Matrices and Determinants

Topic1 Types of Matrices, Addition, Subtraction,
Multiplication and Transpose of a Matrix

Objective Question I (Only one correct option)

1.

If Ais a symmetric matrix and Bis a skew-symmetric

3
matrix such that A + B = g lthen ABisequal to
-0

(2019 Main, 12 April I)
=20 4 20

+4
() H_l 4H () H’l _4H
& -20 04 20
(© %1 _4E (d) Hl 45
0 2y 10
. The total number of matrices A:%x y —1%,
Bx -y 1§

(x, y OR, % y) for which A”A =31, is
(2019 Main, 9 April 11)

()2 (b) 4 (© 3 @ 6
[¢osa —sina [
Let A= ,OS st q@ OR) such that
%mu cosa ]
-1
A% = g gThen, a value of a is
00 (2019 Main, 8 April 1)
] T T
a) — 0 c) — d) —
(@) 9 () (0 ol (d) 6
o 0 og
Let P = % 1 Ogand @ = [g;] be two 3 x 3 matrices
B 3 1H

+
such that @ - P® =1I,. Then, 91 T 931 g equal to
932 (2019 Main, 12 Jan 1)

(a) 10 (b) 135 ©9 @ 15
0 29 rQO
LetA:%o q —r%IfAAT:IS,thenlplis
B ¢ r{ (2019 Main, 11 Jan I)
@ - b = © = @ L=
7 7 7 76

6.

10.

oo 0 0O
Let P=(4 1 Ogand Ibe the identity matrix of order 3.
A6 4 18
If @ = [g;;] is a matrix, such that P° —@ =1, then 931 * G52
21
equals (2016 Adv.)
(a) 52 (b) 103
(c) 201 (d) 205
g 2 20
If A= % 1 —2% is a matrix satisfying the equation
B 2 bH
AAT =9 I, where, I is 3 x3 identity matrix, then the
ordered pair (a, b) is equal to (2015 Main)
(@) (2,-1) (®) (-2,7)
(QXCY @ (=2, -9
0 1
i popBR v2d 010 0= PAPT, then
12 3/20 0 1H
PTQ2005P is (2005, 1M)
1 20050 0ol 20050
b
@ 17 ® o5 1§
ol 0g o 0o
d
© Boos 10 @5 10
@ 00 o 00O .
IfA= and B= then value of a for which
H 1 B 1
A%=B,is (2003, 1M)
(@)1 () -1
(c) 4 (d) no real values

If A and B are square matrices of equal degree, then which
one is correct among the following? (1995, 2M)
(@@A+B=B+A

b)A+B=A-B

()A-B=B-A

(d) AB = BA
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Objective Question II 16. Let w be a solution of * —1 =0 with Im (@) >0.If @ =2
One or more than one correct option) V%lth Ii ang ¢ satisfying Eq. (i) then the value of
—+ =+ —is
11. Let X and Y be two arbitrary, 3 x3, non-zero, o' o of
skew-symmetric matrices and Z be an arbitrary, 3 x 3, (a) -2 (b) 2
non-zero, symmetric matrix. Then, which of the (© 3 (d -3
following matrices is/are skew-symmetric? 2015 Adv) Passage II
@) Y*Z* - Z'Y? (b) X4 + yH ' Let pbe an odd prime number and T, be the following set
(C) X4z3 _ Z3X4 (d) X23 + Y23 0f2 x 2 matrices
_0, @& b0, O
12. For 3 x3 matrices M and N, which of the following T,= %A e aa,a, b,c0{0,1,2,..., p I}E 2010)

statement(s) is/are not correct ? (2013 Adv.) . . C
T ( ,) ] ) ) Y 17. The number of A in T, such that det (A4) is not divisible
(a) N M N is symmetric or skew-symmetric, according as

M is symmetric or skew-symmetric by p, izs 5
(b) MN - NM is symmetric for all symmetric matrices M (@) 2p3 () p 5 - 5127
and N (¢) p” - 3p (d p”-p
(¢) M N is symmetric for all symmetric matrices M and N 18. The number of A in T, such that the trace of A is not
(d) (adj M) (adj N) = adj(MN) for all invertible matrices M divisible by p but det (A) is divisible by pis
and N @ (P-D(@*-p+) ® p’ - (-1
13. Let @ be a complex cube root of unity with @ #0 and © (p-1? @ (p-D(p*-2
P ; [pij]. be an il x n matrix with p; ="/, Then, P 220 19. The number of Ain T, such that A is either symmetric or
:V) ?71 ns eqlaoa) ;g © 58 @ 5:32013 Adv.) skew-symmetric or both and det (A) is divisible by p is
a ¢
@ (p-1° (b) 2(p-1
© (p-D*+1 @ 2p-1

Passage Based Problems NOTE The trace of a matrix is the sum of its diagonal entries.

Passage |
Let a, b and cbe three real numbers satisfying Analytlcal and Descrlptlve Questlons
o 9 70 20 o b c¢O
. L If trix A=0b O, wh , b, 1
[a b c] % 92 782 [0 0 0] () matrix Z ZE where a c are rea
g 3 7H (2011) positive numbers, abc=1 and ATA =1, then find the
3 3, 3
14. If the point P (a, b, ¢), with reference to Eq. (1), lies on value of a” + % + ¢'. (2003, 2M)
the plane 2x + y + z =1, then the value of 7a + b + cis .
@0 b 12 © 7 @ 6 Integer Type Question

15. Let b =6, with a and ¢ satisfying Eq. (i). Ifa and 3 are 21. Let z :—1+7«/§i, where i =+/-1, and r, s 0{1,2, 3}. Let
the roots of the quadratic equation ax® + bx + ¢ =0, then 2

*mo1d P= %_Z)r & gand I be the identity matrix of order 2
+ =[] 1is equal to 2s r ’

Z B; BB 0z 20

=0 6 Then, the total number of ordered pairs (r, s) for which

(2) 6 (b) 7 (© = (d) o P*=-Tis (2016 Adv.)

Topic 2 Properties of Determinants

Objective Questions I (Only one correct option) 2. The sum of the real roots of the equation
1. A value of ® 0(0, 11 /3), for which x -6 -1
9 9 2 =-3x x-3|=0,1sequalto
1+cos“® sin“0 4 cos60 3 9 +9
- x X . .

cos?0 1+sin?0  4cos68 |=0,is (2019 Main, 10 April I1)

2 .2 (@ 0 (b) -4

cos™8 sin®® - 1+4c0s609 519 pain, 12 April ) © 6 @ 1

T T 7T 7T



x sin® cosO
. IfA =|-sin® - 1
cosB 1 x
x sin 20 cos 20
and A, =| —sin260 -x 1 ,xz0,
cos 20 1 x

then for all 8 00 @)E@
2 (2019 Main, 10 April I)

(@ A, +4, =-2( +x -1

b) A, - A, =—2x3

© A, +A = - 24

(d) A A = x(cos20 — cos4b)

IfD 100 200 3|:| d n- 1D a 7851:hen the
0 150 150 1HH 1 5

. O n0O
inverse of %) [ps
(2019 Main 9 April )
0l 0o =130 0l 0o -120
(a) (b) © (d)
Hz 1 8315 H3 1 H)lH
. Let a and B be the roots of the equation x* + x + 1 =0.
Then, for y #0in R,

y+1l o« B
a y+pB 1 |is equal to
B 1 y+a (2019 Main, 9 April 1)
@ yo*-1 b y(*-3) (© » -1 @ 5
o 1 10
. Letthenumbers 2, b,cbeinanAPand A = % b ¢ S
B b JH

If det(A) O[2, 16], then clies in the interval
(2019 Main, 8 April I1)

(@) [3,2+ 2"*1(0) 2+ 2¥*, 9) () [4, 6] @ [2,3)
01 sin© 10
. tA=Hsine 1 sin8then forallo é@ 5"@
H-1 -sin® 1 Q

det(A) lies in the interval (2019 Main, 12 Jan II)

3 3 5
wHE g oy @f
a-b-c 2a 2a
L If 2b b-c-a 2b
2¢ 2¢ c-a-b

=(@+b+o)(x+a +b+0’xz0anda + b + ¢ 20, then
x1s equal to (2019 Main, 11 Jan II)
(@ —(a+b+o () —2(@+b+0

() 2(a+b+0) (d) abc

. Let a;,a9,05.....,0;9 be in GP with ;>0 for

1=1,2,..... ,10 and S be the set of pairs (r, k), r, R ON
(the set of natural numbers) for which

log,aj a; log, aja; log, aj aj

log, a} a¥ log,al af log,aj a¥|=0

log, ol af log,al af log,al af
e Y7 %8 e 8 Y9 e 9 %10

10.

1.

12

13.

14.

15.

16.

17.

18.
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Then, the number of elements in S, is (2019 Main, 10 Jan II)

(a) 4 ®) 2
(c) 10 (d) infinitely many

2 b 10
Let A = S) b2 +1 b%where b >0.Then, the minimum

B & 20
value of det (4) is

b (2019 Main, 10 Jan 1)
(a) —V/3 (b) -2v/3 (0) 2V3 (@ V3
Let d OR, and
B—2 4+d (sin®) -2 0O

A=Z1  (sin®)+2 d 5 e0e,2m. If

B5 (@sin®)-d (-sin®) +2 +2dH

the minimum value of det(A) is 8, then a value of d is
(2019 Main, 10 Jan I)

(@) -5 (b) -7 © 242+ (@ 22+ 2
x-4 2x 2x [
It EZx x—4 =(A + Bx)(x - A)?>, then the
02x 2x  x—4
ordered pair (A, B) is equal to (2018 Main)
(@) (-4,-5) (b) (-4, 9) () (-4, %) (d) (4, 5)
Let wbe a complex number such that 2w +1 =z, where
1 1 1
z=/-3.1f|1 -w’-1 «|=3Fk,then kisequalto
1w (2017 Main)
(@) -z () z (-1 @1

Ifa,B#0and f(n) =a™ +B" and
3 1+f1) 1+/@)
1+f1) 1+f@ 1+f©)
1+f@) 1+/f@) 1+f@
=K1 -a)’d -p)% @ —-P)? then K is equal to (2014 Main)

(2) oB ® L ©1 (@ -1
ap
Let P = [a;] be a 3 x3 matrix and let @ = [b;], where

b;; —2”](1 for 1<1i,j<3. If the determmant of Pis 2,

then the determlnant of the matrix @ is (2012)
(a) 210 (b) 211 (C) 212 (d) 213
_ 20 3| _ .
IfA= 2 o aand | A°| =125, then the value of a is
(2004, 1M)

(a1 b) £ 2 ()t 3 dx5
The number of distinct real roots of (2001, 1M)
gsinx cosx cos X[] T .
Ocosx sinx cos x[J=01in the interval - — <x<—1is
[Jjcos x cosx sin x[] 4 4
(@) 0 (b) 2
(©1 (d)3

O 1 X x+1 O
Iffx)=g 2« x(x-1) x+Dx @O

MBx(x-1) x(x-1)(x-2) (x+1)x@x-1)7

then f (100) is equal to
(@0 b1

(1999, 2M)

(c) 100 (d) —100
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19. The parameter on which the value of the determinant

g 1 a a? O

Hecos (p —d) x cos px cos (p + d) xH
Pin (p—d)x sin px sin (p+d) x

does not depend upon, is (1997, 2M)
(@a ®p ©d (dx
xpty X Y
20. The determinant| yp+z y z |=0,if
0 ap+y yp+z| (1997¢, 2M)

(b) x, y, z are in GP
(d) xy, yz, zx are in AP

(a) x, y, zare in AP

(c) x, y, zare in HP
21. Consider the set A of all determinants of order 3 with

entries O or 1 only. Let B be the subset of A consisting

of all determinants with value 1. Let C be the subset

of A consisting of all determinants with value —1.

Then,

(a) Cis empty

(b) B has as many elements as C

e A=BOC

(d) B has twice as many elements as C

(1981, 2M)

Objective Question II
(One or more than one correct option)

22. Which of the following is(are) NOT the square of a

3 x 3 matrix with real entries? (2017 Adv.)
a o0 0g i o0 0g
O _ 0
(a) g) 1 og (b) g) 103
B 0 -1 B 0 -1
F1 0 0Q 1 0 oo
O _ O 0
©g0 -1 07 (d)g) 1o
g0 0 -1 B 0 17
23. Which of the following values of a satisfy the equation
A+a)? 1+20)% (1 +30)?
@+a)? @+20)* @ +3a)]=-64807?
2 2 2
(3 +G) © +2G) G+ SG) (2015 Adv.)
(a) -4 )9 (©) -9 (d) 4

24. Tet M and N be two 3x3 matrices such that
MN = NM. Further, if M # N* and M* = N*, then
(2014 Adv.)
(a) determinant of (M?+ MN?%)is 0
(b) there is a 3% 3 non-zero matrix U such that
(M?+ MN?) U is zero matrix
(¢) determinant of (M?+ MN?) =1
(d) for a 3x 3matrix U, if (M2 + MN?) U equals the zero
matrix, then U is the zero matrix

0 a b aa + b[
25. The determinant ] b c ba + ¢
@a+b ba+ec 0 0

is equal to zero, then (1986, 2M)

(a) a, b, c are in AP
(b) a, b, ¢ are in GP
(c) a, b, c are in HP
(d) (x — a) is a factor of ax® + 2bx + ¢

Numerical Value

26. Let Pbe a matrix of order 3 x 3 such that all the entries in

P are from the set {— 1,0, 1}. Then, the maximum possible
value of the determinant of Pis ......... .

Fill in the Blanks
27. For positive numbers x, y and z, the numerical value of the
1 log, y log,z
determinant | log, x 1 log, z|is...... .
log, x log, y 1

(1993, 2M)
|:|1 a a2 - bCD
28. The value of the determinantgl b b -ca Bis e
Dl c C2 - (lb 0
(1988, 2M)
Ox 3 70
29. Giventhatx=-9isarootof (2 «x 2[=0,theothertwo
07 6 xO
roots are... and... . (1983, 2M)
b 4 200
30. The solution set of the equationHl -2 5 H=0is....

Ol 2% 52°0 (1081, 2m)
OA2+3N A-1 A+30

31. LetpA* + g\’ + A+ +¢t=HA+1  -2A A -4
be an identity in A, where p,q,r,s and t are constants.
Then, the value of ¢ is.... . (1981, 2M)

True/False

1 a bc 1 a a

32. The determinants |1 b ca| and |1 b b%| are not
1 ¢ ab 1 ¢ &

identically equal. (1983, 1M)

Analytical and Descriptive Questions

33. If M is a 3 x3 matrix, where M'M =1 and det (M) =1,
then prove thatdet (M - 1) =0 (2004, 2M)

34. Let a, b, c be real numbers with a?+ b2+ ¢® =1 . Show
that the equation

Qax - by -c¢ bx + ay cx+a 0
O bx+ay -—-ax+by-c cy+b [=0 represents a
0 cx+a cy+b —ax — by + c[]
straight line. (2001, 6M)
35. Prove that for all values of 8
sin O cos O sin 260
. 2m[] @ 21 @ 4]
+ 2= + 2= +—0l=
sin @ 3 E cos 3 H sin [20 E =0
. @ 21'[@ @ 21‘[@ @
sin B - — cos —[ sin 26—
3 3 (2000, 3M)



36. Suppose, f (x) is a function satisfying the following
conditions

@f©0=270=1

(b) f has a minimum value at x = 5/2, and

2ax 2ax — 1 2ax + b+ 1 43.
(c) forallx, f '(x)=(1 b b+1 -1 0
O2(ax + b) 2ax+ 2b+1 2ax+ b O

where a, b are some constants. Determine the constants

a, b and the function f (x). (1998, 3M)
bc ca ab 44.
37. Find the value of the determinant| p ¢ r |, where
1 1 1
a, b and care respectively the pth, gth and rth terms of a
harmonic progression. (1997¢C, 2M)
38. Leta >0,d >0. Find the value of the determinant
1 1 1 45,
a ala + d) (a + d) (a +2d)

1 1 1
(@+d) (a+d)(a+2d) (a+2d)(a +3d)
1 1 1

(@a+2d) (a+2d)(a+3d) (a+3d)(a +4d)
39. For all values of A, B,C and P, @, R, show that
(1994, 4M)
gcos (A-P) cos(A-Q) cos(A-R)QO 46.
Hecos (B-P) cos(B-Q) cos(B-R) H=0
Ocos(C-P) cos(C-Q) cos(C-R)[
40. For a fixed positive integer n, if
n! n+1)! (n+2)g
D=gn+1)! (®+2)! (n+3)!Q
Or+2)! n+3)! n+4)!0

oD a
then show that —4rjs divisible by n. (1992, 4m
Tuy B v oo e
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OA 3 60
08 9 C s divisible by k. (1990, 4M)
02 B 20
Oa-1 n 6 0
LetA, =H(@ -1)* 2n*> 4n-2 H
0@-1° 3r° 3n%2-3np
Show that z A, = c O constant.
Z (1989, 5M)
Show that
Dxcr xCrJrl xCr+ ZD Dxcr x+lcr+l x+2Cr+2D
Eycr ycr+1 ycr+ ZD:DyCr y+1cr+1 y+2Cr+ZE
DZCV ZCr+1 ZCr+2|:| DZCV Z+lcr+1 Z+ZCr+2|:|
(1985, 3M)
If a be a repeated root of a quadratic equation f (x) =0

and A (x), B (x) and C (x) be polynomials of degree 3, 4
and 5 respectively, then show that

0A@x B C®O

DA@ B@) C@OQ

O0A'@ B@) C@)Q
is divisible by f (x), where prime denotes the
derivatives. (1984, 3M)

Without expanding a determinant at any stage, show
that

D «+x  x+1 x-20
S2x2+3x—1 3x 3x—3E:xA+B
Dx2+2x+3 2x-1 2x—1D

where A and B are determinants of order 3 not
involving x. (1982, 5M)

47. Let a, b, ¢ be positive and not all equal. Show that the
Oa b ¢
Op b cO value of the determinant(b ¢ a[dis negative.
41. Ifa#p,b#q,c#randga q cO=0 Oc a b (1981, 4M)
Oa b rQO .
C; g . . Integer Type Question
Then, find the value of p-a * g-b * r—c (1991, 4M) 48. The total number of distincts xOR for which

42. Letthe three digit numbers A28, 3B9 and 62C, where A,
B and C are integers between 0 and 9, be divisible by a

fixed integer k. Show that the determinant

x X 1+

Topic3 Adjoint and Inverse of a Matrix

Objective Questions I (Only one correct option)

2.
B 20 10
1. IfB= B) 2 1 %s the inverse of a3 x 3 matrix A, then
B 3 -1

the sum of all values of a for which det (A) + 1 =0, is
(2019 Main, 12 April I)

(@ 0 (b) -1 (© 1 (d 2

2x 4x® 1+8x|=10is (2016 Adv.)
3x 9x? 1+27+
Szt e cost
IfA=r —e'cost—e'sint
%t 2¢sin¢
elsint B
—e¢'sint+e” costrthen Ais
-2¢7" cost E

(2019 Main, 9 Jan II)
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10.

(a) invertible only when ¢t = 1t
(b) invertible for every ¢t OR
(c) not invertible for any ¢ O R

(d) invertible only when ¢ = 1—2-[

Let A and B be two invertible matrices of order 3 x 3. If
det(ABAT) =8 and det(AB™') =8, then det(BA™'B7) is

equal to (2019 Main, 11 Jan II)
1 1
1 - — d) 16
() (b) 1 (© 16 (d)
[¢os® -sinBO .
If A= f)s sin [} then the matrix
%mﬁ cos 0 ]
A" when 8 =£, is equal to
12 (2019 Main, 9 Jan 1)
01 30 /3 _10
05 5 U 0o S0
@ 0% 70 ® 02 2
Y3 1p nl 8p
o 2 20 g2 20
/38 10 01 _+30
Oy S 0O a5 5 O
(©) D2 2 0 (d) D2 2 0
D—l ﬁD 3 1 ]
o2 20 a2 2 0O
02 =30
IfA=p [} then adj (BA? +12A)is equal to
o4 10 (2017 Main)
072 -840 1 630
® He63s 51H ®) FRa 72H
51 840 072 - 630
(© (d)
F3 72H Hss 51H
Ba -00
IfA=Q ¢ rand A adj A = AA”, then5a + bis equal
03 20
to (2016 Main)

(@-1 (b) 5 (c)4 (d) 13
If Ais a3 x 3non-singular matrix such that AA” = AT A

and B= A'A”| then BB! is equal to (2014 Main)
@I+B (I © B! @ @B
O ao 30
If P= % 3 3gis the adjoint of a 3 x3 matrix A and
2 4 4F
| Al=4, thena is equal to (2013 Main)
(@) 4 (b 11 (© 5 (o

If Pis a 3 x 3 matrix such that P" =2P + I, where P” is
the transpose of Pand Iis the 3 x 3identity matrix, then

Lk 00O
there exists a column matrix, X = 5’%¢ Esuch that
BH BE (2012)
0
(a) PX = g)g b)) PX=X (@ PX=2X () PX=-X
|
Let w #1 be a cube root of unity and S be the set of all
01 a b0O

non-singular matrices of the form %n 1 c% where

B o 1f

11.

each of @, b and cis either w or w?. Then, the number of
distinct matrices in the set S is (2011)

(a) 2 () 6 (© 4 (@ 8
Let M and N be two 3 x 3 non-singular skew-symmetric

matrices such that MN = NM. If PT denotes the
transpose of P, then M*N2(MTN)™ (MN ™) is equal to

(a) M? () -N*? (c) -M? (d) MN (2011)
o o0 00
12. IfA=[0 1 15647 =A%+ cA +dl then (¢, d)is
B -2 4 (2005, 1M)
(a) (- 6,11 () (-11,6)
(¢) 11, 6) (d) (6,17
Objective Questions II
(One or more than one correct option)
B -1 -20
13. Let P= % 0 a where a OR. Suppose @ = [g;] is a
B -5 0H
matrix such that PQ = kI,where k R, B 0Oand[is th2e
identity matrix of order 3. If gy = —g and det (Q) = %,
then (2016 Adv.)
()a=0k=8 b)d-k+8=0

14.

15.

(c) det (P adj @)) = 2° () det (@ adj (P)) = 2

Let M be a2 x 2 symmetric matrix with integer entries.

Then, M is invertible, if (2014 Adv.)

(a) the first column of M is the transpose of the second row
of M

(b) the second row of M is the transpose of the first column
of M

(¢c) M is a diagonal matrix with non-zero entries in the
main digonal

(d) the product of entries in the main diagonal of M is not
the square of an integer

O 4 40

If the adjoint of a 3 x 3 matrix P is % 1 7% then the
H 1 3H

possible value(s) of the determinant of P is/are

() -2 M) -1
() 1 @ 2

Integer Answer Type Question

16.

Let k be a positive real number and let
O2k-1 2Jk 2Jk O

A= E 2k 1 -2k Eand
O- 1 0
H-2vk 2¢ -1 H
g 0 2k-1 4k B

B=p1-2k 0 2k
O- _ 0O
H-vk -2v& 0 H

If det (adj A) + det (adjB) =108, then [k] is equal to......

(2010)
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Topic4 Solving System of Equations

Objective Questions I (Only one correct option)

1.

If [x] denotes the greatest integer <x , then the

system of liner equations [sinB]x+ [-cosB]y =0,
[cotB]x+ y =0
(2019 Main, 12 April II)

e . . 2
h finitel 1 f no2n
(a) have infinitely many solutions if 60 %, ST%
. Lo ia
and has a unique solution if 6 O %T[, o %

(b) has a unique solution if
I:IT[ 21

21 [ 7
Eﬁ E EF 6 H
(c) has a unique solution if 6 [ % 2 H

and have infinitely many solutions if6 [J @T, L;E

(d) have infinitely many solutions if
g Tﬂ] 0 7mQg

GD% EfT’GH

Let A be a real number for which the system of linear
equations

x+y+z=64x+Ay-Az=\A —2and
3x+2y—-4z=-5

has infinitely many solutions. Then A is a root of the
quadratic equation (2019 Main, 10 April 1I)
(@) A* -3\ -4 =0 (b) A2 +3\ -4 =0

© AN -\-6=0 d AM+X-6=0

If the system of linear equations
x+y+z=5
x+2y+2z=6
x+3y+Az=,A,) OR), has infinitely
solutions, then the value of A + 1 is

(2019 Main, 10 April I)

many

(a) 7 (b) 12
(¢) 10 (d 9

If the system of equations 2x+ 3y —z =0, x+ ky -2z =0
and 2x-y+z =0 has a non-trivial solution (x, y, 2),

then X + 2 + % +kis equal to
y z x

(a) -4

(2019 Main, 9 April 1I)

1 1 3
_t q 2
(© A (G A

(b) 5
If the system of linear equations

x=2y+kz=1, 2x+y+2z=2,3x—y—kz=3

has a solution (x, y, z), z#0, then (x, y) lies on the
straight line whose equationis (2019 Main, 8 April 11)
(a) 3x—4y-4=0 (b) 3x—-4y-1=0

() 4x-3y-4=0 d) 4x-3y-1=0

The greatest value of ¢ OR for which the system of
linear equations x —cy — cz =0, cx -y + ¢z =0,
cx+cy—z=0

10.

1.

12

13.

has a non-trivial solution, is
1
(a) -1 (b) 5 () 2

(2019 Main, 8 April I)
@ o

The set of all values of A for which the system of linear
equations x —2y =2z =Axx + 2y + z =Ayand —x -y =Az
has a non-trivial solution (2019 Main, 12 Jan 11)
(a) contains exactly two elements.
(b) contains more than two elements.
(c) is a singleton.
(d) 1s an empty set.
An ordered pair (@,B) for which the system of linear
equations (2019 Main, 12 Jan 1)
A+0)x +By +z =2
ax+(1+B)y +z=3
ax +By +2z =2
has a unique solution, is
(@) (2,4 ®E42  ©©L-3
If the system of linear equations
2x+2y+3z=a
3x-y+5bz=b
x—3y+2z =c

(d) =3, 7

where a, b, ¢ are non-zero real numbers, has more than
one solution, then (2019 Main, 11 Jan 1)
(@ b-c-a=0 ®) a+b+c=0
() b-c+a=0 d) b+c-a=0
The number of values of 8 [J(0, 1) for which the system of
linear equations
x+3y+7z =0,
-x+4y +7z =0,
(sin 30)x + (cos 20)y + 2z =0
has a non-trivial solution, is
(a) two (b) three (c) four
If the system of equations
x+y+z=5 x+2y+3z=9
x+3y+taz =
has infinitely many solutions, then  — a equals
(2019 Main, 10 Jan I)
(d 5

(2019 Main, 10 Jan Il)
(d) one

(a) 8 (b) 18 (c) 21

If the system of linear equations
x—4y+T7z=g3y-5bz=h,-2x+5y -9z =k

is consistent, then (2019 Main, 9 Jan II)

(a)2g+h+k=0 b)g+2h+k=0

c)g+h+k=0 dg+h+2k=0

The system of linear equations
x+y+z=2 2x+3y +2z =5
2+ 3y +(a® -1z =a +1

(a) has infinitely many solutions for a = 4

(b) is inconsistent when a = 4

(c) has a unique solution for|a| = /3

(d) 1s inconsistent when |al = J3

(2019 Main, 9 Jan I)
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14.

15.

16.

17.

18.

19.

20.

21.

22,

If the system of linear equations
x+ ky +3z=0, 3x+ ky -2z =0
2x+4y -3z =0

has a non-zero solution (x, y, z), then x—z is equal to

Y (2018 Main)
(a) =10 (b) 10 (c) =30 (d) 30
The system of linear equations
x+Ay—-2=0; Ax-y-2=0; x+y—-Az=0
has a non-trivial solution for (2016 Main)
(a) infinitely many values of A (b) exactly one value of A
(c) exactly two values of A (d) exactly three values of A
The set of all values of A for which the system of linear
equations 2x; —2x, + x5 = Ax;, 2% — 3%y + 2x3 = Axy, and
—x; +2x, =Ax; has a non-trivial solution (2015 Main)
(a) 1s an empty set
(b) is a singleton set
(c) contains two elements
(d) contains more than two elements
The number of value of %, for which the system of
equation

(R+1)x+8y=4y 0O hkx+(k+3)y=3k-1
(2013 Main)
has no solution, is
(b) 1 (c) 2 ) 3
The number of 3 x3 matrices A whose entries are either
kO 00O

0 or 1 and for which the system A E}yg= %)Bhas exactly
BH BH

(a) infinite

two distinct solutions, is
(@ 0 ®) 2°-1 (c) 168 @ 2
Given, 2x-y+2z=2,x -2y +z =-4, x+ y+Az=4,

then the value of A such that the given system of
equations has no solution, is (2004, 1M)

(a) 3 () 1 (©0 (d)-3
The number of values of & for which the system of
equations (k+1)x +8y =4kand kx+ (R +3) y =3k -1

has infinitely many solutions, is/are (2002, 1M)
(@0 ()1 () 2 (d)
If the system of equations x+ ay =0, az+ y =0 and

(2010)

ax + z =0 has infinite solutions, then the value of a 1s
(a)-1 (b)1

(©0 (d) no real values

If the system of equations x — ky —z =0, kx — y —z =0,
x+ y—-2z=0 has a non-zero solution, then possible
values of & are (2000, 2M)

(a)-1, 2 (b) 1,2 (©0,1 @d-1,1

Assertion and Reason

For the following questions, choose the correct answer from
the codes (a), (b), (c) and (d) defined as follows.

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

23.

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false.

(d) Statement I is false; Statement II is true.

Consider the system of equations
x—3y+4z =1 and —-x+y-2z =k
Statement I The system of equations has no solution
for £ #3 and

x—2y+3z=-1,

1 3 -1
Statement II The determinant| -1 -2 k& |#0, for
1 4 1

k#£0. (2008, 3M)

Objective Questions II (Only or More Than One)

24,

b, O
Let S be the set of all column matrices %}2 Eﬁuch that b,,
s B
by, by DR and the system of equations (in real variables)
—x+2y +bz =
2x—4y +3z =by
x—2y+2z=10b
has at least one solution. Then, which of the following
system(s) (in real variables) has (have) at least one

solution for each g)z E[] S?
B0

(a) x+ 2y +3z=0b, 4y+ 5z = byand x+ 2y +6z = b,
(b)x+y+32=0b,bx+2y+6z =byand -2x-y -3z=4
(©)—x+2y-bz=b,2x—4y+10z=byand x-2y+5z = b,
(d) x+2y +5z =b,2x + 3z=byand x+4y—5z=4

Fill in the Blank

25.

The system of equations Ax+ y+z=0, —x+ Ay +2z=0
and - x — y + Az =0 will have a non-zero solution, if real
values of A are given by ... (1982, 2m)

Analytical and Descriptive Questions

26.

27.

@ 0 10 @ 1 10 f O 2
A=0 ¢ bgB=00 d cQUu=FHJV-=
H 4 b5 H g h{ 5 @

If there is a vector matrix X, such that AX =U has
infinitely many solutions, then prove that BX =V
cannot have a unique solution. If @ f d #0. Then, prove
that BX =V has no solution. (2004, 4M)

Let A and a be real. Find the set of all values of A for
which the system of linear equations
Ax + (sina )y + (cosa )z =0,
x+ (cosa)y + (sina )z =0
and -x + (sina)y — (cosa )z =0
has a non-trivial solution.
For A =1, find all values of a.

0
0
O
O

(1993, 5M)



28.

29.

30.

31.

32.

Let a,,a,B;,8; be the roots of ax’+bx+c=0 and
px®+ qx+r =0, respectively. If the system of equations
0,y +042=0 and2 B,y + Bsz =0 has a non-trivial solution,

then prove that b—Z =%

q pr. (1987, 3M)

Consider the system of linear equations in x, y, z

(sin30) x — y + 2 =0, (cos20)x+4y + 3z =0and

2x+ Ty + 7z =0

Find the values of 8 for which this system has non-trivial
solution. (1986, 5M)

Show that the system of equations, 3x—y+4z =3,
x+2y-32=-2 and 6x+5y+ Az =-3 has atleast one
solution for any real number A #-5. Find the set of
solutions, if A = = 5. (1983, 5M)

For what values of m, does the system of equations
3x+ my =m and 2x — 5y =20 has a solution satisfying the
conditions x>0,y >0? (1979, 3M)

For what value of k, does the following system of equations
possess a non-trivial solution over the set of rationals
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33. Given,x=cy+ bz,y=az + cx,z = bx + ay, where x,y,

z are not all zero, prove that a®+ b% + ¢ +2ab =1.
(1978, 2M)

Integer Answer Type Question
34. For a real numbera, if the system

01 o ao?0xg D1 O

g 0
19Oy in
%« 1038 BIE

of linear equations, has infinitely many solutions,

thenl+a +a?= (2017 Adv.)
oo 10
35. Let M be a 3x3 matrix satisfying M%B: %2%
BE B3 8
010 010 g 0oog
0o,0_0, 0 a_ 0
M 313=p1 jand M 5= 0 o
HOB B18 BE H2B

Then, the sum of the diagonal entries of M is ...
(2011)

x+y—-2z=0,2x-3y+z=0,and x-5y+4z=Fk
Find all the solutions. (1979, 3M)
Answers

Topic 1 Topic 3

1. (b) 2. (b) 3. (c) 4. (a) L (o) 2. (b) 3. (c) 4. (c)

5. (b) 6. (b) 7. (d) 8. (a) 5. (b) 6. (b) 7. (b) 8. (b)

9. (d) 10. (a) 11 (c, d) 12. (c, d) 9. (d) 10. (a) 11. (c) 12. (a)
13. (b, c,d) 14. (d) 15. (b) 16. (a) 13. (b 14. (c, d) 15. (a,d) 16. (4)
17. (d) 18. (c) 19. (d) 20. (4) )
21. (1) Topic 4

) 1. (a) 2. (c) 3. (c) 4. (b)

Topic 2 5. () 6. (b) 7. (c) 8. (a)

L (a) 2. (a) 3. (0 4. (b) 9. (a) 10. (a) 11. (a) 12. (a)

5. (d) 6. (0 1. (a) 8. (b) 13. (d) 14. (b) 15. (d) 16. (c)

9. () 10. (0) 1. (a) 12. (o) 17. (d) 18. (a) 19. (b) 20. (b)

21. (a) 22. (d) 23. (a) 24. (a,d)
13. (a) 14. (c) 15. (d) 16. (c) -
17. (0 18. (a) 19. (b) 20. (b) 25. A=0 27. -2 <\ <420 = AT
21. (b) 22. (a, c) 23. (b, ¢) 24. (a,b) ~ AT
25. (b.d) 26. (4) 27. (0) 28. (0) 29. O =nmnTt(-1)" o 0 OZ
29. (2and7)  30. {-1,2} 31. (0) 32. False 4-5k 13k-9
1 s 1, 5 30. x= . ,y = S z=k
36. QJ e b= _Z and f(x) —Zx —Zx +2§ 37. (0) s
3l. m<—-——o0rm>30

38. 1 4d* 41. 2) 2

Y (a+d)4a +2d)a +3d)%a +4d)0 ) 32. (k =0, the given system has infinitely many solutions)
48. (2) 34. (1) 35. (9)
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Hints & Solutions

Topic1 Types of Matrices, Addition, . .. _[Rosa -sinoa0
. 3. Given, matrix A =, 0
Subtraction and Transpose of a Rina  cosa

Matrix o _[gosa —sina[l¢osa —sina [

. . . . . . 04 _%ina cosa %ina cosar [

1. Given matrix A is a symmetric and matrix B is a U
skew-symmetric. _0  cos’a - sin’a —costl sina - sina cosx [
0 AT =Aand BT =-B E;;ina cosa + cosdt sind -sin®a + cos®a H

2 30 [¢os20 —sin200
Since, A + B = 0 (given)... (i) =g s
% -10 %1n2cx cos20 ]
On taking transpose both sides, we get Similarly, )
[¢ a) - o)
L2 3 Y AN = f)s(n ) —sin(n )n[IN
(A+ B) :% 1I] %m(na) cos(na)
—-ig
2 50 0 A% [¢os@B20a) -sin@B20a)0 —1D(, )
=0. wven
u AT+BT=% °n ... (i) Hin@20) cos@2a) g H o[H®
. , . . So, c0s(320) = 0 and sin(320) = 1
Given, A =Aand B° =-B T T
g 2a=—00a =—
2 50 2 64
a A—B:% 0
-10 4, Given matrix
On solving Egs. (i) and (i1), we get g o oo mOo oo d o0 o0
2 40 0 -10 P=33 1 00=3 0 03+ 1 of
A= and B = 0
4 -1 4 od ® 318D 303 @ 0 1f
2 400 -10 04 -20 O P=X+1(let)
So, AB = 0 0~ [ 0 Now, P =(I + Xy
A -1fd o B -4 - )
. . =T+°C(X) +5Cy (X% +°C5(XP) +...
2. Given matrix [+I"=1, ITA=Aand (a + 9" ="Coa" +
oo 2y lg "Cia" lx+ .. +"C x"
A=%x y "l yUOR#® y) 0 0 00® 0 00 O 0 0O
- 1 2 _ g O_ a
Bx -y 1§ Here, X®=3 0 033 0 0= 0 07
for which B 3 O0E® 3 05 B 008
T A — M 0 0Om 0 OO0 O 0O
A=k and X*=X’X=% 0 093 0 0= 0 of
0 2x 2x[00 2y 10 3 0 00 @00%@305@005
o By o s R o B
B -1 182« -y 13 ® 0 3H
0X'=X"=% 0 oJ
B> 0 00 3 0 00 0 0
0 2 o0 U £0 B
000 6y 0= 3 07 000 0 00
Ho o 34 B o 38 So, P°=I+53 0 00+10% 0 09
Here, two matrices are equal, therefore equating the B 3 OH B 0 OH
corresponding elements, we get 01 0 0O
82 =3 and 6% =3 =g15 1 09
35 156 1
0 x=i\/§ B 5
8 o2 0 00
- _0 a_
and y:ii and Q—I+P5—D15 2 OD—[Qij]
V2 A35 15 20
-+ There are 2 different values of x and y each. 0 gy =15, g5, =135 and g4, = 15
So, 4 matrices are possible such that A7 A =31;. Qo1 *+ @y _ 15+135 _ 150 _

10

Hence,
Q39 15 15



5. Given, AAT =71

M 2¢q r0O0 p pO O 0 0O

D%’ ¢ -roge a -agE@ 1 0f

- rgHgr -r rg @ 0 1H

m)+4q + 7’ O+2q -r* 0 2q2+ 2% d 0 o0
_ 0
OmM+2¢2-r2 p?2+qg?+r? p -q* 2[,—%) 1 0
W-2¢"+r* p?-q*-r* pP+q¢®+r’ @ 0 1P
We know that, if two matrices are equal, then
corresponding elements are also equal, so
4¢*+ r?=1=p® +¢* +r% ...
2¢%-r?=0 0 r2=2¢> ...(>11)
and pi-¢*>-r*=0 ...(111)
Using Egs. (i1) and (iii), we get
p* =3¢ ..(iv)
Using Egs. (i1) and (iv) in Eq. (1), we get
4¢% +2¢% =1
O 6g°=1
0 2p?=1 [using Eq. (iv)]
s 1 1
=— 0 Ipl=—F
p B p 2
or o0 00
_d 0
. Here,P—D4 1 OD
A6 4 18
01 0 0om 0 0o O 1 0 oo
2_ U ag _d g
0 P_D4 1 ODD4 1 OD_D4+4 1 0|:|
A6 4 1EH6 4 1H A6+32 4+4 1f
o 1 0 00
=g 4x2z 1 o0F 6
H6(1+2) 4x2 1{
o 1 0 ool 0 0O
_0 ag a
and P’ =5 4x2 1 0gf 1 0g
A6(1+2) 4x2 1HA6 4 18
a 1 0 00O
=5 4x3 1 og ..(ii)
H6(1+2+3) 4x3 1
From symmetry,
a 1 0 0d
P°=3 4 %50 1 og
H6@1+2+3+...+50) 4 x50 1H
P'-Q=1 [given]
a a
0 1-qp ~ 2 -¢30 0 0 OS
O B 200 - gy 1-qy ~ 433 El:%) 1 OD
Bex‘r’?o(m)—q31 200 - g4y 1—q335 B 0 1F
16 x50 x51
g 200 - g9y :O,f—%1 =0,

200 - gy, =0
O g1 =200, g3, =200, g5; =20400
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931 * G50 _ 20400 + 200 _ 20600

Thus, =103
Qo1 200 200
a 2 20 o 2 alO
7. Given, A = % 1 —ZSAT :% 1 2Band
B 2 bH 2 -2 bH
a 2 200 2 aO
T _ a O
AAT=00 1 202 1 28
B 2 bHR -2 bH
o 9 0 a+4+2b0
_0 o
=0 0 9 2a+2 ZbD

B+4+2b 2a+2-2b a”+4 +b*[H
It is given that, AAT =97

o 9 0 a+4+2b0 O 0 0O

a a_ 0
o5 oo 9 2a+2-2b5=90 1 03

B+4+2b 2a+2-2b a’+4+b*F B 0 1H

o 9 0 a+4+2b0 O 0 0O

| 0_ g
og o 9 2a+2-200=19 9 0F

+4+2b 2a+2-2b a®+4 +b*H ® 0 95
On comparing, we get

a+4+2b=0 0 a+2b=-4 ...(1)

2a+2-2b=0 0 a-b=-1 ..(i)
and a®+4 +b% =9 ...(111)
On solving Egs. (1) and (i1), we get

a=-2,b=-1

This satisfies Eq. (ii1)
Hence, (a,b) = (-2,-1)
-1/20 D
PTp= Elf/z 120032 1R

. Now,
51/2 m%@rm I/QD
l O[I
0 P'p= %)
0 P'p=1
0 pr=p?
Since, Q =PAPT

O PT'Q*% p=PT[(PAPT)(PAPT) ...2005 times P
=P'P) A (PTP) A (PTP)... P"P) A (P"P)
2005 times

_IA2005 _A2005
1
0 At
2-0 10 1D a ZEI
_%) 155) 1D %’ 1D
o 200 m a 3|ZI

_%) 150 15 o 15
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9.

10.

11.

12.

13.

42005 _ a 201058
O
O 20050
0 PTQ2005P - . 0
O
. @@ 00 a 00
Given, A= B=
v B 1B B 1H

0 Az-0 000 0C[g? o0
A 1 1HE+1 1{
Also, given, A’=B
o * o0_O o0
HK+1 1B 18
Oa 2=1 and a+1=5
Which is not possible at the same time.

O No real values of a exists.

If A and B are square matrices of equal degree, then

A+B=B+A
Given, X' =-X, YT =-v,2" =2
(a) Let P=Y3z%-7%?
Then, PT =? z4H" - z* Y3

— (ZT)4 (YT)3 _ (YT)S (ZT)4
=-Z'%Y? +Y?*Z' =P
0 Pis symmetric matrix.

(b) Let P=x*+y*
Then, pr = (XT)44 + (YT)44
- X44 + Y44 :P
0 Pis symmetric matrix.
(c) Let P=X*73 -73x*
Then, P =x*z3 —(Z3X"H"

= 2TV X7y - xTy* (27
=73 X*-X'Z=-P
0 Pis skew-symmetric matrix.
(d) Let P=X% +Yy?
Then, Pl =" + ¥7T)» =-x2 -y =-p
O Pis skew-symmetric matrix.

(@) NTMN)Y = NT"M"(NTY' = NTM"N, is symmetric
if M is symmetric and skew-symmetric, if M is

skew-symmetric.
(b) (MN - NM)" = (MN)" = (NM)"
=NM - MN =-(MN -NM)
0 Skew-symmetric, when M and N are symmetric.
(© MN)Y =NTMT =NM # MN
O Not correct.
(d) @dj MN) = (adj N)[adj M)
O Not correct.
Here, P =[p;l,«, With p; = w'ti

0 Whenn=1
P=[pjlia = [0”]
0 P?=[w' 20

0 When n=2

14.

15.

16.

17.

18.

_ oy p12l:| o’ o0 @2 10
= [pyloxe = %} =0, L,OFO 0
21 Pzz[l |30 wpg gl wg

p? 1004y 10
P?=0 od ]
ol ool wg

0 pie %4+1 w2+od] 40
g}o+w 1+<.025
When n =3

? o oD ? 1 w0
P:[pij]SXS:%‘)S W doEgl w 032%
o @ G B @ 1]
? 1 ol 1 o8 m 0 0O
Pl o &0 Q)ZE:%) 0 05=0
Ho o 1Hw o 1H ® o0 o8
O P? =0, when n is a multiple of 3.

P% %0, when n is not a multiple of 3.

O n =57 is not possible.

0 n =55,58,56 1s possible.

As (a,b,c)lieson2x+ y+z=102a+b+c=1
g 2a+6a-Ta =1

ad a=1,b=6,c=-17

O70+b+c=7+6 -7 =6
Ifb=60 a=landc=-7
Oax®*+bx+c=00x*+6x-7=0
O@+7((x-1)=0

0 x=1,-7
° 17 . .6 g 1
0SB ?g'“é*% * 6
n=0 —
7
===
Ifa=2,6=12,c=-14
3 1 3
0O =+ =+ =
o o of
3 1 3 _3 ~
O 7+W+w‘14 w+1+3w =3w +1 +3w’

=1+3@+w)=1-3=-2

The number of matrices for which p does not divide

Tr (A) = (p-1) p? of these (p-1)* are such that p
divides | A|. The number of matrices for which p divides
Tr (A) and p does not divides | A| are (p-1)%

O Required number =(p -1) p? —(p -1)? +(p -1)
= p? - p?
Trace of A =2a, will be divisible by p, iff a =0.

| Al=a?-be, for (a? - be) to be divisible by p. There are
exactly (p —1) ordered pairs (b, c) for any value of a.

0 Required number is (p —1)2



@ b0
19. Given, A= 0 a b cl{0,1,2,..,p 1}
*r af

20.

21.

If A is skew-symmetric matrix, then a =0, b = —¢
O |Al=-b2

Thus, P divides | A|, only when b =0. ..()
Again, if A is symmetric matrix, then b = cand
|Al=a”-b"

Thus, p divides | A|, if either p divides (@ —b) or p
divides (a + b).

p divides (a = b), only when a = b,

ie. a=b0{0,1,2,.., (pr 1)}

i.e. p choices ...(11)

p divides (a + d).

O pchoices, including a = b =0 included in Eq. (1).

0 Total number of choices are (p+ p-1) =2p -1
@ b cO

Given, A=b ¢ aQabc=1and ATA=1T ...(0)
a bH
Now, ATA=T
@ b cOa b

O ¢ o ¢

B a bER a

Oa?+ b2+ ab+bctca gp+ be+ call
OLhb+bec+tea a?+b2+ ab+be+ca
b+bctca ab+bctca o+ p%+p

o o0 0O

=0 1 o0

B o 1§
Oa?+0b%2+c=1 and ab+ be+ca=0 ...Q11)

We know, a® +b® + & -3abe
=(@+b+0o)@®+b>+c* —ab —be —ca)
Oa®+b>+ =(@+b+c)(1 -0) +3
[from Egs. (i) and (ii)]

Oa®+b+ =(a+b+c¢) +3 ...(iid)
Now, (a+b+0d*=a?+b%+c%+2(ab+bc+ca)
=1 ...(1v)
From Eq. (i), a® + ® +& =1 +30a®> + b° + & =4
Here, 22_1%“/5 =W
r O
P:g—uz)s) oo?SD
ow”  Wg
Pzzg—w)’ w*%%—w)” 0)25%
gw* o ppgw* g
:B w2?‘+w4s d*—ZS[(_l)r‘ +1]g
Bor+ 23[(_ l)r +1] w4s + (A?r 0
Given, P*=-1
Ow 4 ®*=-landw " ¥[(-1)" +1] =0
Since, r{1,2,3}and (-1)" +1 =0

O r={1,3}

1. Let A=
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Also, W’ + ¥ =-1

If r=1, then w?+ w* =-1
which is only possible, when s =1.

As, o+ =-1

0 r=1,s=1

Again, if r =3, then
0+ 0" =-1
0 w ¥=-2
g rz3
0 (r,s)=(,1)1s the only solution.
Hence, the total number of ordered pairs is 1.

[never possible]

Topic 2 Properties of Determinants

1+ cos®@ sin?0
cos20 1 +sin’0

cos?0 sin’0

4cos60
4cos60 |=0
1+4cos60

Applying C; - C; + Cy, we get
2 sin®0 4cos66
A=]2 1+sin’0 4cos66 |=0
1  sin?0 1+ 4cos66

Applying R, - R, -2R; and R, - R, -2R,, we get
0 -sin’@ -2-4cos60
A=|0 1-sin”’0 -2 -4cos68|=0
1 sin”@ 1+ 4cos66

On expanding w.r.t. C;, we get
0 sin?06 2 + 4 cos606) + (2 + 4 cos 6 8) (1 —sin?B) =0

0 2+4cos60=00 00569=—%=cos2§
O 60=2"pg=" = em@,ﬂgﬁ
3 9 B 3
. Given equation
x -6 -1
2 -3x x-3|=0
-3 2x x+2

On expansion of determinant along R;, we get

x[(=3x) (x +2) —2x(x —=3)] +6 [2(x + 2) + 3(x —3)]
-1[2@x) = (-3x) (=3)] =0

O x[-3x% —6x —2x% +6x] + 6[2x + 4 +3x —9]

-1[4x -9x] =0
O x(-5x%) +6(6Bx —5) —1(-5x) =0
O - 52+ 30x 36 5% O
O 52 —35x+30=0 O «° —7x+6 =0.

Since all roots are real

0 Sum of roots = — coefficient of x> _

coefficient of x°

3. Given determinants are

X sin® cos©
A =|-sin® —x 1

cos O 1 x
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=-4" +sinBcosO —sinBcos B +xcos?0 —x +xsin’O
= -4
X sin20 cos26
and A, =| -sin20  —x 1 |,x#0
cos 20 1 x

= -5 (similarly as A)
So, according to options, we get A, + A, = — 23

4. Given

0 100 200 30 O n-10_0 780
0 1o 1o B 1 HH 1f
0 100 20 0 2+10

O 100 150 1B

0 2+100 30 0 3+2+10

1 HB HR

. 0 100 200 30 O n-10
0 19 1He 1T 1

0 (r-1)+(m-2)+..43 +2 +10

1 ]
_§ n@e-DE g 73
B 1 o b

Since, both matrices are equal, so equating
corresponding element, we get

”(”2_1) =780 n(r 15 156

=13x12 =13(13 -1)
a n=13
0 130 -130

a
So, A= Al =
° b 1% Tk 1 f

- _m b0 _0d -bd
[-if|Al=1and A EF dBthenA H»c a%

. Given, quadratic equation is x*+x+1 =0 having roots
a,B.
Then,a +B=-landaf =1
Now, given determinant
y+l o« B
A= a y+B 1
B 1 y+a

On applying R, —» R, + R, + R;, we get

y+1l+a+B y+1+a +3 y+1+a +f3
A= a y+B 1
B 1 y+a
y Yy y
=la y+p 1 [-a+B=-1
B 1 y+a

On applying Cy -~ Cy-C; and C; - C5 —C;, we get
y 0 0
A=|la y+B-a 1-a
B 1-B y+ta-P
=y +@-a)) (y-@ -a)) -0 o) @ B)]
[expanding along R,]
¥ -@-a)’ -1 -a B +ap)]

=yl
=y[y*-B*—a® +20B -1 + @ +B) -6p]
=y [’ - @ +B)* +20B +2aB -1 +@ +B) -©B]
=y[y?-1+3-1-1] =y [ca+B=-landap =1]
0 1 10
. Given, matrixA:% b cgso
B o 7B
o 1 10
det(A)=2 b
K} b2 ¢
On applying, Cy - Cy—C; and C; - C5 —Cj,
a 0 0 0O
wegetdet(A):% b-2 c—2%
4 b2-4 -4
:Eb—Z c—25
[b2—4 c2—4j
_ b-2 c—2
b -2(b+2) (c-2)(c+2)
1 1
_(b—z)(c—2)§b+2 c+2§

[taking common (b - 2) from C; and
(¢=2) from C,)

=(b -2)(c -2)(c -b)

Since, 2, b and ¢ are in AP, if assume common difference

of AP is d, then
b=2+dandc=2+2d
So, | Al = d@d)d =2d° 0O[2,16]
O d® 01,8 O dO[L,2]
O 2+2d 032+ 2,2+ 4]
=[4,6] O cO[M4,6]
o1 sin® 1 0O

. Given matrix A = E—Sine 1 sin GB

H-1 -sin6 1 {
1 sin @ 1
O det(A) =| A|=|-sinB 1 sin©
-1 -sin® 1
=1(1 +sin?0) —sin B(—sin 6 +sin B) +1(sin® O +1)
O]Al=2 (1 +sin0)
As we know that, for 6 O éﬂzﬂ , %TQ

sin @ DD i LD
H 2’720

[given]

...



0 sin%0 D@,% 0 1+sin20 D@)+1,1+ 1@
2 2
30

0 1+sin?0 Dé,gg

O 2(1+sin%) 0[2,3) 0 |AIO[2,3) 0

&kl

0
, 3
i

a-b-c 2a 2a
Let A= 2b b-c-a 2b
2¢ 2¢ c-a-b

Applying R, - R, + Ry + R, , we get
a+b+c a+b+c a+b+c

A= 2b b-c-a 2b
2c 2¢ c—-a-b
1 1 1
=(@+b+c¢)|2b b-c-a 2b
2c 2¢ c—a-b

(taking common (a + b +¢)fromR))

Applying Cy - C,—Cjand Cy3 — Cy —C;, we get
1 0 0
A=(@+b+c)| 20 —a +b +c¢) 0
2¢ 0 —(a+b+c)

Now, expanding along R;, we get
A=(@+b+c)1{a+b+0*-0}
=(@+b+0® =(a+b +o)(x +a +b +c)* (given)
O x+a+b+0?=( +b +¢)?
ad x+a+b+c=x(a +b +¢
ad x=-2(a +b +c¢)

log, ajay

[+ x#0]

r_k

IOge agaé IOge (13614

Given, | log, aja’ log, atal log,aka’|=0

r k r_k k
log, ajag log,agag log, asay;

On applying elementary operations

C, - Cy—C;and C3 - Cy = Cy, we get
IOge alrag 1Oge a2a3 IOge alag
log, abal log, a5 aG loge ajak
log, a3a4 log, ajaj
log, a6a7 log, ajal |=0
k
log, a9a10 log, ajag
r_k r k
log, ala¥ log 2% log 3d4p
o “Taja0  ‘TajalD
rak rak 0O
O |log,alal log,0-2=60 log, O-6-70|=0
T ‘Talal0  *OajaltD
r_k r k
A 8%9 9910
log, ajal log, ook 0 log, Dalak E

B' log, m —log, n =log, %@ﬁ
n

[-a,aq,ag....... , 0y are in GP, therefore put
a; =a,ay =ak, ag =aR?, . Qg :aRg]

10.

11.
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r+ er+2k|]
1OgeD o Rk S

r+kpdr+5sk
R g
logeblﬂ

Eklr+ kR3r+4k[|

r+ kpir+ 8k
R a
loge%ﬂ

r+ kR6r+7kD

log E r+kR2r+3kH
9|:| ar+kRk 0

r+ kR5r+ 6k
IOg“’l:k1r+ kR3r+4k% =0

r+ kR8r+ 9k[]

log, a”* *RF

0O log ar+kR3r+4k
e

loge al‘+ kR6r+7k

IOgeDar+ kR6r+7kS

log,(@ " *R*) log, R"** log, R¥* %

O | log, a’* "R * 4 log, R"** log, R¥* % |=0

log, a" " *RS"* "™ log, R"** log, RZ* %
log,(@" " *R") log, R"*"*2log, R"**

0 | log, (@ * *B"* %) log, R"* #21og, R"** |=0

log,(a" " *R®"* ™) log, R"* *21og, R"**

[ logm" = n logm and here

10ge R2r+ 2k _ loge R1r+ k) =9 loge R’ +k]
~» Column C, and Cy are proportional,

So, value of determinant will be zero for any value of
(r,k), r, Rk ON.
O Set ‘S’ has infinitely many elements.

2 b 10
Given matrix, A=h 6°+1 b5b>0
B o 2
2 b 1
So, det (A) =|Al=|b b%+1 b
1 b 2
=2 [2(b% +1) -b?] -b(©2b -b)
+1(6% -b%-1)
=2[2b% +2 -b?] -b% -1
=2b2+4-b>-1=0%+3
2
. det(4) _b*+3 _, .3
b b

Now, by AM = GM we get

b + —
é‘b (- b>0}
0 b+ E 2243
So, minimum value of det (4) _ 2/3
Given,
B—Z 4+d (sin®) -2 0O
A=Z1 (sin®) +2 d O

O
B5 (@sin@)-d (-sinb)+2 +2d{
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12.

13.

-2 4+d (sinB) -2
O JAl=|1 (sinB)+2 d
5 @2sinB)-d (-sinB)+2 +2d
-2 4+d (sinB) -2
=1 (sinB) +2 d
1 0 0

(B3 — Ry —2R, + Ry)
=1[4 + d)d —(sinB +2) (sin® -2)]
(expanding along R;)

=(d? + 4d -sin?8 +4)

=(d”® + 4d +4) —-sin”0

=(d +2)* -sin?6
Note that| Al will be minimum ifsin®6is maximum i.e. if
sin?0 takes value 1.

Al =8,
(d+2)?%-1=8
O (d+2)?%=9
a d+2=+3
O d=1,-5

Given,
x-4 2x 2x [
Uox x-4 2xU=(A+ Bx)(x - A)?
O d
02x 2x  x—4
O ApplyC, - C, + Cy + C,4
bx—-4 2x 2x [
E5x—4 x-4 2 B: (A + Bx)(x — A)*
Bx—-4 2x x-47

Taking common (5x - 4) from C,, we get
o 2x 2x [
Gx - 4%1 x-4 2 E: (A + Bx)(x - A)?
Ol 2x  x-4Qg
Apply Ry - Ry~ R, and R; - R; — R,
s 2x 0 0O
O Gx 4)%0 -x 4 0 B: (A + Bx)(x - A)?
o 0 -x -4
Expanding along C;, we get

Gx - 4)(x +4)? = (A + Bx)(x - A)*
Equating, we get, A=-4and B=5

therefore

Given, 2w +1 =z

g 2w +1 =4 -3

O @=2L¥y8i
2

Since, wis cube root of unity.

5 —-1-43i
W =—
2

[+ z=4/-3]

O and W’ =1

1 1 1
Now,|1 -w?-1 o’|=3k

1 w? o

14.

15.

|
=
[V

1 1
w o|=3k
[ )
[+1+w+w =0andw’ = ()* 0= d
On applying R, - R, + R, + R;, we get

3 1+w+w 1+w+ o
1 w o’ =3k
1 w? ®
3 0 0
O 1 o =3k
1 o w
O 3W? -w') =3k
O @-w=k
0 keI H1+NBIH g,
o 2 00 2

PLAN Use the property that, two determinants can be multiplied
column-to-row or row-to-column, to write the given
determinant as the product of two determinants and then
expand.

Given, f(n)=a" +B", f(1)=a +B, f@)=a” +p%
f@=a®+p, f@)=a* +p*

3 1+f1) 1+£@)
Let A=[1+f(1) 1+f@ 1+f@)
1+f@ 1+fB) 1+f@)
3 1+a+B 1+a?+p?
O A= | 1+a+B 1+a?+p? 1 +a® +p°
1+a?+B* 1+0® +p® 1 +a*+p*
10+10+10 10+1G+10B
= 10+10+1B 10+o0d +BB
10+10%+1B% 10+a@ +B2P

10+1@2%+1B2
10+a@?+pR?
1D.+G2m2 +BZ[I32

2

1 1 1 1 1 1 1 1 1
=1 a BT a BI=l1 a B
1 a® B%| |1 a® B2 |1 a? B2

On expanding, we get A = (1 —a)%1 -B)%@ —B)?

But given, A=K(@1-0)’0 B)*a )
Hence, K (1 -a)*(1 -B)*@ -B)*= (1 ~a)*(1 -B)*@ -PB)
O K=1
PLAN It is a simple question on scalar multiplication, i.e.

kay ka, kag a; a, as

by b, bs|=k|by b, bs

Cy Cp Cg Cy Cp Cg

Description of Situation  Construction of matrix,
‘ . a; ap a0
ie. ifa=[ajlsxg=08y axn axl

Has ap as{



Ua;;  a;p a3 U
Here, P=[a;l3.3=Uay a9 agl
Q31 Q3zz  Agzg
Oby by b0
Q=1[bjl3xs = U by by byl
51 by bag H
where, b; =2""/ a;
4a,; 8ayy 16ag;
O |Q|=|8ay 16ay 32ay
6ag; 32ag9 64as,
a1 Q12 13
=4 x8x16|2ay; 209 2ay
4ay; 4agy 4ag
9 a1 Qg g3
=27 X2x41 ay Gy Ay
Q31 Qg Aszg
—gl2 mp‘ —9l2[y =913
16. We know, [A" =] A"
Since, |A%1=125 O |AP =125
0 D0 20.5 g 2-4=5 Qo=+ 3
02 ag
Osinx cosx cos x[]
17. Given,(jcosx sinx cos x[=0
[Jjcos x cosx sin x[]

Applying C; - C; + Cy + C,
[sin x + 2 cos x
=[Jsin x + 2 cos x
Jsin x + 2 cos x

cos X
sin x
cos x

cos x[]
cos x[J
sin x[]

01 cosx

=@Qcosx+sinx)J1 sinx
0l cosx

Applying R, - R, - R, Ry - Ry - R,
o cos X cos x O

0 Qcosx+sinx)J0 sin x —cos x 0 0=0
0o 0 sin x — cos x[]

cos x[J
cos x[=0
sin x[]

18. Given,

O (2 cos x + sin %) (sin x — cos x)% =0
O 2cosx+sinx=0or sinx—cosx=0
O 2 cos x = —sin x or sin x = cos x
O cot x=-1/2 gives no solution in —Estf
and sinx=cosx 0 tanx=1 0O x=T1/4

0 1 x x+1 0
fx)=g0 2x x(x—1) x+1)x 0O

1Bx(x—-1) x(x-1)(x-2)

Applying C3 - C5 = (C; +Cy)
0 1 X 0g
=0 2x x(x—1) 0=0
MBx(x—-1) x@-1x-2) 0O

O f@)=0 O f(@100)=0

(x+1)x(x-1)Q

19.

20.

21.

22.

23.
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O 1 a a? O
Let A=Hcos (p—d)x cos px cos (p+d)xH
(sin (p—d)x sin px sin (p + d) x[J

Applying C; - C; +Cy

1+ qa? a a?

OA=|cos(p—d)x+cos(p+d)x cos px cos (p+ d)x
sin(p—d) x+sin(p +d) x

2 2
1+a a a

2 cospxcosdx cospx cos (p+d)x
2sinpx cosdx sinpx sin (p +d) x

sin px sin (p + d)x

A=

Applying C; - C; —2cosdx C,

O + a? -2a cos dx a a? O
OA= H 0 cos px cos (p + d) xH
0 0 sin px sin (p + d) x
OA= & a? 2acosdx) [sin (0 d)x cos px
—sin px cos (p + d) x]
OA= & a% 2acosdx)sin dx
which is independent of p.

xp+y X y
Given,|yp+z y z |=0
0 xp+ty yptz
Applying C; - C; = (pCy + Cy)

0 X y
a 0 y z =0
~@p*+yp+yp+z) ap+y yp +z
O - (p* 2yp 2@z y¥F O
a Either xp? + 2yp + z =0 or y* = xz

O «x,y,zarein GP.
Since, A is the determinant of order 3 with entries 0 or
1 only.

Also, B is the subset of A consisting of all
determinants with value 1.

[since, if we interchange any two rows or columns,
then among themself sign changes]

Given, C is the subset having determinant with
value -1.

0 Bhas as many elements as C.

For a matrix to be square of other matrix its
determinant should be positive.
(a) and (¢) - Correct
(b) and (d) - Incorrect
Given determinant could be expressed as product of two
determinants.
1+a)? @1+20)2 (1+30)°
ife. |@+0a)? @+20)2 ©2+3)%=-648a
B+a)® @+2a)* @B+3)
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24.

25.

26.

1 +60 +9a 2

4 +120 +9a ?
2

1+20 +a? 1+40 +40?2
0 |4+40 +a? 4 +8a +4a?
9+60+02 9+12a +402 9 +18 +9a

=-648 a
1 o a?l]1 11
O (4 20 o?|02 4 6|=-648a
9 30 a?l|1 4 9
11 1|1 11
O a4 2 1|02 4 6/=-648a
9 3 1/[1 4 9
O - 8at - 648a
O a -8 =0 Do o 2-81)=0
O a= & 9
PLAN () If A and B are two non-zero matrices and AB = BA, then

(A-B)(A+B) = A% -B°.
(i) The determinant of the product of the matrices is equal to
product of their individual determinants, i.e.|AB|=|A[| B|.

Given, M>=N* O M?-N*=0

0 (M-N%» (M+N?=0 [as MN = NM]
Also, M#N?

0 M+N?=0

O det (M +N? =0

Also, det (M?+ MN?) = (det M) (det M + N?)
=(det M) 0)=0
As, det (M%*+ MN?) =0

Thus, there exists a non-zero matrix U such that
(M?*+ MNHU =0

0 a b aa + b

o o ¢ ba+c=0

Oaa +b ba +c 0 O

ApplyingC; - C3 — (@ C; +Cy)

Given,

O a b 0 O
b c 0 H=0
ao +b ba +c¢ —(ga?+2ba +0)p
O - (a0} 2bot+ ¢ (ae b*F O
O aa?+2ba +c=0or b =ac

0 x-—ais a factor of ax® + 2bx + cor a, b, care in GP.

a b g
Let Det (P)=|ay by ¢
a; by g

= ay(byy — bycy) —ag (b —bye) + az (bycy —byay)
Now, maximum value of Det (P) =6
Ifa, =1,a,=-1,a3 =1, bye; = bc; = bycy =1
and bscy = by = by = -1
But it is not possible as
(bye3) (b3cy) (byey) ==1 and (b)) (byey) (o) =1
le., bbobscieoc; =1 and - 1

27,

28.

29.

Similar contradiction occurs when
a; =1l,ay=1,a3 =1, bye; = b3¢; =bjcy =1

and bycy = byoy =bycy = -1
Now, for value to be 5 one of the terms must be zero but
that will make 2 terms zero which means answer
cannot be 5

1 11
Now, | -1 1 1|=4
1 -1 1

Hence, maximum value is 4.
1 log, y log, z

Let A= log, x 1 log, z

log, x log, y 1
1 logy logz
logx logx
_| logx 1 logz
log y log y

logx logy 1

logz logz

On dividing and multiplying R;, R,, R; by log x,
log v, log z, respectively.

L logx logy logz

=—— |logx logy logz|=0
log xlog ylog z

logx logy logz
1 a a’-bc 1 a o 1 a be
1 b b2-cal|=|1 b b*|-|1 b ca
1 ¢ P-ab 1 ¢ ¢ 1 ¢ ab
1 a be 1 a a® abe
Now, 1 b ca =—b b b® abe
1 ¢ ab| ¢ & abe
Applying R, - aR,,R;, - bRy, R; — cR,
1 a a® 1 1 a a?
=—b@zbcb b2 1]=[1 b b2
ane c &1 1 ¢ &
1 a a’-be
0 1 b b’-cal=0
1 ¢ *-ab
x 3 7
Given, |2 «x 2 |=0
7 6 «x
Applying R, - R, + Ry + Ry
x+9 x+9 x+9 1 11
O 2 x 2 =0 O (x+9)]2 x 2|=0
7 6 X 7T 6 x

Applying Cy - Cy-C; and C5 - C5 —C;



30.

31.

32.

33.

34.

1 0 0
Ox+9 (2 x-2 0
7T -1 x-T7

=00 x+9)(x-2)(x-7) =0

O x=-9,2, 7 are the roots.
0 Other two roots are 2 and 7.

1 4 20
Given,| 1 -2 5 |=0

1 2x 5x°
0 1(-10x%-10x) -4 (5x* -5)+ 20 2x +2) =0
O - 30x% 30% 66 0
O x-2)(x+1)=0
g x=2,-1
Hence, the solution set is {-1, 2}.

AP+30 A-1 A+3
Given,| A +1 -2\ A-4

A-3 A+4 3\

=pAt+ gA® + A2+ N+ ¢
Thus, the value of ¢ is obtained by putting A = 0.

0o -1 3
a 1 0 -4|=t
-3 4 0
a t=0
[ determinants of odd order skew-symmetric matrix
is zero]
0l a beQ a a® abe
LetA=Hl b caE:% b b? abe
0l ¢ abg acc Z  abe
Applying R, - aR,, R, - bRy, Ry - cR,
a a1 1 a o
=L wbelb 2 1]=[1 b 82
abe c &1 1 ¢ o
a be 1 a a®
O 1 ca|=|1 b b
c ab 1 e
Hence, statement is false.
Since, M'M =Tand | M |=1
O [|IM-I|=|IM-M"M| [ IM = M)

O IM-11=1d-M")M|=|d -M)' |1M|=11-M]|
=(-1° M -I|[-I-M is a3 x3matrix]

=—|M -1|
0 2|M-11=0
0 IM-1]1=0

Qax—-by -c¢ bx + ay cx+a [
Given, 0 bx+ay -—ax+by-c cy+t+b [FO

0 cx+a cy+b —-ax - by +c]
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2

a“x - aby —ac bx + ay cx+a
0=| abx+a’y -ax + by —c cy+b =0
acx + o cy+b  —ax-by+c

Applying C; - C; + bCy + cCq

O@*+b” + ) x ay + bx ex+a U
O —E(a2+b2+c2)y by-c—-ax b+cy =0

a

GD aZ+ b2+ 2 b+cy c—aac—byE|

1 0% ay + bx cx+a [
O —0Oy by-c-ax b+cy =0
am b+cy c—ax—byQ

[ a?+ b%+* =1]

Applying Cy - C4 —bC, and Cy —» C5 - ¢C;

0% ay a 0O
O —0Oy -c-ax b 0=0
anm cy -ax — by
) 2 axy ax
O —|ly -c¢c-ax b =0
ax
1 cy —ax—by
Applying Ry — R, + yR, + Ry
1 Ox? + yz +1 0 0 a
O —H y -c—ax b H=0
ax 1 c —ax—b
O Y |

O i [ + y* + 1) {(—c —ax)(—ax —by) —b(cy)}] =0

O 1 [+ y? + 1) (acx + bey + a®x? +abxy —bey)] =0
ax

O N [+ y? + 1) (acx + a®2 + abxy)] =0
ax
O 1 [ax(x? + y2 +1)(c+ax +by)] =0
ax
O (2 + y% + 1)(ax + by +¢) =0
O ax+ by +c¢=0
which represents a straight line.
sin 6 cos 0 sin 20

. 21 2ng . 4n]
sin %—— cos @——E sin %B——E
3 3 3

Applying R, - Ry + R,

sin O cos 0 sin 20
2Tt 4m
s1n@+?§ cos@+—@ sin @6+—
. 2T 2T 41t
+s1n@——@ +cos@——@ +sm§29——
3 3 3
sin @ _ 2y cos @ _ 2y sin @6 _ 4y
3 B 3 H 3 B
Now, sin % + 2—T[D+ sin @ —EE
3 3
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%+Zj+e_2jg +2j_e+2jm
=2 sin 3 3 Oeos O 30
0 2 0 0 2 O
0 O 0 a

=2 sinecos%-[=2sinecos @n—g@

=-2sin0 cosg =-sin B

and cos@ os@ 2 Q
3

B+ 2o -2 Hh+ 2T -0+ 2

=2cos 3 3 3 [ cos O 3 O

ad 2 ad 0 2 O

O ad 0 O

1
=2 cos 0 cos %Q 2 c059§~2§=—cos9

and sin @6+—H+ sin @9—41
3

o+ +20-"1H Do+ -20+ 700

=2sin 3 Ocos [3 3 O

O 2 o 0O 2 0

ad ad ] ]

=2 sinZBCos% =2 sin29005@1+g§

= -2 sin 20 cos g = —sin 20

a 0
U sin@ cos 0 sin20 U
0 A=0 -sin@ -cos @ -sin20 [=0
Hsin @ —2—]—[@ cos @ —2—71% sin @9 —4—]1@
ad 3 3 3 0
[since, R, and R, are proportional]
2ax 2ax—1 2ax+b+1
36. Given, f ' (x)= b b+1 -1
2(ax+b) 2ax+2b+1 2ax+b
Applying Ry - Ry - R, —2R,, we get
MRax 2ax-1 2ax+b+1[
f'x)=0 b b+1 -10
0o 0 10
=S2zx 21(:31 11 B=S2zx }E} [Cy— Cy-Ci]
O f'(x)=2ax+ b
On integrating, we get f (x) = ax® + bx + ¢,
where ¢ 1s an arbitrary constant.
Since, f has maximum at x=5/2.
O f'6/2)=0 O 5a+b=0 ..()
Also, fO0)=2 0 ¢c=2and f(1)=1
O a+b+c=1 ...(>1)
On solving Egs. (i) and (ii) for a, b, we get
a= i ,b= —Z

37.

38.

Thus, £ @)= i 2

—§x+2
4

Since, a, b, care pth, gth and rth terms of HP.

=

1
are in an AP.

0 =
C

@\»—l

=A+(p-1)Dp
:A+(q—1)D§ ..()
:A+o—nDE

QRS R Q

bec ca ab
Let A=|p q r
1 1 1

[from Eq. ()]

= QoY
s N

A+(p-1)D A+(@-1)D A+(@r -1)D
=abc p q
1 1
Applying R, - R, - (A-D)R; -DR,
0 00
=abclp q r|=0 O |p q r |=0
1 11 1 1 1

bc ca ab

Given, a >0,d >0 and let

1 1

a a(a + d) (a +d)(a+2d)

1 1 1

+d) (a+d)(a+2d) (a+2d)(a+3d)
1 1

—_

A=

(a
1

l(@+2d) (a+2d)(a+3d) (a+3d)(a+4d)
1
ala + d) (a +2d)
1
(a + d)(a +2d)(a +3d)
1
fro
(a +2d) (a +3d)(a +4d)
~ 1
" ala + d)%(a +2d) (a +3d)*a +4d)
O(a+d)(a+2d) (a+2d) a O

O +2d)(@ +3d) (a+3d) (a+d)QO
O(@ +3d)(a +4d) (a+4d) (a+2d)Q

_ 1
" a@ + d)¥a +2d)P (@ +3d)%a +4d)

O+ d)(a+2d) (a+2d) a 0
=0(a +2d)(a +3d) (a+3d) (a+d)Q
O(a +3d)(a +4d) (a+4d) (a+2d)Q

Taking common from R,

from R,,

m R,

where, A

Applying Ry — Ry~ Ry, Ry — B3 — R,
(a@+d)(a+2d) (a+2d) a
O N=| (a+2d)@d) d d
(a +3d) 2d) d d



Applying By — Ry - R,
(a+d)(a+2d) (a+2d) a
(a +2d)2d d d
2d* 0 0
Expanding along R;, we get
s _osla+2d aQ
N =2d 0 d dn
N = 2d)(d)(a +2d - a)=4d*
A= 4d*
ala + d)*(a +2d)* (a +3d)*(a +4d)
cos (A-P) cos(A-Q) cos(A-R)
cos(B-P) cos(B-Q) cos(B-R)
cos (C-P) cos(C-Q) cos(C-R)
cos Acos P+sin Asin P cos (A -Q)
cos Becos P+sin Bsin P cos (B-Q)
cosCcos P+sinCsin P cos (C -Q)
cos (A-R)
cos (B-R)
cos (C - R)
Ocos Acos P cos (A-Q) cos (A-R)[J
O A= gecosBcosP cos(B-Q) cos(B-R)[O
gcosCcos P cos (C-@Q) cos(C-R)O
Osin Asin P cos (A-Q) cos(A-R)[
+0sin Bsin P cos (B-®) cos (B-R)[O
Osin Csin P cos (C-Q) cos (C-R)[
Ocos A cos (A-Q) cos (A-R)[
cos POcos B cos (B-Q) cos (B-R)[O
OcosC cos (C-Q) cos(C-R)[O
cos (A-Q) cos(A-R)[O
+sin POsin B cos (B-Q) cos (B-R)O
0sinC  cos (C-Q) cos(C-R)[O

Applying Cy -~ Cy—C;cosQ,C; - C5 —C, cos Rin
first determinant and C, —» C,—C; sin @ and in
second determinant

N =

39. Let A=

o A=

o A=

[sin A

sin Asin@ sin Asin R

cos P|cos B sin Bsin® sin Bsin R

cos A
O A=
cosC sinCsin@ sinCsin R

cos A cos R[J
cos Bcos R
cos C cos R

Osin A cos A cos @
+sin POsin B cos B cos @
gsin C  cos C cos @

[Jcos A sin A
A =cos Psin @ sin Rjcos B sin B
fcos C sin C

sin A[J
sin B[]
sinC [

Osin A cos A cos A
+sin P cos @ cos ROsin B cos B cos B[]
OsinC cosC cosC[

A=0+0=0

O n!
40. Given, D =(0(n +1)!
O +2)!

(n+1)!
(n+2)!
(n +3)!

(n+2)!0

(n+3)!0

(n+4)'0

Taking n!, (n + 1)!and (n + 2)! common from R,, R,
and R;, respectively.

41.

42,
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01 (n+1) (m+1)(n+2)0

O D=n!(n+1)!n+2)!\01 m+2) ®+2)(n+3)Q
01 (n+3) (+3)(n+4)0

Applying Ry -~ R, — R, and Ry - R; — R,, we get
0l (n+1) (r+1)®+2)0
D=nln+1)!(n +2)!00 1 2n+4 O
0 1 2n+6 O

Expanding along C;, we get
D=nNn+1)!n +2)![@n +6) —@2n +4)]
D=n)n+1)!n +2)! 2]

On dividing both side by (n!)?

D _(mhnDHn+1DnHn + 1) +2)2

- (n!y’ (nY
D
O W =2(n +)(n +1)(n +2)
0 (['))3 =2(n® +4n? +5n +2) =2n (n? +4n +5) +4
n.
0 (I’))B -4 =2n (n? +4n +5)
n.

which shows that L 4%{5 divisible by n.
SCD .
p b
LetA=|a ¢
a b

c
c
r
Applying R, - Ry — R, and R; - R; - R, we get
p b c
A=la-p g-b 0
a-p 0 r—c
a-p qg-b

+ p—
a-p 0 (r-o

p b
a-p qg-b
=-c(a-p)(@~-b) +(r —o [p(g —b) ~bla -p)]
=-c(a-p)(g-b) +p(r -0 (@ —-b)-b(r-ola -p)
Since, A =0

O- c@ plg@ b pi- (@ b)-b(r-c(a-p)=0
c p b

0 + + =0
r-c p-a q-b
[on dividing both sides by (a — p)(q — b)(r —¢)]
O P, b +1+ ¢ +1=2
p-a q- r—c
0 P4 9 4+ T -9
p-a q-b r-c

We know, A28 =A4 x100 +2 x10 +8

3B9=3x100 + B x10 +9
and 62C =6 x100 +2 x10 +C
Since, A28,3B9 and 62 C are divisible by &, therefore
there exist positive integers m,, my and mgy such that,
100 x A +10 x2 +8 =m;k,100 x3 +10 xB +9 =myk
and 100x6+10 x2 +C =mgk ... )
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3

B
6

100 x6 +10 x2 +C

2

[from Eq. (1)]

A 3 6

=\lmk mok mgk|=k|m; m, mg

2 B 2

A 3 6
O A=18 9 C
2 B 2
Applying R, —» 100R; + 10R; + R,
A
0O A={100A+2 x10+8 100 x3 +10 xB +9
2
A 3 6
=| A28 3B9 62C
2 B 2
A 3 6
2 B 2
ad A= mk

Hence, determinant is divisible by k.

Oa-1
43. Given, A, =H(a - 1)2

n
2n?

I:ln
DZ (a—l) n

a=1
n D n

a=1 a=1

On

0y (@-1? 3n® 3n”-3n

Ua=1

nn-1)

2
_n(n-1)@2n -1)

ni(n -1)>?

4

1
_ n(n-1)| @n -1)

6

d

4n -2
1y 3 2 _ B
O(a -1)° 3n° 3n“-3nQ

0 a:gz (@-1? 2n% 4n-2

2n?

3n’

2

:n3(n—1)

12

Applying C3 - C3 —6C,

_n’(n-1)
12

3

nn-1)
2

1
2n -1
n-1

1
2n -1
n-1

1
6n
6n

6n
6n

6

2n

Oooooogoo

o]

4n -2

3n2-3n

6
4n -2

3n? 3n?-3n

6
12n -6
6n —6

[c=0,1.e. constant]

44, LetA=SyC, ’C,,, ’C

45.

46.

Dxcr xCr+1 xCr+ ZD

|:|ZCr zCr+1 zCr+2|:|

Applying C3 — C3 + C,
Oxc, *Criy *ric,, ,0
A:Syc, ve,,, **lC
0C *Cy *7Cap
[-"C, +"C,_
Applying C, -~ C, + C;
D’CC, x+lcr+1 x+1Cr+2[|
A:Dycr y+lcr+1 ytic
0.
DCV Z+1Cr+1 z+lcr+2[|
Applying C3 - C5 +C,
Dxcr x+lcr+1 x+ZCr+2|:|
0A= Dycr e, y+20r+2g Hence proved.
chr Z+lcr+1 Z+ZCr+2|:|

Since, a 1s repeated root of f(x) =0.

O f(x)=a (x-a)? a Oconstant£ 0)
0Akx B Cw O
Let o(x) 0 A@) B@) C@)nO
0A'@) B @) C @0
To show @ (x) is divisible by (x - a)?, it is sufficient to
show that (@) and @' (@) =0.
0A@) B@) C@)QO
O ¢ @F 0A@) B@) C@) QO
A" @) B @) C @)D
=0 [ R, and R, are identical]
0A'(x) B'(x C'(x)DO
Again, ¢'(x)=0 A@) B@) C@)QO
nA"@) B'@) C'@)pQ
0A"@) B'@) C'@)0
¢'@) =0 A@) B@) C@)0O
0A'@) B'@) C'@)n
=0 [ R, and R, are identical]
Thus, a is a repeated root of @ (x) =0.
Hence, @ (x) is divisible by f(x).

O &%+ x x+1  x-2
LetA=U222+3x-1 3x 3x-3
0 2+2+3 2x-1 2x-1

Applying Ry — R, = (R, + R;), we get
0O «*+x x+1 x-20
A=H -4 0 0
Ox?+2x+3 2x-1 2x-1p
2
Applying R, - R, + ZRZ

2
and Ry - R +xZR2,we get



417,

48.

0o x x+1 x-2

A=B -4 0 0

2x+3 2x—-1 2x—1
Ox+0 x+1 x-20

Applying R, -~ R, —2R, =04 0 0O
0 3 -3 3 0

0 x x xO0 Qg O 1 -2Q0
= 4 0 oo+t 4 0 0g
o 3 -3 3o0g 3 -3 30

o 1 1 100 O 1 -20
=x 4 0 ogtp—4 0 0g
o 3 -3 3pQg 3 -3 30

O A= Ax B

o 1 1 10
where, A =[] -4 0 0np
0o 3 -3 30

o o 1 -20
and B=Q—4 0 0g
3 -3 30

Oa b c
Let A=Gb ¢ a
gc a b
Applying C; - C; + Cy + C,
OQa+b+c b cO 01
A=Qa+b+c ¢ aF(a+bdb+oHl
Oa+b+c a bQ 0l
Applying Ry, - Ry — R, and R; - R; — R, we get
m)! b c 0
=(a+b+0o0 c-b a-cQ
00 a-b b-c
=(@+b+0[~(c-b)®-(a ~b) (@ 0]

=—(a+b+0) (@?+b%+ -ab -bc —ca)

Qo o
SR o

= —% (@ +b+0) 2a? +2b% +2¢% —2ab —2bc —2ca)

:—%m +b+0la -b)? +(b -0 +(c -a)?]

which is always negative.
x & 1+

Given, |2x 4x® 1+8¥ [=10
3x 9x* 1+274

11 1+4

0O «x3%2 4 1+8¢ |=10
3 9 1+274

Apply Ry - Ry, -2R, and R; -~ R; —3R,, we get
11 1+

£10 2 -1+64 |=10
0 6 -2+244°

2 64 -1

xs#es 245" -2
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2> (482 -4 -36x> +6) =10
12x% +24% =10
6x° + 2% -5 =0
#2201
6
3

x=%g ,—1

Hence, the number of real solutions is 2.

Topic3 Adjoint and Inverse of a Matrix

1. Given matrix Bis the inverse matrix of 3 x 3 matrix A,

B 20 10
where B = %) 2 1 S
B 3 -1H
We know that,
det(4)= — L D det(a =1 D
det(B) H det(A)H
Since,  det(A)+1=0 (given)
1
det@ 0
ad det(B) =-1
d 5-2-3)-200-a)+10-2a)=-1
0 - 25 20% 2=- 1
O 20% - 200 —24 =0
0 a ‘& -12=0
O @-4)@ +3)=0
a a=-3,4
So, required sum of all values of a is4 -3 =1
e e 'cost e 'sint
. |Al=le" —elcost—e'sint —e 'sint +e” cost
e 2 ' sin t -2 ' cost
1 cos t sin ¢

=) (|1 —cost-sint —-sint +cost

1 2sin ¢ - 2cost

(taking common from each column)
Aplying Ry -~ R, - R, and R; - R; — R,, we get
[rel™t=¢ =1]
1 cos t sin ¢
=¢ |0 -2cost-sint -2sint +cost

0 2sint—-cost —2cost—-sint

=¢ ! (Qcos ¢ +sin ¢)% + @sin ¢t —cos t)?)
(expanding along column 1)
=¢ ! (B5cos’t +5sin?¢)
=5e ! (rcos® ¢ +sin®t =1)
OlA|=5e %0 forallt OR
O Ais invertible for all t OR
[-If| A| #0,then Aisinvertible]
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3. Given, | ABAT| =8

0 |A|IBIIAT|=8 [ IXY | =]1XIIY ]
0 |A*|B|=8 LG 1A =141
Also, we have |AB™Y =80 |A||B‘1|—
| Al 1 .10
0 Alog L@ Eal=At =L
| B a | AlH

On multiplying Egs. (1) and (i1), we get

|A|3:8[8=43
[A]=
0 |B| = |A| é:l
8 8 2
_ 1 MmA1 mE_ 1
Now, |BA'BY|=|B|—|B| =0~ F0=—
ow, | [=] ||A|I I BEHiEE 16
0 -sinB
. We have, A—E‘:OS s E
%mS cosO ]
O | A| = cos?0 +sin?0 =1
0 in©
and adj A = Bcos sin EJ
[Tsin® cosGD
e bO . d -b
[IfA=[ Ethen adj A= a
o dp ¢ ap
0 A_lzgco.se sineg I:J'_ A—I:adeD
[Tsin® cosB[ O [A] O
Note that, A% = (471)>°
Now, AZ=AHi™

_y _[Ocos® sinBJcos® sinB0
DA™ =p . M 0
[Tsin® cosOTsin® cosbO[

0 cos®0 -sin?6 cos Osin 8 + sin Bcos &

- [T cos0sin B — cos Bsin 6 -sin?@ + cos?’0 [
_Ocos26 sin2 00
_%-sinQB cosZGE
Also, A% =(A7H(A™)
3 _ Dc0s29 sin2600cos®  sin 60
D—sm29 cosZBE%—sinG COSGE
_Ocos36  sin360
_%-sinBG cosSGE
Similarly, A = Scos 500 sin 509[|
[Tsin506 cos509[|

0O 25 25 [
:DCOSEH Sln—T[D D henezlm
0 95 95 U 7" 120

Brsin—T1 cos — TJ
0 6 0

O T T[
' cos Ccos[ATT + cos —
[jcos — 6 sin — DD Bﬁ% 54 E 6
=0 T
%—sm— cos —D%nd sin g;@ sm@(&n + EQ sin —
15 1
=02 2
Tl V3

Ha 2

0
0
0
Q0
6H

w

O
O
O
O
B

02 -30
5. We have =0 0
r4 10

02 -3002 -30

O A=A = 0 oo 0

T4 1074 10
A+12 -6-30

"Hs-4 1241
016 -90
“Hi2 13H

016 -90 02 -30

Now, 38A4%2+12A= 3%12 13% 12|:|4 1%
048 -270 024 -360
“Hss s9H Has 12 H
072 -630
"Hss 51(
B1 630

O adj BAZ+124)= %4 725

Ba -b0

. Given, A=[j pand A adj A = AAT
3 2

0
Clearly, A@adj A)=| A | I,

[+ if A is square matrix of order n,
then A(adj A) = (adj A) (A =| A |I,]

5a -b
= 5 9 I,=(10a + 3b) I,
OEI
=(10a + 3b) %)

00a + 3b 0 0 .
=0 0 (@)
O O 10a + 3b(

-b 3

and  AAT=2¢ ~bEDe 80
03 2 I:JI:T b 20

@5q2 + b2 15a -2b0

= D |:|

ml5a - 2b 13

A(adj A) = AAT

00a + 3b 0 O_[B5a®+b* 15a —2bg

0 =0
H o 10a+3bH msa-26 13

...(i1)

[using Egs. (1) and (i1)]

0 15a -2b =0
ad a =% ...(111)
and 10a + 3b =13 ...(1v)

On substituting the value of ‘a’ from Eq. (ii1) in

Eq. (iv), we get
10 E%g@+ 3b=13

0 20b+45b:13
15
0 65b ~13
15
g b=3



10.

11.

Now, substituting the value of b in Eq. (iii), we get
5a =2

Hence, 5a+b=2+3=5

PLAN Use the following properties of transpose
(ABY =BTAT (ATY = A and A™'A =/ and simplify. If A is
non-singular matrix, then| A | # 0.

Given, AAT =ATA and B=A7'AT
BBY = (A—IAT)(A—IAT)T
=A7ATAA™Y [ (AB)T = B'AT)
= A7 AAT (AT [ 44T = AT 4]
=J1AT (A [+ ATA=1]
= AT (A = (A A
[- (AB)T = BT AT]
=I'=1
O a 30
Given, P = a 3 3%
B 4 4
O |P1=112-12) -a (4 -6) +3 4 -6)=20a -6
P =adj (4) [given]
0 |Pl=ladj AlI=|A* =16 [ladj Al=]A" ™)
0 20-6=16
0 20 =22
O a= 11
Given, P'=2P+1 )
o @EH'=@er+D" =2pP" +1
O P=2P" +7]
O P=2@QP+1)+1
a P=4P+31 or 3P=-31
O PX=-IX=-X
1 a b
|Al#0, as non-singular| w 1 ¢|#0
®w o1
0O 1l-cw)-a(@-cw) +b (5 - B) #
0 1-cow-aw+ace #0
0 (-c)@-aw#0 0 azt, ezt
w W
0O a=w c=wandb Hw, o’} 0 2 solutions
Given, M" =-M,N" =-N and MN = NM @)

O M2N2MTNY Y (MN ™"

0 M2N2N—1(MT)—1(N—1)TWT

O M?NWONYHYE-MTWND (-M)

O M2NICMY(-N)Y'(-M)

O- M?2NM''N'M

O- M MNM'N*M=-MNMM'N'M
O0- MNW(NMYWYN?'M=-MONNNHYM 0O- M?

NOTE Here, non-singular word should not be used, since there

is no non-singular 3 x 3 skew-symmetric matrix.

12.

13.
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Every square matrix satisfied its characteristic
equation,
1-A 0 0
ie. |A-AN|=0 O 0 1-A 1 |=0
0 -2 4-A

O A-M{d-A)@-\) +2} =0

0 ANEP-% 2+ -6=0

O A® -6A*+11A-61=0  ...4)

Given, 6471 = A% + cA + dI, multiplying both sides by
A, we get

6I=A% +cA?+dA O A® +cA’+dA-61=0 ..(i)
On comparing Egs. (i) and (ii), we get
c=-6andd =11
B -1 -20
Here, P=% 0 «a B
B -5 00
Now, |P|=36Ga) +1(-3a) —2(-10)
=120 +20 ...(0)
0501 2 -1000
0 adj (P) = 10 6 12 J
Ha -Gx+4 25
050 -10  -a O
=Hea 6 -3 -47 ...(id)
F10 12 2 B
As, PQ = kI
O [P1QI=|EI|
O IPIQ|=F
O |P|5’125=k3 %iven,l({”:k—zm
020 0 20
O |P| =2k ...(ii)
PQ=kI
O Q=kp I
Zkﬂ :M [from Eq. (iii)]
| P| 2k
. ba -10 -a 0
:gzé%a 6 -3 —4%
F10 12 2
0 q23=—3a -4 D.Ven, ngz_@D
2 & 8H
0 _Ga+d_ _k
2 8
a Ba+4)yx4=F
O 120 + 16 =k ..(iv)
From Eq. (iii), | Pl=2Fk
ad 120 + 20 =2k [from Eq. @] ...(v)

On solving Egs. (iv) and (v), we get

oa=-landk =4
a 40 - k+8=-4-4+8 =0
O Option (b) is correct.

...(vi)
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14.

15.

16.

Now, [P adj(@)|=1Plladj@l
2 15 ol0
—opdit 2K 2
020d 2 2
O Option (c) is correct.

PLAN A square matrix M is invertible, iff dem (M) or| M| # 0.

b
Let M:El E
b ]
EARN I
(@ Given, (= H a=b=c=a [let]
%’D o

o aQd . . .
o M= OO IM|=0 O M is non-invertible.
R ad
(b) Given, [bc] = [a b]
O a=b=c=a [let]
Again, | M| =0
O M is non-invertible.

. e 001
(c) Asgiven M = 2 I Ml=ac#0
0 cH

[ @ and ¢ are non-zero]
0 M is invertible.

b
(d) M:m D[I |M|=ac-b>#0
B o

 acis not equal to square of an integer.

M is invertible.

PLAN If|A,, .| = A then|adjA| = A"~

0 4 40
: g
Here, adj B .5 :% 174
H 1 30
0 ladj P|=|P[*
1 4 4
O  JadjPl=|2 1 7|=1@-7)-46-7) +4Q -1)
11 3

=—-4+4+4=4 0O |P|=%2
|Al=@k+1),1B|=0

But det (adj A) + det (adj B) =10°
0 @k+1)°=10°

0 =2 0 [k]=4
D

Topic4 Solving System of Equations

1.

Given system of linear equations is
[sinB] x + [-cosB] ¥y =0 ...Q0)
and [cotB] x+ y =0 ...(11)
where, [x] denotes the greatest integer < x.
[sinB] [ cos 0]

Here, A=
[cot 8] 1

OA= [sin6}f - cos 0] [cot 0]

When 0 D%,%’”@

sin O DEII\/E ,1%
02 0O
a [sinB] =0 ...(ii1)
10
—cos 00 @), 5%
ad [ cos 8] =0 ...(Av)
g1 0
and cot O DE ﬁ,OH
ad [cotB] =-1 ..(V)
So, A = [sin 0] = [- cos 0] [cot 6]
-0 x(-1)) =0 [from Egs. (iii), (iv) and (v)]

Thus, for 6 O % , %T@ the given system have infinitely

many solutions.

When 0 D@'l,%@ sin D% %,o@

ad [sinB] =-1
0
—cos B DEI.@,lﬂﬂ [cos6F O
02 0O
and cot® 03w X [cot®]=n,n ON.
So, A=-1-0xn) =-1

g

O . .
Thus, for 8 OOt,—0O th tem h
us, for gt 5 H the given system has a unique

solution.

. Given, system of linear equations

x+y+2z=6 ... @)
4x+ Ay —Az =\ -2 ...>11)
and 3x+2y-4z=-5 ...(>111)
has infinitely many solutions, then A =0
11 1
Ol4 A -A|=0
3 2 -4

0 1(-4\ +2)\) —1(=16 +3\) + 18- 30) =0
- 8% 24 0 OA= 3

From, the option A =3, satisfy the quadratic equation
A -\ -6 =0.

. Given system of linear equations

x+y+z=5 ...Q0)
x+2y+2z=6 ...(11)
x+3y+Az = ...(111)
N OR)

The above given system has infinitely many solutions,
then the plane represented by these equations
intersect each other at a line, means (x +3y + Az — 1)
=px+y+z-5)+q(x +2y +2z —6)

= +@x+(p +29)y +(p +2¢9)z -6Gp +6q)



&

On comparing, we get
p+tqg=1,p+2q9=3, p+2q=A
and 5p+6q =
So, P, 9=(-1,2)
O A= 3andp=7
ad A+p= 3 F 10
Given system of linear equations
2x+ 3y —z =0,
x+ ky -2z =0
and 2x — y + z =0 has a non-trivial solution (x, y, 2).
2 3 -10
Da= 00H & -2H=0
2 -1 10
2(k -2) —3(1 +4) —1(-1 -2k) =0
O 2k-4-15+1+2k =0
a 4k=180 k :g
2
So, system of linear equations is
2x+3y -2z =0 ...(0)
2x+9y -4z =0 ...(i1)
and 2x—y+2z=0 ...(i11)
From Egs. (1) and (i1), we get
1

Y
6y-3z=0,~==
Y z 2

From Egs. (1) and (iii), we get
1

4x+2y:0Df:—5

<

zZ_ D-l:
D;— 4 BZ

Df+z+7+k:—l+ -4 +
y z X 2

DO |

Given system of linear equations

x—2y+kz=1 ...(0)
2x+y+z=2 ...Qa1)
3x—-y—-—kz=3 ...(ii1)
has a solution (x, y, z), z Z0.

and

On adding Eqgs. (1) and (ii1), we get
x—2y+hkz+3x -y —kz =1 +3
4x -3y =4
a 4x -3y -4 =0
This is the required equation of the straight line in
which point (x, y) lies.

Key Idea A homogeneous system of linear equations have
non-trivial solutions iff A = 0

Given system of linear equations is
x—cy—cz =0,
cx—y+cz=0
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and cx+cy—z=0
We know that a homogeneous system of linear

equations have non-trivial solutions iff

A=0
o -c -c

a - 0=

0 ¢ 1 cq 0
e c -1

O 10-&) + (- —c(@ +0) =0

0 1-2-2-¢ =& -2 =0

O - 2@ 3% E O

O 28 +3c¢2-1=0

O (c+ D2 + ¢ -1] =0

O (c+ D2 +2¢-c—1] =0

ad (c+1)@c-1)(c+1) =0

0 c:—lorl
2

Clearly, the greatest value of cis %

. The given system of linear equations is

x—2y -2z =A\x
x+2y+z=ANy
-x—y—-Az =0,
which can be rewritten as
A-MNx-2y-2z=0
ad x+@2-A)y+z=0
x+y+Az =0
Now, for non-trivial solution, we should have
1-A -2 -2
1 2-A 1 [=0
1 1 A
[+ Ifax+ by + ¢z =0; axx+ byy + ciz =0
asx+ by + ¢z =0]
a b ¢ 0
has a non-trivial solution, then |a, by ¢y = OB

a; by g E
O @-MN[Q-MA -1]+2 ]\ -1]- 2[1- 2+ A]=
O A-DRA%2-2n +1+2-2] =0
O \N-1?®=0
O A= 1

0

Given system of linear equations,
Q+a)x+By+2z=2
ox+ (1 +B)y +z =3
ax +By +2z =2
has a unique solution, if
1+a B 1
a @a+p) 1(#£0

a B 2
Apply R, - R, -Ryand Ry, - Ry, - R,
1 0 -1
01 -1]#0
a B 2
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O 12+B)-00+a)-10 -a) 20
a a+B+ Z 0 ... (1)
Note that, only (2, 4) satisfy the Eq. (1).
. We know that, if the system of equations
ax+by+tgz=d;
ag+ byy + ¢z =d,
agx + byy + gz =dy

has more than one solution, then D=0 and
D, =D, =Dy =0. In the given problem,
a 2 3
D, =00/b -1 5|=0
c -3 2

O a(=2+15) -2@b —=5¢) +3(-3b +¢) =0
O 13a —4b +10c —9b6 + 3¢ =0

O 13a —13b +13¢ =0

O a-b+c=00b-a-c=0

10. We know that,

the system of linear equations
a;x+by+tcgz=0
agx+ byy+cz =0
asx+byy+cz =0
has a non-trivial solution, if
a b ¢
as by ¢ |=0
ag by ¢
Now, if the given system of linear equations
x+3y+7z=0
—x+4y+ 7z =0,
and (sin 38)x + (cos 20)y + 2z =0
has non-trivial solution, then
1 3 7
-1 4 71=0
sin30 cos26 2
0 18 —-"7cos20) -3 (-2 —7sin 30)
+ 7(-cos20 -4sin 360) =0
0 8-7cos20+6+21sin36
- T7cos260-28sin36 =0
0- 7sin36 14cos268 14 0
O- 7@sin® 4sin® 6 14 (1-2sin?6) +14 =0
[-sin3A4 =3sin A —4sin® A and
cos 24 =1 -2sin? A]
0 28sin® @ +28sin”0-21sin —14 +14 =0
0 7sin® [4sin®0+4sinB-3] =0
0 sinB [4sin0 + 6sin 6 -2sin 6 —3] =0
0 sinB[2sinB @sin 8+ 3)—-1 2sin 6 +3)] =0
0 (sinB) @sinB-1) 2sin 6 +3) =0

Now, either sin 6 =0 or %

U gine#z-2as—1<sin6<1"
H 2 H

11.

12.

13

In given interval (0, 1),

sin @ =

5

6’6
Hence, 2 solutions in (0, )

=

0 6= [-sin8#0,0 00, 1]

Since, the system of equations has infinitely many
solution, therefore D = D, =D, =Dy =0

Here,
111
D=1 2 3/=1Qx -9)-1@ -3) +1(3 -2)
1 3 a
=a -5
115
and D; =1 2 9|=1@B-27)-1B -9) +53 -2)
1 3B
=B-13
Now, D=0
g a- 5 0 Ua= 5
and D,=0 OB- 1% 0
ad B= 13
O B-a= 13 5 8
1 -4 7
(a) Here, D=| 0 3 -5
-2 5 -9
=1(-27 +25) +4(0 -10) +7(0 +6)
[expanding along R, ]
=-2-40 +42 =0

OThe system of linear equations have infinite many
solutions.

[ system is consistent and does not have unique
solution as D =0]

0 D =D,=D, =0

g -4 7
Now, D, =00|h 3 -5|=0
k5 -9

0 g(-27 +25) +4(-9h +5k) + TGh —3k) =0
- 2g 36K 20k 35k 21k O
O 2¢ B k 002g+h+k=0

According to Cramer’s rule, here

11 1 10 0
D=[2 3 2 |=[2 1 0
2 3 a®-1| (2 1 a*-3

(ApplyingCy -~ Cy -C, and C3 - Cy - C)
(Expanding along R;)
2 1 1 2 1 0
andD;=| 5 3 2 |=| 5 3 -1
a+1 3 a*-1 |a+1 3 a®*-1-3

(Applying C3 - C3 =Cy)

=a”-3



14.

15.

2 0 0
=l 5 3-2 -1
2
a+1 3-@*D 2y _3
2
. 1
(Applying Cy - Cy D) (&)
2 0 0
= 5 l -1
2
a+1 5_a a’-4
2 2

a. o b al .
=2 a”—4) + -— Expanding along R,
B ( ) 55 HH [Exp g g R]
2 0
—of 9B 0 4is gmatoa 1
02 2 20
Clearly, when a =4, then D =13 #0 O unique solution
and
when |a| =+/3, then D =0 and D, #0.
0 When |a|=+/3, then the system has no solution i.e.
system is inconsistent.
We have,
x+ ky+3z2=0;3x+ ky -2z =0;2x+ 4y -3z =0
System of equation has non-zero solution, if

0l k 30
a -9 =
53k -4=0
02 4 -3
0 (=3k +8) — k(-9 +4) +3(12 -2k) =0
g - 3k & 9k 4k 36- 6 0
g - 4k 44 00 k=11
Let z =M\, then we get
x+11y+3\ =0 ...(0)
3x+11y—-2A =0 ...(>11)
and 2x+4y-3\ =0 ...(i11)
Solving Eqgs. (1) and (i1), we get
_ 2
x:ﬂ,y=—)\,z=)\ d 2__ 5N =10
2 2

2
"ol
2
Given, system of linear equation is
x+Ay—-2=0; Ax—-y-2z=0;x+y-Az=0

Note that, given system will have a non-trivial solution
only if determinant of coefficient matrix is zero,

1 A -1
ie. A -1 -1/=0
1 1 -A

O T +1)-AM=-A2+1) -1 +1) =0
O A +1x X X -1=0
O A3x =0 %-1)=0
O

A= OorA=%1

16.

17.
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Hence, given system of linear equation has a non-trivial
solution for exactly three values of A.

Given system of linear equations
200 = 2x5 + 263 = Ay ...(d)

O @M —2x + x5 =0 ...(>1)

2%, = 3y + 200 = Ay ...(ii1)
O 2x —(3+AN)xy +2x% =0

- X + 2x5 = Ay
0 - x 2x5 AxE O
Since, the system has non-trivial solution.
2-A -2 10

0O g2 -B+A) 25=0
g-1 2 AR

O @-MNGA +A2-4) +2(2\ +2) +1@ -3) A) =0
@-MNA2+3\ —4) +4(1 -A) +(1 -\ ) =0
@-MQ +4)Q -1) +5(1 -\) =0
A -DIE-A)A +4) 5] =0
A -1DOZ+22-3)=0
A =DIA -DA +8)] =0
A -1\ +3) =0
A= 1,1 3

Hence, A contains two elements.

O 0O0o0ooggogdg

Given equations can be written in matrix form
AX=B

_k+1 8 [y _ kO _ 4k
where, A—a & k"'gaX_B;EandB_Sk—l
For no solution, |A|=0 and (adj A) B#0

_k+1 8 [O_
Now, |4 =g k k_'_BB—O
0 (E*+1)(k +3) -8k =0
E*+ 4k +3 -8k =0
0 kE2-4kx3 =0
0 (k-1)(k-3) =0
O k=1,k=3,
. k+3 -8
Now adJA=é_k k+1§
. _Ok+3 -8 04k O
Now, (ad]A)B_Q—k k+1EH 3k+1H
0 (k+3)@k) -8Bk -1)0
“H -4+ +1)Bk-1) H
_ur*-12k+8 O
H-r?+2k-1H
Put k=1

. 4-12+8
(adj A) B =§_1 e % %Enot true
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Put k=3

. (36 36+8|:|_@
(adj A) B= 9+ 6 15—5_451 0 true

Hence, required value of & is 3.
Alternate Solution

Condition for the system of equations has no solution
is

a_b q
as by ¢
0 k+1: 8 + 4k
k k+3 3k-1
Take k+1: 8
k k+3

O E*+4k+3=8k

0 k:-4k+3

O (k-1)(k-3) =0
k=1,3

Ifk -1, theniig , false
1+3 2

And, if & =3, the

Therefore, k=3
Hence, only one value of k exist.
kO 00
18. Since, A %’B: %)Bis linear equation in three variables

BEH BB

and that could have only unique, no solution or
infinitely many solution.

01t is not possible to have two solutions.
Hence, number of matrices A is zero.
19. Since, given system has no solution.

(A= 0and any one amongst A, A, A, is non-zero.

02 -1 2Qg 02 -1 2g
Letgl -2 103=0 andA, =gl -2 -40=6%0
m)! 1 AQ ol 1 4pg
O A= 1

20. For infinitely many solutions, we must have
k+1 _ 8 _ 4k 0 k=1
k k+3 3k-1

21. Given equations x+ ay=0,az + y =0,ax +z =0 has
infinite solutions.

0l a 00O
0 o0 1 apg=0
ga 0 10

a 1+a®>=0o0or a=-1

22. Since, the given system has non-zero solution.
ol -k -10
0 ok -1 -10=0
mt 1 -1

Applying C; - C, -C,,Cy - Cy +C4
Ol+k -k-1 -10
Onl+k -2 -1=0
g o 0 -10
0 2k +1) - (k +1)2 =0
O kR+1D@2-k-1)=0 O k==1
NOTE There is a golden rule in determinant thatn one’s O

(n = 1) zero’s or n (constant) O (n — 1) zero’s for all
constant should be in a single row or a single column.

23. The given system of equations can be expressed as
o1 -2 SDDCEI 410

0 0.0

ol -3 4IZI o olo

1 1 203 HEE

Applying Ry — Ry—R, ,Ry - B3 + R,
0 -2 30@0 O-10

0.0 50

~@) -1 155/ 29

£

-1 1HEH @B 1@

Applyingl% R, -R,
-2 300 O -10

B

B 0 OHEH @e 3@

When % # 3, the given system of equations has no
solution.

0 Statement I is true. Clearly, Statement II is also
true as it is rearrangement of rows and columns of

o1 -2 30

01 -3 4§

Bl 1 -20
24. We have,

-x+2y+5z=b
2x—4y +3z = by
x=2y+2z = by

has at least one solution.
-1 2 5
a D= 2 -4 3
1 -2 2
and D, =D, =D, =0
b, 2 5
O D =|b, -4 3
by -2 2
=—-2b, —14b, +26b; =0
O b, +7by,=13b, ...(1)
1 2 3
(@) D=|0 4 5|=1@24 -10) +1(10 -12)
1 2 6
=14 -2 =12 #0

Here, D#0 O unique solution for any b;, by, bs.



25.

26.

1 1 3
() D=| 5 2 6
-2 -1 -3

=1(-6 +6) =1 (=15 +12)+ 3 (=5 +4) =0
For atleast one solution

D, =D, =D; =0
b 1 3
Now, D, =| b, 2 6
by -1 -3
=b (-6 +6)—by(-3 +3)+ by (6 —6)
=0
1 b 3
D,=| 5 b, 6
-2 by -3

==b,(-15 +12) +by(-3 +6)— by (6 —15)
=3b; +3b,+9b; =00 b; + by +3by =0
not satisfies the Eq. (i)
It has no solution.

-1 2 -5
@©D=| 2 -4 10
1 -2 5
= -1(-20 +20) -2(10 —10) -5(-4 +4)
=0

Here, b, = —2b, and by = - b, satisfies the Eq. (1)
Planes are parallel.

12 5
(D=2 0 3 |=10-12)-2(-10 -3) +5 8 -0)
14 -5
=54
D#0

It has unique solution for any b,, by, b;.

Given system Ax+ y+ z=0,—x+ Ay +z=0

and -x—-y+A=0
will have non-zero solution, if
A1 1
-1 A 1]=0
-1 -1 A
OAMAM#2 B HA+ 13 1A 3 O
0 ANEAX+A- F EA= O
0 AE B=0
O AN+ 3 0 ON=0
Since, AX =U has infinitely many solutions.
a 0 1
OlAl=0 O |1 ¢ b|=0
1 d b

O a(bc=bd)+1(d-¢) =0 0O
0 ab=1 or

(d-c)ab-1) =0
d=c

27.
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a 0 f
Again, |A5l=|1 ¢ g|=0 O g=h
1 d h
a [ 1
O [AjJ=|1 g b|=0 O g=h
1 K b
f 0 1
and |[Ajl=|lg ¢ b|=0 O g=h
h d b
0 g=h,c=dandab=1 ...(0)
Now, BX=V
a 1 1
|Bl=|0 d c¢|=0 [from Eq. ()]
f g8 h
[since, Cy, and Cy are equal]
| BX =V has no solution.
a® 1 1
[B;|=10 d c¢|=0 [from Eq. ()]
0 g h
[since, c=d and g = h]
a a® 1
[Byl=|0 O c|=a%f =a%df [ ec=d]
f 0 h
Since, adf 20 O |By#0
[Bl=0 and |[|By#0
] BX =V has no solution.

Given, Ax + (sina ) y + (cosa ) z =0
x+ (cosa) y + (sina) z =0

and —x + (sina) y — (cosa) z =0 has non-trivial
solution.

0 A= 0
A sina  cosd
O 1 cosa sina |[=0
-1 sina -cosa
O A (-cosf ~—simf )-sim (-cos +sin )
+ cosd (sina + cosa) =0
O - M sina cosa+ sing coso— sin®+ costi= 0
O A =cosR +sinR
S" —-Ja?+ b2 <asin® + bcosb <q/a? + bZE
O -J2 <A <42 ..0)
Again, when A =1, cos2a +sin20 =1
1 1 . 1
a —cos20 + —sIin20 =—
85 85 85

d cos (20 —1/4) =cos /4

0 20 —1/4=2n % W4

O 20 =2n1 —1/4 + /4 or 20 =2nTt + /4 + T/4
O

o =m ornf +T/4
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28.

29.

30.

Since, a,,0 5 are the roots of ax®+ bx + ¢ =0.

b c .
O oa;+tay=—-— and 00,=— ...
a a

Also, B, , B, are the roots of px®+ gx+ r =0.
r "
0 B +By=-L and BR,=— ..(ii)
p p

Given system of equations
O, y+ay2=0

and B; y + B,z =0, has non-trivial solution.
a; ay o B
B By oy By
Applying componendo-dividendo, R P w

170y By =B
0@ +ay) By =By =@, —0y) 61 +By)
0 @, +a9)*{B; +By)* —4BsBy}

=@, +B™(0, +ay)? 4o}
From Egs. (1) and (i1), we get
b Eﬂ 4rH_ ¢’ Dbz _4cH

p D p (o all
b%g? _4bZr _b%? _4qzc
a2p2 azp - a2p2 ?

2 2 2
o brogen b
a p q~ pr

t =0 O

aDp

O

The system of equations has non-trivial solution, if A =0.
sin30 -1 1
O cos20 4 3|=0
2 7 7

Expanding along C;, we get
sin 30 (28 —21) —cos20 (-7 =7) +2 (3 —4) =0
7sin30 + 14 cos20 —14 =0
sin30 +2c0s260 -2 =0
3sin® -4sin® 6 +2 1 -2sin%6) -2 =0
sin® (4sin?0 + 4sin 6 - 3) =0
sin® @2sin®-1) 2sin 0 +3) =0

sin® =0,sin O :%

O oogg dg

[neglecting sin® = -3/2]
O 6:nn,nn+(—1)”g,n 0z

The given system of equations
3x—y+4z =3
x+2y—-3z=-2

6x+5y+Az=-3

has atleast one solution, if A #0.

3 -1 4
O A=|1 2 =3|#0
6 5 A

31.

32.

33.

0 3@\+15)+1(\ +18) +4 (5 —12) 20

O TA+5)20
O ANz- 5
Let z = — k, then equations become

3x—y=3-4k
and x+2y=3k -2
On solving, we get

4 -5k 13k -9
x= , ¥ = ,z2=k
7 7

Given system of equations are
3x+my=m and 2x-5y=20

3 m
Here, A= =-15-2m
2 -5
m m
and A, = =-25m
20 -5
3 m
A = =60 -2m
Y12 20

If A= 0, then system is inconsistent, i.e. it has no
solution.

. 1 . .
IfA#£0,ie.m# ?5 ,the system has a unique solution

for any fixed value of m.

We have, «x= A = ~25m = 25m
A -15-2m 15+2m
_ A, 60-2m _ 2m-60
and y=—= =
A -15-2m 15+ 2m
For x>0,257m>0
15 +2m
O m>0
15 .
or m<-— ...Q
2 @
andy>0,w>0 O m>300rm<—E ...(>11)
2m + 15 2

From Egs. (1) and (i1), we get m < - 12—5 or m >30

Since, the given system of equations posses non-trivial

0 1 -2
solution,if [0 -3 1 |=0 O k=0
kR -5 4

On solving the equations x =y =z = A [say]

O For k=0, the system has infinite solutions of A OR.

Given systems of equations can be rewritten as
—x+cy+by=0cx—y+az=0 and bx+ ay -z =0
Above system of equations are homogeneous equation.

Since, x, y and z are not all zero, so it has non-trivial
solution.
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Therefore, the coefficient of determinant must be zero. 00 o-10 010 010
-1 ¢ b 0 Mdg=g2g0 M31g=3 13
O ¢c -1 al|=0 BE B 30 HO0H B 1H
b a -1 oo ood
2 O_o,0
O- 1&F a3 cf e aby b(car bF 0 M 5= 004
O a?+ b2+ & +2abe -1 =0 BE H2H
O a’+ b+ & +2abe =1 m,0 F100, —a,0 O 10
s 0.0 ,00, _, 00,0
a a 200 Ij 2070 D
34. |a 1 al=0 ENE 535501—025 18
aZ a 1 Ea1+a2+a3|] 0oQ
+bo+b 0_ DOD
Do -2 2+1=0 o * by + by 5= 007
0 a %=1 Ha+te+tg g H2H
ad a=% 1 O ay=-1,b5=2,¢ =3,0a; —ay =1,
But o =1 not possible [Not satisfying equation] by —by=1,¢ —cy=-1
0o ao=-1 0 a; +ag+ay; =0,b +by +b; =0
Hence, 1+ a+a”=1 G+ eyt o =12
(o ay asg 0 a,=0,b,=2,¢, =7
35. Let M_%h by b 0 Sum of diagonal elements =0+2 +7 =9

B o af
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