Sequences and Series

Topic1 Arithmetic Progression (AP)

Objective Questions I (Only one correct option)

1. Ifay,ay,a4,...,a,arein AP and a; + a4 + a; +... +aq

=114, then a; + a5 + a;; + a4 1s equal to
(2019 Main, 10 April I)

(a) 64 (b) 76
(c) 98 (d) 38

2. If 19th term of a non-zero AP is zero, then its (49th
term) : (29th term) is (2019 Main, 11 Jan I1)
(a) 1:3 (b) 4:1
() 2:1 (d 3:1

3. For any three positive real numbers a,b and c if
9 25a%+ b%) +25 (¢? —3ac) =15b (3a + c), then (2017 Main)
(a) b, cand a are in GP
(b) b, cand a are in AP
(c) a, band care in AP
(d) a, band care in GP

4. If T, is the rth term of an AP, for r =1,2,3, .... . If for

.. . 1
some positive integers m and n, we have 7,, = — and
n

1
T =-— thenT  equals
" m mn €4 (1998, 2M)

Topic2 Sum of n Terms of an AP

Objective Questions I (Only one correct option)

1. If ay,ay,as,... are in AP such that a; + a; + a;4 =40,
then the sum of the first 15 terms of this AP is
(2019 Main, 12 April 11)
(a) 200 (b) 280 (© 120 (d) 150
2. Let S, denote the sum of the first n terms of an AP. If
S, =16 and S; = —48, then S;, is equal to
(2019 Main, 12 April I)
(a) - 260 (b) —410 (c) — 320 (d) - 380
3. For x OR, let [x] denote the greatest integer < x, then the
sum of the series
olo0, 01 10, 01 2 0 o1 990
-t - —— 0t = ——— ...+ = ———is
H3H H3 1008 H3 1008 " H3 1008
(2019 Main, 12 April I)

(@) L
mn

mi+l @1 0
m n

Analytical and Descriptive Question

5. If a;,a,..... ,a, are in arithmetic progression, where
a; >0, O, then show that

1 1
+ + ...
A a1 +1/a2 A/ Q2 +1l(13
1 n-1
+ =
\/an—1+\)an Va1+\/an

(1982, 2M)

True/False

6. ny,n,,... ,n, are p positive integers, whose sum is an
even number, then the number of odd integers among
them is odd. (1985, 1M)

Integer Answer Type Question

7. The sides of a right angled triangle are in arithmetic
progression. If the triangle has area 24, then what is the
length of its smallest side? (2017 Adv.)

(a) -153 (b) -133
(c) —131 (d) -135

4. If the sum and product of the first three terms in an AP
are 33 and 1155, respectively, then a value of its 11th

term is (2019 Main, 9 April 1I)
(a) 25 (b) —36
(c) —25 (d) -35

5. Let the sum of the first n terms of a non-constant AP
a, g, As....be 50n + w A, where A is a constant.

If d is the common difference of this AP, then the
ordered pair (d, as,) is equal to (2019 Main, 9 April 1)
(a) (A, 50 + 46A) (b) (50, 50 + 45A)
© (50, 50 + 464) (d) (A, 50 + 454)



10.

The sum of all two digit positive numbers which when
divided by 7 yield 2 or 5 as remainder is

(2019 Main, 10 Jan I)
(a) 1256 (d) 1365

(b) 1465 (©) 1356

30
Let a;, aq,..... asy be an AP, S = z a; and

1=1
15

T= z ag;-1y. fas =27and S - 2T =175,
i=1

then a, is equal to

(a) 42 (b) 57

(c) 52 (d) 47

Let b;>1 for 1 =1,2,...,101. Suppose log, b;, log, b,

...,1og, by, are in AP with the common difference log, 2

. Suppose a;, @y, ..., a1o; arein AP, such that a; = b; and

as, = bs. If t=by +by+...+by and

s=a, tay *... +as, then (2016 Adv.)

(a) s>tand a5, > by (b) s>tand a;p; < by

() s<tand a; > b, (d) s<tand gy < by

If the sum of first n terms of an AP is cn?, then the sum
of squares of these n terms is (2009)

(2019 Main, 9 Jan I)

(@) n(4n?-1)c ®) n(4n?+1)c
6 3

n(4n?-1c d n(4n?+1)c

(© e (d e

If the sum of the first 2n terms of the AP series 2,5,8,...,
is equal to the sum of the first n terms of the AP series

57, 59, 61,..., then n equals (2001, 1M)
(a) 10 (b) 12
© 11 @ 13
Objective Question II
(One or more than one correct option)
4n k(k+1)
1. IS, = Z (1) 2 k% Then, S, can take value(s)
3 (2013 Adv.)
(a) 1056 (b) 1088
(c) 1120 (d) 1332

Passage Based Problems

12

13.

Read the following passage and answer the questions.

Passage

Let V, denotes the sum of the first r terms of an
arithmetic progression (AP) whose first term is r and
the common differenceis @r - 1).LetT, =V,,; —V,and
Q,=T,,, -T forr=1,2,... (2007, 8M)

The sum V; +Vy+...+V, is

@) nmr D@ -+ B)n(r+ )@’ a2

(c)%n(an—n+l) ((1)%(2”3 —-2n +3)

T, is always
(b) an even number
(d) a composite number

(a) an odd number
(c) a prime number

14.
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Which one of the following is a correct statement ?

(@) @, Qy, @ ,... are in an AP with common difference 5
() @, Qy, @ ,... are in an AP with common difference 6
(©) @, Qy, Q... are in an AP with common difference 11

DR, =@, =65 =...

Fill in the Blanks

15.

16.

17.

Let p and ¢ be the roots of the equation x? —2x + A =0

and let r and s be the roots of the equation
x2-18x+B=0. If p<q<r<s are in arithmetic
progression, then A=...and B=.... (1997, 2M)

The of the

2
17+22% +3%+2@° +5% +2 6" +... isw

sum of the first n terms series

, when
nis even. When n is odd, the sum is .... . (1988, 2M)

The sum of integers from 1 to 100 that are divisible by 2
or5is...... (1984, 2M)

Analytical & Descriptive Questions

18.

19.

20.

The fourth power of the common difference of an
arithmetic progression with integer entries is added to
the product of any four consecutive terms of it. Prove
that resulting sum is the square of an integer(2000, 4M)

The real numbers x,x,,%; satisfying the equation

2 —x®+Bx+y=0 are in AP. Find the intervals in
which B and y lie. (1996, 3M)

The interior angles of a polygon are in arithmetic

progression. The smallest angle is 120° and the common

difference is 5°. Find the number of sides of the polygon.
(1980, 3M)

Integer Answer Type Questions

21.

22.

23.

24,

Suppose that all the terms of an arithmetic progression
are natural numbers. If the ratio of the sum of the first
seven terms to the sum of the first eleven termsis 6: 11
and the seventh term lies in between 130 and 140, then
the common difference of this AP is (2015 Adv.)

A pack contains n cards numbered from 1 to n. Two
consecutive numbered cards are removed from the pack
and the sum of the numbers on the remaining cards is
1224. If the smaller of the numbers on the removed
cards is &, then k£ — 20 1is equal to (2013 Adv.)

Let a;, ay, as, ..., @199 be an arithmetic progression with
P

a; =3and S, = Z a;,1 < p £100. For any integer n with
=1

1<n<20,letm =56n.If % does not depend on n, then a,

is equal to ...... (2011)
Let a,, ay, as, ..., a;; be real numbers satisfying a, =15,

27-2a,>0and a, =2a,_; —a,_ofor k=3,4,...,11

2. 24 442

gl azn'" | =90, then the value of

G ragtoFang (2010)
11
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Topic3 Geometric Progression (GP)

Objective Questions I (Only one correct option)

1.

Let a, b and cbe in GP with common ratio r, where a #0
and0<r< % If3a, 7b and 15care the first three terms of

an AP, then the 4th term of this AP is
(2019 Main, 10 April 11)
@) 5a @ %a

o) %a © a

If three distinct numbers a, b and ¢ are in GP and the

equations ax® + 2bx + ¢ =0 and dx® + 2ex + f =0 have a
common root, then which one of the following
statements is correct? (2019 Main, 8 April I1)
(a) d,eand f are in GP (b) @ € andl f are in AP

a'b c

£ and i are in GP
b c

(©) d,eand farein AP (@) 2,
a
The product of three consecutive terms of a GP is 512. If
4 is added to each of the first and the second of these
terms, the three terms now form an AP. Then, the sum
of the original three terms of the given GP is
(2019 Main, 12 Jan I)

(a) 36 (b) 28 (c) 32 (d) 24

Let a;, aq, ..., a;y be a GP. 1f %8 =25, then

(19 al

. equals (2019 Main, 11 Jan I)
5

(@ 5’ (b) 2(5% © 457 @ 5*

Let a,b and ¢ be the 7th, 11th and 13th
respectively of a non-constant AP. If these are also the

terms

. a.
three consecutive terms of a GP, then — is equal to
c

(2019 Main, 9 Jan II)

7 1
(a2 (b) 3 () 4 (d) 5

If a, b and c be three distinct real numbers in GP and
a + b + ¢ =xb, then x cannot be (2019 Main, 9 Jan I)
(@) 4 () 2 (© -2 (d) -3

If the 2nd, 5th and 9th terms of a non-constant AP are
in GP, then the common ratio of this GP is (2016 Main)

8 4 7
(a) s (b) 3 ©1 (d) 1

8.

10.

1.

12

13.

Let f(x)=ax’+bx+c, a 20 and A=b%—4ac. If a+p,
a?+p%anda® +p° are in GP, then (2005, 1M)
@ Az0 (b) bA =0 (c)cA=0 (d) bec# 0

Let a,b,cbein an AP and a?,b%,¢? bein GP. Ifa < b <c¢

and a + b+c=§, then the value of a is (2002, 1M)
1 1 1 1

a) —— (b) — [0 P — —

()2\/2 )2«/3 ()2 V3 ()2 N

Let a,B be the roots of x2 — x + p =0 and v, d be the roots

of x> —4x + ¢ =0. If ,B,Y, 0 are in GP, then the integer
values of p and ¢ respectively are (2001, 1M)

(a)-2,-32 (b)-2,3 ) -6,3 (d) -6,-32
If a,b,c,d and p are distinct real numbers such that
@+ b*+c* p® -2 (ab +be +cd) p

+ (b + ¢® + d?) <0,then a,b,c,d
(a) are in AP (b) are in GP (1987, 2M)
(c) are in HP (d) satisfy ab = cd

If a,b,c are in GP, then the equations ax® +2bx + ¢ =0

and dx? + 2ex + f =0 have a common root, ifg , i , 1 are
a c

in (1985, 2M)

(a) AP ®) GP

(c) HP (d) None of these

The third term of a geometric progression is 4. The

product of the first five terms is (1982, 2m)

(a) 4 (b) 4

(c) 4* (d) None of these

Analytical & Descriptive Questions

14.

15.

16.

Find three numbers a, b, c between 2 and 18 such that
(1) their sum 1is 25. (i) the numbers 2,a,b are
consecutive terms of an AP. (iii) the numbers b, ¢, 18 are
consecutive terms of a GP. (1983, 2M)

Does there exist a geometric progression containing
27,8 and 12 as three of its term? If it exists, then how
many such progressions are possible? (1982, 2M)

If the mth, nth and pth terms of an AP and GP are equal

and are x, y, z, then prove that ' 2 [)* ™ 2" =1.
(1979, 3M)

Topic4 Sum of n Terms & Infinite Terms of a GP

Objective Questions I (Only one correct option)

1.

20
1.
The sum kzlk;k is equal to (2019 Main, 8 April Il
@ 2- 1L ) 1- 2L
219
© 2- z—i @ 2- 22—1

2,

Let S, =1+qg+¢>+... +¢"and
10, g,
—1+E—E B—B BTB , where ¢ is a

real number and ¢ # 1. If
Lo, + 1010, 18, + ... +197Cy, 8,00 =Ty, then o is

equal to (2019 Main, 11 Jan II)
(a) 200 () 202
(¢) 200 (d) 2%



The sum of an infinite geometric series with positive

terms is 3 and the sum of the cubes of its terms is 1o

Then, the common ratio of this series is
(2019 Main, 11 Jan I)

4 2 2 1
a) — = c) = d) =
(a) 5 () 5 (© 5 (d) 5
Three positive numbers form an increasing GP. If the
middle term in this GP is doubled, then new numbers

are in AP. Then, the common ratio of the GP is

(a)~2 + /3 (b) 3+ /2 (2014 Main)
©2-+3 (d)2++/3
If 10)°+ 211)' 10)% + 3(11)%(10)" +... +10(11)° =£(10)°,
then k is equal to (2014 Main)
121 441
a) —— - c) 100 d) 110
(a) 0 (b) 100 (0) (d)
The sum of first 20 terms of the sequence
0.7,0.77,0.7717,... ,1is (2013 Main)
7 ~ 90 7 - 20
a) — (179-10 b) —(99-10
(@ 81( ) (b) 5 ( )
7 - 20 7 - 20
c) — 179+ 10 d) - (99+ 10
(©) 81( ) (d) 5 ( )
An infinite GP has first term x and sum 5, then x
belongs to (2004, 1M)
(a)x<-10 (b)-10<x<0(c)0<x<10 (d) x>10

Consider an infinite geometric series with first term a
and common ratio r. If its sum is 4 and the second term

is 3/4, then (2000, 2M)
(@)a=4/7 r =37 b)a=2,r=3/8
©a=3/2 r=12 da=3, r=14
. .1 3 7 15
Sum of the first n terms of the series = + — + — + — + ...
2 4 8 16
is equal to (1988, 2M)

@2"-n-1®Mm1-2" e@n+2"-1(W2"+1

Topic5 Harmonic Progression (HP)
Objective Questions I (Only one correct option)

1.

Ifa;, ay, ag,... are in a harmonic progression with a; =5

and ay, =25. Then, the least positive integer n for which
a, <0, is (2012)

(a) 22 () 23 d) 25

If the positive numbers a,b,c,d are in AP. Then,

(c) 24

abce,abd, acd, bed are (2001, 1M)
(a) not in AP/GP/HP (b) in AP
(¢)in GP (d) in HP

Leta,,ay, ..., a;p bein AP and h,, h,, equalto....., hyybe
in HP. If a; =h;, =2 and a,y = hyy =3, then a,h; is
(1999, 2M)

(a)2 () 3 (©) 5 )6

Ifx>1,y>1,z>1are in GP, then

1+lnx’1+Iny’

are in (1998, 2M)

1+Inz

(a) AP (b) HP (¢c) GP (d) None of these
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Objective Question II
(One or more than one correct option)

10.

Let S;,S,, ... be squares such that for each n=1 the
length of a side of S, equals the length of a diagonal of
S, 1. Ifthe length of a side of S; is 10 cm, then for which
of the following values of n is the area of S, less than
1 sqem? (1999, 3M)
(a) 7 (d) 10

(b) 8 ©9

Analytical & Descriptive Questions

11.

12.

13.

Let A, = %@— %@2 + %g DR G ) %g
B, =1- A,.Find a least odd natural number n, so that
B,>A,,0n2 n,. (2006, 6M)

If s,,8,,8S;, ..
series, whose first terms are 1, 2, 3,..., n and whose

.,S, are the sums of infinite geometric

. 11 .
common ratios are —, — ., respectively, then

2737477 n+1
find the values ofSl2 + S% +832 +... +S§n—1'

The sum of the squares of three distinct real numbers,
which are in GP, is S% If their sum is a S, then show that

(1991, 4M)

a® D%’@D @3 (1986, 5M)

Integer Answer Type Questions

14.

Let S;,, where £ =1,2,,...,100, denotes the sum of the

and

infinite geometric series whose first term is

. . 1
the common ratio 1s 7 Then, the value of
2 100
1OO‘+ S 102 =3k +1) S, lis .....
1001 k=1 (2010)
Assertion and Reason
For the following question, choose the correct

answer from the codes (a), (b), (c) and (d) defined as

follows:

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

Suppose four distinct positive numbers a,, aq, a5, ay
are in GP. Let b, =ay, by=b, + ay, b3 =b, +a; and
b, =b; +ay.

Statement I The numbers b,, by, by, b, are neither in
AP nor in GP.

Statement II The numbers b,, by, by, b, are in HP.
(2008, 3M)
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Fill in the Blank
6. If cos(x—y), cosx and cos(x+ y) are in HP. Then

cos x[sec %@2 A (1997C, 2M)

Analytical & Descriptive Questions

7. If a,b,care in AP, a?,b%, ¢ are in HP, then prove that

eithera =b=cora,b,— £ form a GP.
2 (2003, 4M)

Let a and b be positive real numbers. If a, A,, A,, b are
in arithmetic progression, a,G;, Gy, b are in geometric
progression and a,H;,H,,B are in harmonic
progression, then show that

GG, _ A +A, @a+b)(a+2b)

H\H, H,+H, 9ab (2002, 5M)

(1) The valueof x + y + z 1s 15. If a, x, v, z, b are in AP

while the value ofl + L + 1 is é Ifa, x, y,z, barein
x y z 3
HP, then find a and b.
(i) If x, y, z are in HP, then show that
log (x+2z) + log (x +z —2y) =2 log (x —z). (1978, 3M)

Topic6 Relation between AM, GM, HM and Some Special Series

Objective Questions I (Only one correct option)
r+2d 1P+2°+3
1+2 1+2+3

1. The sum of series 1+

342543+, +15°
L2438+ 415 _l(1+2+3+...+15)iS
1+2+3+...+15 2

equal to (2019 Main, 10 April 11)
(a) 620 (b) 660 (© 1240 (d) 1860
3 3,03
2. The sum of series 3 ><21 + DX (21 +22 )
1 1+ 2
3,03 4 o3
+ W +o + upto 10th term, is
17+27+3 (2019 Main, 10 April 1)
(a) 680 (b) 600
(c) 660 (d) 620
3. The sum of the series 1 +2 x3 +3 x5 +4 x7 +.. upto
11th term is (2019 Main, 9 April 11)
(a) 915 (b) 946 © 916 (d) 945

4. If the sum of the first 15 terms of the series

B . o1d . o1d | s, 00
=l =5 = b
is equal to 225 k, then kis equal to
(2019 Main, 12 Jan 1)

(a) 108 ®) 27 (c) 54 @ 9
5. Let S, =i 2t3* etk g gr, L2 2By
k 12
then A is equal to (2019 Main, 12 Jan 1)
(a) 156 (b) 301
(c) 283 (d) 303

6. Let x, y be positive real numbers and m, n positive
integers. The maximum value of the expression

A

@+ 2™ 1+ y™) (2019 Main, 11 Jan I1)
1

(a) 5 (b 1
1 m+n

Cc) — d ="

(¢ A (d) -

7.

10.

1.

12.

13.

The sum of the following series
9(%+2°+3%) 1207 +2%+3% +4%

1+6+ 5
2 2 2
+15(1 +211+'”+5)+...upt0 15 terms is
(2019 Main, 9 Jan 1)
(a) 7510 (b) 7820
(c) 7830 (d) 7520

12
Let ay, ay, as, ..., a4 be in AP such that Z Qup 41 =416
k=0

and ag + a,y =66. If a2 + a2 + ... + aZ;, =140 m, then m
is equal to (2018 Main)
(a) 66 (b) 68 (c) 34 (d) 33
Let A be the sum of the first 20 terms and B be the sum
of the first 40 terms of the series

12+2m@2%2+3%2+2@% +5% +2 8% +...
If B-2A =100A, then A is equal to (2018 Main)
(a) 232 (b) 248 (c) 464 (d) 496

If the sum of the first ten terms of the series

i i 7, e i .
@gg + @%H + %ég +4% + %1%5 +...,1s %m then

mis equal to (2016 Main)
(a) 102 (b) 101 () 100 (d) 99

If m is the AM of two distinct real numbers [ and
n(l,n >1) and G;,G, and G, are three geometric means
between [ and n, then G} + 2G5 + G equals (2015)
(@) 4’mn  (b) 4lm®n (c) Imn? (d) *m®n?

The sum of first 9 terms of the series
ﬁ+ﬁ+?+ﬁ+?+§

.1s

1 1+3 1+3+5 (2015)
(a) 71 (b) 96 (c) 142 (d) 192
2
If a E@), g@, then a2 + x + ta? a is always greater
x°+ x
than or equal to (2003, 2M)

(@) 2tana (b) 1 () 2 (d) sec®a



14. Ifa,,a,,..., a, are positive real numbers whose product
is a fixed number ¢, then the minimum value of

a,tast...ta, ; +2a,is (2002, 1M)
(@) n (20)"" ) (n + "
(©) 2nc’" @) (n + 1) @)™

15. If a,b,c are positive real numbers such that
a+b+c+d=2,then M= (a+b)(c+d)satisfies the

relation (2000, 2M)
(a) 0<M<1 (b) 1sM<2
(c) 2sM<3 (d) 3sM<4

16. The harmonic mean of the roots of the equation
G+2)x* - @ +5)x +8 +2/5 =01is (1999, 2M)
(a) 2 (b) 4 (©) 6 (d) 8

17. The product of n positive numbers is unity, then their
sum 1s (1991, 2Mm)
(a) a positive integer (b) divisible by n
(c) equal ton + - (d) never less than n

18. If a,b and c are distinct positive numbers, then the
expression (b+c—a)(c+a —-b)(a+b-c)—abcis
(a) positive (b) negative (1991, 2m)
(c) non-positive (d) non-negative

19. Ifx,x,,...,x, are any real numbers and n is any positive
integer, then (1982, 1M)

@n P d ) 1S 25 e af

n : - n 2> .

25 R PAROR
2

(© ”Z K2 nD S agD (d) None of these
PARNOR

Passage Based Problems

Passage
Let A,,Gy,H; denote the arithmetic, geometric and
harmonic means, respectively, of two distinct positive
numbers. For n>2,let A, _; and H, _; has arithmetic,
geometric and harmonic means as A,,G,,H,,
respectively. (2007, 8M)

20. Which one of the following statements is correct?
@G, >Gy>Gy > ...
(b) G, <Gy<Gy <.
©G, =G, =G, =..
DG, <Gy <G; <...and Gy,> G, >Gg >...
21. Which of the following statements is correct?
(@) A, > A, >A; >
(b) A, <A, <A, <.
©A >A, >A. >.and Ay < A, < A <.
(A <A, <Ay <..andA,> A, >A;>...
22. Which of the following statements is correct ?
(2) H, > H,> H, >...
(b) H, <H,<Hy <.
© H,>H, >H, >..and Hy< H, < H, <...
() H, < H, <H, <..and Hy> H, > H, >...
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Objective Question II
(One or more than one correct option)

23. For a positive integer n let

a(n)=1 +%+é+l +... +#, then

4 @m-1 (1999, 3M)
(a) a (100) <100 (b) a (100) > 100
(¢) a (200)< 100 () a (200)> 100

24. Ifthe first and the (2n - 1)th term of an AP, GP and HP

are equal and their nth terms are a,b and c
respectively, then (1988, 2M)
(@a=b=c

b)az=bzc

(c)a+c=b

(A ac-b*=0

Fill in the Blanks

25. If x be is the arithmetic mean and Yy, z be two geometric

means between any two positive numbers, then
Y+

xyz ' (1997¢C, 2M)
26. If the harmonic mean and geometric mean of two
positive numbers are in the ratio 4 : 5. Then, the two
numbers are in the ratio... . (1992, 2M)
True/False
27. If x and y are positive real numbers and m, n are any
n
Ce . 1
positive integers, then % >
A +2")A+y™) 4 (1989, 1M)
28. For 0<a<x, the minimum value of function

log, x + log, ais 2.

Analytical & Descriptive Questions

29.

30.

31.

32.

If a, b, c are positive real numbers, then prove that
{A+a)@+b) A+ >T"a'blc (2004, 4M)

Let a,, a,,.. be positive real numbers in geometric

progression. For each n, if A,,G,, H, are respectively,
the arithmetic mean, geometric mean and harmonic

mean of a;,a,, ...., a,. Then, find an expression for the
geometric mean of G;,G,, ...,G, in terms of
AL Ay ...,A H, H,y, ....H,. (2001, 5M)

If pis the first of the n arithmetic means between two

numbers and g be the first on n harmonic means
between the same numbers. Then, show that ¢ does not

+10
lie between p and MD p- (1991, 4M)
On —-10
If @ >0, 5 >0 and ¢ >0, then prove that
1 1 1
(a+b+c)—+=+=29 (1984, 2m)
a b ¢
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Integer Answer Type Question

33. Let a,b,c be positive integers such that b/a is an integer. If a,b,c are in geometric progression and the arithmetic mean of

2
+ p—
a,b,cis b + 2, then the value ofa%.tlz1 is

a+1 (2014 Adv.)
34. The minimum value of the sum of real numbers a®,a™*,3a 7,1, a® and a'® with a >0is ...... (2011)
Answers
Topic 1 Topic 4
1. (b) 2. (d) 3. (b) 4. (c) 1. (a) . () 3. (b)
6. False 7. (6) 4. (d) 5. () 6. (c) 7. (o)
Topic 2 8. (d) 9. (o) 10. (b, c, d)
1. (a) 2. () 3. (b) 4. (c) 11. (7) 12. Lemen+yn+-1 14 @)
5. (a) 6. (o) 7. () 8. (b) 6
9. (c) 10. (c) 1L (a,d) 12. (b) Topic 5
13. (d) 14. (b) 15. (A=-3,B=77) 1. (d) 2. (d) 3. (d) 4. (b)
" gz(nﬂ)g 17, (3050) 5. (c) 6. £2 9.()a=1,b=9
DEI 2 0 12. 29
0O 10 01 0O Topic 6
19. B0 —and y O —o 5 20. (9) 21. (9)
B 3™ Y H" B 1 () 2. (0) 3. (b) 4. (b)
22. (5) 23. (9) 24. (0) 5. (d) 6. (c) 7. (b) 8. (c)
. 9. (b) 10. (b) 11. (b) 12. (b)
Topic 3 13. (a) 14. (a) 15. () 16. (b)
L (c) 2. (b) 3. (b) 4. (d) 17. (d) 18. (b) 19. (b) 20. (o)
5. (c) 6. (b) 7. (b) 8. (c) 21. (a) 22. (b) 23. (a, d) 24. (a, b, d)
9. (d) 10. (a) 11. (b) 12. (a) 25. 2 26. 4:1 27. False 28. False
13. (b) 14. (a =5) (b =8) (c =12) 15. Yes, infinite 34. (3)

1.

Hints & Solutions

Topic1 Arithmetic Progression (AP)

Key Idea Use nth term of an AP i.e. a, = a + (n —1)d, simplify the

given equation and use result.

Given AP is a;, ay, a3,... ,Q,
Let the above AP has common difference ‘d’, then

aptay ta; t.tag
=a; +(a; +3d) +(a; +6d) +... +(a; +15d)
=6a; +(3+6 +9 +12 +15)d
O6ai+ 45 114 (given)
O 2a, + 15d =38 ...
Now, a; + ag + a;; +ag
=a; +(a; +5d) +(a; +10d) +(a; +15d)
=4a, +30d =2@2a, + 15d)

=92 x38 =76 [from Eq. (1)]

2. Lett,be the nth term of given AP. Then, we have t,4 =0

O a+(@19-1)d =0 [-t,=a+ (n-1)d]

a a+18d =0 ...Q0)
Now, lyg _at 48d
toyg a+28d
—-18d +48d . .
= — Eq.
~1sd + 284 [using Eq. ()]
:@ =3:1
10d
We have,

225a% + 9b? + 25¢* - T5ac —45ab —15bc =0
0 15a)% + (8b)% + (50)% - (156a)(B¢) — (15a)(3b)
- (3b)(Bc) =0
0 é[(15a —3b)% + Bb ~50)° + (e ~15a)%] =0



O 15a =3b,3b =5¢ and 5c=15a
0 15a =3b =5¢

—=_=Z=)\ (say)

O a=A,b=5\,c=3\
0b,c,a are in AP.

. Let T,=a+(@m-1)d = ..(@)

1

n

1 ..

and T,=a+(n-1)d =— ...(11)
m

On subtracting Eq. (ii) from Eq. (i), we get

(m_n)d:l_l:m_"
n m

mn
O d:i
mn

Again, T, =a+(mn -1)d =a +(mn -n +n -1)d
=a+(n-1)d +@mn —-n)d

:Tn+n(m—]_)i :i+ (m_l):]_
mn m m
. Since, a;, @y, ..., a, are in an AP.
O (ag—a;)=(a3 —ay) =... =(a, —a,_;) =d

Thus,

1 1 1
Jay +ay  Jag+ay T Ja, +a,
_Has-Ja B, Blas —JasH, | HV@ -1}
H 4 HH 4 H ™ H H

d

1 1 (a,-ay) (n-1)
_7( la _ la - n 1 =
d " 2 d.Ja,+a La,+ta
. Since, ny,ny,...,n, are p positive integers, whose sum is

even and we know that, sum of any two odd integers is
even.

O Number of odd integers must be even.

Hence, it is a false statement.

. Let the sides are a —d, a and a + d. Then,

a(a—d) =48
and a? -2ad + d? + a? =a? +2ad +d?
a a?=4ad
d a=4d
Thus, a=8d=2
Hence, a-d=6

Topic2 Sum ofnTerms of an AP

1. Let the common difference of given AP is ‘d’.

Since, a; ta; + a5 =40
O a +ay +6d +a; +156d =40 [ra,=a, + (n -1)d]
0 3a, +21d =40 ...0)
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Now, sum of first 15 terms is given by
S5 212—5 [2a, + 15 -1) d]

:12—5 [2a, +14d] =15 [a, + 7d]

From Egq. (1), we have

+7d-@
3

So, Sis —15x@
3

=5 x40 =200

2. Given S, denote the sum of the first n terms of an AP.

Let first term and common difference of the AP be ‘@’
and ‘d, respectively.

O S, =2[2a +3d] =16 (given)
% ™ Ra + (n -1)d] q

ad 2a +3d =8 .. (@)
and S =3[2a +5d] = -48 [given]
O 2a +5d =-16 ... (i)
On subtracting Eq. (1) from Eq. (i1), we get

2d =-24
a d=-12
So, 2a =44 [put d = -12 in Eq. ()]

Now, S, =5[2a +9d]
=54 +9(-12)] =5[44 -108]
=5 x (-64) = -320

. Given series is

DlDDl 1DI:I1 2[I Dl 99 O

H38 3 1008 H3 1008 " "85 1008

[where, [x] denotes the greatest integer < «]

01001 _ 1D ogl1_20 +D_l_ﬁD
HsHBH3 1008H3 10087 H3s 100H
all the term have value -1

gl_e67001_ 680 O1_ 99

d== 1lthet
CH3 100BH 3 1008 H 3 100%a erem
have value - 2.
66 O

,010,01_ 10,01 20, 0166
H3HH3 1008 B3 1008 " H3 100H
=-1-1-1-1...67 times.
=(-1) x67 = -67
gLl 670,01 680, 01 990
H3 1008 H3 1008 " T H 3 " 100H
=-2-2-2-2...33 times
= (-2) x33 = -66
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Dlo,0l_ 10,01 20 2,01 99
535 H3 1008 E3 1008 " "H3 1008
=(-67) + (-66) =-133.
Alternate Solution
<[ x] = = [x] =1, if x Olnteger,
o. 10, 0 .20 O n-10

and + = +—gt...+ + = [nx],

R == AN = gt g
n ON.
So given series

99 O
1
H_% 1008 B
=(-1) x100 —% XlOOEZ -100 -33 =-133.
. Let first three terms of an AP asa -d, a, a + d.
So, 3¢=33 Oa=11

[given sum of three terms =33
and product of terms =1155]

O (11-d)11(11+d)=1155 [given]
O 112-d%=105

O d?=121-105=16

O d==+4

So the first three terms of the AP are either 7, 11, 15 or
15, 11, 7.

So, the 11th term is either 7 + (10 x4) =47

or 15+ (10 x (—4)) =25

Key Idea Use the formula of sum of first nterms of AP, i.e
S, = g[Za +(n-1d]

Given AP, is
a;, Gy, Ag,... having sum of first n-terms

=7 Bay+(-1)d)

[where, d is the common difference of AP]

=50n + w A (given)

O % Ra, + (n -1)d] =50 +"

On comparing corresponding term, we get

d=Aanda, -2 =50-" A
2 2

0 a1—§:50—%A [+d = A]

O a, =50-3A4

So as) =a; +49d
=(B0-34)+49A [-d=A4]
=50+46A

Therefore, (d, as,) = (4,50 +46 A)

. Clearly, the two digit number which leaves remainder 2

when divided by 7 is of the form N = 7k + 2 [by Division
Algorithm]

For, k=2 N =16
k 3

k=13, N =93
O 12 such numbers are possible and these numbers

forms an AP.

Now, S = 122 [16 + 93] = 654

| n 0
S, =—(a+1
B 5 =5 (a+0O
Similarly, the two digit number which leaves remainder
5 when divided by 7 is of the form N =7k +5
For k=1, N =12
k=2, N =19

k=13,N =96
(013 such numbers are possible and these numbers also

forms an AP.

Now, S = L;’ [12 + 96] = 702

0 n 0
S =—(a+1
B 5 =5 (a )5
Total sum =S + S’ =654 + 702 =1356

. Wehave,S=a; +ay+... tag,

=15[2a, +29d] ..
(where d is the common difference)
g n g
1S, == [2a + (n —1)d]
H™ 2 H
and T=a,+ag +...+tay
_15

+ 24y + 14 x2d)]

(.- common difference is 2d)
d 2T =15[2a, +28d] ...(11)
From Egs. (1) and (ii), we get

S-2T =15d =175 [ S -2T =75]



g d=5
Now, Qo =as +5d

=27 +25 =52
. If logb,,logb,,...,log by, are in AP, with common

difference log,2, then b, by,..., by, are in GP, with
common ratio 2.

0b, =2b,, by =2'b,, by =2%by,..., by, =2, ...(0)
Also, a4, ag, ..., a;9; arein AP.
Given, a, = b, and ay, = b;,
O a, +50D =2 b,
O a, +50D =2 q, [ a, =b,]...(Gi)
Now, t=0b +by+...+by
@' -1)
d t=b ——= ...(11
e (i)
and s=ay tagt... tas
:% ©a, +50D) .(iv)
0 t=a, @ -1) [+ a, =b]
or t=2""a, —a, <2”q, (V)
and s =52—1[a1 +(a, +50D)]  [from Eq. (ii)]

51 5
=—Ja; +2" a
5 o 1
= g a, + E 250 a;
2 2
O s>2°1 a; ...(v1)
From Egs. (v) and (vi), we get s > ¢
Also, @10, =@, +100 D and by, =2'%p,
50 _ O
O a101 =, +100 Mﬂand b0y =2 @,
o 50 O
g Qo =0 +2°1 a; —2a, :251a1 -
O a0, <21 a; and by, >2°! a
O bio1 > i
. LetS, =cn®

S, =c(m-1)?=cn®+c-2cn
O T,=2cn-c [ T,=S,-S,_4]
Tn2 =Qcn-co)? =4c*n? +& -4c'n

4c2Ezh(n+1)(2n+1)+

O Sum=2 Tn2 = 5 ne? =2¢n (n +1)
_2 An(n+1)@n +1) +3nc® —-6¢%n (n +1)
- 3
_ nc?@n?+6n +2 +3 -6n —6) _ nct(@n®-1)
- 3 - 3

10. According to given condition,
Son =S,
0 2% @x2+@n-1) x3] =g [2 x57 +(n -1) x2]

a 4 +6n-3) =%(114 +2n -2)

11.

12.

13.

14.

15.
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g 6n+1=57+n-1
u n=11

U 5n=55

PLAN Convert itinto differences and use sum ofnterms of an AP,
ie. S, =g[2a +(n -1)]

k(k+1)

S =%y > o

Now,

=—(1)2-2% +32 +42 -5 6% +7% +87 +..
=32-1%) + @? -2%) + (7% -5%) +(8% 62 +...
=2{@4+6+12 +...) +(6 +14 +22 +...)}

n terms

n terms

=9 %{2 x4 +(n -1)8} +g{2 X6 +(n —1)8}5

=2 [n4 +4n —-4) +n®6 +4n —-4)]

=2 [(4n?+4n® +2n]=4n@n +1)
Here, 1056 =32 x 33,1088 =32 x34,
1120 =32 x 35,1332 =36 %37
1056 and 1332 are possible answers.

r

Here, V. :% [2r+(r-1)(2r -1)] :%(27“3 -r2+7)

O zv,:%[zn3 -5r% + 5r]
_10 En(n+1)E?_n(n+1)(2n+1)+n(n+1)g
2ED 2 0 6 2 B
0 =2CFD e 1) —(2n +1) +3]

12

1 2
=—nmn+1)(3n“+n +2
T (n+1)( )

Vi =V, 20417 =7 = [0 +D? %] +)

DO | =

=3r*+2r -1
O T, =3r2+2r -1 =(r +1)(3r -1)
which is a composite number.
Since, T, =3r% +2r -1
and T,,, =3 (r+1)*+2(r +1) -1
O Q, =T..,-T.=3[2r +1] +2[1]
O Q,=6r+5
0 @y =60 +1)+5
Common difference = Q,,; —Q, =6
Given, p+q=2,pg=A
r+s=18,rs=B

and it is given that p, ¢, r, sare in an AP.

and

Therefore, let p=a -3d,q =a —-d,r =a +d
s=a+3d

p<q<r<s

and

Since,
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16.

17.

18.

We have, d>0
Now, 2=p+q=a-3d +a -d =2a —4d
O a-2d=1 ..
Again, 18=r+s=a +d +a +3d
18 =2a +4d
O 9=a +2d ...(11)
On subtracting Eq. (i) from Eq. (ii), we get
8=4d 0 d =2
On putting in Eq. (i1), we get a =5
a p=a-3d=5-6=-1
g=a-d=5-2=3
r=a+d=5+2=7
and s=a+3d=5+6 =11

Therefore, A=pqg=-3and B=rs=177
Here, 17 + 2122 + 3% +2@% +5” +
:n(n+1)2
2
When nisodd, 12+ 222 +3%2+2@% +52... +n?
={12+22% +3% +2[@° +... +2 (n -1)% +n?
_Hn-1 @m0

=go——"+n
o 2 0

:n2§%_1+1§:n2(n+1)
2 2

0 17+2@2%+3% +2@° +

.. upto n terms

[when n is even] ... (1)

[from Eq. ()]

.. upto n terms, when n is odd

_n*(n+1)
2
Integers divisible by 2 are {2,4,6,8,10, ...,100}.
Integers divisible by 5 are {5,10,15, ...,100}.

Thus, sum of integers divisible by 2
:52—0 @2 +100)=50 x51 =2550

Sum of integers divisible by 5
= % (b +100)=10 x105 =1050

Sum of integers divisible by 10
:% (10 +100)=5 x110 =550

0 Sum of integers from 1 to 100 divisible by 2 or 5
=2550 + 1050 —550
=2550 + 500 =3050
Let four consecutive terms of the AP are a —3d,a - d,
a + d,a + 3d, which are integers.
Again, required product
P =(a -3d)(a -d)(a +d)(a +3d) +@2d)*
[by given condition]
= (% -9d?(a? - d% +16d*
=a’ -10a%d® +9d" +16d"= (a® -5d%*

19.

20.

Now, a?-5d?=a?-9d% +4d?
=(a -3d)(a +3d) +2d)?

=J0 + I* [given]
“2+2=]2
=1 [where, I is any integer]

Therefore, P = (I)? = Integer
Since, x;, %, %3 are in an AP. Let x; =a - d, x, =a and
%, = a + dandx,, Xy, x; be the roots of 2° — 2% + Bx +y =0
O 0= & & ar at d= 1
O a=1/3 ...(1)

JaB=(a-d)a+ala +d) +(a -d) (@ +d) =B ...(11)
and oBy=(a -d)ala +d) =- ...(i11)
From Eq. (1),

3a=1 0O

From Eq. (ii), 3a% - d? =B
O 3@1/3)%-d%*=p
0 1/3-B=d?
NOTE In this equation, we have two variables 3 and y but we have

only one equation. So, at first sight it looks that this equation
cannot solve but we know thatd? = 0, Od OR, then B can

be solved. This trick is frequently asked in lIT examples.

a=1/3

[from Eq. ()]

O %—Bzo [+ d?=0]
O Bs% OB0O-¢ ,1/3]
From Eq. (i), a (@*-d*)=-y
0 % dZQ i ldzz—y
3 2 3
1 ) 1
] +—:fd Oy+— =0
' T3 LY
ad y=z- 1/27
o1 @
O i
Yo7 ”

Hence, B Ot ,1/3]andy OF 1/2700)
Since, angles of polygon are in an AP.
O Sum of all angles
= (n -2) x180° :g{z (120°) +(n -1)5

5n® —125n + 720 =0

n?-25n + 144 =0

n-9)(n-16) =0

n=9,16
If n =9, then largest angle =a + 8d =160°
Again, if n =16, the n largest angle
=a +15d =120°+ 75 =195°

which is not possible.
[since, any angle of polygon cannot be >1807

a
d
g
a

Hence,n =9 [neglecting n =16]



21.

22.

23.

24.

Given, Sq_6 and 130 < ¢; <140
S, 11

— [2a + 6d]

DO | 3

6 7Qa +6d) _
11 T ©a + 10d) =6

", [2a +10d]

O a=9d ...0)
Also, 130 <t; <140

ad 130 <a +6d <140

0 130<9d+6d <140 [from Eq. ()]
g 130 <15d <140

ad % <d< % [since, d is a natural number]
g d=9

Let number of removed cards be k and (k& + 1).
nn +1)

0 —k—(k+1) =1224
O n®+n -4k =2450 0 n®+ n —2450 =4k
0 (n +50) (n —49) =4k
a n >49
Let n =50
a 100 =4k
O k=25
Now k-20=5
Given, a; =3,m =bn and a,, a, ..., is an AP.
O S = Ssn is independent of n.
Sn n

M o x3+ Gn -1)d
oy b 6n-Dd]l 546-d)+5n

2Ex3+(-1)d) 6-d)+n

independent of n

If 6-d=0 O d=6
O as=a; +d=3+6 =9

or If d =0, then % is independent of n.

n

O ay=9

A =20, ~Qp -y

O a;,ay,...,a;; arein an AP.

q al+ai+...+al _11a2+35><11d2+10ad_90

11 11
0 225+35d?+150d =90

0 35d%2+150d +135=00 d=-3, -

IS N

Given, ay<—
2

O d=-3andd # -

9| ©

a, +ay+...+ag,
11

0 :12—1[30—10x3] =0
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Topic3 Geometric Progression (GP)

1.

Key Idea Use n'™ term of AP ie., a,=a+((n-"0dlfa A barein

AP, then2A = g + band n'® term of G.P.i.e, a, = ar"".

It is given that, the terms a, b, care in GP with common

ratio r, where ¢ #0and 0 <r < %
So, let, b= ar and ¢ = ar?

Now, the terms 3a, 7b and 15c are the first three terms
of an AP, then
2(7b)=3a +15¢
14ar =3a + 15ar>
14r =3 + 1577
15r% =147 +3 =0

ad [as b =ar, c=ar?
O

O

O 15r2-5r-9r +3 =0

O

O

O

[as a #0]

5r@r-1)-3@r —-1) =0
@Br-1)(Gr-3)=0

r=—or—
3 5

@)llj 1
as, r U0, —gsor=—
28 3

Now, the common difference of AP = 7b - 3a

=Tar — 3a :a% —3@2—2?(1

So, 4™ term of AP = 3a + 3%@2 a

. (b) Given, three distinct numbers a, b and care in GP.

0 b* =ac .. ()
and the given quadratic equations
ax® + 2bx + ¢ =0
dx? + 2ex + f =0
For quadratic Eq. (i1),
the discriminant D = (2b)* - 4ac
=4(b% - ac) =0 [from Eq. ()]
0 Quadratic Eq. (ii) have equal roots, and it is equal to

.G

...(ii1)

x = ——, and it is given that quadratic Egs. (ii) and (iii)
a
have a common root, so

d%—gg + 2e§—§|§+ f=0

0 db® - 2eba + a’f =0
0 d(ac) —2eab + a*f =0 [+ b%=ad
ad dec—2eb + af =0 [ a#0]
ad 2eb =dc+ af
e dc  af
O — =4+
b b b®
[dividing each term by b7
O 2D6§:§+£ [...b2:ac]
a C
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,—are in AP.
c

Alternate Solution

So,g,f f
a

Given, three distinct numbers a, b and ¢ are in GP. Let
a=a,b=ar, c=ar?are in GP, which satisfies
ax® + 2bx + ¢ =0

ad ax® + 2(ar)x + ar? =0
ad 2+ 2rx+ 12 =0 [ a#0]
ad (x+r?=00 x=-r

According to the question, ax? + 2bx + ¢ =0 and
dx? + 2ex + f =0 have a common root.

So, x = —r satisfies dx? + 2ex + f =0

O d(-r)% + 2e(-1) + f =0
O dr® =2er + f =0
0 diH -2+ £ =0
|:| i_%q.i_o
a b ¢
O d, L 2 [ c#0]
a ¢ b

. a
Let the three consecutive terms of a GP are —, @ and ar.
r

Now, according to the question, we have

@ ot =512
.
0 a® =512
0 a=8 .4

Also, after adding 4 to first two terms, we get

§+4,8+4,8rareinAP
r

0 2(12):§+4+8r
g 2 0
O 24=2+8r+4 O 20=4[F +2r
; 5 T *'H
] =29 O 2r2-5r+2=0
r
O 2r2-4r-r+2=0
d 2r(r-2)-1(r -2) =0
ad r-2)@r-1)=0
0 r=2,l
2

Thus, the terms are either 16, 8, 4 or 4, 8, 16. Hence,
required sum =28,

. Let rbe the common ratio of given GP, then we have the
following sequence a,, ay = a;7, az =a,r>,...,a; = a;r’

Now, as =25 a4
0 ar’=25a,
O r?=25
8
Consider, o = a17r4 =rt =(@25)? =54
as  ayr

5. Let A be the Ist term of AP and d be the common

difference.
ad Tthterm =a = A +6d

[ nthterm = A + (n —1)d]

1lthterm=b=A +10d
13thterm =c=A +12d

- a, b, care also in GP

0 b’ =ac

O (A+10d)% =(A +6d) (A +12d)

O A%+20Ad +100d* = A® +18Ad +72d”

O 2Ad +28d%=0

O 2d(A+14d) =0

O d=0or A+14d =0

But d#0
0 A=-14d
0 a=A+6d =-14d +6d =-8d

[ the series is non constant AP]

and c=A+12d =-14d +12d =-2d
O g:—8d=4
¢ —-2d

. Let b =arand ¢ = ar?, where r is the common ratio.

Then, a+b+c=xb
O a+ar+ar? =xar
O 1+r +r% =xr ve Q) [raz0]
2
O x:71+r+r :1+r+l
r r
We know that, r+122(forr>0)
r
and r+1S—2(forr<O)[usingAM2 GM]
r
1
a 1+r+=-23
r
or 1+r+ls—1
r
O x=23orx< -1
0 xUt o5 10 [8 )

Hence, x cannot be 2.
Alternate Method

From Eq. (1), we have
1+r+ri=ar

O r2+(1-xyr+1=0
For real solution of r, D = 0.
O 1-x?2-420
O x%=2x-320
O (x=-3)(x+1)=20
+ o - L 4+
-1 3

O x0O€o - 10 [& )
0 xcannot be 2.

. Let a be the first term and d be the common difference.

Then, we have a + d, a +4d, a + 8d in GP,

ie. (@ +4d)?=(a +d) (@ +8d)

O a?+16d?+8ad =a® +8ad +ad +8d?>

O 8d%=ad

O 8d=a [ d#0]



8.

10.

Now, common ratio,
r_a+4d_8d+4d_12d_4

a+d 8d+d 9d 3

Since, @ +pB), @2 +p?), @3 +p*)are in GP.
O @*+B*)*=@ +p) @® +B?)

0 0(4ﬂ3 4+(2[3229F 43‘4(*3 3[30(3
0 oBa(* *-dB )=0
O aB a( B )*=0
ad af =0 ora B
O £20 or A=0
a
0 cA=0

Since, a, b and ¢ are in an AP.

Let a=A-D,b=A,c=A+D
Given, a+b+c=§
2
d (A—D)+A+(A+D)=g
0 3A=§|:I A=l
2 2
0 The number are1 —D,l,1 + D.
2 2 2
Also, % - Dg, i, % ¥ Dg are in GP.
T g R 1 o
O =0 -D +D o —=g--D
HH Tk TCHER T PH 16 o 0
o lopr=:l gp2=l g op=sl
4 4 2 V2
1 1
0 a=—*—
2" 2
. 1 1 . .
So, out of the given values, a=§——2 is the right
choice.
a+B =10 A +0 =40
0 an 0
a = pQ Ad =¢q[
Let r be the common ratio.
Since, a,B, y and 0 are in GP.
Therefore, B=ar,y=ar?
and d=ar’
Then, a+ar=1 Oa (1+r)=1 ...Q0)
and ar+or’ =4 Oa r’Q+r)=4 ...(1)

From Eqgs. () and (i), r?=40 r=+2
Now, alor= p andorlor’ =q
On putting r=-2,we get

a=-1,p=-2and ¢g=-32

© | b

Again putting r =2, we geta =1/3and p = -

Since, ¢ and p are integers.
Therefore, we take p = -2 and g = —-32.

11.

12.

13.

14.

Sequences and Series 61

Here, (a?+ 0%+ ¢?) p? -2 (ab + be +cd)p
+ B2+ +d> <0
O (a®p? -2abp + b%) + (b%p* —2bcp +?)
+ (p% = 2cdp +d?) <0
O (ap-b)2+ (bp —0)% +(cp -d)? <0
[since, sum of squares is never less than zero]

Since, each of the squares is zero.

0 (a@p = b)* = (bp = ¢)* =(cp —d)* =0
b ¢ d
0O =2 ===
p a b ¢

0 a,b,cd arein GP.

Since, a, b, care in GP.

ad b%=ac

Given, ax® + 2bx + ¢ =0

a ax? + 2Jac x + ¢ =0

0 Wa x++e)?=00 xz—\ﬁ
a

Since, ax?+2bx+c¢=0 and dx®>+2ex+f =0 have
common root.

0 x=-.cla must satisfy.
dx® + 2ex + f =0

0 dEﬁ—2e\E+f:0D§——2e +1 =g
a a a Jac ¢
O 2e_d + ! [ b%=ad
b a c
Hence, E,E,iare in an AP.
a b ¢
Here, t, =4 0 ar’=4
O Product of first five terms = a [ o [ar® [ar?
- a5r10 - (Cl r2)5 =45
If a, b, c0@2,18), then
a+b+c=25 (1)
Since, 2, a, b are in AP.
ad 2a=b+2 ... (1)
and b, c,18 are in GP.
O Z=18b .. (iii)

From Egs. (i), (i1) and (iii),
b;'z +b+/18b =25

3b+2+6+24b =50
3b+6+2b -48 =0
b+2+2/b -16 =0

b+ 42b 2426 16 =0

Vb (Vb +442) -242 (Vb +442) =0
/b -2v2) (/b +442) =0

b=8,a=5

c=12

O 0Oooooao

and
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15.

16.
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Let 27,8, 12 be three terms of a GP.

0 t,=27,t,=8 and t,=12
AR™™' =27, AR""! =8
and ARP ! =12
7 s e
0 R= d R=
Hsd 2% Hiod
I _p P
. HsH  ~HH
O 33/(m -n) EBIJ(n -p) - 2]/(n -p) mS/(m -n)
3 1
+
3m—n n-p
0 1 3 =1
+
2n—p m-n
ad 3+1=Oand1+3=0

m-n n-p n-p m-n

0 3(m-p)=n-m and 2n=3p—-m

Hence, there exists infinite GP for which 27, 8 and 12 as
three of its terms.

Let a, d be the first term and common difference of an

AP and b, r be the first term and common ratio of a GP.

Then, x=a+ (@m-1)d and x = br™?"
y=a+(n-1)d and y=br"!
z=a+(p-1)d andz=brP?

Now, x—y=(m-n)d, y—z=(n —p)d

and z-x=(p-m)d

Again now, x' 77 )7 27

- [brm—l](n—p)d Eﬂbl"n_l](p -m)d qbrp -1 ](m -n)d

— b[n-p+p—m+m—n]d ﬁ[(m -1)(n —p) +(n A)(p m) «p A)(m »n)ld

=230 =1

Topic4 Sum of n Terms and Infinite

1.

Terms of a GP
20 Dl |:|

Let S = Z kEZ—kE

_1,2 .3 .4 20 .
= 5 ? 27 27 2% ...(l)
L n .
On multiplying by %Eboth sides, we get
S_1 2 3 19 20 ..
E—?+2—3+2—4+...+2TO +2T ...(11)
On subtracting Eq. (i1) from Eq. (i), we get
S 1.1 1 1 20
L+ -

2Tty Tt
lﬁ_iﬂ
0 S_2 2205_ 20
- 521
2 1_1 2
2 0 a-r" a
m'sumofGP:u,r<1D

0 L-r O

S_,_ 1 _2_ 1 10 _ 11
9~ 920 921 T 920 920 T 920
11

I:l S 2_2T9

2. (a) Wehave,S,=1+q +¢*+... +q" and

g +10, g+ 107 g+ 10"

L=l+B5B*Bs H**Ea 8

Also, we have
Y10 +191C,8, +1°1C8, +... +191C 48,49 = o}
D 10101 + 10102(1+q) +101c3(1 +q +q2)

+ .. +1010101(1 +q +q2 +“.+q100)

= o g ) .
O 01, + 1010, (1-¢q )+101C3 iy
1-gq 0l-¢g0O
—_ .40 _ o1
_'_10104 q D+"'+IOICIOI@ q 0
0l-q0 Ol-q O
_ [
=a Ty, [-for a GP, S, = aB""H 21
Ol-rQg
0 : 1 [{10101 + 10102 +“.+1010101}
-q
_{10101(1 + 10102(12 + 401 0101‘1101} = (T},
1

(2" -1) - (1 + )" -] =aTyy,

1-9q)

[-"Cy+ "Cy +...+7C, =2"]
2101 _ (q + 1)101 _

t a
1-¢q
0 000
g+1 [g+1ff g+ 10
o+ + +.+ 0
B 2 EZ H EZ H B
O 017
g + 1
O 1- O
. 9101 _ (g +1)101 . ETE g
= 5
1-¢q a g+1 O
o 11—~ O
8 8
[-q#10 q+1¢2[|%1¢1]
101 _ 101
20[2 (q+1010) ] (o = 9100
Q-9
. Let the GP be a,ar,ar?, ar’,....; where a >0 and
O<r <L
Then, according the problem, we have
g @
1-r
27 _ 3 3 23 343
and E:a + (ar)’ + (ar®)’ +(ar’)’ +...
3 0 O
19 1-r 0 1-rg



3
- O
0 _68a-nyh G3=-2"0a& 3¢ rg
19 1-7 g 1-r 0
q 27 _27QA-r) @ +r*-2r)

19 A-raA+r+rd)
[Ca-r)=0-ra-r7
ad r2+r+1=190% -2r +1)
O 1872-39r +18 =0
O 6r2-13r+6=0
O @Br-2)@r-3)=0

g r=§orr:§(reject) [-0<r<1]

2

4, Let a,ar,ar” are in GP, where (r > 1).

On multiplying middle term by 2, we have
2

a,2ar,ar” are in an AP.
a dar=a + ar?
O r?—4r +1 =0
4+ ./16 -4
a r= B e— =2+ 3
ad r=2++/3 [since, AP is increasing]
5. Given,

E£010° =10° +2(11)'10)® + 311)2(10)" +... +10(11)°

O k=1+2%@+3%§+...+10%g )
i =1 B2 g%g+...+g%g+log%g°m(ﬁ)

On subtracting Eq. (ii) from Eq. (i), we get

k@ g, 51152 S I [
100 Hrod Hiod
0
%@ 8
Mo - 11 E[ll
a k 10
10 H Fiot]
n_ a
1 In GP,sum of n terms = M, whenr >1[
0 r-1 O
i’ m1g°0
a - k=1000 -10-10
D Hrod] Frod &
a k—lOO
6. LetS=0.7+0.77+0.777 +...
=— 7 772 + 7737 +...upto 20 terms
10 10 10
O 11 111 a
=7 —— +—— +...upto 20 terms
Ef 102 10° P H

999
100 1000

1
O+
o,
IR N Y

...+upto 20 terms]

_ 70 a
— +...upto 20 terms
"9 P H
_7

9
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— [(L+ 1+...+upto terms
= K 20 terms)
% + 12 — . +upto 20 termsEID
0 10° 10 EH
O
o LR- Dl
_70, 10 a 0" a
=5 — 0
O -— O
O 10 O
O O

O 20 a
NS =20 and sum of n terms of ]
0= a
O - a
@P,Snzwwhen(r<1) 0
0 L-r 0
0 0
1T
9 H 9@ 0 %
7879 11°8 7 ~20
=g+ 0= — [179 + (10
9859 9 OH § 81[ 101
7. We know that, the sum of infinite terms of GP is
a
B—, ri<1
S.=H -, (7]
H o ,lrlz1
0 S,=—% =5 [Irl<1]
1-r
or 1—;":f
5
5-x .
ad r= 5 exists only when | r| < 1.
ie. 1<%
or -10<-x <0
a 0<x<10

8. Since, sum =4 and second term = % .

It is given first term a and common ratio r.
a 3

g =4, ar=—
1-r 4
O r:i
4a
O a3 =4
1—7
4a
0 4a? -
4a -3
ad (@ -1)(a -3) =0
O a=1 or 3

Whena =1,r=3/4
and whena =3,r=1/4
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9.

10.

11.

Sequences and Series

15
+

Sum of the n terms of the series 1 + -+ 7 +—
2 4 8 16

upto n terms can be written as
10 @l 10 @ 10 10
O+ o+d -0+ O -—0+ ..
@l PYa M==AY M= T

1 1
=n- +Z+7+...+nterms§

=n+27" -1

upto n terms

DO |
— | O]

|

:"_‘

I Y

Let a, denotes the length of side of the square S,,.

We are given, a, = length of diagonal of S, , ;.

U a, = \/5 Ap+1
a
O a =-_n
n+1 \/5
This shows that a;, ay, a5, ... form a GP with common
ratio 1 /2. )
Therefore, a, =q, gL e E
2
o1t .
0 =10 = ay =10,
25 [+ a given]
: 10y ALE
a, 25
100 .
ad g1 <1 [ a; <1, given]
O 100<2" 7!

This is possible for n = 8.

Hence, (b), (c), (d) are the correct answers.

B,=1-A4,>A,

Obviously, it is true for all even values of n.
But for

n=1, —§<—l
4 6
030 _ 27
"EREGH T e T
pos 30 243 1
'Had T 1022 "6
and for n =7,
nsg __2187 1

4H 12288 6

Hence, minimum odd natural number n, = 7.

12.

13.

14.

Consider an infinite GP with first term 1, 2, 3, ..., n and
. 111 1
common ratios —,—,— s .
2'374° n+l
o §=—1"
1-1/2
-2 _
>T1-1/3
_2n-1 _
=l 1-1/2n
O  SE+S2+87+...+S%,1
=22 +3% +4% + ... +@2n)*
=%(2n)(2n+1)(4n+1)—1
Let three numbers in GP be a,ar, ar?
a a?+a¥?+a¥t =82 ...(0)
and a+tar+ar’=a8 ...(11)
On dividing Eq. (1) by Eq. (i1) after squaring it, we get
a2(1+r2+r4)_ S?
a?@+r+r?)? a%?
A+r32-r2_1
o 22 T 2
A+r+r9)° a
@+r2-r 1
O TaZia 3
@+r+r) a
r+—+1
O a’=—1T
r+-—-1
r
Put r+l—y
r
0 y+1:a2
y-1
0 y+1:(12y—oz2
2
a“+1 a 1 a
u = : =lr+—>2
e B [¥] ;1728
2
0 @ *1ls9  [where,(@®-1)#0]
a“ -1
O la®+1]>2]a” -1]
0O @+1)*-{2@?-1}%*>0
O {@®+1)-2(a®-1}{@*+1) +2 (a® -1)} >0
0 (-a®+3)@Ba®-1)>0
O %<a2<3
O am%,@m 1,3) [ a?#1]
k-1
! 1
We have, S, =
RNV
k



Now, (k*-3k+1)S, ={(k -2) (k -1) -1} x !
(k-1)!
11
(k-3)! (k-1)!
100
2 _ —
0 ZI(k 3k+1)S,/=1+1+2 - % i
1002 100 s
+ k“-3k+1)S,| =4
Ty k;u )}

Topic5 HarmonicProgression (HP)

1. PN nthtermof HP,t, = —
a+(n-"Nn
Here, a, =5, ayy =25 for HP
a l:5 and 1 =25
a a +19d
g 1+19d:i 0 19d:i_1:_i
5 25 25 5 25
0 = -4
19 x 25
Since, a,<0
0 %+(n—1)d<0
1 4 95
- - -1)<0 O -1)>—
5 Toxas " Y (n-1)>7

0 n>1+% or n>24.75

O Least positive value of n =25
2. Since, a, b, ¢, d are in AP.

o — b o d are in AP.
abed  abed  abed  abed
o L L 1 1 einAP.

bed’ cda’ abd’ abe
O bcd, cda, abd, abe are in HP.
O abc,abd, cda, bed are in HP.

3. Since, a4, ay, ag, ...,a;, are in AP.

Now, ap=a +9d
| 3=2+9d
O d=1/9 and a, =a; +3d
O a, =2+3(1/9)=2+1/3=T7/3
Also, hy, hq, hg, ..., hyy are in HP.
a i 1 i,...,iareinAP.
hy " hy hy hyo
Given, hy=2,h;, =3
1 1
O ———+9d1IZI— —+9d,
ho My 3 2
0 ~Logq,
6
O d=-2and L=116q
54 h; My

100”

100!
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1 1 6x1
a — ==+
h, 2 -54
- 111, 8
h; 2 9 7
7 18
0 ah-=— x— =6
47 3 7

4, Let the common ratio of the GP be r. Then,
y=xrand z = xr?

Oln y=lInx+Inr andlnz=Ilnx+2Inr

Let A=1+lnx,D=Inr
Then, ! :l, L = 1 = !
l1+lnx A 1+lny 1+lnx+lnr A+D
1 1 1
and = =
l+lnz 1+lnx+2lnr A+2D
Therefore, , 1 , are in HP.
+lnx 1+lny 1+Inz
5. Let a; =1, a,=2, 0 a3=4,a,=8
O b, =1,b,=3,b; =7,b, =15

Clearly, b,, by, bs, b, are not in HP.
Hence, Statement II is false.
Statement I is already true.
6. Since, cos (x — y), cos x and cos (x + y) are in HP.

2 cos (x— y) cos (x + y)

g cos x =
cos (x = y) + cos (x + y)

O cosx (2 cosxleos y)=2{cos®x —sin? y}

a cos?x[os y = cos®x —sin? y
ad cosZx (1 - cos y) =sin? y
ad cos?x@sin?? =4sin? Y (kos??
2 2 2
g cosZxBec? < =2
2
u cosxl];ec% =442
7. Since, a,b,care in an AP.
O2b=a+c
and a2, b2, ¢? are in HP.
0O b2 = 2a%? 1 (o + cI]2 _ 2a%?
a’+c? 2 a’+c?
g (@®+ A (@?+ & +2ac) =8a%?
a (@®+ A +2ac(@® + P =8a’?
O (a@®+ ¢ +2ac(@® +A) +a’? =9a%?
a (@®+ 2 +ad)? =923
a a’+ ¢+ ac =3ac
d a’+b?>—2ac=0
a (a—c)ZZO O a=c

2+ 2 +ac=—3ac

andifa=c0O & cora
0 a®+ 2 +2ac =—2ac

g (a+ 0% =—2ac
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0 4b% = —2ac 0 b2 —%

Hence, a,b,— ; are in GP.
0 Eithera=b=cora,b, - Qare in GP.

Since, a, 4, Ay, b are in AP.

0 A +A,=a+d
a,G;,Gy,barein GP O G,Gy=ab

and a,H,,H,y, barein HP.

0 _ 3ab _ 3ab

= JH, =
2b+ a b+ 2a

0 -
H, H, a b
e HeHy hthy 1,1
H\H, GG, a b
Now. Iil(l? e ;bm 0
119 3ab H 3ab H
b+ a0 +2a0
_Qa+b)(a+2b) (i)

9ab
From Egs. (1) and (i1), we get
GGy, _ A +Ay _ (2a+0D)(a+2b)

HH, H, +H, 9ab
9. ) Now, a+b=(@+x+y+z+b) —(x +y +2)
5
:§(a+b)—15
[since, a, x, y, zare in AP]
0 sum=§(a+b) Oa+b=10 ()
11111

Since, a, x, y, z, b are in HP, then —, -, ~,~, —

arelnAP a’'x’y'2’b
11 _[M@m. 1. 1 1 10 00 1, 10
Now, —+-—-= +7+7+7+7H_B;+7+7
a b x y z b y 2
50 10 5
=— +7H_,
2 b 3
a+b 10 9x%x10 .
ad =— [0 ab= from Eq. (1
b 9 10 [ q. 0]
ad ab=9 ...(>1)
On solving Egs. (i) and (ii), we get
a=1,b=9

(i1) LHS =log(x+ z) + log(x +z-2y)
2xz[d [ 2xz 0
=1 +2) +1 + 2%7 —_—
og(x+2) ogac z +ZB H x+zE
(x=-2)°
(x+2)

=2log(x—-z) =RHS

=log(x+z) +log——

Topic6 Relation between AM, GM, HM

and Some Special Series

1. Given series,

P+2 1P+ +3
+ +

1+2 1+2+3

3 493 4 93 ?

1°+2°+3 +... +15 _1(1+2+3+,..+15)

1+2+3+...+15 2

:Sl_SZ (let)
where,

S =1+

S=1+

?+28 1P+2%+3
+ +
1+2 1+2+3
P+ +3 +.. +15
1+2+3+...+15

B PaPewnd_ B H

n=1 1
2

O » 2 n O
o rngn(n+1)D and r:n(n+1)
H rZI 2 E rZI 2 E

15 15

_ Z n(n2+ 1)_1 z(nZ +n)
n=1 n=1

_10d5x%x16x31  15x160

28 6 2 H

n(n +1)@n + 1)%

En
HZ 6 B

(B x8 x31) + (15 x8)]

_2[
= (B x4 x31) + (15 x4)
=620+60 =680

and82=§(1+2 +3 +... +15)

1 _15x16
=— X
2 2
Therefore, S =S; =S, =680 —60 =620.

=60

. Given series is

3x1° 5x(1’ +2%)  7x(@® +2° +3)
1? 17 + 27 17 +2% + 3°

So, nth term
_B+ (- 1D2)@® +2% +3% ... +n?)
12+2243%2+ . +n?

(@ +1)D2
_ene e
T n(n+1)@n+1)

6

s el G4 o nei+DEn+ DO

n
1 _E 2 H drzlr_ 6

O
EL-
=

r



7311(,;-'- 1) :§ (n2 + n)

Now, sum of the given series upto n terms

S,=2T, ZS[an +3n]

SO, Tn =

n

h(n+1)2n +1) . nn+1)0
5 6 2
a
H

0x11x21 +10><11|]

6 2 H

x55(7 +1)—f><55 x8 =3 x55 x4

=12 x55 =660

3. (b) Given series is
1+@x3)+@ x5) +@ x7) +...upto

11 terms.
Now, the rth term of the seriesis a, =r@r -1)
OSum of first 11-terms is

11 11
=S r@r-1)=5 @’ -n=25r-Sr
" rzl rZI rZI rzl

11x 11+ 1)@ x11 +1) _ 11x(11+1)

=2
6 2
El i n(n+1)(2n+1) ir:n(n+1)g
E r=1 r=1 2 E
_ 1 x12 %230 1 x12[]
~H 3 H H 2

=(11 x4 x23) —(11 x6)=11(92 -6) =11 x86 =946

4. Given series is

B 10 nid . .. 080
SR B R TR
_mf . g .m0 oed
LetS_EiB +5¢IB + E +EZB
+ [[145D3 + ... + upto 15 terms
:D3D3[13 +22 43 +45 +5 +. +15°]
_ B0 5 x 1601
“HHH 2 d
EL'13+23+33+...+n3:D1E7(n ,nOND
B 2 O H
27 225 x 256
64 4
=27 x 225
0 S=27x225=225% [given]

O k=27
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1+2+3+...+k

5. Since, S, = 5
:k(k+1):k+1
2k
1 1
So, S%=§k;g=fk+12
0 P B 4( )
5 10
Now, EA:S%+S§+S§ +...S?O:ZS%

K=l

12 2_1 o a2 2 2
0—A== R+1)"==[2°+3"+4" +...11
1 E( ) 4[ ]

1 u1x(11+1)(2 X11+1) _ 0]
"1 H 6
5 o _n(n+1)(2n +1)
[ Zn 6 ]
01 x12 x23

1 1821 199 x93 -
ZW IEU[(Zz 23) -1]
_1

, 1606 -1] = [505]

0 —A—@ 0 4 303
12 4
n
. Consider,%
@+ 2™+ y™)
1

(™ +x™M)" +y™")
By using AM > GM (because x, y DR"), we get
(" +x"™)z2and (Y" +y ")=2
[+Tfx> 0, then x + 1> 2]
x
O @™+ ™))" +y")z4
1 < l

@™ +xTM(" FyTh) 4

0 Maximum value = i

. General term of the given series is

I o= 3r12+ 2%+ . +rd) _3r[r(r+1)@r+1)]
’ 2r+1 6@Qr+1)

1 3 2
== +r
2( )
15

: 12 5
Now, required sum = § 7, =— > +r
rZI 2 rZ

_1En@+1d, ne+ 1) @n +DH
2¢gf 2 B 6 Bi-1s

1hm+1) h2+n 2n+10

Ty Byt

U U =15
™
E
0

(n+1) @Bn®+17n +2)g

2 6 Oy=1
>(15><16 (3><225+105+2)
2 6

=17820

1
2
1
2

.. (@)
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8. We have, a;, ay, as, ...
12
Za4k +1 =4l6and ag + a,; =66
k=0

a,q are in AP.

Let a; = aand d = common difference

. a; +ast+agt-- tay =416
g +(a+4d) +(a +8d +...(a+ 48d) =416
O 123(2a+48d) 416
O a+24d=32 (i)
Also , a9+ a4 = 66
g a+8d+a+42d =66
g 2a + 50d = 66
O a+25d=33 ... (i)
Solving Eqs. (i) and (ii), we get
a=8andd=1

Now, aj + aﬁ + a% +oee t alz7 =140m

8%+ 92 +10% + ... +24% =140m
O (P+22+3+...+24%) (12 +22 +3% + ... +7%) =140m
0 24x25%x49 _7x8x15_ 0
6 6
O w(7x5—1) =140m
6
O 7 X 4 x5 %34 =140m
O 140 x 34 =140m 0 m=34
9. We have,

1?+227 +3 +2@° +5 +206° +
A =sum of first 20 terms
B =sum of first 40 terms
OA=12+202*+3 +2@% +5%+ 206> + ... +2120°

A=@2+22+3% + .. 4200 +(22 +4% + 62 + ... + 207
A= +22+3 + .. +20%) + 4017+ 22 +3 + ... 410)

A= 20x21 x4l 4x10x11 x21
6 6
A:20><21(41+22):20><41><63
6
Similarly
B=(%+2"+3 + ...+40) +40% + 22 +...+ 209
g = 40x41x81  4x20x21x41
6 6
B:4OX41(81+42>:4OX461)<123
Now, B = 2A =100\
q 40x41x123 2% 20 %21 X63 _
6 6
| 460(5043 1323 =100A O iéox3720—100)\
0 40 x 620 =100\ Oa= 202620 548
100

10

Let S, be the sum of first ten terms of the series. Then,

BB e H

we have

Sw:@

..t010 terms

B 20 . 60T . o, (24T
= 4 ..tol

%E+ 5H+B?H+ +B?E+ to 10 terms
:% 82 +122 +16% +20% +242 +... t0 10 terms)

4

2
:? @22 +3%+42% +5% +... t0 10 terms)

2
:% @2 +3%+4% +5% +... +119)

—E((12+22+ . +11%) 13
16 1011+1) @01 +1
éﬂ 0 ) ( ) 1@
T 25 6
:E(506—1):E x505 0 8, =16 1505 =101
25 25 5 25

11. Given, m is the AM of [ and n.
O [+n=2m . ()
and G, ,G,, Gy are geometric means between [ and n.
1,G,,G4,Gs, n are in GP.
Let r be the common ratio of this GP.

=~

a Glzlr,G2:lr2,G3 =1, n-0r* O rZ%a

Now, G +2G; +Gy =(Ir)* +2(Ir®)* +(r*)*
=t xrt@+2rt +7%) =1 )it +1)2

X% %@2 =Inx4m? =4lm®n

Write the nth term of the given series and simplify it to get its
lowest form. Then, apply, S, = ZT”

12. PLAN

. 1 1P+t 12428+

Given series is — + + +
1 1+3 1+3+5

Let T, be the nth term of the given series.
17 +2° +3% +. +n?

O T,=
1+3+5 +... +upto n terms
e+ D
_0 2 O_@m+1?
n? 4
2
Sg-z(’”l) (22+32 L +10%) +12-17

n=1 4

_100@10+1)@0+1) [_384

1= =96
T4 e H 4
13. Here, a D(O,g) 0 tana >0

5 tanZa
x"+x+

0 \/x +x tan a
,/x +x

[using AM = GM]

|
K
o
+
+



14. Given, a, aya; ...
O aayas...(a,.1)Qa,) =2c ...(®)

a, tay,tag +...+2a
122705 > (@ Ly Ll ... 2a,)""

a,=c

O
n

[using AM = GM]

O a +ay+ay +...+2a, 2n@20"" [from Eq. ()]
0 Minimum value of
a, +ay+ag +... +2a, =n@c""

15. Since, AM = GM, then

Wa/(mb)(ﬁd) 0 M<1

Also, (a+b)+(c+d)>0 [-a,b,c,d>0]
u 0<M<1
16. Leta,pB be the roots of given quadratic equation. Then,
qepott LRGN ap=tt 25
2t 5+42

Let H be the harmonic mean between a and 3, then
_20B _16+4y5 _

a+p  4++5
17. Since, product of n positive numbers is unity.
O a O g ... x, =1 e (@)
Using AM 2 GM, w > (@ Ogy... 2 V"
O X+ xyt .. tx, 2n (DY [from Eq. (1)]

Hence, sum of n positive numbers is never less than n.

18. Since, AM >GM
(b+c—-a)+(c+a —-b)

0 5 >((b+c-a)c+a -b)"?

O ¢>[(b+c-a)(c+a -b)]'? )
Similarly b>[a+b-0)b +c-a)]'? ...(>11)
and a>[(a+b-c(c+a —b)]l/2 ...(111)

On multiplying Egs. (1), (i1) and (ii1), we get
abc>(@+b-c)b+c-a)c+a -b)
Hence, (a+b-c¢)(b+c—a)(c +a —b) —abc <0
19. Since, x;, %, ,..., X, are positive real numbers.
0 Using nth power mean inequality
Ebcl + x5+
n n

2 2
XA+ D

ot [T
H

2|:|n On 2[| Dz
2 SRS
H B&'H
20. Let a and b are two numbers. Then,

Al_a;rb = Jab: H, 2ibb

3

A, -
An: n-1 nl,
2
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Gn = 4/ An—lHn— ’

_ 2An—1Hn—1
" An—1+Hn—1
Clearly, G, =Gy, =Gy =... =-Jab.
21. A,is AM of A, and H, and A, > H;
O A >A,>H,
A; is AM of Ay and Hyand A, > H,
u Ay> A3 >H,

O A >Ay> A5 >
22. Asabove, A, >H,>H,, A, >H; >H,

O H, <H,<H; <...

23. Given, a (n)=1 +%+1+

=1+%+%§+[ﬂ+

01 1
+ + p +.. +2n_1
2 4 8 gt
Sl4+—+=+= 4.+
8 2n—1
=1+1+1+1+...+1 =n
(n) times

Thus, a(100) <100

Therefore, (a) is the answer.

O 1 10 1

+ ...+ + +—[——

n—1+1 ZnB on
Mm  1g, . 1 10
>]_+7+ +7 + + — + +—
aH7 B 8

1.2 4 DA |
=1+ +2+ 2+ + _=
2 4 8 2" 2"
:]_+l+l+l+ +l i:@—i§+ﬁ
2 2 2 2 2" 2" 2
n times
1 O, 200

Therefore, a (200) > @ 200E+ ~—>100

Therefore, (d) is also the answer.
24, Since, first and @n —1)th terms are equal.
Let first term be x and @n — 1) th term be y,

whose middle term is ¢,,.



70

25.

26.

27.

Sequences and Series

. . . . +
Thus, in arithmetic progression, ¢, = YTV og
In geometric progression, ¢, = \/xi‘y =b
. . 2
In harmonic progression, ¢, = YWo—
x+y
O b =acanda>b>c [using AM > GM > HM]

Here, equality holds (i.e. @ =b =c¢) only if all terms are
same. Hence, options (a), (b) and (d) are correct.

Let the two positive numbers be a and b.

+
ad x=2 b [since, xis AM between a and b] ... (1)
a z . ,
and — === b [since, y,z are GM’s between a and b]
y z
2 2
0 a=2 and b==
< y
On substituting the values of a and b in Eq. (i), we get
2 2
2x = Y2
< y
34 3
O Y TR o9y
yz
3.3
0 yrz
xXyz

Let the two positive numbers be ka and a, a >0.

Then, G=+Vkala =k @
and H:2(ka)a:2ka
ka+a k+1
H 4
Again, — == iven
g G 5 [given]
2ka
- B+l 4 o 2Vk 4
Jka 5 E+1 5
O 5k =2k +2
O 2k-5Jk+2=0
+ —_
0 \/E=5_ 25 16:513:2,1
4 4 2
O k=4,1/4.
Hence, the required ratiois 4 : 1.
Using AM = GM,
1+x2n 3
>,/1 k"
2
2n
0 1+x S
2
n
O r <2
1+x2n 2
X"y 1
A+ @ +y") 4

Hence, it is false statement.

log, x+ ——

28.

Since,

# >1,using AM > GM

Here, equality holds only when x=a which is not
possible. So, log, x + log, a is greater than 2.

Hence, it is a false statement.

29. Here, 1 + a)(

+b)1 +c¢)

=1l+a+b+c+ab +bc +ca +abc

a+b+

Since,

a a+b+c+ab+be+ca +abe 27(a*btch)

c+ab +bc +ca +abc>
- >

...

(a4b4c4)]f7

[using AM = GM]

17

O l+a+b+c+ca +abe >7(a*d'c")” (i)
From Egs. (1) and (ii), we get
A+ a)1+b)A +0) >T(@"b*c")”
or {1+a)1+bd+0) >7 (a'dlch)
30. Let G, be the geometric mean of G, G, ..., G,,.
0 G, =G, G,...G )"
= [(ay) oy ml")m Hay Layr |-_’]117"2)]/3
o (ay oy r Gy r? L agrt~HYmn
where, r is the common ratio of GP a,, ay, ..., a,.
(n=-1)n
= [(a, [&,. ... n times) (W2G%3 @9 . p 20 HUn
1 3 n-1
" e A S Un
= [ay 2 2 2]
[l}[(n—l)nDd/n Or-10
=q,32F 2 B0 =g 3 4O ()
U a H H
U g
Now, An_a1+a2+ ta, ol ory
n nl-r)
and H,= n
01 1 g
+—+ ... +—0
1 Q@ nU
_ n
I 1_@
a, r r
_anl-r) rl
1-r"
O 4,0, =00 an A= e
n(l-r) a-r"
n n
O AH, =[] @™ ™h
=l

= (@P @l 2. n times) xr0 @' 2. 777!

:a12n|],1+2+.4.+(n—1)
n(n-1) n-1

— 2n — 2n

=a;"r 2 =l * ]



=[G,]*" [from Eq. ()]
On d/Zn

L) A

O G, =(AA,..AHH,. H)""

31. Let two numbers be a and b and A, A,,..., A, be n
arithmetic means between @ and b. Then,
a, 4y, Ay, ..., A,, bare in AP with common difference

d:b—a
n+1
b —
0 p=A =a+d=a+
n+1l
O _nat+b @)
n+1l
Let H,,H,,...,H, be n harmonic means between a and
b.
1 1 1 11

— e, ,— 1s an AP with common
a H, H, H, b

difference, D = L_b).
(n+1)ab
0 1:1+D 0 l:l-{.M
q a g a ((n+1l)ab
0 l: nb+a
g (n+1)ab
O :M . (ii)
nb+a
From Eq. (1),

b=(n+1)p-na.
Putting it in Eq. (i), we get

gin(n+1)p-n®a+a}=(n +1)a{(n+1)p-na}
O n@m+1)a?={n+1)2p+®%-1ga

+n(n+1)pqg=0
O na?-{n+1)p+@m -1)qta+ npg =0
Since, a is real, therefore
{(n+1) p+ (n ~1)g}* ~4n’pg >0

0 (n+1)°p” + (n =1)*¢” +2 (n* ~1) pg - 4n’pq >0
0 (n+1°p* + (n -1)’¢* -2 (n” +1) pg >0

a q° - 2(n +1) LDp>0
(n -1y
g qz—%+mgﬁoq+wgﬁ>0
g Dn—ll]a On-10
iy
0 (q-p)%-%ngw
B On-10 B

32.

33.

34.
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i}
0 q<p0rq>MDp
On -10

+107 _ H
U p>pQ
n—-10 E
. +10
Hence, g cannot lie between p and §L1E p.
n —

Since a, b,c>0

O @*rb%9  (gpos ...
[using AM = GM]
1 1 1
—+ —+— 1 3
Also, a b c, % 3 dg (i)
3 b c
[using AM = GM]
On multiplying Egs. (1) and (i1), we get
(ot+b+c)%+7+1D
>( b )]/3 1
9 (abo)”
a (a+b+c)%+l+—§29
b ¢

Plan
(i) If a, b,c are in GP, then they can be taken as a, ar, ar?
wherer, (r # 0) is the common ratio.
_Hrtapt.
T T

(i) Arithmetic mean of x;, x,, ..., x,

Let a, b, cbe a, ar, ar?, where r ON

Also, M:b+2
3
ad a+ar+ar?=3(r) +6
ad ar? -2ar +a =6
O (r—1)2=9
a

Since, 6/a must be perfect square and ¢ ON.
So, a can be 6 only.
O r-1=%21 0 r=2

a’+a-14 _36+6-14

and = =4
a+l 7

Using AM = GM,

el rat+ad +ad +a? +1 +a® +a°

8
1

>@ PP m® e 0miw®)s
Oa’+a4+3a2 +1 +a® +¢'° 2810

Hence, minimum value is 8.
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