
equation f(x) = Ohas aroot in R. Consider f(x) = ke* — x for
all real x where k 1s real constant. (2007, 4M)
14. The line y = x meets y = ke* for k <0 at

(a) no point

(c) two points

(b) one point
(d) more than two points

15. The positive value of k for which ke* —x =0 has only one

16. For k>0, the set of all values of k for which ke* —x =0
has two distinct roots, is
Il
&1

W]
(d) (0,1

(c)%,mg

True/False

17. If a <b <c <d, then the roots of the equation (x—a)
(x—¢)+2 (x —-b) (x —d) =0 are real and distinct.
(1984, 1M)

Analytical & Descriptive Question

root is 18. Let -1 < p <1. Show that the equation 45’ —=3x - p =0
(a)l (b) 1 (c)e (d)log,2 has a unique root in the interval [1/2, 1] and identify it.
e (2001, 4M)
Answers
Topic 1
1. (a 2. (b 3. (b 4. (c .
5. Ea; 6. Ec)) 7. Ec)) 8. Ed)) Topic 2
9. (b) 10. (d) 11, (d) 12. (0) L. (@ 2. (@) 8. (b) 4. (1)
13. (¢) 14. (c) 15. (d) 16. (a) 5. False
17. (o) 18. (c) 19. (d) 20. (d) Topic 3
21. (¢ 22. (b) 23. (d) 24. (a) 1. (¢ 2. x =aB, ap’
25. (a) 26. (b) 27. (b) 28. (c) .
29. (b) 30. (a) 31. (b) 32. (a) Topic 4
33. (a) 34. (d) 35. (a) 36. (0) 1@ 2. @) 3 @ 4 @
37. (b) 38. (b) 39. 4 40. k=2 5. (b) 6. @ 7 @ 8. (b)
41. (-4,7) 42. -5050 43. True 44. False at W x Ol 510 #45.2) 12, k=2
45. 1210 48. y 0¥ 10 [® ) Topic 5
- 1. (a) 2. (b) 3. (d) 4. (d)
49. x O 2~ 10 4 = 5@ 50. —4and (-1 -3) 5 (@ & () % @ 8. (b)
5. x={a(1-+2),a(\6 —1)} 52 %2, ++2 9. (ad) 10. (b, d) 1L (o) 12. (a)
54. (q—s)* —rqp —rsp +sp® +qr’ 55. x =a > ora *" 13. (b) 14. (b) 15. (a) 16. (a)

56. ¢° - p 57. (d) 58. (d)

a _
17. True 18. x = cos = cos
ERE



1.

2.

4.

Hints & Solutions

Topic1 Quadratic Equations

Given quadratic equation is
x> + xsin® —2sin0 =0, 0 [ @), g@

and its roots are o and f3.

So, sum of roots =a +f = —sinB

and product of roots =af = —-2sin®

O o =@ B ) ...Q0)
Gl2 +Bl2

(G -12 + B—l2)(a _B)24

BlZ _ 12 Blz

= 12
E}% 125(“ -p)% %Lm(a —p)

1212
B

Now, the given expression is

0 og O 0 ap HZ
“Ho-p7°H "B +p7 -40p0
0 2a+p O
" Ha +B)2-8(cx +B)

g 2
Ekcx +B) - SH B—sme SH

o2
(sin® + 8)12

[from Eq. (1)]

o+ =-sinb]

Given quadratic equation is x%+ px+q =0, where
p, ¢ OR having one root 2 —+/3 , then other root is 2 + V3
(conjugate of 2-+/3) [+ irrational roots of a quadratic
equation always occurs in pairs]
So, sum of roots =-p =4 0 - 4
and product of roots =q=4-3 0 ¢ 1
Now, from options p%-4¢-12 =16 -4 =12 =0
Given quadratic equation is

(m?+ 1)a? = 3x + (m? +1)? =0 ..()
Let the roots of quadratic Eq. (i) are a and B, so
a+B= andap=m? +1

According to the question, the sum of roots is greatest
and it is possible only when “(n? + 1) is minimum” and
“minimum value of m? + 1 =1, when m =0".
+B= 3andoB=1,asm=0
Now, the absolute difference of the cubes of roots
=la’ -p’|
=la -Blla* +p* +ap)|
=@ +B)* ~4aB | @ +B)* ~ap|
=/9-419-1=8V5

Given,a and 3 are the roots of the quadratic equation,
X -2x+2=0
0 (x-1)2%+1=0

0 (x-1)2%=-
O x—1==%i [where i =+/-1]
O x=(1+i)or (1 -1)

Clearly, ifa =1+ i, thenf =1 -

According to the question %g =1

. O+ _ )
H—H ~
HL+ l:)(l * %)[f = [by rationalization]
(1 -0 +1)

[fl
0 JL+itr2id o %g 10 i"=1
D 1-42

So, minimum value of n is 4.

Key Idea
(i) First convert the given equation in quadratic equation.
(i) Use, Discriminant, D = b* — 4ac <0

Given quadratic equation is
@+ m?a® -2(1 +3m)x + (1 +8m) =0 ...()
Now, discriminant
D =[-2(1 +3m)]* -4 +m*)(1 +8m)

=4[(1+3m)* -1 +m*)(1 +8m)]

=41 +9m* +6m —(1 +8m +m” +8m?)]

=4 [-8m® +8m* -2m]

= -8m@m® —4m +1)= -8m@m -1)
According to the question there is no solution of the
quadratic Eq. (i), then

D<0

O- 8m@m 1) 0 O m>0
So, there are infinitely many values of ‘m’ for which,
there is no solution of the given quadratic equation.
The quadratic expression
ax® + bx + ¢, x OR is always positive,
ifa >0and D <0.
So, the quadratic expression
(1+2m)x®> -2 (1 +3m)x+ 4(1 + m), x OR will be
always positive, if 1 + 2m >0 ...Q)
and D =4(1 + 3m)? -4@m +1)4(1 +m) <0 ...(i1)
From inequality Eq. (1), we get

m>—% ...(ii)

From inequality Eq. (i), we get
1+9m? +6m -4 @m? +3m +1) <0
0 m?-6m-3<0
O [m-@+~12)][m - @ -/12)] <0
6+ 1/36+ 12 ]

[-m?®-6m-3=0 Om
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O 3-12 <m <3 +4/12 ..(iv)
From inequalities Egs. (ii1) and (iv), the integral values
of mare0,1,2,3,4,5,6

Hence, the number of integral values of m is 7.

Let the given quadratic equation in x,
3m%% +m(m —4)x +2 =0, m # 0 have roots a and B, then

m(m —4) 2
a+B=-——-— and af =—
B m? B am?
a
Also, let —=A\
B
Then, ret=10% B (given)
A B «a
O a 2p ZeB
O @+B)* =3ap
2 _A\2
O m(m44) _3 22
Im 3m
O (m-4)?=18 [-m #0]
O m—4=+32
O m=4+3/2

The least value of m =4 -3+/2
Given quadratic equation is
81x% + kx + 256 =0

Let one root be a, then other isa®.
256

81

[- for ax® + bx + ¢ =0, sum of roots = —

Now,a+a?’:—£anda|]13:
81

o Qo

and product of roots = —]
a

4
a“z%@ Doa=t2
3
E=-81@ +a?)
=-8la (1 +a?

= -81 %%@Q{+%6 = +300

Let @ =5, b =5r and ¢ =5r>

We know that, in a triangle sum of 2 sides is always
greater than the third side.

O a+b>cb+c>aandc+a>b

Now, a+b>c
O5+5r>5r2 O 5r2-5r-5<0
O rf-r-1<0

0 _ /3000 0

0 —%1 5% —E}Hﬁg <0
o HiE| I
02 Og 0O 2 O

[- roots of ax® + bx + ¢ =0 are given by

_mbE\b—dac o L,

x=
2a
_111/1+4_1i£]
2 2

Or

10.

- + /50
a rDM,l \/ED @)
o 2 2 0O
+ - Tt
1-V5 1+ V5
2 2
Similarly, b+c>a
O 5r+5r2 >5
a rP+r-1>0
U 0-1-s000 0O-1++500
O _F1-vHD By,
o 0 2 Opp 0O 2 0O

g -1+, /1+4 - O
D'r2+r—1:0|:|r= = li\/gm
0 2 2 0
O -1-+50_ 0O O
0 roBe clo¥HEL+E O ... (i)
0 2 0O 0O 2 0
+ - Tt
-1-V5 —1+v5
2 2
and c+a>b
0 5r2+5>5r
O r2—r+1>0
Drz—Z%r+%g+l—%g>0
T SR
2 4
0 rOR ... (iii)

From Egs. (1), (i1) and (ii1), we get
O0-1++56 1+ \/gg

r——,
o 2 2 0O
-
® 4-y5  1-v5 -1++5 1+V5 «
2 2 2 2

and % is the only value that does not satisfy.

Given quadratic equation is
K+ B -Nx+2 =A
¥+ @-MNx+@-\) =0 ... ()
Let Eq. (1) has roots a and B, then a +3 =\ -3 and
o =2-A

| o

[ For ax® + bx + ¢ =0, sum of roots = -

o Q

and product of roots = —]
a

Now, a2 +p% =@ +p)? -20B
=\ -3)2-2@2 -\)
=A2-6A +9 -4 +2\
=N - +5=(\2 -4\ +4) H
=\ -27 +1
Clearly, a? + % will be least when A = 2.



11.

12.

For the roots of quadratic equation ax® + bx + ¢ =0 to be

rational D = (b% - 4ac) should be perfect square.

In the equation 6x% — 11x + a =0
a=6,b=-1landc=qa

OFor roots to be rational

D = (-11)% -4(6) (@) should be a perfect square.

0 D(@) =121 —24a should be a perfect square

Now,

D(1) =121 —24 =97 is not a perfect square.

D@2) =121 —24 x2 =73 1s not a perfect square.

D@B) =121 —24 x3 =49 s a perfect square.

D4) =121 —24 x4 =251s a perfect square.

D(GB) =121 —24 x5 =11is a perfect square.

and for a = 6, D() <0, hence imaginary roots.

OFor 3 values of a (o = 3, 4, 5), the roots are rational.

We have, x* + 2x + 2 =0

-2+ ,/4-8
ad x:f [~ roots of ax? + bx + ¢ =0 are
: -b+,b?-4
glvenbyx=—ac]
2a
ad x=-1=%i

Leta=-1+iandpB=-1-1.

Then, a’® + B = (-1 +i)"® +(-1 —i)'°
=-[@ =) +@ +)"]

1 i o-o1 im’o

- + V2 + 0

@75 ﬁQE E@E V2t

U g

ﬂ%gﬁ

—lSIII n@ gcs—+zs' 15,-@']
4 Of

[using De’ Moivre’s theorem
(cos0 + i sinB)" =cosnB®+ isinnb n 0Z]

- _(\/5)15 %C 15nD (\/7)15

=-(/2)"% = -2° = -256.
Alternate Method
0(15 +B15 :(_1 +i)15 +(_1 _i)15
—[@ =9+ +)°]

B E(l—l)IG 1+l)16|:|
Dl—l 1+ H
_ga-y7® L1+ )0
H1-i 1+i ¢

13.

14.

15.

16.
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__E[1+i2—2i]8+ [1+i2+2i]8g

o 1-: 1+ 0
__H=2i)® | @i®d
Hi-i 1+:if
01 10

in=1,n02]

_98
2B[7—i+]_+iH [.l

956 2 = 956200 _956
A-@’ T BE
We have, 2 |vx =3+ Jx(/x =6) +6 =0

Let /x —

ad Je=y+3

O 2lyl+(y+3)(y-3)+6=0

O 21yl+y*-3=0

O lyP+2]yl-3=0

0 (lyl+3)(1yl-1)=0

O lyl#-3 0 |yl=1

0 y=+1 0 Jx-3=+#1
O Jx=4,2 O x=16,4

We have, a,f are the roots of Z-x+1=0
Roots of 22 — x + 1 =0 are —w,~ 0%

O Leta =-wandp=-w?

|:|(X 101 B 107 ((ﬂ )101 + ((ﬂ 2)107 —

- + W

-(-D

_(wlol + 0)214)
[’ =1]
[+1+w+ o =0]

Given quadratic equation is
x(x+ 1)+ x+1D(x+2) +... +(x +n -1)(x+n)=10n

O@+a%+...+2) +[1 +3 +5 +... +@n -D]x
; [A2+23B +... +(n -1)n] =10n
a nx2+n2x+w—10n =0
2_
0 x2+nx+n 1—1020
O 3x% + 3nx + n® -31 =0
Let o and 3 be the roots.
Since, o and B are consecutive.
O la-pl=1 O (@-p)?=1
Again, @ -B)* =@ +B)* —4aB
2 _310
O 1:@'3’@2—4%” 315
3 o 3 0O
O 1:n2—§(n2—31) 0O 3=3n%-4n?+124
O n?=121 O =+11
ad n=11 [-n>0]

Given, (x> -5x + 5)ch TAx =60 -9
Clearly, this is possible when

I x* +4x -60 =0 and x> -5x+5 %0
or
I. x®>-5x+5=1
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17.

18.
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or
II. x*>-5x+5=-1 and 2% + 4x - 60 = Even integer.

Case 1 When %+ 4x-60 =0
O x* + 10x —6x =60 =0
a x(x + 10) —=6(x +10) =0
ad (x+10) (x —6) =0
g x=-100or x=6

Note that, for these two values of x,x%-5x+5 20

Case ITI When a2 -bx+5=1

O x® —bx+4=0

O X —4x-x+4 =0

a x(x—-4)-1(x-4) =0

g (x-4)(x-1)=00 x=4or x=1

¥ -bBx+5=-1
x* =5x+6 =0
x* = 2x-3x+6 =0
x(x—2) —-3(x —-2) =0
(x-2)(x-3)=0
x=20rx=3
Now, when x =2, 2% + 4x -60=4 +8 —60= —48, which is
an even integer.
When x =3, % + 4x —60 =9 +12 -60= -39, which is not
an even integer.

Case III When

OoOooag

Thus, in this case, we get x = 2.
Hence, the sum of all real values of
x=-10+6 +4 +1 +2 =3

Here, x> —2xsecB +1 =0 has roots a; and f,.

0 o b _2secei1/4se029—4
1> P1 =

2x1
_2secB+2|tanB]|
e B
Since, GD% E7 n
6 12

2secBF 2tan6

2
O o ,=s8 -taf andP, =secO +tanb [asa; >[B]
and x”*+2xtan® —1 =0 has roots a, and B, .

-2tanB+ V4 tan?0+4

ie. 601V quadrant =

ie. Oy, By =

2
O o ,=-taf+ sed
and By =-tanB —secO [asa, >B,)

Thus, 0, +By = 2tan6
Given, o and [ are the roots of the equation
%% —6x -2 =0.
o a,=a" —=p" forn =21
— 10 _nl0

10 =07 B

ag =a8 —[38

(07 :Gg _Bg

19.

20.

Now, consider

ay -2a5 _ a0 —B° —2@® -B%)
20 2@’ -a?)
_a®@*-2)-B°@*-2)
S 2@ -BY)
_a°Ba -p*6p _ 6a° -6p° _6 _3
2@°-p%)  2@”-6p") 2
[ a and 3 are the roots of 0
ad ¥ -6x-2=00rx®=6x+2 [
M a2 6a 20 &’>=2 6aU
FBnd p?=6p+2 O p* 2= 6BH
Alternate Solution
Since, a and B are the roots of the equation
x* —6x -2 =0.
or 22 =6x+2
0 a =@ +2
O a =6 "+a °® ..()
Similarly, plo=6p® +28° ...(i1)
On subtracting Eq. (ii) from Eq. (i), we get
a'®-p¥ =60’ -p°) +2@® B°) (- a,=a"-p"
d a9 =6ag +2ag
a0 —2ag _

O ayp —2ag =6ay O 3

Qg
If quadratic equation has purely imaginary roots, then
coefficient of x must be equal to zero.
Let p(x) = ax® + b with a, b of same sign and @, b OR.
Then, plp@)] =a@x® + b)*> +b
p(x) has imaginary roots say ix.
Then, also ax? + b OR and (ax? + b)? >0
O a(ax?+b)?+b#20,0x
Thus, plp]#0,0x

If ax?+ bx + ¢ = 0has roots a and B, thena + B = —b/a
andaf = C. Find the values of a + B and af and then put
a

PLAN

in(@ -B)? = (@ +B)? -4 to get required value.
Given, o and B are roots of px® + gx + r =0, p 0.

0 a+p=—2 op=" @)
p p
Since, p, g and r are in AP.
O 2q=p+r ...(11)
Also, Lt+l=g g 9*B_,
a B ap
-q _4r .
d o f =dp 0O —=— [from Eq. ()]
p p
a q=-4r

On putting the value of ¢ in Eq. (ii), we get
ad 2(-4ry=p+r O p=-9r



21.

22.

23.

24.

—q _4r_4r _ 4

Now, a+B=— ===
p p  -9r 9
_r_r _1
and GB—p “or -9
P 9 =L6 é:16+36
O @-B)" =@ +B)” —4aP a1t 51
_pg2=22
U @-B) 8l
0 |a—B|:§Jﬁ
al() _2a8 _ (010 _BIO) -9 (GS _BS)
2a, 2@”-p?)
_a’@?-2)-B°@*-2)
2@’ -p?)

aisrootof * -6x-2=0 Oa 2-2=6
[andBisrootof x* -6 x-2=0 OP 2-2=@ ]
_a’6a)-B°6B)_6 @' -B°) _,

2@ - 2@’ -p°)
G2+B2
Sum of roots = T and product =1
Given,a +B = -panda® +B* =¢
0 @+B)@*-ap +B% =¢
O aZ+pZ-ap =—4 @)
p
and @ +p)? = p?
O a g 2+ =p? ..(id)

From Egs. (1) and (ii), we get

3 3
- +
a2+p2=? 2 4 ap=2 "4
3 3p
3 _
0 Required equation is, «2 —M +1=0
»" +q

O @+ - —29)x+(* +q) =0

The equation x®-px+r =0 has roots o, B and the
equation x2 — qx + r =0 has roots%, 2B.

ad r=ap and o+ = p,

and %+2B:q O B:2QT_p and a:w

0 aBzrz%(zq—m@p—q)

Since, roots are real, therefore D >0

O 4(a+b+0%-12\ (ab +be +ca) =0

ad (@+b+0)2?=23\ (ab + be +ca)
O a?+ b? + ¢ > (ab + be +ca) BN -2)
2, 12, 2
0 gr-gg @ FOFC ()
ab + be+ ca
2, 2_ 2
Also, cosA:u<1

2bc

25.

26.

27.

28.
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a b2+ & —a’<2be
Similarly, &+ a? - b% <2ca
and a?+ b2 - <2ab
a a?+ b2+ P <2 (ab +be +ca)
2, p24 2
O arbire ...(ii)

ab + bc+ ca
From Egs. (1) and (ii), we get
3A-2<2 0O A <§

Let the roots of x* + px + ¢ =0 bea and a2

O o+a 2- p and o’ =g

ad aal +1)=-p

Oo & 2+1+Ba( +1)} =-p° [cubing both sides]
O q(q+1-3p)=-p’

0 P’ =@p-1g+q* =0

Given, 2 —|x+2 +x>0 .. ()
Case I When x+220

0 F-x-2+x>0 0 x*-2>0

g x<=+/2 or x>+2

0 xOF 25 V20 (W& ) .. (i)
Case II When x + 2 <0

O Hx+2+x>0

0 X+ 2x +2 >0

O (x+1)2%+1>0

which is true for all x.

a x<—-2orx Ot ~ 2) ...(111)

From Egs. (i1) and (ii1), we get
x Ot + V20 (2 )
Given, log,(x — 1) =log,(x —3) =10g41,2 (x =3)

log,(x - 1) =2log,(x —3)
log,(x - 1) =log, (x -3)?
(x-3)2%=x-1
¥ +9-6x=x-1
x% = Tx+10 =0
(x-2)(x—-5) =0
x=2,
x=5
Hence, one solution exists.

or x=5

Ooooooooo

[- x =2 makes log (x — 3) undefined].

Let a,a 2 be the roots of 3x% + px +3 =0

Now, S=a+a%=-pf3,
P=a®=1

0 a =W’

Now, a+a?=-pl3

O w+w =- pi3
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29.

30.

31.

32.

33.
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a - - pi3

a p=3

c<0<b

Since, a+B=-b ...()
and aB=c ...(11)
From Eq. (1), c<0 0 af 0

O Eithera is —ve,Bis —-ve ora is + ve, B1s — ve.

From Eq. (1), 6>03 & O +a B [0
negative.

0 Modulus of negative quantity is > modulus of positive
quantity buta <8 is given.

Therefore, it is clear that a is negative and 3 is positive
and modulus of a is greater than modulus of

O a <0B <« |

NOTE This question is not on the theory of interval in which root
lie, which appears looking at first sight. It is new type and first
time asked in the paper. It is important for future. The actual
type is interval in which parameter lie.

Jr+l-yJx-1=/4x -1
0 @+1)+ (@ -1) -2/x* -1 =4x -1
0 1-2x=2
0 4x=5 0 ng

Given,

the sum 1is

Since,
W2 =1 0 1+4x% —4x =42 -4

But it does not satisfy the given equation.
Hence, no solution exists.

. §(10g2 x)2 + logg x — §
Given, x* 4

ad % (log,, %)%+ logyx —

ad % (log,, %)%+ logyx —

O

3(log, x)° + 4(log, %)% - 5(logyx) -2 =0

ut logyx =y
3y> +4y® =5y -2 =0
-1 (@+2)By+1) =0
y=1,-2,-1/3
logyx=1,-2,-1/3
g 1 1
- U3 74

O oootdw

Since, a, are the roots of 2+ px+q=0 ando?,p?* are
the roots of ¥ — rx + s =0.
O B =-pB =q a*+pi=randa®B?=s
Let roots of x* —4gx + 2g® -r) =0be o’ and B
a'B' = @2¢°-r)=2@p)* - @* +B*)
=-@" +p* —2aBH)=-@* -p»* <0
O Roots are real and of opposite sign.

2 _,_. 2

Now,

Given, x — 0 x=1

x-1 x-1
But at x =1, the given equation is not defined.

Hence, no solution exist.

34.

35.

36.

37.

:xz—(a+b)x+ab

Let y
x—c
O yx—cy=x>—(a +b)x +ab
O 2®—(a+b+yx+(ab +cy) =0
For real roots, D =20
O (@+b+y)?-4(ab +cy) =0
O (a+b)*+y*+2(a +b)y —4ab —4cy =0
ad Y2+ 2(a + b -2¢)y +(a -b)% 20
which is true for all real values of y.
a D<0
4(a+b-2¢)* -4(a -b)* <0
O 4(a@+b-2c+a -b)(a +b —2c —a +b) <0
a 2a-20)@2b-2¢) <0
ad (a=-c)(b-c¢) <0
ad (c—a)(c-b) <0
0 cmust lie between a and b
ie.a<c<borb<c<a
Since, |xI>-3|x|+2=0
U (lxl=1) (1x[-2) =0
g x| =1,2
a x=1,-1,2,-2
Hence, four real solutions exist.
x-—a)(x-b)+(x-b)(x —¢) +(x —0) (x —a) =0
a 3x2-2(@@+b+cd)x+ (ab +be +ca) =0
Now, discriminant =4 (a + b + ¢)%> =12 (ab + be +ca)
=4{a®?+b>+c% -ab -bc —ca}
=2{(a = b)* + (b —0” +(c ~a)*}
which is always positive.
Hence, both roots are real.
Since, a, b, ¢>0 and ax?+ bx + ¢ =0

2 _
0 . _—bi A b —4ac
2a 2a
Casel When b% -4ac>0
0 x_;b_\/b2—4ac
2a 2a
2 _
d_—b . A b —4ac
2a 2a
Case II When b - 4ac=0

an both roots, are negative.

-b . .
0 x= 2 i.e. both roots are equal and negative
a

Case III When b% - 4ac <0
(i 22
ad x= - + i74ac b
2a 2a
have negative real part.

O From above discussion, both roots have negative real
parts.
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39.

Given, 2+2px+q =0
O a+B=-2p . ()
aB =¢q ... (1)
And ax®+2bx+¢ =0
ad a +l = 2b ... (111)
B a
a _c¢ .
and — == L@
B a @iv)

Now, (p*-q) (b* —ac)

all 10
d b=—-—[m +—
an 5 %}( BB
Since, pazb O a+%¢a +B
O B 2¢1L3 #{-1, 0,1}, which is correct.
Similarly, if ¢ # qa
a agia(xB a a@—y]iO
B Bt

O a# 0 and [3—%730
O Bz 4 1,0, 1}

Statement II is true.

Both Statement I and Statement II are true. But
Statement II does not explain Statement I.

Given, |x - 2> +|x -2 -2 =0
Casel When x=>2

O (x-2)%+ (x-2) -2 =0

0 A +4—dx+x-2 -2 =0

0 2 -3x=0

ad x(x—-3)=0

ad x=0,3 [0 is rejected]
O x=3 ()
Case II When x <2

O (~@x-2¥¢-(x-2) -2 =0

O (x-2%-x+2-2=0

0 ¥ +4-4x-x =0

a x% —4x —(x —4) =0

ad x(x—-4)-1(x—-4) =0

ad (x-1)(x—-4) =0

40.

41.

42,

43.

44,

45.

39
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a x=1,4
O x=1

Hence, the sum of the roots is 3 + 1 =4.

[4 is rejected]
...(11)

Alternate Solution
Given, |[x-2> +|x-2| -2 =0
O (lx-21+2)(lx-21-1)=0

O [x=-2=-2,1 [neglecting —2]
O lx-2]=1 0O x=3,1
O Sum of the roots =4

Since, x> — 3kx + 2¢7 108k

0 2k —1=7

-1 =0 has product of roots 7.

0O e2 log, kB — 4
0 k=4
a k=2 [neglecting —2]

If 2 + i+/3 is one of the root of x> + px + ¢ =0. Then,
other root is 2 — i/3.

O -p=2+iyJ3 +2 —i/3 =4
and g=Q+i/3) @ -i3) =7
o @, =(-4,7)

The coefficient of % in (x—1)(x -2)... (x —100)
=—-1+2+3 +... +100)
=100

2

P Q) = (ax® + bx + ¢) (—ax® +bx +0)

Now, D, =b* -4ac and D, = b* + 4ac

Clearly, D, + D,=2b*20

O Atleast one of D; and D, is (+ ve). Hence, atleast two
real roots.

(1 +100) = 50(101) = -5050

Hence, statement is true.
Given, 2x% + 3x +1 =0
Here, D = (3)2 -4 21 =1 which is a perfect square.

0 Roots are rational.
Hence, statement is false.

Here, a+b=10c andc+ d =10a
O (@-o+(®B-d) =10(c-a)

ad b-d)y=11(c-a) )
Since, ‘¢ is the root of x> = 10ax —11b =0
O & -10ac-11b =0 ...(ii)

Similarly, ‘@’ is the root of
x* =10cx -11d =0
0 a®-10ca -11d =0
On subtracting Eq. (iv) from Eq. (ii), we get
(-a? =11 -d)

...(iii)

..(iv)

O (c+ta)(c—-a)=11 x11(c —a) [from Eq. ()]
0 c+a =121
ad a+b+c+d=10c +10a

=10(c+a)=1210
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46. Since,a +f = —Q,GB =
a

47,

48.

49.

C
a

B C
d a+0+B+d=—-—"—",(a +d +0) =—
an B A( ) (B +9) 1

Now, a-B=@ +d) —-@ +9d)
O @-B)*=[@ +3) -@ +3))*
O  @+B)*-4aB =@ +5 +B +3)* ~4(a +3) (B +J)

bg 4c Bg 4C
O -0 -==p=g--—=2
Q_a a E‘A A
b2 4c _B®* 4C
o ST T a T,
a a A A
0 b%2-4ac _B?-4AC

a’ A?
Suppose f (x) = Ax> + Bx + C is an integer, whenever x
is an integer.
O ), f @), f (-1) are integers.
O C,A+B+C(C,A-B +( are integers.
0 C,A+ B, A-Bare integers.
0 C,A+B,(A+ B)-(A-B) =2A are integers.
Conversely, suppose 24, A + B and C are integers.
Let n be any integer. We have,
n(n-1)0
B 2 B
Since, n is an integer, n (n —1)/2 is an integer. Also,
2A, A + Band C are integers.
We get f (n)is an integer for all integer n.
Given, 27 - [2071 —1] =27 "1 +1
Case I When y [{eo ,0]

f(n)=An?+Bn +C=2A +(A+B)yn+C

O 27+ @ t-1) =271 +1
ad 27 =2
g y=-1 Ot ,0] ...(0)
Case II When yJ(0,1]
O 2+ @ -1 =221 +1
ad 2 =2
ad y=100,1] ...(11)
Case III When yO(1g )
O 20 —27 741 =271 41
O 20 -2 =0
ad 27 =27 =0 true for all y>1 ...(111)
From Egs. (i), (i1) and (ii1), we get

yOr 10 [& ).
Given, 5 2x > 1

2" +bx+2 x+1

2x 1

@x+ 1)(x+2)_(x+ 1)>0
2x(x+1)—(2x+1)(x+2)>0
Qx+1)(x+2)(x+1)

- Bx+2) >0 ; using number line rule
@x+1) (x+1) (x +2)
_ + - + B
| } f I
T T ; :
-2 -1 - % - ;_

2 1
0 x 2- 1 ‘Q -5z
0¢ D 3 2

50. Given, |x?+4x +3|+2x +5 =0

51.

52.

Casel Z+4x+3>0 0 (x<-3orx>-1)

0 x®+4x+3+2x +5 =0

0 2 +6x+8=00 (x+4) (x+2) =0

ad x=-4,-2 [but x <=3 or x > —1]
O x = —41s the only solution. ...Q0)
Case 11 PZ+4x+3<0 O (-3<x<-1)

0 - 2% 4 3 20 50

O ¥+26-2=0 0 (x+1)2=3

O lx+1]=+3

0 x=-1-+3,-1+3 [butx[¥ 3+ 1)]
O x=—1 —+/3 is the only solution. ...(ii)

From Egs. (1) and (i1), we get
x=-4and (-1 - \/37) are the only solutions.

Here, a<0

Given, ¥ -2alx-al-3a%=0
Casel Whenx >a

a x%-2a (x-a) -3a? =0

a x®-2ax-a®=0

g x=a++2a

[asa (1++2)<aand a(1-+2)>q]
0 Neglecting x=a (1 ++/2)asx2a
0 x=a (1 -2) ..0)
CaseIl Whenx<aO x*>+2a (x—a)-3a? =0
d ¥ +2ax-5a%>=0 0 x=-a +/6a
[asa (V6 1) <a and a (-1 -/6) >q]

0 Neglecting x=a (-1 -+/6) O x=a (V6 -1) (i)
From Egs. (1) and (i1), we get

x={a(1-+2), a W6 -1)}
Given, (5 + 2v6)""? + (5 -246)" % =10 ..G)

Put y=(+246)" % 0 (-246)" 3 =1
y

From Eq. 1), y+ 1 =10
y

O »-10y+1=0 O y=5+2J6

0 G +26)" 3 =5 +26

or G +246)" "3 =5 -246

0 ¥-3=1 or x*-3=-1

0 x=120rx=i«/§

O x=+£2,£42



53.

54.

55.

56.

Let a,B are roots of ax® + bx + ¢ =0
Given, a =p"

0 ap=C0ptt=C
a

a
O B= %g
It must satisfy ax® + bx + ¢ =0

. %g«m 1)
ie. a

(n+1)

gD
+b%@1 +c¢=0

.2+ D An 1)

0 PELCERY + PRUCESY +c=0
- c]](n+ 1) Da-c]/('” 1) b c-aU(””)D_
a]](n+1)galj(n+l) to+ PRy B‘O
0O QDI |y y D 1)
0 (anc)l/(n+ 1) + (Cna)l/(n+1) +b=0

Since, a,B are the roots of x* + px + g =0

and vy, dare the roots of xZ + rx + s =0

0 a+B=- p af=q

and y +0 =-r,y0 =s

Now, @ -y)@ =3B -y)(B-9d
=fa®-(y+&a+yI[F -(y+d B+ vd
=@*+ra +9)B% +1B +9)
= OB)* +r@ +B)B +s0* +B%) +aBr? + rs@ +p) +s*
=q* —rgp +s(p” -2q) +qr® -rsp +s’
=(q-9)*-rgp ~rsp +sp” +qr*

The given equation can be rewritten as

2 1 .
+ + 3 5 =0[-b= a’x, given]
log, x log,ax log,a’x
0 2 + 1 + 3 -0
log,x 1+log,x 2+log,x
ad g+ 1 + 3 =0, where ¢t =log, x

t 1+t 2+t
O20Q+t)@+t)+3t @ +t)+t @ +t) =0

O 6t%+11¢+4=0
a @Qt+1)@Bt+4) =0
O t:—1 or —é

2 3

1 4
O logax:—§ or logax:—g
0 x=a V?
or x =a ¥

Since,a +B=-p,af=1 and y +d0 =—q,yd =1
Now, @ -y)B-y)(a+ (B +9
={aB -y(@ +P) +yH{aB +&(a +P) +&}
={1-y(-p) + V}{1 + & -p) + &}

Theory of Equations 41

=1+Y )1 - + &)= (~gy + W)(~® - &)
[-y2+qy+1=0 and & +¢d+1 =0]

=(q* - p)H(Yd) =¢* -p° [+ yd=1]
a?=a +1
B*=p+1

a,=pa” +gp"
=p(an—1 +an—2) +q¢3n—l +Bn—2)
=a,-1 +an—2

U ap=a; *+agp

1+ _1-+5
a= ’B_
2
ay=ag +ay
=2a5 + q
=3a, +2a,

28=p@a +2) +q@p +2)
0
28=(p+q)% +2§+ (p-q)ngﬁE
a p—-qg=0
and (p+q) X% =28

0 ptq=8
O p=q=4
a pt2q=12

Topic2 Common Roots

1 Given a,B and y are three consecutive terms of a

non-constant GP.

Let a=a,p=ar,y=or? {r#0,1}
and given quadratic equation is
ax? + 2Bx +y =0 ...Q0)

On putting the values of 0,3, yin Eq. (1), we get
ax® + 20rx +ar? =0

O O+ 2rx+ 12 =0
O (x+r)?=0
a x=-r

The quadratic equations ox®+2Bx+y =0 and
x2 + x =1 =0 have a common root, so x = — r must be root
of equation 22+ x-1 =0, so

r2-r-1=0 ...(11)
Now, a@+y) =a@r+ar?
=a? (@ +rd)

From the options,
By =arbri=a%? =a? (r +r?)
[ori-r-1=00r% » r}

0 oa B v )By
. Given equations are x* + 2x + 3 =0 ...(1)
and ax® + bx + ¢ =0 ...(>11)

Since, Eq. (i) has imaginary roots, so Eq. (i1) will also
have both roots same as Eq. (1).
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Thus, a -
1

Hence,a:b:cis1:2:3.

Do | o~
wla

3. Ifax®+bx+q =0

and ax® + byx + ¢, =0
have a common real root, then

O (ay¢y — agqy)” = (bycy — boty) (ayby — ashy)
0

0 x * bx 1= ODhave a common root.
Zrx+b=

O (1+b) =2 +1)(1 -b)

O b2+2b+1=0b% -0 +1 -b

0 b> +3b=0

O b (B%+3)=0

O b=0,++/3 i

2+ ax+b=0and

4. Given equations are x
%% + bx + a =0 have common root
On subtracting above equations, we get

(@a-b)x+ (b -a)=0

g x=1
0 x=11s the common root.

O 1+a+b=0
ad a+b=-1

5. Since, (x — r)is a factor of the polynomial

n-1

f@=ax" +a,_ &" " +...+q

Then, x = r is root of f' (x) = 0 repeated (m — 1) times.

Hence, statement is false.

Topic3 Transformation of Roots
1. Given,a,Bare the roots of (x — a)(x —b) —c =0
ad x-a)x-b)—c=(x-a) (x P)
o (x-—a)x-b)=(x-a)x -B) +c
O a, b are the roots of equation (x —a)(x —B) + ¢ =0
2. Since, ax® + bx + ¢ =0 has roots a and p.
O a+B=- bla
and 0([3 =cla
Now, a’x®+ abex+ ¢ =0
On dividing the equation by ¢?, we get

a® 5 abex &

e +-— =0
& & &
. o B2 + 5 2+ e =0
c c
ad ax o, are the roots
c
c c
ad x=—0a,— [ are the roots
a a

..(@)

ad x=afa,o P are the roots
ad x=aPB,ap? are the roots
Divide the Eq. (i) by a®, we get

x+f@m+%g

U X =@ +P) @) x + @B)’ =0
ad 2 -aPx-ap?x+ @) =0
ad x(x-a®B) -ap? (x -aP) =0
O (x—aB)(x -ap? =0

0 x=o%,ap? which is the required answer.

Alternate Solution

Since, a®x® + abex + & =0
—abe * +/(abo)? —4.d° @
0 x= 3
2a
e CIE: J®la)*(cla)? - 4(clay?

2
_@+p) @P) £4/@ +B)* @P)* -4ap)’
2

0 ¢ @+POB) taBy@ +B)* ~40p
2
o +B) @ -B)°

O x=ap
E 2 B
O x:aBE(G+B);(G _B)E
O x:aﬁéu+l3;a _B,G +B2_a +BE
gy

O x=0a?B,a B? which is the required answer.

Topic4 Graph of Quadratic Expression
1. Given parabola is y? =4x,

Since, X lies on the parabola, so let the coordinates of X
be (¢2,2¢). Thus, the coordinates of the vertices of the
triangle PXQ are P(4,—4), X (¢t*2¢) and Q 9, 6).

1
Q.6
X (t%21) ( )y2=4x
X5 X
P(4,-4)
y
4 -4 1

DAI'eaofAPXQZ1 2 2t 1
9 6 1
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:l‘ [4Q2t —6) +4(% -9) +1(6t> -18¢] ‘ 3. According to given information, we have the following
2 graph

=%| [8t —24 +4¢> -36 +6¢> -18¢] | n /

\\ /
=|5¢t% -5t -30| =|5(t +2) (¢ -3)| /
Now, as X is any point on the arc POQ of the parabola, \‘\ /
therefore ordinate of point X, 2¢ Ot 4,6) 0 ¢ Ot 2, 3). 1\ 7 /é X

\\ #

O Area of APXQ =-5(t +2) (t —3)= -5t +5¢ +30
[“lx—al==-(x—-a),ifx<d]

The maximum area (in square units)

Now, the following conditions should satisfy
() D>00 b* - 4ac>0

_ @5-4(-5)(30)0_125 O m?—4x1x4>0
T H s H 4 0 m?-16>0
[- Maximum value of quadratic expression O (m=4) (m+4)>0
ax2+bx+c,whena<Ois—2] . o mOte = 40 (& ) )
4a (i1) The vertex of the parabola should lie

. Let f(x)=(c-5)x% -2 cx + (c —4) =0.

Then, according to problem, the graph of y = f(x) will be

either of the two ways, shown below.

In both cases f(0). f2) <O and f@2)f3) <0

Now, consider f0)f@2)<0
O (c—4)[4(c—5) —4c +(c —4)] <0
O (c—4) (c—24) <0
O cd@,24)

+, - o+
4 24
Similarly, f(2) f@3) <0
O [4(c=5)—4c+(c—-4)]
[9(c =5) =6¢ + (c —4)] <0
0 (c - 24) (4c -49) <0
t, - L+
49/4 24

O cDg—g,,‘MQ
4

From Egs. (1) and (i1), we get

CDQ“;Q,ZALQ
4

OIntegral values of care 13, 14, ...... , 23.

Thus, 11 integral values of c are possible.

.. @

between x =land x = 5

0 -boasni<™<s50 moe 10
2a 2

(i) FO>00 1-m+4>0
0 m<50 mOfo | 5)

(v) f6)>00 25 -5m +4 >0 5m <29 Om ng %Q

From the values of m obtained in (i), (ii), (iii) and (iv), we
getm 0@4,5).

I \

-0 ‘ —t

4 2 5 29/5
|

0

4

4, Put t=x- [x] ={X}, which is a fractional part function
and lie between 0 < {X} <1 and then solve it.
Given, a OR and equation is
-3{x - [x]}* +2{x - [x]} +a?® =0

Let t=x - [x], then equation is
-3t*+2t +a® =0
. _1%41+3a”
3
t=x—[x] ={X} [fractional part]
a 0<st<1
[ 2
< 1+.1+3a <
3
i Taking positive sign, we get
...
[ 2
05%<1 [+ fx} > 0]
O V1+3a?<2 0O 1+3a’<4
O a?-1<0 0 (@+1)(@-1)<0

O a Of 1,1), for no integer solution of a, we consider
(-1,000 ©,1)
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5. As we know, ax® + bx + ¢ >0 for all x OR, iff

a>0and D <0.

Given equation is &% + 2ax + (10 =3a) >0,0x OR
Now, D<0

O 4a* -4(10 -3a) <0

O 4(a? + 3a -10) <0

ad (@ +5)a-2)<00 a f 5,2)

From graph, it is clear that one of the roots of
(x=—a)(x-=b) -1 =0lies in (-»,a) and other lies in

(b, o).
7. Let f(x)=x*>-2ax +a® +a -3

Since, both root are less than 3.

ad a <B <3
O Sum,S=a +p <6
0 a+B g

2
0 2a g

2
0 a<3 ..
Again, product, P =af
ad P<9 OoB< 9
0 a’+a-3<9
a a’+a-12<0
a (a-3)(a +4) <0
0 - £ « 3 ..»)
Again, D = B —4AC 20 G
O (-20)’-40(®+a -3) 20
0 4a® - 4a® -4a +12 20
0 - 4¢ 12 0 O a<3 ...(iii)
Again, af@®@>0
O 1[@)*-2a @) +a”+a -3] >0
O 9-6a+a’+a -3>0
0 a’-5a +6 >0
O (@-2)(a-3)>0
0 a Ofw 200 (& ) ...(iv)
From Eqgs. (i), (11), (ii1) and (iv), we get

a Of 4,2).

NOTE There is correction in answer a < 2 should be -4 < a <2.
8. Let f(x)=ax®+ bx +c¢ >0, DxOR
0 a>0

and b2 -4ac<0

...

10.

O g =f@)+ [ ()+[f" ()
a g(x)=ax2+bx+c+2ax +b +2a
a g =ax®+x (b +2a) +(c +b +2a)

whose discriminant
= (b +2a)® —4a (c +b +2a)
=b% +4a? +4ab —4ac —4ab -8a’
=b% -4a® -4ac= (b - 4ac) —4a® <0 [from Eq. ()]
0 g(x)>00x,as a >0and discriminant <0.
Thus, g(x) >0, Dx OR.
Given,
22+ (@ -b) x + (1 —a —-b) =0hasreal and unequal roots.
g D>0
O (@-b)2-41) 1 -a -b) >0
O a’+b?-2ab -4 +4a +4b >0
Now, to find the values of ‘@’ for which equation has
unequal real roots for all values of b.
i.e. Above equation is true for all b.
or b2 + b@d —2a) + (a? +4a —-4) >0, is true for all b.
O Discriminant, D <0

O @-2a)% -4 (a® +4a -4) <0
O 16 - 16a +4a? -4a® —16a +16 <0
O - 32¢ 32 0 O a>1
Y
a<o
y=ax2+bx +c
L
\ } 1‘ X
a 0 B Y

a>0

y=ax+bx+c
} } X
7—1 01 Y

From figure, it is clear that, if @ >0, then f (-1) <0 and
f(1)<0 and if a<0,f(-1)>0 and f (1)>0. In both
cases, af (-1) <0 and af (1) <0.

ad a(a-b+c <0

On dividing by a2, we get
1—£+£<0 and 1+é+£<0
a a a a

and a(a+b+c¢)<0

On combining both, we get

1:24 €0
a a

o 1+8%0, ¢
Oal a



11. Since, x> -3x+2 >0and x> -2x -4 <0
O x-1)x-2)>0 and «>-2x+1<5
ad (x<1lorx>2) and (1-+5<x<1++5)
0 x0[- 5,10 f +/5,2)
12. () Given, x®-8kx+16 (k%2 -k +1) =0
Now, D =64{k*- (k2 -Fk +1)} =64 (k -1) >0

k>1
(ii)—i>4 O %4 O >k 1
2a 2
(i) f@) =0
0O 16-32k+16((k%2-k +1) 20
O E2-3k+220
O (k-2)(k-1) =0
ad k<1l or k=2
Hence, k=2

Topic5 Some Special Forms
1. Given equation 5 +|2* -1 =2*@2* -2)
Case 1
If2*-1=00 x=0,
then 5 + 2% -1 =22~ -2)
Put 2¥ =¢, then
5+t-1=¢*-2t O t*-3t-4=0
O ¢2-4t+¢-4=0 0O t@E-4)+1@¢-4) =0
0 t=4or-1 0O t=4 (ot =2%>0)
a 2 =40 x=2>0
0 x =21is the solution.
Case 11
If2*-1<00 x<0,
then 5 + 1 2% =22~ -2)
Put 2 = y, then 6 — y = y% -2y
O y2—-y-6=0 0O 32-3y+2y-6=0
O (y+2)(y-3)=00 y=3or-2
O y=3(as y=2*>0 0 2"=3
0 x=logy,3>0
So, x =log, 3 is not a solution.
Therefore, number of real roots is one.

2. Given, inequality is

21s1n x—2sinx +5 0 <1

4s1n y

o 2 (sin x —1)2 +4 DZ—Zsm y <1
o o (sin x —1)2 +4 < 225in2y
O y(sinx-1)>+4 <2sin?y

[ifa>1landa™ <a” 0 m<n]

-+ Range of y/(sin x - 1)% + 4 is [2, 24/2]

and range of 2sin? yis [0, 2].
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OThe above inequality holds, iff

J@sinxk-1)2+4 =2 =25in2y

Osinx=1andsin?y=1

O sinx =|sin y| [from the options]

. | Key Idea Reduce the given equation into quadratic equation. |

Given equation is
[Wx =2]+Vx(/x —4) +2 =0
O |Vx—2]+x-4J/x +4 =2
0 [Wx -2]+ (x -2)* =2
0 (IWx =201 +]Jx -2| -2 =0
Let|x -2| = y, then above equation reduced to
Y2+ y-2=0 03)*+2y-y-2=0

O yy+2)-1(y+2)=0 O (y+2)(y-1) =0

O y=1,-2

0 y=1 [y =Vx -2 20]
O IWx-21=1

0 Jx-2==1

O Jx=3or1

O x=9or1

0 Sum of roots =9 +1 =10

. Let f(x) =22 +3x+k

On differentiating w.r.t. x, we get
f(x)=6x>+3>0,040 R
O f(x)1is strictly increasing function.

O f(x) =0 has only one real root, so two roots are not
possible.

. Since, o is a root of a®? + bx + ¢ =0

a a®0?+ba +c¢=0 .. ()
andBisarootof a*%®-bx—-c=0
O a?B2 -bB-c=0 ... (iD)
Let f (@) = a®? +2bx + 2
O f@)=a?+2b0 +2¢

=d%?-2¢0? =-at?
[from Eq. (1)]

and f @) =aP?+2bB +2¢
=aP? +2ap? =3aP? [from Eq. (ii)]

O f@)f@®<0
f (x) must have a root lying in the open interval (@, ).
O a g $

. Let f)=ad® +bx® +ex +d ...Q0)
O fO)=d and f(1)=a+b+c+d =d

[-a+b+c=0]

O fO)=1@)

f is continuous in the closed interval [0,1] and f is
derivable in the open interval (0, 1).

Also, fO)=fQ.
O By Rolle’s theorem, f' (@)=0for0<a <1
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Now, F' (%)= 3ax® + 2bx + ¢

O f@)=3aa’+2ba +c=0

O Eq. (1) has exist atleast one root in the interval (0, 1).

Thus, f' (x) must have root in the interval (0, 1) or

3ax? + 2bx + ¢ =0 has root 00, 1).
7. Given, x? -2 +x* —x +1 >0

Here, three cases arises:

Casel Whenx<0 O x2>0,-x >0,x*>0,-x>0

0 w22+t —x+1 >0,0x<0
CaseIl WhenO<x<1

W <xt and x<1 O- 2%+ x5 0
0O «2-2"+xt-x+1>0,00<x<1
Case III Whenx>1 0 «2>x%and x* >«
a 2= +at —x+1>0,0x>1

and

From Egs. (i), (i1) and (iii), the above equation holds for

all x OR.
8. Consider,

f(x) :J’; (1 + cos® x)(ax® + bx +¢) dx

Obviously, f(x) is continuous and differentiable in the

interval [1, 2].

Also, fA)=1@

O By Rolle’s theorem, there exist atleast one point

k 0(@1,2), such that f* (k) =0.

Now, [ (x)=

[ (’R)=0
O (1+cos®k)(ak®+bk+c) =0
0 ak®+ bk +c=0
0 x=Fkis root of ax?+ bx + ¢ =0,
where £k0(,2)

9. Given, v, and x, are roots of ax®—x+a =0.

(@)

1-x>0
...(>11)

...(1i1)

[given]

(1 + cos® x)(ax? + bx +¢)

[as (1 + cos® k) 20]

O X+ :land 2% =1
a
Also, e, — x| <1
O I —x°<1 O (g —x)*<1
or (% + x,)% — 4wy, <1
1 1
O ?—4<1 or a—2<5
O 50°~1>0 or 5a-1)(5a+1) >0
+ - +
FTTrrrrrrr TTTTTTTTT
-15 15
1 1
O GD%DO,— —Qﬂgfqog ..
N = @
Also, D>0
0 1-40”>0 or al]%% = ..(iD)

10.

11.

From Egs. (i) and (ii), we get

PLAN
(i)
(i)

a0s %,%@m QJ%%Q

Concepts of curve tracing are used in this question.
Number of roots are taken out from the curve traced.

Let y =« —5x

@
(i)

(iii)

(iv)

Asx > o,y o and asx - —, y » —
Also, at x =0, y =0, thus the curve passes through
the origin.

DYyt -5 =5 @t ~1) =5 (2 -1) (2 +1)
dx
=5 -1) (x+1) (x* +1)

+ - +

Now, %>0 in (—o,—-1) 00 ), thus f(x) is
x

increasing in these intervals.

Also, % <0in (-1, 1), thus decreasing in (-1, 1).
x

Also, at x = -1, dy/dx changes its sign from + ve to
—ve.

0 x = —11s point of local maxima.

Similarly, x =1 is point of local minima.

Local maximum value, y = (-1)° =5 (-1) =4

Local minimum value, y = (1)° -=5(1) = -4

Now, let y=-a

As evident from the graph, if —a O 4,4)
ie. a O¢ 45+ 4)

Then, f(x) has three real roots and if —a >4
or —a < —4, then f(x) has one real root.

i.e. for a < =4 or a >4, f(x) has one real root.

Given, f(x) = 45 +3x% +2x +1

d

F1(x) =2 6> +3x+1)
D=9-24 <0

Hence, f (x) =0 has only one real root.

f®

Hence, f (x) =0 has a root in % 1@

@-@ >0
FE=t

30_, 6 27 108
4 4 16 64
64-96+108 -108
= <0
64

changes its sign in %g, —ig

2



12

13.

14.

15.

12 t 3/4
. Io f(x)dx<J'0f(x)dx<IO [ (x) dx

Now,If(x)dx :I (1 +2x +3x% +42°) dx

=x+x2+00 +at

113
2 1
3 34 530
O I f()dx——6 " Io f()dx—%<3
As, " (x)=2 (12x+ 3)
[ (x)>0, Whenx>—i and
1
[ (x) <0, whenx<—1

0 It could be shown as

1

n S n n n
S8/ \ 103
4/ 2 2 4

Let y = xintersect the curve y = ke* at exactly one point
when £ <0.

Y
X' X
v
Let f(x)=ke" —x
[ (x)=ke*-1=0
ad x=-Ink
Fr )= ket
0 /" @] y=-1np=1>0
Hence, f(-Ink)=1+Ink
For one root of given equation
1+Ink =0

0 r=1
e

16.

17.

18.

Theory of Equations 47

For two distinct roots, 1+ In & <0 (k >0)

k<l
e

Ink<-10

Hence, £k D@),EQ
e

Let fx) =(x—a) (x —¢) +2 (x =b) (x —d)
fla)=+ve
f(b)=-ve
flo)=-ve
fld)=+ve

O There exists two real and distinct roots one in the
interval (a, b) and other in (c, d).
Hence, statement is true.

Here,

Let f (x) =4 -3x - p ()
S R
=-1+p)

f@)=40)° -3 -p=1-p
0 FREfW=-0+pa-p)

=(+D@-1) =p*-1

Whichis<0, O gi-[ 1,1].
. .0
O f(x) has atleast one root in = ,1
f(x) %'

Now, /' (x)=122*>-3=3 2x-1) Qx +1)
3 1 1 . d .0
‘1@" 5@@‘*5@”’“@’1@

O f (x)is an increasing function in [1/2,1]

Therefore, f (x) has exactly one root in [1/2,1] for any
p Ot 1,1].
Now, let x =cos 6

a .0 nQo
O xO0=,15 0 © DE),—
B’ H 3H
From Eq. (1),
4cos®B -3cosO=p O cos30=p
ad 30 =cos! p
1 _
a B ==cos!
3 p

ad cos 6 =cos %cos_1 p@
a X = cos %cos_1 p@
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