Limit, Continuity
and Differentiability

Topic 1 0 and = Form
0 00

Objective Questions I (Only one correct option)
. x+2sinx .
1. lim is
x-0 \/x2 +2sinx +1 —\/sinzx -x +1
(2019 Main, 12 April II)

(a) 6 (b) 2 ()3 (d)1
. xP-ax+b _ .
2. If lim =——————= =5, then a + bis equal to
r-1  x- (2019 Main, 10 April 1)
(a) -4 () 1 () =17 d) 5
4 _ _ 13
3 Iflim S L= tim © ~® then kis
el x=l x-kx'—k (2019 Main, 10 April I)
4 3 3 8
a) — — c) — d) =
(@) 3 () 5 (0) 5 (d) 3
=2
4, lim— 2% oquals (2019 Main, 8 April I
x~0~/§—1/1 + cos x E I -
(a) 42 (b) V2
(c) 2v2 (d 4
5 . cot’ x—tanx.
. hm — 18
13 T (2019 Main, 12 Jan I)
*= 7 cos @c+ —@
4
(2) 42 (b) 4 (c) 8 (d) 8V2
6. lim % is equal to (2019 Main, 11 Jan 1)
x - 08In” x cot”(2x)
(@ 0 (b) 1 (0 4 (d 2

(2019 Main, 9 Jan 1)

7. lim . 1+4y4 2
y-0 y

. 1
(a) exists and equals ——
E 42

(b) does not exist
(c) exists and equals L

242
1
W22 +1)

(d) exists and equals

8.

10.

1.

12,

13.

14,

15.

cot x —cos x

1111[/2 (-2 equals (2017 Main)
x - m—2x

1 1
a) — b) —
(@ o4 ( )16

1 1
c) = d) =
(©) S (d) 1

: 2
lim wczosx) is equal to (2014 Main)
x- 0 X
@ ®) 1 (© - (@ m
Jim (L= 08208+ €08 ) 5 - val to (2013 Main)
x-0 xtan4x
1
(a) 4 ()3 () 2 (d) 5
2 O
If lim M —ax — blJ=4, then
sl 2+l u (2012)

(a) a=1,b=4 (b) a=1,b=-4
() a=2,b=-3 d a=2,b=3

2
lim [ @R +22+ h) - f (2)’
h-0 f(h=h"+1)-f Q1)
fray=4,
(a) does not exist
(c) is equal to 3/2
{(a = n) nx —tan x} sin nx

given that f'(@)=6 and

(2003, 2M)
(b) is equal to —3/2
(d) is equal to 3

If lim0 3 =0, where n is non-zero

x - X
real number, then a is equal to (2003, 2M)
(@0 ®»" @n @n+t

n n
_ — X
The integer n for which lim (cosx~1) ELCOS x-e) is a
x - X

finite non-zero number, is (2002, 2M)
(@1 () 2
(©3 (d) 4
lim x tan 2x — 2x tan xis (1999, 2M)
x-0 (1= cos2x)?
(a) 2 (b) -2

1 1
) = d)-=
(©) 5 ( 5



16.

17.

18.

19.

20.

21.

. 41=cos2(x-1)
Iim~+——«——=
x—1
(a) exists and it equals V2
(b) exists and it equals —+/2
(c) does not exist because x =1 - 0

(1998, 2M)

x -1

(d) does not exist because left hand limit is not equal to
right hand limit

,%(1—cos2x).

The value of lim0 T (1991, 2M)
x - x
(@1 (M) -1
()0 (d) None of these
in[x] [
, [x1#0
Iff=0 [x] 20
g o,
where, [x] denotes the greatest integer less than or
equal to x, then lim f(x) equals (1985, 2M)
(a) 1 o () 0
() -1 (d) None of these
d O
lim 5172 + 2 5 ot n ;Uis equal to (1984, 2M)
n- ol -n 1-n 1-n"0
1
a) 0 b) - =
(@ (b) 5
(c) é (d) None of these

If fl@)=2,f"(a)=1,8()=-1,8"(@)=2,
gw) fla)-g(@) f() .

then the value of lim 1s (1983, 1M)
x-a x—a
1
a)— 5 b) =
(@) () s
(OF) (d) None of these

IfG (x) = —/25 — &%, then lim Mhas the value

x-1 x—1

(1983, 1M)
1 1
(c) — /24 (d) None of these

Objective Question II
(One or more than one correct option)

22,

For any positive integer n, define f,:(0,0) - R as

n _4 g 0

f,(x) = Z tan o ,1 - 0 for all xO@Og ).
j=1 O+ (x+ ) x+j-1O

(Here, the inverse trigonometric function tan™'x

assumes values in %g,gg ). Then, which of the

following statement(s) is (are) TRUE?
(@) Y’ _ tan’(f;(0) =55
(b) zi°:1(1+ f':(0)) sec? (f;(0)) = 10

(2018 Adv.)

(c) For any fixed positive integer n, lim tan(f, (x))= L
X - n

(d) For any fixed positive integer n, xl{ngo sec®(f, (x)) =1
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2

a— \/02 —x2 _xf
23. Let L =1lim —44, a >0.If L is finite, then
x-0 X
(a) a=2
(b) a=1 (2009)
1
c) L=—
(© 61
1
d L=—
(d) 39
Fill in the Blanks
24. lim 080 +20) _22 logd +h) _ (1997€C, 2M)
) h
25. If f(x) =®inx, xZnm,n =0, £1, *2, %
B 2, otherwise ]
02 +1,x 20, 20
andg (=0 4, x=0 [thenlim g [f()]is .or.....
O _ O x-0
oo x=2pq (1996, 2M)

26.

ABC'is an isosceles triangle inscribed in a circle of radius
r.If AB = AC and A is the altitude from A to BC, then the

AABC has perimeter P =2(/2hr — h? +~/2hr) and area

A=....Also, 21%? =... (1989, 2M)
N 4 . QDD
af sm @+ X HD
27. lim 5 L= ...
x--—o 0 (1+]x]|%) ad
(1987, 2M)
—Ha® + 2% - 16x +20)/ (x -2)7,if x #2
28. Let f(x) @ fx72
If f(x) is continuous for all x, then 2 = ... . (1981, 2m)
29. lim(1-x) tan X = .
x-1 2 (1978, 2M)
True/False
30. If lim [f(x)g(x)] exists, then both lim f(x) and
X - a X - a
lim g (x) exist. (1981, 2m)
Analytical & Descriptive Questions
a® -1 (1983, 3M)
31. Use the formula lim0 = log, a, to find
x— X
. 2 -1
hm PN PR
x-0(1+x)"" -1 (1982, 2M)
2 _ 2
32. Evaluate lim (@+h)’sin(@+h) -a’sina (1980, 3M)
) h
33. Evaluate lim m
220\ x+ cosZx (1979, 3M)
. x-1
34. Evaluate lim @227@ (1978, 3M)
x-1 Py =Tx+5



178 Limit, Continuity and Differentiability

Integer Type Questions

x%sin (Bx) _

35. Let a,B OR be such that lim =1 . Then,

x- 00x—sinx
6 (@ + ) equals (2016 Adv)

Topic2 1° Form, RHL and LHL

Objective Questions I (Only one correct option)
1. Let f:R - R be a differentiable function satisfying

L+ f@+x) — f(S)Dx

f @)+ f 2)=0. Then l1rn 0 1is equal
+f@-x)-f@0
to (2019 Main, 8 April 11)
(a) e ) e’ © € @1
2. lim Jm-2sinta ——— " isequalto
relm Y1 (2019 Main, 12 Jan I1)

@ \f ®) \f © v @

3. Let [x] denote the greatest integer less than or equal to

X. Then,

lim tan(rtsin®x) + (x| —sin(x[x]))*

x-0 X (2019 Main, 11 Jan I)
(a) equals T (b) equals T+1

(c) equals O (d) does not exist

4. Foreacht R, let [t]be the greatest integer less than or
equal to ¢. Then,

1 -|x|+sin|l —xl)sin% [1 —x]@

lim
¥l [1-x|[1-x] (2019 Main, 10 Jan )
(a) equals 0 (b) does not exist

(c) equals -1 (d) equals1

5. For each x OR,let [x] be the greatest integer less than or
equal to x. Then,
x([x] + [x|) sin [x]

lim is equal to
x- 0 x| (2019 Main, 9 Jan 1)
(@) 0 (b) sin 1

(¢c)—sin 1 (d1

6. Foreacht OR, let [¢] be the greatest integer less than or
equal to ¢. Then,

llm . D EP.D DS
B B;B H; (2018 Main)
(a)is equal to 0 (b) is equal to 15
(c) 1s equal to 120 (d) does not exist (in R)
- - a ad
7. Let f(x):1 r(d+] xl)cos[} L O
1-x] O - xO

for x # 1 Then

(a) limx% 1 f(x)=0

(b) limxﬂ - f (x) does not exist
(c) limxﬁ - flx)=0

(d) limxa 1+ f (x) does not exist

36.

Let m and n be two positive integers greater than 1. If
cos (@) _ 0

lim & ~€0=— %@, then the value of . is

a=0 E a™ H n

(2015 Adv.)

8. Letp= hm (1 + tan®vx)%, then log pis equal to
(2016 Main)
(a) 2 () 1 (C) = (d) =
2 4
9. Let a(a) and B(a) be the roots of the equation
Ghi+a-Da2-(1+a -1)x+ @1 +a -1) =0, where
a > —1. Then, hm o (a)and hm B (a) are (2012)
a- 0" a-0"*
1
-2and 1 - Land-1
(a) 5 an (b) 5 an
7 9
- ~and 2 d) -Zand3
(c) 2an (d) 2an
1
10. If lirn0 1+ xlog (1 +b?)]* =2bsin?6, b >0
and 6 O¢ T, 1, then the value of 0 is (2011)
£+ T + L + 1t d) £+
(a) 1 (b) 3 (0) 6 (d) B
0 in x 0
11. Forx>0,lim [(sin x)’* + %g Cis (2006, 3M)
x-0
O O
(@) 0 () -1 (©1 (d) 2
12. Letf:R - Rbesuchthat f (1) =3 and f' (1) =6. Then,
Fa+rt
lim equals (2002, 2M)
«oH fa) H
1
(@)1 (b) e2 © e @ ¢’
13. ForxOR, lim Ebc—?’ Elxls equal to
voolk+20 (2000, 2M)
(@e b) e ©e” @’
Fill in the Blanks
o
14. lim M
-0 [ +32°0 (1996, 1M)
+ 4
15, 1im 50 o
- @i+ 10 (1991, 2M)

Analytical & Descriptive Question

16.

Find hm %;an % xJé 0 .
(1993, 2M)

Integer Answer Type Question

17.

The largest value of the non- negatlve integer a for

which lim 2 O-ax+sin(x—1) +a I_(
x~1|] x+sin(x-1) -1

is (2014 Adv)
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Topic 3 Squeeze, Newton-Leibnitz’s Theorem and Limit Based on
Converting infinite Series into Definite Integrals

Objective Questions I (Only one correct option) Objective Questions II
1. Ifa and B are the roots of the equation (One more than one correct option)
375x% = 25x =2 =0, then lim o + lim § B"is equal 0 |:,},E
"R nﬂmzl o nn(x+n)§c+ﬁ Q""E@ 0
to (2019 Main, 12 April 1) 4. Letf(x)= lim O 2 n J
n el U n?0 O n20d’
@ 2L b 29 Ch!(®+ n® O + —0... O + =00
346 358 5 O 40 0 n’09
(c) 1—12 (d) 1716 for all x=0. Then (2016 Adv.)
1 1
@/ F 70 o) s R
£(t) dt : ,
2. lim -]’272 equals ©f (<0 @ '3 1@
B2 T 3 [
1 2007, 3M .
6 (2007.3W " Numerical Value
@27 @
I 5. For each positive integer n, let .
2 il
® 27 @) v =L () (n+2)... (n + ).
n
() Ef %@ For x OR, let [x] be the greatest integer less than or
n equal to x. If lim y, =L, then the value of [L] is
@4f©@ . e (2018 Adv.)
3 lim L 22” " oual (1999, 20) Fill in the Blank
. lIim — ——— equals )
n-o o /.2 2 xZ
TR J’ cos’t dt
@1+ 5 b V5-1 6. lim=> = .
() -1+ 2 @1+ 2 ¥-0  xsmnx (1997C, 2M)
Topic4 Continuity at a Point
Objective Questions I (Only one correct option) 3. Let [] denotes the greatest integer function and
f (x) = [tan? «], then (1993, 1M)

1. If the function f defined on % , g@by
V2 cosx - 1

(a) ling f (x) does not exist

T (b) f (x)is continuous at x =0
B m s X# 4. . (¢) f (x)is not differentiable at x = 0
fx)=0 o is continuous, @ f =1
U k, x=— _
B 4 4. The function f(x)=[x]cos g%lgn,[[]] denotes the
theri kis equal to (2019 Main, 9 April ) greatest integer function, is discontinuous at
(@) 5 (b) 2 (a) all x (1993, 1M)
1 (b) all integer points
(©1 (d) W (c) no x
(d) x which is not an integer
2. The function f (%) = [x]? - [x?] (where, [x] is the greatest 5. If f (1) =« (\/; +m, then (1985, 2M)
integer less than or equal to x), is discontinuous at (8) f (x) is continuous but not differentiable at x = 0 !
(2) all ¥ntegers (1999, 2M) (b) f (x) is differentiable at x = 0
(b) all integers except 0 and 1 (© f (¥)is not differentiable at x = 0
(c) all integers except 0 (d) None of the above

(d) all integers except 1
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6. The function f (x) =

log 1 + ax) —log (1 — bx)

x
is not defined at x=0. The value which should be
assigned to f at x =0, so that it is continuous at x =0, is
(@) a->b (b)a+b (1983, 1M)
(c) loga + logb (d) None of these

Objective Questions II
(One or more than one correct option)

7. Let [x] be the greatest integer less than or equals to x.

Then, at which of the following point(s) the function
f(x) = x cos (Ti(x + [x])) 1s discontinuous ? (2017 Adv.)
(@x=-1 b)yx=1
©x=0 dx=2
For every pair of continuous function f, g : [0,1] - R
such that max {f(x):x O[0,1]F max{g(x):x O[0,1]}.
The correct statement(s) is (are) (2014 Adv.)
@) [f(F + 3f(c) =[g()]* + 3g(c) for some ¢ [0,1]
®) [f(OF +f(0) =[g(F + 3g(c) for some ¢ O[0,1]
© [fOF +3f(0) = [g(F + g(c) for some ¢ O[0,1]
@) [f(©F = [g(0)] for some ¢ 0[0,1]
For every integer n, let a, and b, be real numbers. Let
function f: R - Rbe given by
o, +sin e, forx O[2n,2nt+ 1]
flo) = ;

, tcos e, forx O@n— 1,2n)

for all integers n.
If fis continuous, then which of the following hold(s) for
alln? (2012)
@ay,4 -b,,=0
© @y~ b,y =1

) a, -b, =1
@a, ;-b=-1

Fill in the Blank

10.

A discontinuous function y = f(x) satisfying 2 + y? =4is

given by f(x) =.... . (1982, 2M)

Analytical & Descriptive Questions

1.

12.

Tt

1+ [sinx}¥Fn*l 0 Z<x <0
Let f(x) = b, x=0
0 etaan/tanSx’ 0 <x<g

Determine a and b such that f(x) is continuous at x =0.

(1994, 4M)
O
0 1—cgs4x, <0
H X
Let f(x) = a, x=0
O
E#, x>0
E16 +Vx -4

Determine the value of a if possible, so that the function
is continuous at x =0. (1990, 4M)

13.

14.

Find the values of a and b so that the function  (1989)
0 x+ a2 sin x, O<sx<m/4
f(x):E 2x cot x + b, /4 <x<T/2
%}wost—bsinx, M/2<x<T

is continuous for 0 < x < L.

Let g (x) be a polynomial of degree one and f (x) be

0 g ), x<0
defined by f () =111 + 0 0
2+
Find the continuous function f (x) satisfying
frO=fE. (1987, 6M)

15. Determine the values q, b, ¢, for which the function
O .
Dsm (a + 1)x+s1nx, for x <0
0 X
f@=0c for x=0
0 + ha2) V2 _ 12
gilﬁﬁ@r—f*,ﬁrx>0
is continuous at x =0. (1982, 3M)
Match the Columns
16. Letf,:R- R fy: %g,g - R f :(-1,¢"%2-2) - Rand

fi:R - Rbe functions defined by
@) f, (@) = sin(1-¢ ),

|sinx| .
.. 17 z .
(1) f,(0)= Ctan ™! x if x 0, where the inverse
H 1 ifx=0
trigonometric function tan ! x assumes values in
2 28

% 22

(iii) f; (x) = [sin(log, (x + 2))], where for tOR, [¢] denotes the
greatest integer less than or equal to ¢,

o . [l .
(iv) f4(x)=§x sin %% ifx#0
B o0 if x=0

List-1 List-11

P. Thefunction fiis 1. NOT continuous atx=0

continuous at x=0 and

Q. Thefunctionfy,is 2. NOT differentiable at

x=0
. differentiable at x=0
R. i’I;he function f; 3. and its derivative 1is
NOT continuous at x=0
. differentiable at x=0
S. The function f, 4. and its derivative 1is

18 .
continuous at x=0

The correct option is

aP-2,Q-3;R-1;S-14
b)P-4,Q-1,R-2;,S-3
e©P-4Q-2,R-1;S-3
@dDP-2,Q-1;R-4,S-3



Topic5 Continuity ina Domain

Objective Question I (Only one correct option)
1. Let f: R - Rbe a continuously differentiable
function such that f2) =6 and [ 2)= é If

If 4 dt = (x ~2)g(x), then lim g (x) is equal to
6 x -2 (2019 Main, 12 April I)

(a) 18 (b) 24
(c) 12 (d) 36
%in(p+1)x+sinx
0 »x <0
2. If f(x) =1 q, =0
g \lx+x2 -Jx x>0

0 xS/Z ’

is continuous at x =0, then the ordered pair (p, q) is
equal to (2019 Main, 10 April 1)

whi- oRsH
(0 @gé% ) %gé%
3. If the function f(x) = Cz[m-ad+1, x <5

Elblx—nl+3,x >5
(2019 Main, 9 April 11)

is continuous at

x =5, then the value of a —b is

-2 2
b
® T+ 5 ®) m+5
2
d) =2
(0) - (d) -

4. If f(x)=[x] - %éx OR where [x] denotes the greatest
integer function, then (2019 Main, 9 April 11)
(a) liIZl f (x) exists but liril f (x) does not exist
(b) f is continuous at x =4
(c) Both lil’il f(x) and lirin f (x) exist but are not equal

(d) liril f (x) exists but liT f (x) does not exist
X— 44— x4+

5. Let f:[-1,3] — Rbe defined as

Oxl+ [x], -1<x<1
f@=Hx+lxl, 1sx<2
He+ [x], 2s<x<3, (2019 Main, 8 April I1)

where, [t] denotes the greatest integer less than or
equal to ¢. Then, f is discontinuous at

(b) only two points

(d) only one point

(a) four or more points
(¢) only three points
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6. Let f: R — Rbe a function defined as
0 b5, if  x<1
Ez +bx, if 1<x<3

X =
/@ Ep+5x, if 3<x<5
H 30, if  x=25
Then, fis (2019 Main, 9 Jan I)
(a) continuousifa =-5and b=10

(b) continuousifa =5and b=5
(c) continuousifa=0and b=5
(d) not continuous for any values of @ and b

7. If f (x) = % x —1, then on the interval [0, TT] (1989, 2M)

(a) tan [f (x)]and 1/f (x) are both continuous

(b) tan [f (x)]and 1/f (x) are both discontinuous

(c) tan [f (x)]and f~! (x) are both continuous

(d) tan [f (x)]is continuous but 1/f (x) is not continuous

Objective Questions II
(One or more than one correct option)

8. The following functions are continuous on (0, )

(b)Ix t sin 1 dt
0 t (1991, 2M)
1, 0<x<31/4 sin x, 0<x < T0/2

(C)%singx, an<x<n (d)DEsin(T[+x),E<x<n
97 4 B2 2

(a) tan x

9. Let [x] denotes the greatest integer less than or equal to
x. If f(x) = [xsin Tre], then f(x) is (1986, 2M)
(a) continuous at x = 0 (b) continuous in (-1, 0)
(c) differentiable at x =1  (d) differentiable in (-1, 1)

Fill in the Blank
.0 O
10. Let f(x)=[x]sin &—— , where [J denotes the
Ol + 110
greatest integer function. The domain of f is...... and
the points of discontinuity of fin the domain are...... .

(1996, 2M)

Analytical & Descriptive Question

g x°
o <, 0<x<1
11. Let f(x) =0 2

B’ -3x+2, 1<x<2
a 2

Discuss the continuity of f, f'and f'' on [0, 2].
(1983, 2M)
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Topic 6 Continuity for Composition and Function

Objective Question II
(One or more than one correct option)

1. For the function f (x) = xcos 1 ,x21,

x (2009)
(a) for atleast one x in the interval
[1, ), f(x+2) = f(x) <2

() lim f'(x) =1
(c) for all x in the interval [1, o), f(x+ 2) —f (x) > 2
(d) f'(x)is strictly decreasing in the interval [1, )

Analytical & Descriptive Questions
Ox+a, ifx<0
2. Let = ’ d
© @ Hx—ll, if x>0 an
x+1, if x <0

@=1
8 = Ly 12+ b, ifx=0

Topic 7 Differentiability at a Point

Objective Questions I (Only one correct option)
1. Let f:R - R be differentiable at ¢cOR and f(c) =0. If
gx)=lf®) |, thenatx=¢, gis (2019 Main, 10 April I)
(a) not differentiable
(b) differentiable if f'(c) # 0
(c) not differentiable if f'(c) = 0
(d) differentiable if f'(c)= 0

2. If f: R - Ris a differentiable function and

: f(x)
/@) =6, then ™ [ 2tdt ;o
=24 (-2 (2019 Main, 9 April 11)
(a) 12f"(2) (®) 0
(c) 24f'(2) ) 2f' (2

3. Let f(x)=15 —\x —10|; x OR. Then, the set of all values
of x, at which the function, g(x)=/f(f(x)) is not

differentiable, is (2019 Main, 9 April 1)
(a) {5, 10,15, 20} (b) {5, 10, 15}
(c) {10} (d) {10, 15}

4. Let S be the set of all points in (- 1, ™ at which the

function, f(x) =min {sin x, cosx} is not differentiable.
Then, S is a subset of which of the following?
(2019 Main, 12 Jan )

b T M T
Mo T p T,
®F 304 L i
of T.-300 @ -5
4 4 4 4 4 2 2 4
5. Let K be the set of all real values of x, where the function
f(x)=sin|x| =] x| +2(x —1)cos| x| is not differentiable.

Then, the set K is equal to (2019 Main, 11 Jan 11)
(a) {0} () @(an empty set)
(© {m (@ {0, 10

10.

where, a and b are non-negative real numbers.
Determine the compositie function gof. If (gof) (x) is
continuous for all real x determine the values of @ and b.
Further, for these values of a and b, is gof differentiable
at x =0 ? Justify your answer. (2002, 5M)
Let f (x) be a continuous and g (x) be a discontinuous

function. Prove that f (x)+ g (x) is a discontinuous
function. (1987, 2M)

d+x, 0<sx<2
%3 -x, 2<x<3
Determine the form of g (x) = f [f (x)] and hence find the
points of discontinuity of g, if any (1983, 2M)
Let f(x+ y) = f(x) + f(y)for all x and y. If the function f(x)

is continuous at x =0, then show that f (x) is continuous
at all x. (1981, 2M)

Let f (x) =

-1, -2<x<0

9 an
-1, 0<x<2

Let f(9)=1]
[¥x

gx)=1f®) |+ f(lx]). Then, in the interval (-2,2), gis

(2019 Main, 11 Jan I)

(a) not differentiable at one point

(b) not differentiable at two points

(c) differentiable at all points

(d) not continuous

Let f:(-1,1) & R be a function defined by
f(x) =max H x|, =/1 —a2}.If K be the set of all points at

which f is not differentiable, then K has exactly
(2019 Main, 10 Jan II)

(a) three elements (b) five elements

(c) two elements (d) one element
2 <

Let f(x) = dnaxilxl, o3, lal<2

0 8-2lxl, 2<|x|<4
Let S be the set of points in the interval (-4, 4) at which f

is not differentiable. Then, S (2019 Main, 10 Jan I)
(a) equals {-2,-1,0,1,2} (b) equals {-2, 2
(c) is an empty set (d) equals {-2,-1,1, 2

Let f be a differentiable function from R to R such that
3

|f(x)—f(y)|s2|x—y|§, for all x, y OR. If f(0) =1, then

1
I £2(x) dxis equal to (2019 Main, 9 Jan I1)

0 1
(@2 (b) 5 ©1 (o

Let S=(¢OR:f(x) =|x-m|*¥ -1)sin|x| is not
differentiable at ¢}.Then, the set S is equal to (2018 Main)
(a) ¢(an empty set) () {0}

(0) {15 (d) {0,



11.

12

13.

14.

15.

16.

17.

18.

19.

20.

For x OR, f(x) =|log 2 —sin & and g(x) = f(f (x)), then

(a) g is not differentiable at x = 0 (2016 Main)

() g'(0) = cos (log 2)

(c) &' (0) = = cos (log 2)

(d) g is differentiable at x = 0and g'(0) = - sin (log 2)

If f and g are differentiable functions in (0, 1) satisfying
f0)=2=g1), g0)=0 and f(1)=6, then for some

cJo, 1 (2014 Main)
(@) 2f' (0= g'(0) () 2f'(c) = 3g'(¢)

() f'(e) = g'(0) (d f'(e) = 2g'(0)

Let f(x) = %)CZ cosg ,x#0,x0R, then f is (2012)

go, x=0
(a) differentiable both at x = 0and at x = 2
(b) differentiable at x = 0 but not differentiable at x = 2
(¢) not differentiable at x = 0 but differentiable at x = 2
(d) differentiable neither at x = Onor at x = 2
(x-1)"
log cos™ (x—1)
integers, m#0, n >0 and let p be the left hand
derivative of |[x—1| at x=1. If lirri g2(x)=p,then
x-1

Let g(x) = ;0<x<2, m and n are

@n=1,m=1 byn=1,m=-1 (2008, 3M)
en=2,m=2 dn>2,m=n
If f is a differentiable function satisfying
f%@zo,D n=1,n 0I,then (2005, 2M)

(a) f(x) =0,20(0,1]

®) f'(0)=0=f(0)

(c) £(0) = Obut f ' (0) not necessarily zero

@If(x) <1, 20(0,1]

Let f(x)=llx|-1], then points where, f(x) is not

differentiable is/are (2005, 2M)
(@0,%1 (b)+1
(©0 (@1
The domain of the derivative of the functions
tan'x, if|x|<1

= 1 2002, 2M
/@ %(m—m, if]x]>1° ( )
(a) R - {0} b)) R-1{1
©R-{-1 (R-{-11

Which of the following functions is differentiable
atx=07? (2001, 2Mm)

(a) cos (| x|) + ] x| (b) cos (| x]) -1 x|

(¢) sin (1 x[) + x| (d) sin (lx1) =1 x|

The left hand derivative of f (x) =[x] sin (Ttx) atx =k, k

is an integer, is (2001, 2m)

@ D" (k-1 O R-D T

© (D" kmt @ (""" km

Let f : R — Rbe a function defined by f (x) = max {x, 2> }.

The set of all points, where f (x)is not differentiable, is

(a) {-1,1} (b) {-1,0} (2001, 2m)

(0) {0,1} (d) {-1,0,1}

21,

22,

23.

24,

25.
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Let f:R - R be any function. Define g: R - R by
g@=If(@]!,0 x. Then, gis (2000, 2M)
(a) onto if f is onto

(b) one-one if fis one-one

(c) continuous if fis continuous

(d) differentiable if f is differentiable

The function f ()= -1)|x® =3x +2| +cos (| x|) is

not differentiable at (1999, 2M)
(a)-1 ®O0 ©1 (d) 2

The set of all points, where the function f(x) = 1 +x| o is
differentiable, is (1987, 2Mm)
() (= o, ®) (©) [0, )

(©) (=, 0) O (Og0 ) (d) (0, )

There exists a function f(x) satisfying f (0)=1,

ff0)=-1,f(x)>0, 0x and (1982, 2M)

@f" (x<0,0x (b)-1<f" (x)<0,0x

(©-2<f" ()< -1, 0x df" (x)<-2,0x

For a real number y, let [ y] denotes the greatest

integer less than or equal to y. Then, the function

fy = BT ], (1981, 2M)

1+ [«]

(a) discontinuous at some x

(b) continuous at all x, but the derivative f ' (x) does not
exist for some x

(c) f'(x) exists for all x, but the derivative /'’ (x) does not
exist for some x

(d) f'(x) exists for all x

Objective Questions II
(One or more than one correct option)

26.

27.

For every twice differentiable function f:R - [-2,2]

with (f0))%+ (f 0)>=85, which of the following

statement(s) is (are) TRUE ? (2018 Adv.)

(a) There exist r, s R, where r < s, such that f is one-one on
the open interval (r, s)

(b) There exists x, Ot 4, 0) such that |f'(x,) < 1

(¢) im f(x)=1

(d) There exists a O 4, 4) such that f@)+ f"@) =0 and
fr@#0

Let f:(0,m) - RDbe a twice differentiable function such

f(x)sin ¢ — f(¢)sin x

=sin® xfor all x 00, 1)
t—x

that lim

t - x

Iff %Q = —%, then which of the following statement(s)

is (are) TRUE?
Mo T
@rH

() f(x)<% —x% for all x0 (0, Tr)

(2018 Adv.)

(c) There exists a[J(0, M) such that f' (@)= 0

@ f*EPH+ FE =0
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28.

29.

30.

31.

32.

Letf:R- R,g:R -~ Rand h:R - Rbe differentiable
functions such that f(x) =+ +3x +2, g(f(x)) =x and

h (g(g(x))) = xfor all x OR. Then, (2016 Adv.)
@g'@ =1
15
(b) h'(1) = 666
(c) h(0) =16
(d) h(g(3) = 36
Let a,b0R and f:R- R be defined by
f@) =acos (18* —af) +b|adsin (|2® +x|). Then, fis
(2016 Adv.)

(a) differentiable at x = 0,ifa = 0and b =1

(b) differentiable at x =1 ifa=1and b=0

(c) not differentiable at x = 0,if a =land b=0

(d) not differentiable at x =1, ifa=1land b=1

Let f: E— % ,25-» R and g: E—%ﬂg—. R be functions
defined by f(x) = [x* —=3] and g(x) =« f(x) + 4x - 7| f(x),
where [y] denotes the greatest integer less than or equal

to y for y OR. Then, (2016 Adv.)
(a) f is discontinuous exactly at three points in E— é, ZE

(b) f is discontinuous exactly at four points in E— %, ZE

(c) g is not differentiable exactly at four points in %» %, 2%
. . . . . . 1
(d) g is not differentiable exactly at five points in %— 3 2%

Let g: R — Rbe a differentiable function with
£0)=0,g' (0)=0 and g (1) #£0. (2015 Adv.)

x

Let £(x) = Q;' gx), x#0

g o, x=0
and h(x) = &' for all x OR. Let (foh) (x) denotes f{h(x)}
and (hof)(x) denotes A{f(x)}. Then, which of the
following is/are true?
(a) fis differentiable at x = 0
(b) h is differentiable at x = 0
(c) foh is differentiable at x = 0
(d) hof is differentiable at x = 0

Let f, g:[-1,2] - Rbe continuous functions which are
twice differentiable on the interval (-1,2). Let the
values of f and g at the points —1,0 and 2 be as given in
the following table:

1
(e}

x=2
0
-1

x=-1 X
f ) 3
g() 0

In each of the intervals (-1,0) and (0, 2), the function
(f —32)" never vanishes. Then, the correct statement(s)
is/are (2015 Adv.)

= ®

33.

34.

35.

36.

37.

38.

(a) f'(x) - 3g' (x) = Ohas exactly three solutions in
(-1,0) 0 (0, 2)

(b) f'(x) - 3g'(x) = Ohas exactly one solution in (-1, 0)

(¢) f'(x) - 3g'(x) = 0has exactly one solution in (0, 2)

(d) f'(x) - 3g'(x)= 0has exactly two solutions in (-1, 0)
and exactly two solutions in (0, 2)

Let f : [a,b] - [1,0)be a continuous function and

D if

g:R - Rbedefined as g(x) = %’xf(t)dt, if as<x<b.
gb fde, i x>b

(2013)

x<a

Then,

(a) g(x)is continuous but not differentiable at a
(b) g(x)is differentiable on R

(c) g(x)1s continuous but not differentiable at b

(d) g(x)is continuous and differentiable at either a or b
but not both

g—x—g, xs—
If f@) = [k cos, —g <x <0, then
gx—l, O0<x<1
Hnx, x>1 (2011)
IL

(a) f(x)is continuous atx = —

(b) f(x)is not differentiable at x =0
(¢) f(x)is differentiable at x =1
3

(d) f(x)is differentiable at x = — 5

Let f: R - Rbe a function such that

flx+y)=f(@) + f(y), Ox, y OR. If f(x) is differentiable

at x =0, then (2011)

(a) f(x)is differentiable only in a finite interval containing
7ero

(b) f(x)is continuous for all x OR

(c) f'(x)1is constant for all x DR

(d) f(x)is differentiable except at finitely many points

If f(x) =min{1, %, ¥*}, then

(a) f (x) is continuous everywhere

(b) f (x) is continuous and differentiable everywhere
(c) f (x) is not differentiable at two points

(d) f(x) is not differentiable at one point

(2006, 3M)

Let A(x) = min {x, 2%} for every real number of x, then

(a) h is continuous for all x (1998, 2M)
(b) h is differentiable for all x
©h'(x)=1,0x>1

(d) A is not differentiable at two values of x

x—-3], x=>1
The functionf(x)=ng_g+§ £ <1 is (1988, 2M)
B4 2 4~

(b) differentiable at x =1
(d) differentiable at x = 3

(a) continuous at x = 1
(c) discontinuous at x =1



39. The function f (x)=1 +|sin x| is

(a) continuous no where

(b) continuous everywhere

(c) differentiable at x =0

(d) not differentiable at infinite number of points

(1986, 2M)

40. Ifx+|y|=2y, theny asafunctionofxis (1984, 2m)

(b) continuous at x = 0

(d) such that dy _1 forx< 0
dx 3

(a) defined for all real x
(c) differentiable for all x

Assertion and Reason

For the following questions, choose the correct answer

from the codes (a), (b), (¢) and (d) defined as follows.

(a) Statement I is true, Statement II is also true;
Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;
Statement II is not the correct explanation of
Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

41. Let f and g be real valued functions defined on interval
(-1, 1) such that g" (x)is continuous, g(0) #0, g 0)=0,
g"(0)#0, and f(x) = g(x)sin x .

Statement I liné [g(x) cos x— g(0) cosec x] = f" (0). and
X
Statement IT /' (0) = g(0). (2008, 3M)

Match the Columns

42. In the following, [x] denotes the greatest integer less
than or equal to x.

Column | Column i
A x| x| p.  continuousin (-1, 1)
B. | x| qg. differentiable in (-1, 1)
C. x + [x] r. strictly increasing (- 1, 1)
D. [x=1|+|x +1], s not differentiable atleast at one

in(=1,1) pointin (-1, 1)

(2007, 6M)

43. Match the conditions/expressions in Column I with

statement in Column II (1992, 2m)
Column | Column |l
A. sin (1T [x]) p. differentiable everywhere
B. sin{rt(x— [x])} g.  no where differentiable
r. not differentiable at 1 and -1
Fill in the Blanks

44. Let F(x) = f(x) g(x) h(x) for all real x, where f(x), g(x)

and hA(x) are differentiable functions. At same point

%o, F' (x9) =21 F(xp), f'(x9) =4 f(x0), 8" (xp)=—Tg(xp)
and h' (xy) = kh(xy),then k= ... . (1997¢C, 2M)
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M, x#0 .

45. For the function f(x) = [ + oV* ;
, x=0

5 0
the derivative from the right, f' (0" )=... and the
derivative from the left, f' 0" )=... . (1983, 2M)
. 1 .
—-1)2 -
46. Let f(x)= %x 1)"sin (x-1) ||, if %1 be a real

51, ifx=1
valued function. Then, the set of points, where f(x) is
not differentiable, is .... . (1981, 2m)

True/False
47. The derivative of an even function is always an odd

function. (1983, 1M)

Analytical & Descriptive Questions

%}sin_1 F@ —l<x<0
2 2
1

— x=0

48. f(x)=

b
eax/2 -1

mooo

O<x<l
2

s

x
If f(x)is differentiable at x =0 and | c| < %, then find the

value of @ and prove that 6456% = @ - ¢?).
49. If f:[-1,1] - Rand f' ©)= lim nf @5@ and f (0) =0.
n —» o

(2004, 4M)

Find the value of lim 2 (n + 1)cos™ %@— n, given that
n - o Tl

0 <a lim cos™ %QE( E.
O

n - o 2
50. Let o OR. Prove that a function f:R- R is

differentiable at a if and only if there is a function
g:R - R which is continuous at o and satisfies
f-f@)=gkx) (x-a), 0x0OR. (2001, 5M)

51. Determine the values of x for which the following
function fails to be continuous or differentiable
o 1-x x <1
[ (x) = E(l -x) 2 —-x), 1<x<2.Justify your answer.

(2004, 2M)

H 3-x x>2 (1997, 5M)
01 .10
0 Hxl "
52. Letf(x)=[xe , x#0
H o , x=0
Test whether
(1) f(x) is continuous at x = 0.
(ii) f (x) is differentiable at x = 0. (1997¢C, 5M)

53. Let f[(x+y)/2] ={f(x) + f()}/2 for all real x and y, if
f' (0) exists and equals =1 and f(0) =1, find f(2).
(1995, 5M)
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54.

55.

56.

57.

58.

59.

A function f:R - R satisfies the equation
f@+y)=f & f(y,0x,yin Rand f (x) #0for any x in
R. Let the function be differentiable at x=0 and
f" (0)=2. Show that f' (x) =2f (x) , O x in R. Hence,
determine f(x). (1990, 4M)
Draw a graph of the function
y=[x] +|1 -x], -1 <x <3.

Determine the points if any, where this function is not
differentiable. (1989, 4M)
Let R be the set of real numbers and f: R - R be such

that for all x and y in R, f(x) = f(») |*< (x — y)*. Prove
that f(x)is a constant. (1988, 2M)

Let f(x) be a function satisfying the condition

f(=x) = f(x), Ox. If f' (0) exists, find its value. (1987, 2M)

Let f (x) be defined in the interval [-2, 2] such that
0-1, 2<x<0

/@ _%c 1, 0<x<2

g@=fUxD)+If @I
Test the differentiability of g (x)in (-2, 2).
Let f () = —a% —x +1
Fmax{f(t);0<t<x},0<x<1

d
an W@ 3 cren

and
(1986, 5M)

Discuss the continuity and differentiability of the
function g (x)in the interval (0, 2). (1985, 5M)

Topic 8 Differentiation

Objective Questions I (Only one correct option)

1.

If 2°C, + @2) 2°C, + 3% 2°C, +..... + 20%)%°C,, = ARP)
, then the ordered pair (A, B)is equal to

(2019 Main, 12 April 11)
(a) (420, 19) (b) (420, 18) (c) (380, 18) (d) (380, 19)

_1 Lkin x - cos x4

The derivative of tan E with respect to g,

Binx + cosx

where ﬁc O @), g%is

2 1
(a) 1 (b) 3 (© 5

(2019 Main, 12 April 11)
(d) 2

If & + xy = ¢, the ordered pair % ,
x

to
@ 5 -5H0 B

2y00
d—zD at x =01s equal
dx*0

(2019 Main, 12 April 1)

ORI wHL-1f

If f@)=1, f@)=3, then the derivative of
FF(F@) + (F@)*at x=11is (2019 Main, 8 April 1)
(a) 12 () 9 (c) 15 (d) 33

If 2y—Dot_1 3(:0sx+sinx%z xl]@ n@ then dy is
= A ity = @y
% [cos x — /3 sin x 2 dx

equal to (2019 Main, 8 April )

60.

D;C;l, when x#1
Find /7 1) if 9 = 2 7%+
u -=, when x =1
g 3 (1979, 3M)

61. If f(x) =x tan ' x, find /' (1) from first principle.

(1978, 3M)

Integer Answer Type Questions

62.

63.

64.

Let f:R - R be a differentiable function such that
f0 =0, fiH=3and f ©)= 1

1

If g(x) :IE [f" (t)cosec t — cot t cosec t f(t)] dt
g .
for x O @), 2B then }le% g(x) = (2017 Adv)
Let f:R - R and g:R - R be respectively given by
f(x) =lx|+1 and g(x) = x* + 1. Define h:R - Rby
hw="1 Omax{f(x), g(x)}, if x<0.
Dmln{f(x) gx)}, ifx>0.

The number of points at which A(x) is not differentiable
18 (2014 Adv.)

Let p(x) be a polynomial of degree 4 having extremum
p(x) O_

atx=1, 2and hm H_ 2.Then, the value of p(@2)
1S veenennnn . (2010)
s T s 1
n_ - n_ d) 2 -1

() g " (®) x g (© 3 (d) 2x 3

For x>1, if @x)* =4¢*~ %, then (1+ 1og82x)2% is
X

(2019 Main, 12 Jan I)
)% log, 2x — log, 2

x x
(c) x log, 2x (d) log, 2x

=4(y >0), then y at x=e is
dx

equal to
@)% log, 2x + log, 2

If xlog,(log, x) - X+ y2

equal to (2019 Main, 11 Jan I)

(a) e (2e © (1+2e) @ 1+ 2e)
Ja+é 2wl4+e Ja+é 24 +é?

Let f:R- R be a function such that

f) =2 +7f (1) +xf" @+ f"@3),xOR.
Then, f(@2) equals (2019 Main, 10 Jan 1)

(a) 30 b -4 () -2 d 8

If x =3tan t and y = 3sec ¢, then the value of% att = g
is (2019 Main, 9 Jan II)
O 07

O35 @5



10.

1.

12.

13.

14.

15.

16.

17.

For x O @), l@ if the derivative of

O
nt Dﬂ[lls Jx Cg(x), then g(x) equals
L - (2017 Main)
@ 2 I g B g 3
1+ 9x 1-9x 1-9x 1+ 9x
If gis the inverse of a function f and /' (x) = ﬁ, then
+
g'(x)is equal to (2015)
(a)1+2° (b) 5x*
) ———— @1+ {g@®)}
1+ {g@))
If y =sec (tan™ ! x), then by at x =11s equal to
dx (2013)
1 1
— = 1 d) V2
(a) 7 (b) 5 (0) (d)

Let g(x) =log f(x), where f(x) is a twice differentiable
positive function on (0, ©) such that f(x+1)=xf(x).

Then, for N =1,2,3,..., ¢" Q\] @ %le equal to

1

(@-4g+= +—+ R 2008, 3M
Dl 25 (2N—1)ZS ( )
1 1 O
)4+ -= Lyl + 1
Dl 9 25 (2N-1)25
(c) = 4D1+ +i+ +71 g
o 9 25 2N +1)’g
(d)451+1+i+,,,+¥g
o 9 25 2N +1°q
d*x
—— equals
dy (2007, 3M)
-1
yO
@ 28 - £ %j}@
Odx? 0 EIde

o By - Emhy

If /" (x) =-f(x), where f(x) is a continuous double
differentiable function and g(x) = f* (x).

If Fx) = @f %@g + Eg %@gand F@) =5,

then FF(10) is (2006, 3M)
(@0 (b) 5 (c) 10 (d) 25

Let f be twice differentiable function satisfying
fA) =1, f@)=4,f@)=9,then (2005, 2M)
@f" =204 (R

(b)f'(x)=5=f"(x),for some x (1, 3)

(c) there exists atleast one x (1, 3) such that f'' (x)= 2

(d) None of the above

If y is a function of x and log (x + y) =2xy, then the value
of ¥ (0)1is (2004, 1M)
(@)1 @o

(b) -1 (2
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18. Ifx®+ y*> =1, then
@ yy' =2 )+1=0
©yy'+ ()= 1=0
¥ sinx cosx
19. Letf(x)=|6 -1 0

(2000, 1M)
(b) yy"+ (¥)*+1=0
@) yy'+ 2(y)*+ 1=0

, where p is constant.

p p D
d3
Then, — f(x)atx =0 1s (1997, 2M)
= f(
@p ®) p+ p°
() p+p° (d) independent of p
20. If y2 =P (x) is a polynomial of degree 3, then
y|:|
Dy ——0equals (1988, 2M)
dx 0 dx?0
(@ P" @)+ P (x) () P" ()0OP"" (x)
() P (x) P"" (x) (d) a constant
Fill in the Blanks
21. Ifxe® =y +sin®x, then atxzo,% =.... . (1996,2M)
x
22. Let f(x) =x|x|. The set of points, where f(x) is twice
differentiable, is ... . (1992, 2M)
23. If f(x)=|x—-2|and g(x)=f[f(x)], then g’ (x)=...... for
x> 2. (1990, 2M)
0 0
24. The derivative of sec ' - 5——Lwith respect to
0 2x*-10
V1 —antx=%is ...... . (1986, 2M)

25. If f(x) =log, (log x), then f' (x) at x=eis ...... -(1985, 2M)

26. If f.(x), g,(x), h,(x),r =1,2, 3 are polynomials in x such

that f,(a) = g, (@) =h,(a),r =1,2,3
L) foto)  f3(x)
& g g,
hi(x) hy(x) hg(x)
then F'' (x)atx=a is...... .

and F(x)=

(1985, 2M)

27. Ify=f B!;Elandf (x) = sin’x, thend— .......
dx (1982, 2m)

Analytical & Descriptive Questions

28. Ify= ax’ N bx +_C 4
s x-a)@-b)(x-0 @E-b)Ex-0 &-0o
Provethaty 1% 9 4 b T EL (1998, 8M)

y xla-x b-x c—x0

29. Find by at x = -1, when
dx

¢! @x) +2% tan In (x + 2) =0.
(1991, 4M)

30. Ifx=secB —cos O andy=sec" 0 — cos"6, then show that

(% + 4) g%yg =n? (y% + 4).
X

X sinE x
(siny) 2 +—se

(1989, 2M)
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31. Ifa be a repeated roots of a quadratic equation f(x) =0 34. Let f be a twice differentiable function such that

. (1983, 3M)
and A(x), B(x) and C(x) be polynomials of degree 3, 4 and [ @=-f @, f @=g@ and
, A@ Bl C@ | h@=1f @1+ [g @)
5 respectively, then show that| A@@) B@) C@) |is Find A (10), if h 5) =11
A'"@) B o) C 5 :
. . @ @ i 'Q) 35. Lety= xsmxg+(tanx)x,findﬁ.
divisible by f(x), where prime denotes the derivatives. dx (1981, 2m)
1984, 4M . .
( ) 36. Given, y= _ 5% cos? @x + 1), find @
32. Find the derivative with respect to x of the function 341 - x)? dx (1980)
a1 in x) (1 ! +sin 525 7
= lo sin x) (log 4, , COs x sin :
y . Scos x 8 sin x ot x2|:|g Integer Type Questions
n 37. Let f:R - R be a continuous odd function, which
atx=—.
4 (1984, 4M) vanishes exactly at one point and f(1) = %
/x _
33. If(a + bx) " =x then prove that Suppose that F(x) :J' f(@) dt for all xOf 1,2] and
& = @Q —_ g x !
i dx 0 (1983, 3M) G@ = [ tIfif®}dt for all x0f 1,2 If
im F _ L, then the value of f %Qis
+-1G) 14 (2015 Adv.)
Answers
Topic 1 11 a=2b=e12. a=8  18.a="p=_""
1. (b) 2. (c) 3. (d) 4. (a) 3 6 12
5. (c) 6. (b) 7. (a) 8. (b) B 10
9. (d) 10. (c) 11. (b) 12. (d) g@og %@‘ o x=0
13. (d) 14. (o) 15. () 16. () 4. f(x)= 0 e
17. (d) 18. (d) 19. (b) 20. (c) B %+ xg ’ x>0
21. (a) 22. (d) 23. (a, c) 24, -1 _ 1
2. 1 26. h2hr —h*,—— 27. -1 15 a=—Sc= andb DR 16. (d)
128r
28. 7 29, 2 30. False 31. log, 4 Topic 5
m
2 . 1. (a) 2. (d) 3. (d) 4. (b)
32. a_ 1cosO( + 2asina 33. 0 5. (o) 6. (d) 7. (b) 8. (b, ¢
34. 5 35. (7) 36. (2) 9. (ab,d) 10. x O(eo ,—1)] [®, %[ 1,0)
11. fand f"" are continuous and f” is discontinuous at x = {1, 2}.
Topic 2 )
1. @ 2. (b) 3. (d) 4. (a) Topic 6
5. (c) 6. (c) 7. (d) 8. (c) 1. (b,c,d)
9. (b) 10. (d) 11. (¢ 12. (c) (k+a+1, ifx<-a
13. (¢ 14. ¢* 15. ¢’ 16. ¢* Bx+a -1)% ifa <x <c
= 2. = ’ B
17. a =2 s{fx} gx%b, ifosx<1
Topic 3 Hx-2)"+b, ifx>1
1. (o) 2. (a) 3. (b) 4. (b,c) a=1,b=0
5. (1) 6. 1 gof is differentiable at x = 0
. -x, 2<x<3
Topic4 Sl * ) )
4. g(x)= 5 + x, 0<x <1, discontinuous at x ={1, 2}
1. (a) 2. (b) 3. (b) 4. (c) EZ C e l<x<o
5. (c) 6. (b) 7. (a,b,d) 8. (a, d) _ -7 -
9. (bd) 10, f(x) =4 - ° Discontinuity of g at x = {1, 2}
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Topic 7 59. g(x)is continuous for all x (0, 2)- {1]and g(x)is
1. (b 2. (@) 3. (b) 4. (c) differentiable for all x 1J(0, 2)- {1}
5. (b) 6. @ 7. () 8. (a) 60. 20 6L % oo 63. (3)
9. (c) 10. (a) 11. (b) 12. (d) 9
13. (b) 14. (c) 15. (b) 16. (a) 64. p(2)=0
17. (d) 18. (d) 19. (a) 20. (d) .
21. (o) 22, (d) 23. (a) 24. (a) Topic 8
25. (d) 26. (a,b,d) 27. (b,c,d) 28. (b,c) 1. (b) 2. (d) 3. (b) 4. (d)
29, (ab) 30. (b,c) 31. (a,d) 32. (b.c) 5. (b) 6. (b) 7. (b) 8. (o)
9. (b) 10. (a) 11. (d) 12. (a)
33. (b, c)d 34. (a,b,c,d) 35. (b, o) 26. (a, d) 15 (o 1 15, (b 16 (o
37. (a,c,d) 38. (a, b) 39. (b, d) 0. (a, b, d) 17. (a) 18. (b) 19. (d) 20. ()
41. (b) 21. 1 22, x OR- {0} 23.1 24, -4
. . . —_ 2 p— p— -_—
42. (A) - p.q1,8B) > p,s;(C) > 1,5 (D) - p,s 95, 1 2. 0 o7, 2(x2 x : 1) E‘kinzng 1 Q
43. (A) > p; B) > r 44, (24) e (x*+1) ke +1
45. f(0") =0, f(07) = 29, > g &, % 33. 11
_ loge* 16+
4. x=0 47. True 48. (a=1)  49. Q—EQ /T -3 o8¢
n 85, e*sin®’ (3x° cosx” +sinx”) +(tan x)*[2x cosec 2x + log (tan x)]
51. (1,2) 52. (i) Yes (ii) No 0o s
2x T —2sin (4x +2),x <1
53. (- 1) 54. e 55. {0,1,2)  57. f(0)=0 36. %(1 - x)? 37. ()
58. g(x)is differentiable for all x ¢ 2,2} {0,1) g.ﬁ 2sin (4x +2), x >1
x—-1
Hints & Solutions
. 0 00 2 _
Topic1 —and —Form 2. Ttis given that lim * % *% _5 @)
0 00 x-1 x—1
1. Let Since, limit exist and equal to 5 and denominator is
x+ 2sin x ) 0 zero at x = 1, so numerator x> — ax + b should be zero at
P =1lim %forma x=1
x - 0 _ )
Vo +2sinx 1= sin’x—x +1 So l-a+b=0 0 a=1+b .. (i)
On rationalization, we get On putting the value of ‘@’ from Eq. (ii) in
P =lim (x+2sin x)2 Eq. (1), we get
105 +2sinx+1 -sin®x +x -1 2 _ 2 _ ) — -
. . lim & (1+b)x+b:5|:|1im(x x) —b(x 1):5
X(\/x +2sinx +1 +\/sm x —x +1) X1 x=1 x-1 x=1
=lim (\/x2+281nx+1 +\/sin2x—x +1) ad hmw:5[l lim (x - b) =5
x- 0 x -1 x—1 x -1
x lim — EALLLE: 0 1-b=5
,‘H x"—sin“x+2sinx +x 0 b=-4 ...
=9 x lim x+2sinx LY formD On putting value of ‘b’ from Eq. (iii) to Eq. (i1), we get
2202 —sinx+2sinx +x ) H a=-3
Now applying the I Hopital’s rule, we get So, a+b=-17
P=2xlim .1 * 2 cos x 3. Given
x-02x-sin2x+2cosx +1 ’ ‘_q B
—g_U*2) [on applying limit] liInlx T dm e
0-0+2+1 pplymg X - X — x- kX
3 @-D+1)E" +1)
=2 x g =92 u i Inl x—1
x+2sin x (x = k) + k% + xk)
O lim =2 =
x*‘ﬂ/x +2s1nx+1—\/sm x—x+1 Xk (x=R)(x+k)
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2
0 2 x2 =%
2k
O k :§
3
4. Givenlimitislim ——=—— sin’x formD
x-0 f 1+ cosx % E
.2
=limLxx §'1+cosx:2cos2§§
=02 —«Ecosg 2
. sin®x
:hn%ix
* ﬁ@l - cosfg
2
.2
=lim Shx g'l—cosf :2sin2§é
0 /2 x 2sin %@ 2 4
=lim 42 [lim sin x = lim x]

XﬁOZ«/;ggzmz 2.0 £-0

t? t
5. Given, limit = lim cot x~ranx

x - TU/4
CcoSs

1-tan’x 0 1 O
= lim ) X B cotx = E
x-m/a 1 (cos x — sin x) tan® x tan x
- lim (1 - tan?x) » V2@ + tan®x)
x - /4 COS X —Sin X tan® x
cos?x - sin? X f(sec x)

= lim

x- /4 cosx—sinx

cos? xtan® x

2

[ 1+ tan?x =sec?x]

(cos x —sin x) (cos x + sin x) « V2 sect x

= lim -
x - /4 (cos x — sin x) tan® x
[+ @®=-b* =(a -b) (@ +b)]
4
= lim ﬁL;x (cos x + sin x)
x - T/4 tan” x
= [ G2)' g1 LD [on applying limit]
T Be R
020
=42 =8
28
. xcotdx .. x 1  tan®2x
6. lim —3 5— =lim S
x-0sin“xcot“2x -0 tandx sin“x 1

4x x2 tan2 2x

lim
-0 4 (tan 4x) sin?x

L O 4 (tan 4x) Elsln xg Qtan 2xg

u

. X tan x[J
clim—=1= hm
x-0 sin x 0 x B

=7DDDé =1
4 1

7. Clearly,
J1+ 1 +yt =2
lim L y
y —

i \1+ 1+y -2 VL 1+y +/2
y-0 1T+41+y* +42

[rationalising the numerator]
4y _
= lim — UAVIYY) "2 i+ b)(@-b)=a® ~b7
v <J1+\/1+y +42)
= lim “1+y _ “1+y4+1
v 4(\/1+1/1+y +4/2) \/1+y +1

[again, rationalising the numerator]
4

= lim

yﬂoy(\/1+ J1+ o' +42) 1+ +1)
2ﬁx2

(by cancelling y* and then by direct substitution).
1
W2

cotx —cosx _

1 gos x(1 —sin x)

8. lim =i
x- W2 (T = 2x) xarr/28 % xg
sin x[— —
cos h@é—sm% h@g
= lim
QOS
sm%—h@%——+hg
2
_1 lim sinh (1 - coss h)
8h-0 coshlh
sinh@siﬁﬁ@
1.. 2
thmi3
h-0  cos hlh
sinhl}i;in2%§
1..
=7hm37
4h-0  h°cosh
Hhin
:lliméﬁlnh 3 2E|D 1 Bl,:lxl :i
4n00 B Og h g cosh 4 4 4 16
0o O
9. 1lim sin(m cos? x) ~1im sin Ti(1 - sin®x)
’ x-0 x2 x-0 xz
. _ . 2
= lim sin(Tt ;‘[sm x)
x-0 X
. . 2
:hm%‘zmx) [+ sin (T — 6) =sin @
x-0 X
0 .
—lim smT[s12n xx( )%m X He 0. limsmG:lD
x-0 TIsin“x 02 0 Heo 0 H



(1—cos2x)(3 + cos x)

2sin? x(3 + cos x)

10. Wehave, lim =lim
x-0 xtan4x x-0 xxMx@c
4x
_ 2sin?x .. (3+cosx) 1
=lim 3 xlim X
-0 x x-0 4 lim tan4x
x-0 4x
0 ,. sinB tan O
=2 x-x1 = 11 =1 ndhm—:
= - E
=2
11.  puan glzgform
m, ifn<m
n n=1 B itp=m
im dox tax" 4. +a, :[ﬁov
xoo b+ b+ 40y G, ifn>mandaghy> 0
E— oo, ifn>mandagy< 0
Description of Situation As to make degree of
numerator equal to degree of denominator.
24 x4+
0 lim L e p=4
x-o0o[] x+1
2 D NS S
O limx+x+1 ax” —ax —bx b=4
X x+1
21 - —q - -
0 limx(l a)+x(l-a -b) +(1 b):4
X x+1
Here, we make degree of numerator
=degree of denominator
g 1-a =0 0 a=1
and 1mx(1—a—b)+(1—b):4
x - x+1
a l1-a-b=4
d b=-4 [ (1-a)=0]
12. Here, h f@h+ 22+ W) - f @)
0 fth=-h"+1)-f @)
[ f"@)=6 and f' (1)=4, given]
Applying L’Hospital’s rule,
- lim {f' @h+2+ h%}0O2 +2h) -0 _'em
R0 {f' (h-R2+1)}01-2R) -0 f'()0O
6—21 = [using /' @2)=6and f' (1) =4]
13. Given, lim a=-n)nx- ;an 1 sin nx 0
x - 0 X
g lim a—n)n—wmwxnzo
x- 0 X nx
a {(@a=-n)yn-1}n =0
ad (a@a-n)yn=1
1
a=n+-—
n
14. Lim (cos x—1) (cos x — %)
x - 0 x"
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0 xz x4 O O
%2sin2§§ 2! 4! 0 |
2
2 E —E][+x+;+fv+ EE
0 ! ! 0
=1
xI% x"

Above limit is finite, if n =3 =0, i.e. n =3.
x tan 2x — 2x tan x

15. lim 5
x-0  (1-cos2x)
NOTE  In trigonometry try to make all trigonometric functions in
same angle. It is called 3rd Golden rule of trigonometry.
2t
L;C —-2x tanx
. 1-tan“x
= lim 5
x- 0 @2sin”x)
O 1 0
2xtan x -1
= lim % —tan®x H
x-0 4sin x
0 -1+tan?x0
2xtanx G—————5——[J
. 0l-tan®x
= lim —
x -0 4s8in” x
Fan xg 3
2xtan® x

x-02sin? x (1 -tan?x)

an xg
E x 10 1

=llim = ==

i . 4 14 _
2 owg (L —tan?y) 21)*1-0) 2
X

x~02s1n x(1-tan?x)

16. LHL = thz(x_l)
) x - 17 x—1
2 1)
wl sin? (x -2 lim | sin (x 1)
xal x - 17
Put x=1-h,h >0, forx- 1 ,h >0
=«/§lim|sjn(_h)|
ho O -
_\/—1 sin h -—
1- 2(x-1
Again, RHL = lim L")
x-1* x—1
- lim ﬁ|s1n(x—1)|
x-1 x-1
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Put x=1+h,h >0
For x - 1+,h—>0

:hm«/§|smh| = lim 42 s1r}1lh:\/§

h-0 h h-0

O LHL # RHL.

Hence, 2?1 f (x) does not exist.
1. 2
17. lim e = Jim L .[sinxl
: x-0 X x-0 \/5 X
At x=0
. 1 sinh 1
RHL =lim —- =—
=042 A J2
. 1 sinh 1
and LHL =lim ——- =——
ha0+2  —h V2
Here, RHL #LHL
0 Limit does not exist.
in [x]
18. Since, f() =1 [ = 970
g o, [x] =0
n [x]
sl or o1
0 f@=0 g TTELD
0, 0<x<1
At x=0,
RHL= lim 0 =0
x-0"
and LHL= lim S20 _ i, s 0=7]
=00 [x]  h-0 [0-Ah]
=lim L(_l) =sinl
o -1
Since, RHL # LHL
0 Limit does not exist.
0 0
19. lim H 12+ 22+... n2D
n— 0 Bl -n 1-n 1-n°0
_ 1+2+3+...+n _ nn+1)
oo (1-n? new 2 (1 -n)+n)
0 lim—"_=-1

m =
w2 (1-n) 2
20. Given, f(a)=2,f'(a)=1,g(a)=-1,g"'(a) =2
lim £ @ f(@) ~ g (@)f )

X-a xXxX—a

i & @@= g@)f @
x—a 1-0

O

[using I’ Hospital’s rule]
=g (@)f(a) - gl@)f' (a)
=2@-C-H@®)=5
21. Given, G(x) = -25 -2°
lim Gx)-GQA) _ lim G' (x)-0
x-1 x—-1 -1 1-0
[using I Hospital’s rule]

O

1
V24
0O 9y O
E- G =-+25-220 G (x)=———0

2./25 -2 H

=G (1) =

22. We have,

z -4 1 t
=S tan™' for all x0(
R e 1 s A

M L OG+)-G+j-1) 0
SO D

Jj=1
0 f@= [tan @) ~tan @ +j D)
=
O [, (@) = (tan”t(x + 1) —tan "' %)
+ (tan” '(x+2) —tan~ '(x + 1))

+ (tan” '(x+ 3) —tan” '(x + 2))
+...+(ttan '(x+n) —tan"'(x +n -1))
O f,()=tan"'(x+n) - tan”l x
This statement is false as x #0.1.e., x 0O ).
(b) This statement is also false as 0 0 (0 )
() f,(x) = tan"'(x +n) —tan"' x
xlinolo tan(f, (x)) = xhn:o tan(tan™! (x+ n) —tan™! x)
. . o n a
O glnzc tan(f,(x)) = xh}rlo tan%tan Fp———
n

=lim —— =0
2
x-o]l+nx+x

O (c) statement is false.
(d) lim secz(fn(x)) =lim (1 +tan? f,, (%))
B =1+ lim tan?(f,(x))=1+0=1

0 (d) statement is true.
2

a-vVa? - .
23. L:lim—4 ,a>0
x- 0 X
0 1% 1@ a
O 2 5 - 4 o .2
a—aEID—l 2+2 E’%—..D—x—
0o 2 a 2 a 0 4
. E i
=lim 7
x-0 X
2 4 2
00 YE S
:lim2a 8 a4 4
x- 0 X
Since, L is finite
g 2a=4 0 a=2
a L =1lim 13 =i
x- 08 64
24, lim log (1 +2h) ~21og (1 +7) II)formE|
o0 A2 B H

Applying L'Hospital’s 2rule, wg get

. 1+2h 1+h
—llmi
h-0 2h



2+2h -2 -4h
lim
h-0 2h 1 +2h) (1 + h)
-1
Iim —— =
h-0@1+2h) A+ h)
E$1nx X Z N, n=0,£1,%£2,...

EJ 2,  otherwise

Qfey+1 , f)#0,2

25. Given, f (x) =

elf@l=H 4 . fw=0
H 5 . f=2
0 g[f(x)]zgsmzx)"'l,x#,nnzo,tl,.‘.
5, x=nm

Now, lim g[f(x)] = lim (sin®x)+1 =1
x-0 x-0

26. Given, P =2 (J2hr - h% +2hr)

A

Here, BD :\/r2 -(h-r?= \/2hr - h?
0 A:%-ZBD-h:( ohr — 1) h

A h A[2hr - h?
0 lim — — =lim
B0 PP 00 g (Johr — b + 2Ry

_1 h3/2(/2r_ )
-0 8% (J2r —h +2r)’

_1g vero 1
8 (V2r ++2r)y 128 r
Epc4sin1+xg x4sin1+x2
27. lim 0——*——0= lim ——&—

o] 1+]x]? O %= 1-4
0 0

On dividing by 2, we get
sin (1/x) + 1

1 x
lim — % 10
peme 1 0-1
»
2
+x“=-16x+20 .
fx#2
28. f@W=0 (x-2) X
H k Lifx=2

Since, continuous at x = 2.
+x2—16x +
0 f@)= hm;? x% —16x +20
X -

(x-2)? ,[using L'Hospital’s rule]
—
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. 3x%+2x-16 .. 6x+2
= lim = lim =7
x-2 2(x-2) x-2 2

t k=17

29, lim (1 - %) tan?

x -1
Put x-1=y
0 -lim ytanE(y+1)——lim yD cot%y@
y-0 2 y-0 H_ H
0 T [I

a vy
—hmﬂi[l[?f —
yﬁthan— Dn T

2

30. If hm [f(x)g (x)] exists, then both lim f(x) and lim g(x)

X - a X - a

may or may not exist. Hence, it is a false statement.
* - Jl+ax+ 2¥ =11 +x +
31.11m21x1x11 DE1+x+1)
-0 1+x-1 Jl+x+1 x-0 x
= log, @) [©2)
=2log,2 =log, 4

32. Here, lim (a + h)*sin (a + h) —a’sina

) h
2 - s
~1im & [sin (@ + h) —sin a]
h0 h

+ h [2asin (a + h) + hsin (a + h)]
h
a2 cos QJ + ﬁ@@.inﬁ
2 2
) 2&
2

=qg2cosa +2asina

. s 1/2
33, hm P sin x }le%(x sin x)
x+ cos?x liné(x+ cos? x)l/2
X
.. O @ sin x@%ﬂ
lim -—=
_ X 0 g X

T limO+1)"2
x-0

+ Qa + h) sin (a + h)

0-0

=—— =0
1
34. limA— > 1  Helim— 1
-1 Jx-1)@x—-5)0 =x-1 @2x—5)
-1
3
2 .
35. Here, lim * S0 69 _
x - 0 0x—sin x
O 3 5 O
xz%gx_MJ,M_mD
. 3! 5! O
0 lim =1
x- 0 o £ ¥ 0
ox —

-——+—-...00
o 3! 5! H]
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3. 2 5.4 0
x3%B B B -..0
. O
a lim =1
x- 0 _’X,'3 x5
@-1x+=—+=—
31 5v
Limit exists only, whena —1=0
O a= 1 ...Q0)
D 5 4 0
%B B:T 5x ~g
O lin%) 5 3 . o =1
X —
Ao -% - 0
B! 5! O
0 6B=1 ...>11)

From Egs. (1) and (i1), we get
6@ +P) =60 +6p
=6+1=7

cos(a™) _ [
36. Given, lim (b ~¢0- _°
aaoa a™ E 2
cos(a”)-1 _ ny _ _
lime{e I}Dpos((x) 1_-e
a-0  cos@™) -1 a™ 2

d

. ga”
cos(a™) 1_15 -2sin 5
0 lLime 3 Jdim =-e/2
a-0  Fcos(@ -1 Ea o a”

sinzﬁg

. 020 -
ad ex1x(-2) lim 7ZEL:—6
a-0 o 4a™ 2
4
cx2n—m —e
0 ex1x-2x1xlim =
a-0 4 2
For this to be exists, 2n-m =0
O -9
n

Topic2 1% Form, RHL and LHL
1
1. Letl—hmD1+ @+~ [
X |31+f(2 x) - f@)0
10 _1+/3 +x)-f(3)0

lim —

[1% form]

0 =030 1720 (20
M+ f(2-%)-f(2 -1 -f(8 +x) +f(3)0
lim
-0 A1+ f(2-x) /(D)

=e
lim F2-0) /@ +0) +f(3) -f(90

1
e I N C)

On applying L’'Hopital rule, we get
0 —f@-f@B+x O
I=e =@ + f2-x) -]

On applying limit, we get
g -f'@-f@6) E
M=o+ £ -f(2

l=e =" =1

So, limf I+ f@+x) - f(?’)Ebf_1
x~00l + f2 -x) - f@)U

lim f—m

2. LetL=
x - 17 N1-x
L tim JryBein T e 2sinx
x-1 Jlox  Jm+vasmis
[on rationalization]
lim m-2sin'x 1

RS Ji-x Jr++2sin ! x

I m— 2% cos” xg
lim 1
JEESh J1-x \/ﬁ+\/25in_lx
1 g

E' sintx+costx= EH

Iim 2 (3()5_1 x lim

x-1 J1-x x—»l \/7+*/281n x

1 lim 2cos'x lim om0

2\/7x—.1 e qulsm x—§H

Put x = cos B, then as x — 17, therefore 8 - 0*
1 lim 20

Now, L =—— —
2Jm 8 - 0" J1-cos®
1 lim 20 0 . 5,00
=— f———— 5 1—cosB =2sin” —
2T 0 - 0 ﬁm%@ H 28
1 2]
=——Q2 lim ————
2 6-0" sin%@
1 2 0 lim 0 a
:72\/7 :\/i . . =1
PN T x> 0" sinB E

Key Idea lim f(x) exist iff
X -a

Iim+ f(x) = lim f(x)

At x=0,
RHL = lim tan(msin? ) + (| x| —sin(x [x]))?
x- 0" x?
- lim tan(mtsin?x) + (x —sin(x [0))?
x-0" x2
O ~vlxl=xforx>0 O
Eﬁnd [x] =0 for 0 <x <1E
) 2
_ lim+ tan (T[s1r; xX) + X
x-0 X
.9 ) 0
- lim E}tan(nsm x) Tisin®x +1H

x-o0* 0 msin®x % O
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.2 .2
= lim BR@SINTD L, sinx (= h+sin ) sin (- 1)
x- 0" Tsin” x x- 0" X = lim
0 1 tanx_l[l hoot h(—l)
=+l iR (- ld=-1for-1<x<0 andh - 0" [ h. 0
nd lim —==1
Hl x-0 x H = lim_ (= h +sinh) h+smh) @;Q

and LHL ho ot

.2 + o 2 .
- lim tan (Ttsin” x) (2|x| sin (x [x]) - lim Fm h@ hm %Q
x- 0 X oot h
.2 + (= x —gi _ 2 . D
- lim tan (Ttsin” x) (2 x —sin(x (-1)) Fln Q_ hm %Q 1-1=0 sin h
x- 0" X B h - 0 H
vlxl==-xforx<0 [ . .
. ox(x]+lxl)sin [x] _ ;. x([x] —x)sin [x]
Eand = -1 for -1 <x <0H 5. xhnol, %] = xhnol, - .
.9 _an2 .
- lim tan(Trsin® x) +2(x + sin(-x)) (-] x| = - x ifx <0)
-0 x 1 =) qin (=
' . o, = lim XC1Z0sinC) ¢ lim [=-1)
- lim tan(msin® x) + (x —sin x) x- 0 -x x- 0
L0 2 . —x(x+1)sin(-1
v 0 x [+ sin (- 8) = —sin ] = hn(} % hnol (x +1)sin(-1)
. - X - - X -
-5 Ctan(msin?x) + 22 + sin®x —2xsin 20
=, 1“3,5 2 % = (0 + 1) sin (~1) (by direct substitution)
=-sinl (. sin(-0) = —sin B)
.. [kan(msin®w) sin®x  2xsinx0
- xhng_ E 2 +1+ 2 - 2 E Key Idea Use property of greatest integer function [x]= x — {x}.
. Ctan (sin?x) msin®x sinx _ sinx0 o, 2o, .05
= lim O . + 1+ -2 O hm x
x-0 0 Tmsin®x x? % x O H %H 57
- lim tan(msin? x) lim Tsin®x . We know, [x] = x —{x}
v-0  Tsin®x  x.o0 a7 0 oo_1_rg
1+ L sm2 91 sin x BH «
x - 0 X x>0 X

=m+1+1-2 =1
-+ RHL # LHL
0 Limit does not exist

4. Given,

(1- x| +sin |1 —xl)sin% [ —x@
lim
¥ 1t 1-af[1-x]
Put x=1+ h,then
x-1"0h -0

(1 = x| +sin |1 —xl)sin% [ —x@

ad hm
x-1* 1-af[1-x]
A -1h +1] +sin|-h|)sin- [-A]
= lim % @
ho ot |- Al [- A]
A-(h+1)+sinh)sinf- [-hA]
= lim % @
hoo* h[-h]

(cl-hl=hand|lh+1=h+1lash >0)

rd_n

Similarly, aaz n_ %ﬁ
OGiven limit = hm xB; B;E+ 2_ %ﬁ+ ﬁ - Eﬂ5%
x x

X
. _O1m. 2R
ima ez e e Bl B

g 0< %ﬁ 1, therefore
=120 -0 =120 0
[G)Sx%ﬁ<xlj lim x%ﬁzo
D x-0
- +11 - | 0
/’(x):1 M1 +]1 Jd)coslj ! a
[1-x| O - «0
- +1- 0 g
Now, lim f(9= lim - *0+1=9 g1 J
xo1” xo1” 1-x O -x0
d
=lim( - x)cosE)—I] 0
x-1" o -
. . - - O O
and lim f(x) = lim 1-x(1 -1+ cosd ! d
x-17 x-17 x—1 - x0

= hm (x+1) @osgx—g which does not exist.
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8.

9.

10.

11.

1

Given, p= lim @ + tan®x) 2 1% form)
x- 0"
fm f2VE Lo Pran Ve 1
=exﬁ0+ Z :ezx*0+D‘/7 o 6’2
1
O log p =log e2 =
PLAN  To make the quadratic into simple form we should
eliminate radical sign.
Description of Situation As for given equation,
when a - 0 the equation reduces to identity in x.
ie. ax’+ bx+c=0,0x0Rora=b=c -0
Thus, first we should make above equation independent
from coefficients as 0.
Leta +1=t% Thus, whena - 0,¢ - 1.
O -2+ -Dx+(@ -1) =0
O ¢-D{E+Da>+ @2+t +1)x +1} =0,ast — 1
2x% + 3x +1 =0
0 2% +2x +x+1 =0
ad Qx+1)(x+1)=0
Thus, x=-1,-1/2
or lim a(a)=-1/2
~o*
and hm Bla) =
Here, hm {1 + x log a+»s )}]jx [1% form]
hm {x log (1 + b2 ) d
.
= B0 = (1 4 p?) )
Given, hm {1+ xlog 1+ b)* =2bsin?6
g 1+ b?%) =2bsin?6
2
+
O sin2g =170 (i)
2b
b+ L 2
By AM>GM, — 0 > @%@V
b +1
a ...(uy
2b )
From Egs. (i1) and (i11),
sin?0 =1
T[
a 0= 5 as0 0¢ m, 1
Here, lin%) (sin V" + lin’{) %g

U R
_0+11me Q»g eXIHOCosecx %1%(Slnx)x_>0D

x - @s, (decimal)® - 0Q

12.

13.

14.

15.

16.

17.

Applying L'Hospital’s rule, we get

| LD
. xB—xZE . sinx
Iim ———— lim tan x
exao—cosecxcotx:exﬂo x :€O:1
7+ 00

Let y =

0 a
O hrnlogy—hm D[Di(l_'_ )Df 1+ )D

[using L Hospital’s rule]

fa 3
O log @imoyg =2 0 limoy = ¢

X —
For x OR, lim MD’C— M——26_5

e xm(1+2/x)x &

lim [(1 + 5P

%1 + 5x2DU

lim %:62
2 B T 320 11m[(1+3x)”3’“]
4 +4
) +60 .4 iy ©
lim 3780 = im g2 [1” form]
%o o Qx+10] x - o [] x+10
lim 2(¥+%)
L, r-w x+1 :e5
lim %an% x@ﬂ
x-0[]
O n :
tan — + tan x 1 + tan xd/x

=limg—2% 7 =lim
=00 —tan " tanx0 *- 0L ~tanxp
O 4 O

B [(1+tan x)l/tanx]tanxjx _ el e
glﬂ 0 [(1 tan x) Utanx] tan x/x _ej -e
PLAN fim SN = 4
x-0 x
A +x)( -x)
] -Jx
Given, lim E}bm @-1)+a- x)D ! -1
‘x-1f(x—1)+sin (x-1) O 4
Osin (x- 1) aﬂ*”
. H@-1n B _1
fmb Sme-DO T4
xﬁ1|:|1+ sini(x 4
B (x-1) E
0 gﬂg:l 0 (@-1)2=1
2 4
0 a=2or0

Hence, the maximum value of a is 2.
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Topic3 Squeeze, Newton-Leibnitz’'s Theorem and Limit Based
on Coverting infinite Serie s into Definite Integrals

1. Given a and B are roots of quadratic equation

375x% - 25x -2 =0 Taking log on both sides, we get
25 1 . x
0 a+B=—0-=— .. o Ch
P=375"15 ® O n'(x+n) +g@ Q&c+£§ 0
g n g
and aB=-—2 .. (&) log, {/()} = lim log W20 0. n?0
375 Oh!(x* + n?) Dcz +—0... 0%+ =00
B 4070 n’0F
Now, lim Z a” + lim ZB
S ABelg 8
=@ +a?+a? +... +upto infinite terms)+ = lim = Mog O r=1 rin 0
@+ B? + B> +... +uptoinfinite terms) n-®n Sn" @vz + 1 zﬁ A /n) E
a B 0 a 0 o=t (r/n)“Ur=1 O
= + o Se = for GPy
1-a 1 —B 0 -r 0
_a(l-p)+B(1 -a) _a —oB +B —op 0 L+? O
1-a)@-p) 1-a-B+ap =x lim — z 1OgEt| 2}" B
__@+B) -2 SR B | E L Rt
1-@ +B) +ap /£ r°0 ng
On substituting the valuea +3 = S andaf = —2 from O, O
15 375 1 n O—k+10
Egs. (i) and (ii) respectively, =x lim — log 20
we get nooon 4 Or Dc2+1[|
1 4 Bﬁ H
_ 15 * 375 _ 29 _29 _ 1 Converting summation into deﬁnite integration, we get
T,_1 _ 2 375-25-2 348 12 +10
5T log,{f(} == [, log %gd
sec?x _
If(t)dt Put, tx=z
9 1 ; 1) fore O xdt = dz
o lim 2 orm + 20
AL I D log, {(x)} = [ log gl *zHdz
16 O+ 2°0 x
- f(sec® x) 2secx secxtan x 01 +
coma 2x 0 log, ()} = [, log %D dz
[using I Hospital’s rule] ) .
2 fQ) _ Using Newton-Leibnitz formula, we get
*f( )
/4 T 01+ 0 .
—Df () =log G——0 ... (1)
zn . @ 0 + 0
3. Let I= lim = hm R —
nawn n +7‘ n-en —1 n\1+(r/n)2 Here,atx:l, f'(].)
- lim l rin 70 g (1)=0
n-— o 2
nr:1 1+(r/n) 0 f(].)—O
5 . e
:IO x . dy = [mlz =5 -1 Now, sign sc}ieme of f' (x) is shown below
A 1+x | —
4. Here, x=1
0 Dﬂf 0 Atx=1, function attains maximum.
O n"(x+n) @c + ﬁ@ @c+ EQ 0 Since, f(x) increases on (0, 1).
f@)= lim 3 2 n_ 0 x>0 D F1) > f1/2)
UG+ n?) O3 + rLE %CZ + %ED 0 Option (a) is incorrect.
A 4070 »°0F F(1/3)< f@13)

O Option (b) is correct.
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Also, f (x)<0, when x>1
a f@2<0
O Option (c) is correct.
e,
f ()
@ _
f@)

01 +x0
0 + x%0

= log %Q log %@

=log 2/3) <0
. FO_ 10
@  f@

O Option (d) is incorrect.

. We have,
1 1/n

Yo = [ +1) (0 +2)...(n+n)]
n

Also,

NIOR
f®)

and lim y, =L

n- o

O  L=liml[m+1)@n+2)m+3)..

L:Jm%+1§+2@+3§,,,§+n%

og f+ [ togff + . 0g] + T
PR

0 ogL= !} *logt + 3 d

J’ﬁi (log(l +x) J'dxad

[by using integration by parts]

(n + n)]l/n

|

0 logL = hm

n- © 1

0 logL = lim —

n- o 1

0 logL =(x Oog (1 + x))

1
O logL =[x log(l + x)], - d
gL =[x logll + ) = f —*— dx
10k +1 d
0 logL=log2- Odx
8 8 J'OD><+1 x +10

0 logL =log2- [x]0 + [log(x +1)]})
O logL=1log2-1+log2-0
d logL:logél—logeZIOgé ad L:é O
e e

L] BlD_

- EH

* costtd
lirnJ’OL 0 formE|
x-0 xsinx ) B

Applying L’Hospital’s rule, we get
2.2 _ 2,2
— i °8 x)2x-0 _ 2[kos*(x") _ 2

- lim =1
x-0 xcosx+sinx

x- 0 sin x +
cosx + —— 1 1
X

Topic 4 Continuity at a Point

1.

Given function is
V2 cos x—1 ezl
flx) = Dj cotx—1 ’ 4
g k , X= I
a 4
- Function f(x) is continuous, so it is continuous at
x=l
4
0 FELH=lim £
T
lim _
0 b= T V2 cosx-1

Put x:g+h, when x -

X - — —
4 cotx—1

E, thenh - 0

_ lim ﬁcos%+h@—l
h =0 cot%+h@—1

01 1 0
. V2 cosh— sin A1
_ lim % J2 H
h-0 coth-1 _
coth+1

[ cos (x+ y) =cos x cos y —sin xsin y and
t ty—-1

cot(x+y):CO xcot y
cot y+ cotx

_ lim cos h—sin h -1

h - 0 -2
1+coth
. _ . 0
_ lim E{l cos 'h) +sin h (sin h + cos )
h-0[ 2sin h 0
Lim %sm ﬁ+ QSlnﬁcosﬁ D
= 2 2 (sm h + cos h)D
h -0 I:I 4sin — cos— O
O 2 2 O
1 %;in h + cos h d
1 9 9 ad
:hlm Ez%ﬂx(sinh +cos h)gO & 1
=00 9c0s” O 2
U 2 g
NOTE Allintegers are critical point for greatest integer function.
Case I When x 01
f®=[x]? =[] =2 ~x*=0
Case II When x01
If 0<x<1, then [x] =0



and 0 < x? <1, then [x?] =0
Next, if 1<x?<2 0 1<x<+2
O [x]=1 and [x’]=1

Therefore, f (x) = [x]? - [x%] =0,if 1 <x <+/2
f@)=0, if 0<x<~2
This shows that f (x) is continuous at x = 1.

Therefore, f (x) is discontinuous in (- ,0) O [vV2¢ ) on
many other points. Therefore, (b) is the answer.

Therefore,

. Given, f (x) = [tan® «]

Now, —45°<x <45°

a tan (—45°) <tan x <tan (45°)
a - tan45< tanx tan 4% )
g - K tanx 1
g 0<tan®x<1
a [tanZx] =0

i.e. f(x) is zero for all values of x from x=-45°to 45°.
Thus, f (x)exists when x — Oand also it is continuous at
x=0. Also, f (x)is differentiable at x =0 and has a value
of zero.

Therefore, (b) is the answer.

. Here, f(x) = [x] cos ng_lQT[
g—cosng_lgﬂ , —1<x<0
_%) . , 0sx<1
. f(x)—g cos 127362 QI‘[

, 1<x<2

%cosgﬂgn , 2<x<3

2

which shows RHL =LHL at x = n 0 Integer as if x =1

ad lim cos gﬂgn =0 and
x-1" 2

Also, f@)=0
O Continuous at x =1.

lim 0=0

x- 1"

Similarly, when x =2,
lim f(x)= lim f(x) =0
x - 2% x - 27
Thus, function is discontinuous at no x.

Hence, option (c) is the correct answer.

. Given, f(x) :x(«/; + M)

0 f(x) would exists when x>0 and x+ 1 =0.
O f(x) would exists when x = 0.

O f(x) 1is not continuous at x=0,

because LHL does not exist.

Hence, option (c) is correct.

6. For f(x) to be continuous, we must have

f0) =lim f(x)

20
_ lin& log 1 + ax) —log 1 - bx)
X x

7.

8.

10.

11.
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a log (1 + ax) + blog (1 - bx)

=lim
X0 ax —-bx
=0 +00 [using}cif%mﬂZI]
=a+b
O f0)=(a +0)
f (%) = xcos(Ti(x + [x]))
Atx=0
}6111(1) f(x)= iiil%xcos(n(x + [x]) =0
and f(x)=0

01t 1s continuous at x =0 and clearly discontinuous at
other integer points.

PLAN If a continuous function has values of opposite sign inside an
interval , then it has a root in that interval.
f,g:[01 - R

We take two cases.

Case 1 Let f and g attain their common maximum
value at p.

g f(p) = &),
where p 0[0,1]

Case II Let fand g attain their common maximum
value at different points.

ad f(a)=Mand g(b) =M
g f(a)=g(a)>0 and f(b)-g(b) <0

O f(e)-g() =0 for some cO[0,1] as f and g are
continuous functions.

O f(c)—g(c) =0 for some ¢ 0[0,1] for all cases. ...(1)
Option (a) 0 /%@ &°@ 3[f(@ g©F 0

which is true from Eq. ().

Option (d) O f%(c) - g%(c) =0 which is true from Eq. (i)
Now, if we take f(x) =1land g(x) =1, [d [0,1]

Options (b) and (c) does not hold. Hence, options (a) and
(d) are correct.

fen)=a,, f@n")=a,
f@n7)=0b,+1
O a,-b,=1
fen+1)=a,
flen+1} =a,
flen+1)"}=b,,, -1
O a,=b,,;,-lora,-b,,;=-1
or a,-1—b,=-1
Given, «*+3y?>=4 0O y=44-2°

or F ) =44 — a2

O(1 + |sin x|} ¥k *! b <x <0
f(x)=% b , x=0
E etan?.x/taan , 0<x<T/6

Since, f(x) is continuous at x =0.
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12.

13.

14.

O RHL (at x =0) = LHL (at x =0) = f(0)

0 }}an% ptan2hitansh _ hm {1 +sin h [}/50 0 =
O e® = b

O a=2/3

and b=e®

Since, f(x)1is continuous at x =0.

d f(©)=LHL
a a = lim 71_%25 4h
A0 h
.9
0 a:hm2sm 2h Xé
a0 p2 4
a a=8

Since, f(x)is continuous for 0 < x < Tt

0 RHL %tx=EQ=LHL%tx=EQ

ad @Eﬁcot—+ b@ %+af@m

b .

O —+b——+a O a—bz— ...Q0)
2 4 4

Also, RHL @t x= EQ = LHL @tx = g@

ad %}cos——bsm n@ @Ek@ot—+b§

ad - a & b
O a+2b=0 ...(i1)
On solving Egs. (i) and (ii), we get
a= I and b= L
6 12

Let g(x) = ax + b be a polynomial of degree one.

Oax+b, x<0

O = 0
f) o

+ x0J

Since, f(x)1is continuous and f' (1) = f(-1)

O (LHL atx=0) = (RHL atx=0)
a hm (ax + b) = hm D—IEU
-0 [+ 20
ad b=0 ...()
Also, =1
0 f) = Mm x>0
P +x
U log f(x) =— [log (1 +x) —log @ +x)]
x
On differentiating both sides, we get
a1 1 0 B 0+ x%l]
x - -1 dog O—~
) %+x 2+x% gDZ+xDE
f() x

15.

16.

D Eﬂ_+x%[|
o
0 f®= [“”DU D<1+x)(2+x> ® v an
_EE"' D O x> 0
0 0
O

0 f'(1)=§%—1og%§§

and f(-1)=-a +b =-a [from Eq. (1)]
O -a =20 -1lo %ﬁ
st 8
% @og %Q—lﬁx, x<0
Thus, f(x)= x
fo=d g
0—-_0a x>0
H @m+x0
Now, to check continuity of f(x) (at x =0)
RHL = lim %lﬂ%v =0
x-0[R+ x0

O LHL—hm aog%@ GEJCZO

Hence, f(x) is continuous for all x.

E&in (@+1)x+sinx

, x<0
. 0 X
Given, f(x) = c ,x=0
0 (x+ baH"? -2
b2 ;x>0

is continuous at x =0.

O (LHL at x=0) = (RHL at x=0) = f(0)
. Ds1n(a+1)x sin x[J
0O lim
xaoa X X
V2 _
i 000" 1
x-0 bx
O (a+1)+1—11m%|317:
#0 bx \[1+bx +1
0 a+2:l:c
2
D a:—§’czl
2 2
and bOR

@) Given, f,: R - Rand f,(x) =sin (1 —¢™)

O f (x)is continuous at x = 0

Now, f;'(x) = V1- _xz.; 2xe’
, [y (x) = cos e 2\/H(xe )
Atx=0
f,' (x) does not exists.
O f (x)is not differential at x =0
Hence, option (2) for P.
11 .
(ii) Given, f,(x) = Dtﬁl :n—lxix’ ifx#0

5 1

ifx=0



0- sin x

D[Ean_1 x

1 x
fo@) = e
Jtan

D 1 x=0

H

Clearly, f,(x) is not continuous at x = 0.
O Option (1)for Q.

(iii) Given, f; (x) = [sin (log,(x +2)], where [] is G.L.F.

and f; :(-Le"'2-2 L R

It is given -l<x<e"? -2
0 - 2 o4 X T 2
0 1<x+2<e"?

O log, 1 <log, (x +2) <log, ev?

0 0 <log, (x+2)<g

O sin 0 <sin log,(x +2) <sin g

O 0 <sinlog, (x +2) <1

ad [sin log, (x+2)]1=0

O £@®=0,f3@0=4"" (=0
It is differentiable and continuous at x =0.
OOption (4) for R

2 . [l .
(@iv) Given, f,(x) = EW sin %@ if x#0
B O ifx=0

Now, lim f,(x) = lim xZsin %QZO
x- 0 x -0

fi ()= 2xsin%@ - cos %@

Forx=0,f, (x)= }}ijno M

h%sin %Q—O

—

O fi (x):%ifll()hsin @%@:O

0o ol
H 0, x=0

Again, lim f'(x) = lim @zx sin @}E- cos @,%

does not exists.

O fi (@)= lim

Since, hm cos %%does not exists.

Hence, f'(x) is not continuous at x = 0.
O Option (3) for S.
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Topic5 Continuity ina Domain

1. Given If “4tdr = (x-2) g
f(x)

O (x) = IG i di [ ided x # 2]
gx) = provided x #
(x-2)
If “ 4 ds
So, hm g(x) = lim 28

x - 2 x—2

0o O
5 —formasx » 20 6
Eo & eg

lim g9 = im 207 0

X —

P2(x)

E[ In J'(p1 ( )f(t) dt = f(@(0)), G (x) = F(Q(x) D({J(x)a
On applying limit, we get
lim g() =4(f@) ' @) =4 % 6) —,
X - 2 48

0 10
5 f@)=6and ' 2)=—
g @) @ 15E
:4><216:18
48
2. Given function
E‘Pin(p+1)x+sinx %<0
0 x
fl)= [I , x =0
D \x+x _\/7 x>0
o @2z ’

is continuous at x =0, then
fO)= 1im_ fo) = 1il(l)l+ f@)...Q)

sin(p + 1)x +sin x

hm f(x) = lim
-0 x-0" X

=p+1+1=p+2 Ij'-limsm(‘m):a[|
H o « 5

2
+ —
and lim f()= lim 7”’;2‘/;
x-0" x-0" X

Val@ +2"™ 1]

= lim
x-0" XJ;
0 O
3, 2%—@ ]
O+-x+ 2+ -10
% 2 21 %
= lim
x-0* x
[ @+x)"
:1+nx+n(n—1)x2+n(n—l(n—2))x3+“"|xl<1]

1012 1203
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From Eq. (1), we get
f0)=q =1 and lim f@)=p+2 -1
2 x-0" 2

O p=-—

2
so.  Ga=f .0

3. Given function
ulm-a+1, x<5

f(x):Eblx—Trl +3, x>5

and it is also given that f(x)is continuous at x=5.
Clearly, f®B)=a®G-m+1 ...(1)
xligl’ f(x) = }Lij%[al n-06-h)|+1]
=ab-m+1 ...(i1)
and xlir5n* f(x) = },if%[bl G+ h)-m +3]
=bG-m +3 ...(ii1)

- Function f(x)is continuous at x =5.
Of6)= lim f(x) = lim f(x)
x-5 x-5
O aB-m+1=bG-m +3
ad (@a-b)6-m=2

ad a-b= 2
5-T1

4. Given function f(x) = [x] - %E xOR

. . G+ h
Now, 1 x) =1 4+ h] -
BT = S = e
[ put x=4 + h, when x — 4", then h - 0]

=lim@ -1) =3
h-0

mﬂjﬁ{ﬂngﬁﬁyJﬂ—giﬁ
[ putx=4-h, when x - 4~
then A - 0]
=1lim@ -0) =3
"9 m@p
and f@) =] - go=4-1=3
- lim f(® = f@) = lim f(x) =3
x> 4" x-4”

So, function f(x)is continuous at x =4.
5. Given function f:[-1,3] - Ris defined as
Oxl+ [x], -1<x<1
f@=Hr+lxl, 1sx<2
Bx +[x], 2<x<3

Fx-1, -1<x<0
ad
X, 0<sx<1
H
a

=0 2«x, 1<x<2
gx+2, 2<x<3
g 6, x=3

[-ifn<x<n+1, 0n0 Integer, [x] =n]

lir(l)l_ f@)=-1%f0) [~ f0)=0]
111}1_ f)=1#fQ1) [ f@)=2]

lirg_ f)=4=1@)= lir; f)=4 [+ f@)=4]

and lim f() =5 # f(3) [+ f3)=6]
x-3

O Function f(x)is discontinuous at points 0, 1 and 3.

Key Idea A function is said to be continuous if it is continuous at
each point of the domain.

We have,
o b if  x<1
Fo+bx if 1<x<3
f®)=0 .
p+dx if 3<x<5b
H30 if «x25
Clearly, for f(x) to be continuous, it has to be continuous
atx=1,x=3and x=5
[ In rest portion it is continuous everywhere]
O lim (a+bx)=a +b=5 ...(0)
o 1"

[ liIII_ flx) = 1irln+ f) =f)]

lim (b+52) =b +25 =30 .G
e [ lir?_ flx)= lilég f@@) =f6)

On solving Egs. (1) and (i1), we get b=5and a =0
Now, let us check the continuity of f(x) at x = 3.

Here, lim (a + bx)=a +3b =15
x-3"

and lim (b+5x)=>b+15 =20
x- 3%

Hence, fora =0and b =5, f(x)is not continuous at x =3

0 f (x) cannot be continuous for any values of a and b.

. Given, f(x):%x—lforOstn

1, 0< 2
O =0 J-°°

00, 2<x<m

[(tan (-1), 0<x<2
0 tan [f(x)] = O

0 tan0, 2<x<T

ad lim tan [f(x)] =—-tan1
x- 2




and  lim_tan [f] =

x-2

So, tan f(x) is not continuous at x =2,

NOW, f(x):lx—lm f(x):x;Z D%

Clearly, 1 /f(x) is not continuous at x =2.

2
x—2

So, tan [f(x)] and %E are both discontinuous atx =2.

. The function f(x) =tanx is not defined at x:g, SO

f(x) is not continuous on (0, T1).

(b) Since, g(x) =xsin 1 is continuous on (0, M) and the
x

integral function of a continuous function is
continuous,

O f(x :I;t %in %Q dt is continuous on (0, ).

D O0<x< 3j
(© Also, f(x)= 4
Eilsm %@ — <x<T
We have, hm fx)=1
3m

X -
4
lim f(x)= lim 2sin ?@:1
3m* L 9
X 4

So, f(x)1is continuous at x = 311/4.
O f(x) is continuous at all other points.

(d) Finally, f(x)= g sin(x+m O f %@Z i)

2
1im_f(x)—hmf% h hm—sm%-[—h@:%[
xﬁ@gg

and  lim /(9 =lim / % + h@

x— (1/2)
=limEsin gl-[+ h@=—n
h-0 2 2 2

So, f(x)1s not continuous at x = 11/2.

9. We have, for -1<x<1
O O<xsinTtx<1/2
O [xsin Tie] =0

Also, xsin Tix becomes negative and numerically less
than 1 when x is slightly greater than 1 and so by
definition of [x].

f(x) =[xsinTtx] =-1,when1l<x<1+h
Thus, f(x) is constant and equal to 0 in the closed
interval [-1, 1] and so f(x) is continuous and
differentiable in the open interval (-1, 1).
At x =1, f(x) is discontinuous, since lim (1-A) =0
and lim 1+ h)=-1 B
O f(x)is not differentiable at x = 1.
Hence, (a), (b) and (d) are correct answers.

10. f(x) = [x]sin LD

11.

1.
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d
O+ 110

We know that, [x] is continuous on R ~I, where [

0 O .
denotes the set of integers and sin Elilj is
O+ 110

discontinuous for [x + 1] =0.

a O<sx+1<10- k¥ £ 0
Thus, the function is defined in the interval.
0 2
0 x , 0<x<1
Given, f(x) = 2 3 ...Q0)
BDx?-3x+> |, 1<x<2
] 2

Clearly, RHL (atx=1)=1/2and LHL (atx=1) =1/2
Also, fx)=1/2

O f(x)is continuous for all x [J[0,2].

On differentiating Eq. (1), we get

f'()_D X , 0<x<1
Y7 Hx-3 , 1sxs<2
Clearly, RHL (at x =1) for f' (x)=1
and LHL (at x=1) for f' (x)=1
Also, fa=1
Thus, f' (x)is continuous for all x 00[0,2].
Again, differentiating Eq. (i1), we get

a , 0sx<1

" @=0
Ao, l<x<2

Clearly, RHL (at x =1) Z LHL (at x = 1)
Thus, f'' (x) is not continuous at x = 1.

or f'" (x)1is continuous for all x[[0,2} {1}.

..(iD)

Topic6 Continuity for Composition and

Function

1 1 1 1
Given, f(x) = xcosf x=1 0O f' (x)—fsm + cos —

x x
a ' ()= —cos %@

lim f'(x)=0+1=1 0O Option (b) is correct.

X o

Now, xO[1l,0 )0 Bl» 0,11 0 " (0<0

Now,

Option (d) is correct.
As f'(1)=sinl+cosl>1
[ (x) is strictly decreasing and lim f' (x)=1

X o

So, graph of f' (x) is shown as below.

(1, sin1+cos1)




4, Given, f(x) =
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Now, in [x, x+2], x O[1,00 ), f(x)is continuous and
differentiable so by LMVT,
f’(x) - f(x+22)_f(-x)

As, [(x)>1
For all x[0[1,0 )

n LEDFO g faeg)-f >2

2
For all x0O[1,0)

0 f@+1, if £ () <0

C 8 DI 1 eb, i f @) 20

O x+a+1, fx<-a

:E(x+a—1)2+b, if —a <x <0
Hix-11-1)%+b, ifx=0

As gof (x)1is continuous at x = —a

gof (—a)=gof (-a”) =gof (-a’)
0 1+b=1+b=1 0O & O
Also, gof (x)1s continuous at x =0
0 gof (0) = gof 0") = gof (07)
0 b=b=(@-1)%+b 0 a=1
O x+2, ifx<-1

Hence, gof (x) = E x2, if -1<x<0

Hix-11-1)2%  ifx=0

In the neighbourhood of x=0, gof (x) =x% which is
differentiable at x =0.

. As, f(x)is continuous and g(x) is discontinuous.

Case I g(x) is discontinuous as limit does not exist at
x=k.

O ¢ (@F flr g
ad 1;131}e 0 (x) :jlcin}e{f(x) + g(x)} =does not exist.
0@ (x)is discontinuous.
Case II g(x)is discontinuous as, lim g(x) # g(k).
0 ¢ (F fer g@.
ad liink 0 (x) :}Cij% {f(x) +g(x)} =exists and is a finite
quantity
but @) =f(k) +g(k) ﬂiink{f () +g)}
O @ (xF f(xrF g(x)is discontinuous,
whenever g(x) is discontinuous.
d+x, 0<x<2
% -x, 2<x<3
O+ fkx), 0<f(x)<2
0 e@=rrel=g
O+ f, 0<f(w<l O+@B-x), 2<x<3
O fof =0 +f@, 1<f@s2=H+1+2, 0sx<1
B-f@, 2<f®<3 B-@1+x, 1<x<2
M-x 2<x<3
0 (o) @W=M+x 0<x<1
B-x 1<x<2

Now, RHL (atx=2)=2 and LHL (atx=2)=0
Also, RHL (at x=1) =1 and LHL (atx=1)=3
Therefore, f(x)is discontinuous at x =1, 2

O f [f(x)] 1s discontinuous at x ={1, 2}.

. Since, f(x)is continuous at x =0.

0 lim f(x) = /0)
0 fO")=f0)=£0) =0 @

To show, continuous at x = &

RHL =1}i1m0 f(k+h) =}liné [f(k) + f(R)] = f(k) + f(O7)
=f(k) + fO)

LHL =lim f(k ~h) = lim [f(k) + f(-h)]
=f(k)+ fO7) =f(R) +f0)

O lim f(@)=/(k)
O f(x)is corolcﬁnuous for all x OR.

Topic7 Differentiability at a Point
1. Given function, g(x) =| f(x) |

where f: R — R be differentiable at ¢ R and f(c) =0,

then for function ‘g at x=—¢
_ i, 8let h) —g(0)

g (= }}gnO Y

i FCERIZIFQ1 _ e+ )]

[where A >0]

h-0 h h- 0 h
[as f(c) =0 (given)]
= lim [[€* P 210 [+h>0]
h-0 h
|y Fe* W) =1©
h-0 h
=11 (¢ \ [ fis differentiable at x = (]

Now, if f'(¢)=0, then g(x) is differentiable at x=c¢
otherwise LHD (at x = ¢ and RHD
(at x = ¢) 1s different.

Key ldea (i) First use L' Hopital rule

(ii) Now, use formula

@ (x)
9 F 0t = a0l 00 - g (500
dx

@ (x)

f(x)
2tdt
f(x)
Let /= lim [ 2dl S D form, as £@) =62
¥2 4 x-2) »-2(x-2) B B

On applying the I’ Hopital rule, we get

[=lim
x-2

i D (Pz(x)
HOLD G L1 fydn = f0,00) o'
E dx(lh(x)
- 1@ @) ]
So, 1=2/Q) (' @ =12/ @) F: /@) =6]

f(x)
. 2tdt
01 =12 @
li [ o512 ®




3.

6.

Given function is f(x)=15-|x-10],x OR and
g() = f(f(x)

=f(15-x-101)

=15-]15 -]x-10| -10]|

=15-|5-|x-10]|

_[A5-15-(x-10)| ,x=10

H5 =15+ (x-10)| ,x <10
_[d5-115-x| , x210
“His-1x-5] ,x<10

015+ (x=5) =10 +x , x<5

_Hi5-(x-5)=20-x, 5<x<10
_E 15+ (x-15)=x , 10<x<15
H5-(x-15)=30-x, x=15
From the above definition it is clear that g(x) is not

differentiable at x =5, 10, 15.
Let us draw the graph of y = f(x), as shown below

y= min {sin x, cos x}

Clearly, the function f(x)=min {sinx,cosx} is not
differentiable at x=— 3

andZT[ [these are point of

intersection of graphs of sin x and cos x in (- T, T), on

. . 3m mQ
which function has sharp edges]. So, S = ,—
p edges] 07 2

31

L. iy -TT 31 T
which 1s a subset of S
4 4 4

"4n

We have,
f(x)=sin|x| —|x| +2 (x =) cos | x|
[(Fsinx + x +2(x — 1) cos x, if x <0

f®=0

Osinx —x +2(x —m)cosx, if x=0
[ sin(-0) = —sin B and cos(-0) =cos 6]

, (Fcosx+1+2cosx —2(x —Msinx; if x <0
07 @=0 . .
fcosx—1+2cosx —2(x —m)sinx, ifx>0

Clearly, f(x) is differentiable everywhere except
possibly at x =0
[ f" (x) exist for x <0 and x > 0]
Here, Rf' 0)= lim Bcosx—1-2(x —T0)sin x)
x- 07"

=3-1-0=2
and Lf (0)= lim (cosx+ 1 —2(x —)sinx)

X —

=1+1-0=2
Rf 0)=Lf 0)
So, f(x)is differentiable at all values of x.
O K=¢

Key Idea This type of problem can be solved graphically.

Limit, Continuity and Differentiability 205

-1, -2<x<0
We have, f(x)=%2 *

-1, 0<x<2
and gx) =1 f@) |+ f(ld)

01, -2<x<0
Clearly, IT®1=02 11 0<xso

o 1, -2=<x<0

=H@?-1), 0s<x<1
Ha?-1, 1=<x<2
and  f(lx])=]x*-1,0<|x| <2
[ f(lx]) = —11s not possible as | x| £ 0]
=x2-1, |x|<2 [ xl? =27
=x>-1, -2<x<2
O g =1f@1+f(x])
O 1+4%-1,
:Er(xz—l)+x2—1,
x2—1+x2—1,

-2<x<0
0<x<1
1 <x<2

xZ, -2<x<0

0, 0<sx<1
(*-1), 1<x<2

I
o o e

Now, let us draw the graph of y = g(x), as shown in the
figure.

Y 26)
(=2,4) 2|,
Y= =2 (@ -1)
X T T T T X
2 10 1 2
YI

[Here, y=2 (x* —-1)orx® = % (y + 2) represent a parabola

with vertex (0, — 2) and it open upward]

Note that there is a sharp edge at x =1 only, so g(x) is
not differentiable at x =1 only.

7. Key Idea This type of questions can be solved graphically.

Given, f:(-1,1)&» R, such that

f(x) :max{—lxl, —\/;c}

On drawing the graph, we get the follwong figure.
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[ graphof y=—|x]|is
Y

and graph of y = —4/1 —&°

Y

AN

\[ 2% + y* =1 represent a complete circle]

E—vl—xZ, -1 <acs—L
V2
0 f@ =0l Ll
T TETR
O-v1-x%, ——<x<1
0 V2
From the figure, it is clear that function have sharp
1
edges, atx=-—,0, ——
¢ NR)

O Function is not differentiable at 3 points.

8. Key Idea This type of problem can be solved graphically

2
We have, f(x):%nax{lxl,x}, <2
0 8-2ld, 2<|xl<4
Let us draw the graph of y = f(x)
For | x| < 2 f(x) =max{| x|, 2%}
Let us first draw the graph of y = |x|and y = x> as shown
in the following figure.
y=x2
y= x|

-2 -

Clearly, y =|x|and y = 2? intersect at x = - 1,0, 1
Now, the graph of y =max{|«, 2%} for |x|<2is

2 V1 2

For|x|0(2, 4]

-2 @
f(x)=8—2|xl=§ o 204

+2x, xOf 4~ 2)

O +—2<lxl<s4 g
D |t 2and|at 40
0 0

g g

From the graph it is clear that at x = -2, -1, 0, 1, 2 the
curve has sharp edges and hence at these points f is not
differentiable.

3

. Given, | f(x) - f(y)|<2|x-y|2 Ox ] R

1

'f(x)_f(y)lszm—yﬁ

[x=yl

ad

(dividing both sides by |x—y|)
Put x =x+ h and y =x, where A is very close to zero.

1
0 lim [LEEP Oy o) ot ) - 22
h-0| (x+h)-x h-0
1
0 lim | LEFD SO i 9172
h- 0 h h-0
0 hmw <0
h- 0 h

[substituting limit directly on right hand

side and using lim | f(x) | =| lim f(x) P

O1f (x)I<0 @ %i%w:f'(x)g
Olf =0 (.| f' (x) | can not be less than zero)
O f@x=0 [“1x]=0 = x=0]

O f(x)is a constant function.
Since, f(0) =1, therefore f(x)is always equal to 1.

Now, f; (f(0)2dx = I;dx = [l =(1 -0) =1



10. We have,

11.

12.

13.

f() =|x - TEY -1)sin |
Ox —m(e™ -1)sinx, x<0
fG) = B-(x - )¢ ~1)sinx, 0 <x<T

E(x—l‘[)(ex -1)sinx, x=T

We check the differentiability at x =0 and T

We have,
E(x—n) (€" —1cosx+(e™ -1) sinx
+ (x—TT) sin xe x( 1),x<0
[(x m(e* —1)cosx +(e* 1) sinx
+ (x—T) smxex]O <x <T
[(x (" —1)cosx + (¢ —1) sinx

f (%)=

0 +(x-T) sinxe*, x> T
Clearly,
lim f (x)=0= lim f' (x)
x-0" x-07"
and lim f (x)=

0= lim+ [ (%)
X TT X T
O fis differentiable at x=0and x =Tt
Hence, f is differentiable for all x.
We have, f(x)=|log2 —sin x|and g(x) = f(f(x)), x OR
Note that, for x » 0, log 2 >sin x
O f(x) =log 2 —sin x
U 8(x) = log 2 —sin (f(x))
=log 2 —sin (log 2 —sin x)

Clearly, g(x) is differentiable at x=0 as sinx is
differentiable.

Now, g (x)=-cos (log 2 —sin x) (- cos x)
=cos x [tos (log 2 —sin x)

O g (0)=1TCkos (log2)

Given, f(0)=2=g(1),g0)=0 and f(1)=6

f and g are differentiable in (0, 1).
Let A =f(x)-2g(x) ...(1)
h©)=£0)-2g0) =2 -0 =2
h()=f(@1)-2g(1) =6 -2@2) =2
h©0)=h(@1)=2
Hence, using Rolle’s theorem,

h'(c) =0, such that ¢, 1)

Differentiating Eq. (1) at ¢, we get

O f'(0)-28 () =0

O f'l=2g()

PLAN  To check differentiability at a point we use RHD and LHD at
a point and if RHD =LHD, then f(x) is differentiable at the
point.

Description of Situation

As, Rif (@)}=lim

and

flx+h)-fx)
h

and

Lif = im LRI
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Here, students generally gets confused in defining
modulus. To check differentiable at x=0,

(7 0 = i [0+ 1O

h% cos—|-0

—hm h ‘

—— =lim h#]cosE =0
-0 h h-0 h

h? cos%%%‘—o
-h

vy = i FO=R)=f(0) _ .
HIOp = Jim =i
So, f(x)1s differentiable at x=0.
To check differentiability at x=2,
f C+h)-f@)

R{f @
{re} = .
Um g Um0
2+ h)?| cosG——[]| -0 2[Gos ——
( ) COSE2+hE @+h) B:OSDZ+hE
=lim —hm
h-0 h -0 h
@+ h)?Ein 8-
2 2+hA0
=lim
n-0 h
(2+h)25-1mgl
=lim e h)DD LS
h-0 T 2@+h)
2@2+h)
) . fC-h)-f@)
L{f @}=1lim*——~ 1~
and  L{f @)= lim 2520
@-h)? #]cos -22 #]cosﬂ‘
. 2
=lim
h-0 -h
9 0
@-h)* - O-cos 0-0
. -hU
=lim
h-0 -h
—@-h2EnA -1
. 2-h0
=lim
h-0 h
o mm 0O
2- hZBmI} O
( ) 02@- h)D -
—hm =-T
-0 I 2(2—h)
2@2-h)
Thus, f(x)is differentiable at x=0 but not at x=2.
14. Given, g(x):&;0<x<2,m¢0, n are
log cos™(x - 1)
-1 >1
integersandlx—llZDx o X
-x, x<1

The left hand derivative of [x —1]atx=1is p=-1.
Also, lim g(x) p=-1

o1t

0 11 1+h-1)

- 0logcos™ (1+h - 1)
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15.

16.

17.

n

O lim ——=-1
h- 0 log cos™ h

O Iim ——=-1
k-0 m log cos h

n-1

0 lim nth =-1
- -sin h
cosh( )

[using L’Hospital’s rule]

n-2 n-2
ad hmg @QZLQ D%@gi%ggﬂ§=
h
d n=2 and

210 m=n=2
m

Given, (1) = f %@: f %@: = lim %Q:o

as f @},QZ 0; n Ointegers and n > 1.

0 1imf§17§:o 0 £0)=0

Since, there are infinitely many points in
neighbourhood of x =0.

U f(x)=0

O f'(x)=0

U f10)=0

Hence, fO)=f"0)=0

Using graphical transformation.

As, we know that, the function is not differentiable at
sharp edges.

Y

i)y = x| -1

AL
i

(iiyy = ||x| = 1]

In function,
y=|| x| =1 we have 3 sharp edges at x=-1,0, 1.

Hence, f(x)is not differentiable at {0, £ 1}.
b Cx-1),  ifx<-1
Given, f (x) =] tan " x, if-1<x<1

ifx>1

E% (x-1),

f (x)is discontinuous at x=-1and x =1.

18.

19.

20.

21.

0O Domainof f' (x)OR { 1,1}
lim Sinh-h

RHD of sin ([ x|) -1xl=,2, =1-1=0
[/ 0)=0]
LHD of sin (| x]) = x|
_._sin|=-h|-|-h|_sinh-h _
= lim = =0
h-0 -h -h

Therefore, (d) is the answer.

Given, [ (x) = [x] sin Tt x
If x is just less than &, [x] = &k -1
O f(x)=(k-1)sin T x.

LHD of f (x) :hn}e (R=1)sinTtx — ksin Tk

x—Fk
- lim (R -1)sin T[x,
x -k x—-k
— lim (R-1)sinT(k—h)
h-0 -h

- [wherex=Fk — h]
(k 1) (-1) Ein AT S D)k - T

o -h

f () =max {x, 2}
separately, y=»> and y=x

NOTE y = x°is odd order parabola and y = x is always
intersect at (1, 1) and (=1, = 1).
O in (=, ~1]

Given, considering the graph

3 .
Now, /@ % i)
in (1,0)
a , .in (=, —1]
x® in (1, o)

The point of consideration are

fr=17)=1 and fr(-1")=3
f (=0)=0 and [ O0")=1
fraH=1 and f'aH=3

Hence, fis not differentiable at —1,0, 1.
Let h (x) =lx|,then g @) =|f @|=h{f ()}

Since, composition of two continuous functions is
continuous, g is continuous if fis continuous. So, answer
is (c).
(a) Let f(x)=x0 g (&F x|
Now, f (x) is an onto function. Since, co-domain of x
is R and range of x is R. But g (x) is into function.
Since, range of g (x)is [0, ©) but co-domain is given R.
Hence, (a) is wrong.



Limit, Continuity and Differentiability 209

M) Let f=x0 g(F |xl hm f(x) @)

Now, f (x) is one-one

. . / X and  Rf' @)=
function but g (x) is many-one function. Hence, (b) is -2
wrong.

(d) Let f @)=x0 g (F |xl| Now, f (x)1is differentiable = lim %ﬁ -1 (x-1) + wg
for all x O Rbut g (x) =|x|is not differentiable at x =0 x-2" x=2 |
Hence, (d) is wrong. 9 ) .

99, T ] 2 1)(a® -2 49 ) =@2°-1)@2-1) -sin2 =3 -sin 2
. = - - + + . . .
unctlonl 69 . (e ) x | COS. (Ix ll). @ So, Lf"@)#R[" Q),f1isnot differentiable at x =2
NOTE In differentiable of| f (x)| we have to consider critical .
points for which f (x) = 0. Therefore, (d) is the answer.
0 x
0 x20
| x|is not differentiable at x =0 23. Given, f(x)= x |ZI1 +x
[Fos (=), if x <0 1+]xl % x<0
but cos|x|= . ot -
|:| cosx, 1ifx=0
. 01 +x)0-x0
[bosx if x<0 5 s x=20
] cos|x|= . O fr@=0 PNE
[posx, if x>0 1-x0-x(-1)
a0 *<0
Therefore, it is differentiable at x =0 . B a-x)
Now, |2 -3x+2|=|(x -1) (x -2)| 01
-1 -2), if x <1 , 227"
=x-1) @2 -x), if1 <x<2 O——.x<0
He-1) x-2), if2<x =)
Therefore, O RHDatx=0 O lim 5=
g(x2—1)(x—l)(x—2)+cosx, if —o0<x <1 #=0(1+x)
f@=0 " 1) (x-1)(x-2) +cosx, if 1sx<2 and LHDatx=0 0O lim ——=
Ha?-1) (x-1) (x -2) +cosx, if2 <x <o =0 (1-x)

. . . o Hence, f(x)is differentiable for all x.
Now, x=1,2 are critical point for differentiability.
Because f (x) is differentiable on other points in its

24, Since, f(x) is continuous and differentiable where

domain. fO)=1land f Q)=-1, f(x) >0, Ox
Differentiability at x=1 Thus, f(x)is decreasing for x >0 and concave down.
L f M= tm L@ 0 @<o
x- 1" x—-1 Therefore, (a) is answer.
_ _tan Tt [(x - ™)]
= lim e -1) (x -2) + COS X — COS lg 25. Here, f(x)= BEPT T
x-1" [ x-1 0 [x]
—0—sinl = sin 1 Since, we know T[[ g(zx - M] = n mand tan nTt =0
. cosx—cosl _ d 1+[x]"#0
o lim ——————=—(cosx) atx=1-0
[ xif x—1 dx( ) o fx)=0,0x
=-sinxatx=1-0=-sinxatx =1=-sin 1] Thus, f(x)is a constant function.
and Rf' ()= lim f) - Q) Of" @), f" (x),... all exist for every x, their value
so1t Xl being 0.
= lim, I:F o2 -1) (x -2) + cosx = :OS 1% O f' (x) exists for all x.
w1t * U 26. We have,
=0 -sinl =-sinl [same approach] (FO)? + (f (0)*=85
~ Lf'" (1)= Rf' (1). Therefore, function is differentiable and f:R- [-2,2]

atx=1.
Again, If' @)= lim [® 1@
x - 27 x—2
O -
- lim D(xz 1)@ -1) 4 Cosx cos 2
x-2 [ x—2

-@4-1)@2-1) -sin2 =-3 -sin2

a
d
d

(a) Since, f is twice differentiable function, so f is
continuous function.

O This is true for every continuous function.

Hence, we can always find x O(r, s), where f(x) is
one-one.

OThis statement is true.
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(b) By LM.V.T
f(rfw)fW)D”(H_ﬂﬁ—ﬂ@
-a
. H”@ﬁlzfQL i 9| f@);ﬂ—@\

Range of fis [- 2, 2]
-0k fOy ff 4% 40 0<

Hence, | f' (x) I<1.
Hence, statement is true.

(c) As no function is given, then we assume

L/ 0
f(x) =2sin D@D
02 O

/85 x[
V85 cos D%D

g

Now, (f(0))%+ (f' (0))* = @sin 0)* + (V85 cos 0)*
(fO)* + (f 0)*=85

and lim f(x) does not exists.

Hence, statement is false.
(d) From option b, | f' (xy) <1 and x, Ot 4,0)

0 f )=

U (f (xp))?<1
Hence, g(xg) = (f(x)* + (f' (x)* <4 + 1

[ fx) Ot 2,2]]
U 8(x) <5

Now, let p Of 4,0) for which g(p) =5

Similarly, let ¢ be smallest positive number ¢ (0, 4)
such that g(q) =5

Hence, by Rolle’s theorem is (p, q)

g (¢)=0fora O<€ 4,4) and since g(x) is greater than
5 as we move formx=ptox=gq

and f(x)?<4 O (f ®))*21lin (p,q)

Thus, g =0

0 Frefr=0

So, f@)+ f"@)=0and ' @)#0

Hence, statement is true.

27. Given, lim f@)sin ¢ = f(t) sin x =sin’x

t - x t—x

Using L' Hospital rules

lim f(x) cost—lf (t)smx:sin2x
t - x

O f(x) cos x = f' (x) sin x =sin%x
O f () sin x— f(x) cos x= —sin®x
[ (x)sin x— f(x) cosx_
sinx o)
X = -
O d%nxg_ 1

28.

On integrating, we get
f&) _

sin x

It is giventhatx:E,f%Q:_g

ad f%@ —s1n—+Cs1n—n

-x+C 0O f(x)=-xsinx+Csinx

E:—j +1C
12 12 2
OocCc=0
O f(x)=—xsin x
(a) f(x)——xsinx

Tt
f%»@ Tin T m false
(b) f(x) =—xsin x

sin x>x—€, O3 (0, )

4

O —xsinx< -2+
!
0 f(x)<E—x2, 00 (0, 1)
It is true
(¢) f(x) =—xsin x
f'(x)=—sin x —x cosx
fl=0
O0- sinx xcos® O
tanx = -x
Y
X.
) T sl X
3m2
Y =%

[ Their existsa (0, ) for which f'(a) =
It is true

(d) f(x) = — x sin x
f'(x) = —sin X — x cos X
' (x)= = 2cos x + x sin x

T B
o f %§+ f%ﬁ: 0

It is true.

As, g(f(0) =x
Thus, g(x) is inverse of f(x).

0 g(f(x)=x
0 g (I =1
1
O =
g (f(®) o

..(@)

[where, f' (x) = 3x% + 3]



29.

30.

When f(x) =2 then

K +3x+2=2
a x=0
i.e. when x =0, then f(x) =2
0 ¢ (@)= 5 —at0,2)

1

U g @)= 3
0 Option (a) is incorrect.
Now, h(g(g() =x
O h(g(g(f®))) = f(x)
O h(g(®) = f(x) - (1)
As g(f(x) =x
0 h(g@®)=f@) =3* +3@3) +2 =38

O Option (d) is incorrect.
From Eq. (ii), h(gx) = f(x)

O h(g(f(x)) = f(f (%))

O h(x) = f(f(x) ...(1i1)
[using g(f (%)) = ]

0 @)= f (fepdf ) .- (1v)

Putting x =1, we get
@)= (AL 1)=@ x36 +3) x(6)
=111 x6 =666
O Option (b) is correct.
Putting x =0 in Eq. (iii1), we get
h©)=f(f0) =f@2) =8 +6 +2 =16
O Option (c) is correct.

Here, f(x) =acos (|&* —x|) + blx|sin (125 +x]|)
If 2% —x20
ad cos |&* — x| =cos (® —x)
¥ -x<0
ad cos |&® — x| =cos (® —x)
O cos (|22 —x|) =cos (® —x), Oad R ...Q0)

Again, if2® +x20
O |xlsin (|&% + x]) =xsin (@ + )

¥ +x<0
ad lxlsin (|28 + x|) = —xsin{- (& +x)}
0 lxlsin (14* + x|) =xsin (¢* +x), 020 R ...(ii)
ad f@) =acos (|8% —x|) +blxlsin (|22 +x|)
O f(x)=acos (& —x) + bxsin (2 +x) ...(>111)

which is clearly sum and composition of differential
functions.

Hence, f(x) is always continuous and differentiable.

Here,
3, -1/2<x<1
Lo 1<x<y2
f) =[x*-3] =[x*] -3 :%1, V2 <x<43
BO, V3 =sx<2
g1, x=2
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and  g(x)=lx|f(x) +[4x =7 f(x)
=(lxl+14x=71) f(x)
=(lxl+4x - 7]) [x* - 3]
O-x-4x-7)(-3), -1/2 <x <0
Qe-4x+7(=3), 0sx<l
O@—-4x+17) (-2), 1<x<+2
=He-4x+7)(-1), V2 <x <3
g(x—4x+7)(0), V3 <x<T/4
0 (x+4x-17) ), T/4<x<2
H x+4x-7 ), x =2
d5x+21, -1/2<x<0
%)x—Zl, 0<x<l

. g(x):[ﬁx—14, 1<x<42
%ﬁx—% V2 <x<43
(0, V3 <x<2
%x—% x=2

Now, the graphs of f(x)and g(x)are shown below.

Graph for f(x)

Y
'1 ~+4
X t 0 t X
-1/2 1 V2 V3 2
-1 —
-2 —
-3
———+—o
YI
Clearly, f(x)is discontinuous at 4 points.
O Option (b) is correct.
Graph for g(x)
Y
21
T27/2
13
X t t t o—> X
2 s V2 V3 2
+3va-7
-8 ./
421
i /
YI
Clearly, g(x)1is not differentiable at 4 points, when
x0€ 1/2,2).

O Option (c) is correct.



212 Limit, Continuity and Differentiability

31.

32.

33.

0g), x>0
Here, f@) =0 0, x=0
H g), x<0
, 0g (x), x=20
fro=0",
0o & (), x<0
O Option (a) is correct.
|:| X
) h@=eli=p%; **°
e, x<0
D X
0 B =0 e_, x=20
re”, x<0
O A 0" )=1land ¥ 0)=-1

So, h(x)is not differentiable at x =0.
OOption (b) is not correct.
(c) (foh)(x) = f{h ()} as h(x) >0

_Ug(e), x20
fgle ™), x<0
O e'gd (), x=0

O h) (x)=
(foh) (= ET’ erg (), x<0
g (fory 07)= g (1), (fohy 0)=- ¢ ()
So, (foh)(x)is not differentiable at x =0.
O Option (c) is not correct.
()|

@ opw=dw =g =0

@ =1, x=0

L
Now, (hof) (0)= }}m}) —

i €5 -1 Jg@)|
R0 | g(x) x
g(x) _ _
i €L g 8@ 0] T
h-0 |g) k-0 | R0 x

=10g 0)lim M:q as £ 0)=0
h-0 x

O Option (d) is correct.

Let F (x) = f(x) —3g (x)

0 F(-1)=3, FO)=3and F2)=3

So, F' (x) will vanish atleast twice in (-1,0) O (0, 2).
wF"(x)>00r<0,0a0-( 1,00 (0,2)

Hence, f' (x) -3¢ (x)=0 has exactly one solution in
(-1,0)and  one solution in (0, 2).

A function f(x) is continuous at x = a,

if lim f(x)= lim f(x) = f(a).

Also, a function f(x) is differentiable at x = a, if

i @@ _ @)= f(@)

x-a x—a x-a’ x—a

Le. fl@)=f(@")

34.

Given that, f:[a,b] - [1,©)

0
g0 .,  «x<a

an g(x) = a fdt, a<x<b
Hfi fOdt, sy

Now, g@)=0=g@") =g

[as g(a*) = lim _[;‘f(t)dt =0

X—-a

and g(a) = I:f(t)dt =0]

g(b)=g(b") =50) =J’: f@®)dt

O gis continuous for all x OR.

oo x<a
Now, g (x)= Ef(x) , a<x<b
HO , x>b
g@)=0
but g@)=fl@)=1

[ range of f(x)1s [1,), 041 [a,b]]

O g is non-differentiable at x = a

and g ®"H=0
but gb)=fb)=1
0 gis not differentiable at x = b.
f(x):%—cosx, -—<x<0

B x—1, 0<x<1

H logx, x>1

Continuity at x = — g,
nn__ [ mg T
fH3a=Hah 20
RHL = lim —COS%E +h§:0
h-0 2
. ]
0 Continuous at x = %5@

Continuity at x=0
fO)=-1
RHL:%imO O+h)-1=-1
0 Continuous at x=0.
Continuity at x =1,
f@)=0
RHL = }%in% log (1 + h) =0

0 Continuous at x =1



35.

36.

B -1, xs—g
%. <o
-—<
f,(x):[lln , B X s

o o1, 0<x<1

U1

H -, x>1
X

Differentiable at x =0, LHD =0, RHD =1
O Not differentiable at x =0
Differentiable at x =1, LHD =1, RHD =1
O Differentiable at x = 1.

Also, for x = - 3
2

O f(x)=—x—g

O Differentiable at x = —g

flx+ y)=f(x) + f(v),as f(x)is differentiable at x = 0.
O 0=~k ...

Now, f @)= lim w

i[O+ T~ @)

h-0 h

= %ifr‘{) % %formg
Given, f(x+ y)=f() +f(y), Ox, ¥
n fO)=f0) + f0),
when x=y=0 0O f@0)=0)
Using L'Hospital’s rule,

= lim m=f’ 0=k ...(11)

h-0 1
O f' (x) =k, integrating both sides,
fx)=kx+C,as f(0)=0
ad C=0 0O f(x) =kx
O f(x) is continuous for all x OR and f' (x)=k, i.e.
constant for all x OR.
Hence, (b) and (c) are correct.
Here, f(x)=min{1,x% 2’} which could be graphically
shown as

O f(x) is continuous for x OR and not differentiable at
x =1 due to sharp edge.

Hence, (a) and (d) are correct answers.

39.
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37. From the figure,

y = min {x x°}

h(x) is continuous all x, but A(x) is not differentiable at
two points x =0 and x=1. (due to sharp edges). Also
(=102 1.
Hence, (a), (c) and (d) is correct answers.
|x =3 , x=1
L2
. Here, f(x) Sri_%Jf%, r<l
0O RHLatx=1, l}iLmO 1+h-3]=2

LHL atx=1,
— h)2 _
i AR 80 -h) 18 _

1
o 4 2 4 4

O f(x)1is continuous at x =1

O
O —-(x-3), 1<x<3

fw=H @-3), x=3
O 8 13

BZz 4’ v<l

3
-2+
2

Again,

-1, 1<x<3
1, x=3
§, x <1
2

O =

RHDatx=1
LHDatx=1

_ 1 I:l

l|:|differentiable atx=1.

0
H
0
Or
E3)
0
5 0

1 3
2 2
RHDatx=3 O

Again,

1
g ot differentiable at x = 3.
LHDatx=3 0 - 11

We know that, f(x) =1 + [sin x| could be plotted as,
(1) y=sinx y ...Q0)

2 y =|sin x|
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40.

41.

42,

3) y=1+|sin x| ...(1i1)
Y
5 y=1 +|sin x|
VNV VY
X -T 0 s 2m 3m X
v

Clearly, y =1 +|sin x| is continuous for all x, but not
differentiable at infinite number of points..

. [x+ y=2y, wheny>0
Since, x+|y|=2y0 y=ay Y
x-y=2y, when y<0
0 Oy=x, wheny>0 0O » 0

%y:x/B, when y<0 0O = 0
which could be plotted as,
Y,

Clearly, y is continuous for all x but not differentiable at
x=0.

1, >0
Also, dy = H x

dx 03, x<0
Thus, f(x) is defined for all x, continuous at x=0,

differentiable for all x OR- {0}, % = % for x <0.
x
8(x) cosx-g0)

sin x
g (x)cosx— g(x)sin x _

We have, lim
x-0

o formD
B8
=1lim 0
x-0
Since, f(x) = g(x)sinx
f'(x)=g (x) sinx+ g(x) cosx

and f"" (x)= &' (x) sinx+ 28 (x) cosx— g(x) sin x
O " ©0)=0

Thus, }Ciné [g(x) cosx—g () cosecx]=0=f""(0)

Cos x

0 Statement I is true.

Statement II /' (x) = ¢ (x) sin x+ g(x) cos x

U f10)=2g0)

Statement IT is not a correct explanation of Statement I.

A. x|x| 1s continuous,
increasing in (=1,1).

B. /I x| is continuous in (-1, 1) and not differentiable at
x=0.

C.x+ [x] is strictly
discontinuous at x =0
O not differentiable at x =0.

differentiable and strictly

increasing in (-1,1) and

43.

44.

45.

46.

417,

48.

D.|x-1|+|x+1]|=2in (-1,1)
O The function is continuous and differentiable in
(-1, 1).

We know, [x] OI0 & R.

Therefore, sin (1t[x]) =0, 040 R. By theory, we know
that sin (11 [x]) is differentiable everywhere, therefore
A) - (p)

Again, f(x) =sin{mt(x - [x])}

Now, x-—[x] ={x}

then 1(x — [x]) = Tx}

which is not differentiable at x 00 1.

Therefore, (B) « (r)is the answer.

Given, F(x) = f(x) (B(x) h (x)
On differentiating at x = x,,, we get
F' (x0) = f" ()08 (x0) h (xp) + f(xg) T () A ()
+ [ (xg) 8xp)h" (%) we(1)

F' (x) =21 F(x)), f' (xp) = 4f ()
g (xg)=-"78(xy) and h' (xy)=kh(x,)
On substituting in Eq. (i), we get

21 F(xy) =4 f(xy) g(xp)h (x0) = 7 f () g (x9) h(xg)

where,

+k f(x)g(x0)h(x)
O 21=4-T7+k, [using F (x)) = f(x,) gxp) h(xp)]
O k=24
x
Given, f(x)=[q +e"*’ x#0
H o x=0
h —
, o st e 1+ . _
e A A e T e B P
-h
7
_ . 1+e
and Lf' 0)=f'0)= lim
h-0 -h
= lim :i:]_
h-0 4,1 140
Jh
O £ 0)=0 and f' (©0)=1
1
_ 2 . _ .
Given, f(x):E(x 1)“sin -1 lx|, ifx#1
B -1, ifx=1
Jee - 1)%sin (xil)—x, 0<x—{1}
As, fx) = @(x -1)%sin + x, x <0
0 (x-1)
0 -1 , x=1
H

Here, f (x)is not differentiable at x =0 due to | x]| .
Thus, f (x)is not differentiable at x =0.

It is always true that differential of even function is and
odd function.

Since, [ (x)is differentiable at x =0.

O It is continuous at x =0.



49.

50.

ie. hm f (%) = hm f@x=10)

x- 0"
ahl2 _ ah/2 _
Here, lim f () = lim ! im & —1f-o
Ko 0" 20 h h-0 aﬁ 2 2
2
_h .. 1¢C
Also, lim f(x)—hm bsin”~ g—§=bsm —
x -0 2 2
a bsin_1£=g=1
2 2 2
a a=1
Also, it is differentiable at x =0
Rf O")=Lf ()
em—l_l
rnTY= 13 h 2 ey =
Rf' (07) }11}110 . [-a=1]
. 2% -2-n 1
:hmi2 -
h-0 2h 8
bsin™ g—_hg—l b2
and Lf' (0)= lim 2 -2,
RS0 -h \/ 2
1-%
4
g b1
Ja-¢& 8
O 64b%=4 -
0 a=1 and 64b*=@-c)

Here, lim — (n + 1) cos” %@—

n - oo

- Jim n% 3+ B B i o B
where, f @}E %Ql+ i@cos_l @;Q 1=1"0)
|élfiven, f )= nhﬂnzo nf%@é

O limg(n+1) cos_ll—n =f"0) ...(1)
n

n- o TT

where, f(x) = % 1+ %) cos x -1, f0) =0

U f' (x)——§(1+ )W+cos_1x5
vy — no_._2 .
ad f (0)_EH—1+EH_1 = ...(11)

0 From Eqs (1) and (1), we get
lim —(n+1)cos %Q n=1-—

Since, g (x)1is continuous at x=a 0 lim g (& g @)
X - 0a

andf (x)-f@)=g ) (x-a), ] R [given]
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. f@-f@

=) =g
xau x—0a X - Q
O fre= limg 0 f @=g@)

O f (x)1is differentiable at x =a.
Conversely, suppose [ is differentiable at o, then

i @ f @

exists finitely-

X - x—a
@ -f @)
Let g®=0 x-a = 7C
H f @), x=a

Clearly, Iim gx)=f"@)
x -
0 g (x)is continuous at x =d.

Hence, f (x) is differentiable at x=a, iff g(x) is
continuous at x = a.

. Itis clear that the given function

Ol - x), x<1
f)=H1-9@-x), 1<x<2
H3—x), x>2

continuous and differentiable at all points except
possibly atx=1 and 2.

Continuity at x =1,
LHL = lim f (x) = lim (1 -x)

x -1 x -1
= lim 1-a-h)]= lithO
and RHL = hm fx) = hm (1 x) 2 -x)

x-1t

=lim [1 -1 +h)] 2 -1 +h)]
=lim -h {1 -h) =0
o0
O LHL=RHL=f(@1)=0
Therefore, fis continuous at x =1

Differentiability at x =1,
Lf 0= tim LAR =10

:%iﬁol—(l h) O Qj@ 1

and  Rf' (1)= %m%w

h
LRI [@-Q+h) -
h-0 h
lmM=hm(h—1)=—1
h h =0

Since, L [f' (1)]=Rf' (1), therefore f is differentiable at
x=1.
Continuity at x =2,

LHL= lim f (x) = hm 1-x@-x)

x - 27

= lm[l-@-h)][2-@ -h)
h-0
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:hlinol(—l +h)h =0
and RHL= lim f (x)= lim 3 -x)
x - 2% x - 2"

=lim [3-@+A)] =lim (1 -h) =1
h-0 h-0

Since, LHL # RHL, therefore fis not continuous at x =

as such f cannot be differentiable at x =2.

Hence, fis continuous and differentiable at all points

except at x=2.
s

] _@_l +l@
Given, f(x)=[xe B« x5 | x<0
0 , x=0

g
Dx ) x>0
a

|

52.

g
0
U
U

2 o

, x>0
, x<0

, x=0

.
X
0

mooogo

(1) To check continuity at x =0,
LHL (atx=0) = }liné -h =0

7=0

RHL =lim 4
h-0 ¢

Also, f©)=0

O f(x)is continuous at x =0

(1) To check differentiability at x =0,

Again, f' ()= lim [&EXP =1
h-0 h

- 1w
TR

f@x)+ f@2h) - @)

2 2

=lim
h-0 h
s
=lim
70 h

[from Eq. ()]

% 2f(0)-1+2f(h) ~1] ~f(x)
h
o f@+ F) -1~ £@)
h=0 h
= fim [ 71
h=0 h
0 f'@=-1, 08 R
ad J'f’(x)dx:J' -1 dx

=lim
h- 0

-1 [from Eq. (i1)]

a f(x) = —x + k, where, kis a constant.
But f0)=1,

therefore f(0) = -0 +k

0O 1=k

a f)=1-x, OR O f@)=-1

54. We have, f(x+ y) = f(x) J(y), Ox, y OR.

0O fO=/0O00) O fO{f0r 1 0

Lf©= Jim [OZ0Z10 0 f0)=1 [ 10 #0]
B . o — . fO+h)-f0) _
:%imo (o-h}z-ozl Since, f' 0)=2 O }115%7}1 =2
T 0+ ) - . fh)-1_ N .
R 0= Jim [OER 210 0 lim =2 B O =1 ...G)
N _ o e T+ R) = f(%)
- lim hez”‘—ozo Also, f (x)—}lljr(l)ih
ho 0 h i fOT®) - f)
O f(x)1is not differentiable at x =0. h 0 h ’
53. Given, f Et“ y@: fO*fG) o 5 R [using, f(x+ y) = f@) F ()]
: ’ = /9 Him T =10
On putting y =0, we get -0 h
_f@+f0)_1 - _ O fr@)=2f [from Eq. (i)]
SYAVA A /NS S f0)=1
FREET R s f@) B O =1 o
0 2fEE @ @
On integrating both sides between 0 to x, we get
- _ : of (%)
0 () zf%@ 1,0x, 4 R Q) [0 ey dx=2
Since, f'(0)=-1,we get O log, | f(x)| - log, | fO)| =2x
mw -1 0 log,| f(x) | = 2x [ £0)=1]
N 0 1 0)|=0
. L1 " og, | f( )I_ .
h0 h o flx)=e



55, y=[x]+|1-x|,-1<x<3

56.

57.

+F1+1-x -1<x<0
Ho+1-x o0<x<1

o y_gl+x—1, 1<x<2
H2+x-1, 2<x<3
O-x, -1<x<0
Hi-x, 0s<x<1
U y=0

Ot 1<x<2
Hx+1, 2<x<3

Clearly, from above figure, y is not continuous and not
differentiable at x ={0, 1,2} .

Since, 1) = f@ 1P < (x - 9)°
1O -f@F_
O =7 S@-y
2
0 W= FEH -y @)
o y-x O

2
0 lim ED OB ¢ fim - y)

y-xg y-x g y-Xx

O If' @ P<0
which is only possible, if | /' (x) |[=0
o f'»=0

or f'(x)= Constant

Since, f(-x) = f(x)

0 f(x) is an even function.

0 0=l LOTNIO)

~im [Q=M=10O) [ f(=h) = f(b)]

h-0 -h
Since, [ ' (0) exists.
0 Rf'O=Lf" ©
0 WO L W =f0)
h=0 h h=0 -h
0 2lim/W=-fO _,
) h
0 O
h-0 h

g f0)=0

58. Given that, f(x) = E(
x

59.
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O -1, -2<x<0
-1), 0<x<2
Since, x OF 2,2]. Therefore, | x| 1[0, 2]
u fUx)=1x1-1,0x0f 2,2]
0 f(IxI):Ex_l’ 0<x<2
Oox-1, -2<x<0
01, -2<x<0
Also, If@I=H-x 0=x<1
He-1, 1sx<2
Also,  g()=/(lx])+|f@)]
O-x-1+1, 2<x<0
:Eyc—l+1—x, 0<x<1
He-1+x-1, 1s<x<2
0 -x, -2<x<0
gw=0 0. 0sx<1
Bx-1), 1sx<2
0-1, 2<x<0
O g'(x)=%0, 0<x<1
H2, 1<x<2
ORHD (atx=1) = 2, LHD (atx=1) = 0
0 g(x)is not differentiable at x = 1.

Also, RHD (at x=0) = 0,LHD at (x=0) = -1

0 g(x)1is not differentiable at x =0.

Hence, g(x) is differentiable for all x O¢ 2,2)- {0, 1}

Given, f@) =+ - -x+1

O Fr@=3x-2x-1=@Bx+1) (x -1)
O f(x)isincreasing for x Ofco ~ 1/3)J0 (& )

and decreasing for x Of 1/3,1)

Also, given g(x) =[]
0

Of(x), 0<x<1

H g(x):%—x, 1<x<2

0 (x)_w—xZ—x+1, 0<x<1
g E 3 —x, 1<x<2

Atx=1,

RHL:hm1 B-x) =2
and LHL =lim (@ -«? -x +1) =0
-1
O Itis discontinugus atx=1.
2 _ 9y — <x<
Also, g,(x):SBx 2¢-1, 0<x<1
0 -1, 1<x<2
o g @H=-1
and g'(17)=3-2-1=0

O g(x) is continuous for all x 00,2y {1} and g(x) is

differentiable for all x 00,2y {1}.

Onax{f(t);0<t<x}, 0<x<1
3 -x, 1<x<2
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O 271 henx#1 lim g(x) = lim é‘wg
5 x-0 x-0 sin x

60. Given that, f(x)= %x —Tx+

D 3 , whenx =1 :lim3005x_f'(x)
X0 cos x
RHD = 1im L&+ P~ f@® _3-1_,
h-0 h 1
O 1+h-1 - QJQE 63. PLAN
—lim BZ(l +h)2 =71 +h)+5 3 (i) Inthese type of questions, we draw the graph of the function.
h-0 h (i) The points at which the curve taken a sharp turn, are the
Bh+2(1+ h)z —70 +h) +50 points of non-differentiability.
= }11_]5% %Bh{Z A+ h2—7(+h)+5) E Curve of f(x) and g(x) are
L 2h* o 2
=lim O— =~
-0 (Bh (-3h +2h%)0 9 le+|1 "
S /I x| +
LHD — 1i [0 =) =7 \
Mo RN
O 1-h-1 @_ @H P ;
i 2R =70 - h) +5 e T
)
.. —3h+2(1+ hZ —2h) -7(1 =h) +5 h(x) is not differentiable at x =+ 1 and 0.
= }Llf% “3h 20 =h)2—7( ~h) +5] As, h(x) take sharp turns at x =+ 1 and 0.
9h2 2 Hence, number of points of non-differentiability of A (x)
=lim ——————=-=0 LHD =RHD is 3.
h-0 —3h 2h? +3h) 9 \
9 64. Let p(x)=ax® +bx’ +cx® +dx +e
Hence, required value of f' (1) = —§ . 0 p()=4ax +3bx® +2cx +d
61. Given, f(x) =xtan ' x 0 pM)=4a+3b+2c+d =0
Using first principle, and p'(2) =32a +12b +4c+d =0 ... (11)
f'(1)=lim ME Since, lim @1 P (x)@ 2 [given]
mE(1+h)tan‘1(1+h) tan‘l(l)D O Lim ax + b2 +(c+1) 2% +dx +e=2
hﬁ 0 E h D X0 P
_ Etan_1(1+h)—tan_1(1) htant(1+ h)O 0 c+1=2, d=0, e=0
=lim 3 O O =1
h-0 h 0 ¢
0 From Egs. (1) and (ii), we get
—hm%;tan %@+ tan 1(1+h)E 4a+3b=-2
0
and 32a+12b =-4
hm%an % @g ad a:i and b=-1.
= gi 2
-0 D(z +h) EI— o 4 "
+h B 0 p(x)=xz—x3+x2
g
16
I @é EE m_l,m . PRy = o8 wd
h-02+ h O o 4 2 4 _
e+ h) : . p@)=0

Topic8 Differentiation
1. We know,
0 gx)= f%@cosecg— f(x) cosec x Q1+x)"="Cy +"Cix +"C, P "C,x"
@ On differentiating both sides w.r.t. x, we get

-1 _n, n n n-1
+ x)" = + + +
si n(l X Cl 2 sz ..tn Cnx

62. g(x)= J’E (f' (t) cosec t — cot t cosec t f(t))dt

0 gx)=3-



3.

On multiplying both sides by x, we get
nal+x)" ! ="Cx +2"Cy® +... +n"C x"
Again on differentiating both sides w.r.t. x,
we get
n[l+x)" "+ (-1 xd +x0)"
="C, +22 "Cox +... +n? "C x" !
Now putting x =1 in both sides, we get
"Cy+ 2% "Cy+ (3% "Cy +... + (D) "C,
=n@" '+ (1 -1)2""?
For n =20, we get
2001 + (22) ZOCZ + (32) ZOcv3 +..+ (20)2 ZOCZO
=202 + (19) 2'%)
=20 (2 +19) 2! =420 2'®)
= A@2P) (given)
On comparing, we get
(A, B) = (420,18)

Osin x — 0 -10
Let f(x) = tan™' (o2 X~ 008X tan? %tM
Ckin x + cos x0J Ctan x + 10

[dividing numerator and denominator

bycosx>0,x|]§),

tan x — tan I
4

=tan"

I o

i) )

+ [fan g@ (tan x)

@c N
an[x — —

e
0 tan A-tanB
% 1+ tan Atan B

=tan™!

| N

Since, it is given that x O @), g@ SO

Then,

f(x) = tan™ ﬁan @_g%:x T

5. tan ™! tanBZO,forGD% E,—m@m
B 2’2

Now, derivative of f(x) w.r.t. g is

d(f®) _ 4 df®)
d(x/2) d(x)

ol T

Key Idea Differentiating the given equation twice w.r.t. ‘x".

Given equation is
& +uxy=e

o

O
=tan (A - B)[
O

..(@)
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On differentiating both sides w.r.t. x, we get
dy , .dy

e +y=0 .G
dx dx v @
0 a
u Yo _HYH G
dx 0 +x0
Again differentiating Eq. (i) w.r.t. ‘¥, we get
2
d—z+ey¥g+xd—g+@+ﬂzo o (iv)
x x dx® dx dx
Now, on putting x =0 in Eq. (i), we get
@ =é
g y=1
On putting x =0, y =11in Eq. (iii), we get
ay___ 1 __1
dx e+0 e
dy _ 1.
Now, on putting x =0, y=1and — =->1in
dx e

Eq. (iv), we get

o She e o B o

- a1
dx? T
(0, 1)
2,0
So, 2 4940, 1)isg~l,i2
dx  dx*0 e e

4. Let y=f(f(f@) + (f@)*

On differentiating both sides w.r.t. x, we get
% = (FFNT (FENLF @)+ 2f@)f (x)

[by chain rule]

SO,% = FGONL GO W+2/Df @)
at x =1

dyl  _n
O 4 SO M)+ 216)

x =

[~ f@)=1and f' (1)=3]
= (HIB)B) + 6
=(3x9) +6=27+6=33

5. Given expression is

g _ + _ tx+1
2y=§:0t1 3 cosx smx%2 % 1HV3cotx+ 1 3 cotx
Clcos x — +/3 sin x Ocotx — 3
[dividing each term of numerator and
denominator by sin ]

[pot—cotx+ 1%2
=[kot™! Dinlil] E cotE Zﬁg
Hcotx— cot— %

Ogh 0ogo

|:|
ot Eot% X%Z Dcot(A B)= cot AcotB+1
“cotB-cot A cotA|:|
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O
i
_ 6
=0
% X%Z T T
+ - , —<x<—
i 5"
O [n+e -TI< <00
3 cot™ (cot8) = 8, 0<6<ml
= -1, T< 6<2 714

O s
D@—Ex_g7 0<x<—
dx k Ey E<x<l—[
0 6

. Given equation is
@Qu)%¥ =40> ¥ 6
On applying ‘log, both sides, we get
log,@x)® =1log, 4 +log, e= ¥

2ylog,@2x) = loge(2)2 +@2x-2y)
[ log, n™ =mlog, n and log, P = f()]
O @log,@2x)+2)y=2x+2log,@2)
_ x+log,2
1+ log, (2x)
On differentiating ‘y w.r.t. ‘*, we get

1 + log,2x))1 — (x +1og, 2) 23
x

d

dy _

dx (1+ log, 2x))?

1+ log,2x) -1 —lloge2
x

@ + log, 2x))*

2 dy _[xlog,@x) —log, 2
So, (1 + log, ()" <2 = 080082

. We have,
written as

xlog,(log, x) —x* + y* =4, which can be

yi=4+ 42 —-xlog,(log, x) ... ()
Now, differentiating Eq. (i) w.r.t. x, we get

Zyd——2x X ! .1—1Eﬂoge(logex)
x

dx log, x

[by using product rule of derivative]

1 Lo log, (log, x)
0 %@: 08, X ... (i)
X 2y

Now, at x= ¢, y? =4 + ¢ —elog,(log, e

[using Eq. ()]

10.

=4+¢ —elog,(1)=4+ e -0

=l +4
ad y=qle +4 [ y>0]
O Atx=eand y=q/e +4,

dy_2e-1-0_ 2e-1 e Bq. ()]

dx g\ +4 2\/e +4

. We have,

f@) =2+ W) +xf" @+ [ 3)
O f@=32+2xf 1)+ f' Q) )
O f'(x)=6x+2f (1) ... (1)
o " x=6 ... (1i1)
o f'"@®=6
Putting x =11in Eq. (1), we get
ffA=3+2f O+ f" Q) wee (V)
and putting x =2 in Eq. (ii), we get
fr@=12+2f Q) ...(v)
From Egs. (iv) and (v), we get
fraQ)y=3+2f 1)+ 12+2f (1))
3f 1)=-15
fra=-5
f'@)=12+2(-5)=2 [using Eq. (v)]
f@) =2+ W) +xf" @+ [ 3)
f@x) =+ —52% +2x +6
f@)=2° —=5©@)% +2(2) +6 =8 —20 +4 +6=-2

oobooao

. We have,x=3tantandy=35ect

dy dy 4 (3 sect)
Clearly,— =dt —ti

dx @ —(3 tan ¢)
dt

dt
_3secttant _

3sec? t

d*y _ d [dyf_
wd = B
%Q —(sm ) _ cost cos t

7(3 tan t) SSec t 3
dt
cos® I
Y mnQ _ 4 _ 1 1
Now, —%tt——@—
2 4 3 322) 642
O 2y O
Let y=tan™! E&D tan™! 2E(3x3/2)2
1 -940 H- 6@
O 0
=2tan '(32"%) [ 2tan ! x = tan"? 2x >0
0 1-x"0
dy 1 3 1/2 9
O =9 X — (x =
dx 1+ (35422 2() 1+ 94
9
O X)) = ——
£t 1+92°



11.

12.

13.

14.

15.

Here, g is the inverse of f(x).

ad fog(x) =x
On differentiating w.r.t. x, we get

1
flgtx g =10 g@)=
f'(g())
-_— 1 |:|. T e 1 D
" 5 re=rg
1+{g@y

O g@=1+{gx)y
Given, y = sec (tan™ ! x) )
Let tan™'x=0 é* I
ad x=tan® J(
O y=sech =41 +x° 9 3
On differentiating w.r.t. x we get

dy _

dx 241 + 27

dy 1
Atx=1, - =

¥ dx 2

Since, f(x) =e¥® 0 2@ V= f(x+1) = xf (x) =xe®
and gx+1)=logx+g(x)
ie. gx+1)-g(x) =logx . ()

Replacing xby x— % ,wWe get

g@ﬁé —g@c—l@: log%—lgz log 2x—1) —log2

1 ..

o g Qﬁ @c @ .. (u

g 2 - 2 @2x- 1) @

On substituting, x=1,2,3,..., N in Eq. (ii) and adding,
we get

Since,

1 01 1 10
"IN+ =0- g" 4 A
g QN 2@ g %Q 49" @N -125
dy dy/dx
d IZIde d

BE
: dy y %Q

o PRS- B

Since, " (x)=-f(x

7 L@

0 g () =-f(» [ g()=f"(x), given]...(i)
ool 0 e

Also, F (@)= Ef %@H + & %@H

s rwm i B
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+9 ﬁg %%[g %@[}é =0 [from Eq.(1)]

O F (x)isconstant 0 F (10)=F (6) =5

16. Let, g(x) = f(x) - x*

17.

18.

19.

0 g(x) has atleast 3 real roots which are x=1,2,3
[by mean value theorem]
0 g'(x)has atleast 2 real roots in x (1(1, 3)
O g'' (x) has atleast 1 real roots in x (1, 3)
O f"" (x)—2-1=0.for atleast 1 real root in x (1, 3)
O f'" (x)= 2, for atleast one root in x (0(1, 3)
Given that, log (x + y) =2xy ...(0)
O At x=0, 0 log (y) =0 O y=1

0 To find y at (0,1)
dx

On differentiating Eq. () w.r.t. x, we get

1 % dy[l_ dy
x+y dyB

0 @_2y(x+y)—1
dx 1-2@x+y«x

o B
XH0,1)

Given, 22 + y% =1

+2y[1

On differentiating w.r.t. x, we get
2x+2yy' =0
a x+ yy =0.
Again, differentiating w.r.t. x, we get
L+y'y' +yy"=0
O 1+ (y)*+yy' =0
#* sinx cosx
f=|6 -1 0

p p* P

Given,

On differentiating w.r.t. x, we get
3x> cosx -sinx| |& sinx cosx
fra=| 6 -1 0 |+/lo o o0

p p* P p p* D

¥ sinx cosx
+| 6 -1 0

0 0 0
3x%> cosx -sinx
d0 f'x)=| 6 -1 0
2 3
p p p
6x —sinx -—cosx
o frw=|6 -1 0 |+0+0
p P P
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20.

21.

22.

6 -—cosx sinx
and f'"" (=6 -1 0 |+0+0
p p P
6 -1 0
O f'"@©=]6 -1 0 |=0=independent of p

p pr
Since, y? = P(x)
On differentiating both sides, we get

2yy; =P (x),
Again, differentiating, we get
2y, + 257 =P"' (x)
O 2’ yy + 25%7 = y°P"" (%)
O 25y, = y°P"" @)= 2 (o)’
0 255, = P P (- 1 OF

2
Again, differentiating, we get
d
2% (’y) =P’ 0P (x)+ PP (x)

_2P' P (x)
2
d 3 - rrr

O 2* (V' yg) = P)[P""" (x)

%byng—El Px)(P'"" (x)
Given, xe¥ = y +sin’x ..()
On putting x =0, we get

0.¢ = y+0

a y=0

On differentiating Eq. (1) both sides w.r.t. x, we get

1.69 + x[@° @Cﬂ + y@:@ +2sin x cos x
dx dx

On putting x =0, y =0, we get

& +00 +0)= [y +2sin 0 cos0
HixE o
yO
g =1
Hixf o
Given, f(x) = x| x|
2 .
_Lx%, ifx=0
- f(x)_ﬁx{ if x <0
f(x) is not differentiable at x =0 but all R—-{0}.
[ — X, x>0
Therefore, (@)= @ Sy, x<0
" — s x>0
- /@@= @2, x<0

Therefore, f(x)is twice differentiable for all x O R- {0}.

23.

24.

25.

26.

27.

Given, f@=lx-2]
u g@=fIf @]=llx-2]-2|
When, x>2
gW=1(x-2)-2|=|x-4]| =
a g (x)=1when x>2
_ 1
Let u =sec™! Qsz_lgand v=4/1 - &%
Put x=cosB
O u=sec '(-sec20)and v=sinb
a u=T1-20 [ sect(-x) =10 —sec ! «]
and v=sIn0
o
doe
an d @ =cos0
dG
: dv B cose ?@9
Given, f(x) = log, (log x)
0 () = log (log x)
log x
On differentiating both sides, we get
01 O
e (log x) Eliog N %E— log (log x) %
(log x)°
1 Dlr -log (1) d
SN CS Hed —
®
0 f@=2+
e
LH@ L@ f©
Given, F(x)=|g () & (x) & (x)
hy @) hy () hy (x)
'@ '@ f @
O F=g @ g g ®
hy (0 hy () hy ()
h@ f@® f® A fo f©®
g @ g W & @+ g @ g g
hh @) hy(@) hy @] | @ hy () hy' ()
ad F'(a)=0+0+0=0
[ fi(@)=g.(a) =h.(a); 7=1,2,3
Given, y=f MD
2+10
and f' (x)= s1n2x

-10 ~10
0 dy - o PE=1ipd Heo 1y
dx k" + 10 dx x” + 10

ZEZx ID a2 +1)2 - @x -1) @x)0

Dx2+1DD (o +1)? 0

=sin



ZEij 1|:| —2x% + 2x + 2
Dx2+1D (& +1)?
—2(x -x - 1) ng ID
(2 +1)? +1[I

=sin

ax’ bx c

+ + +1
x-a)@x-b)(x-c @E-bx-0 (x-0
_ ax® N bx L%
x-a)(x-b)(x-c @®-b(x-0o (-0
_ ax? x U b O
= + E + 10
x-a)(x-b)(x-¢ x-olx->b O
_ ax? + X X
C@-a)@-b)@-o (@-o (x-b)
% 0 a | P

“ecoa-pb-1 H Cetaoe-ne-9

O logy=loga® —log (x—a)(x —b)(x -0
O log y=3logx—1log (x —a) —log (x —b) — log(x — ¢)

28. y=

On differentiating, we get

y'_§_ 1 1 1
x x—-a x-b «x-c
y' O 1 00O 1 0 10
O =0 - a+ 4 - a+ 4 - |
y [k x-al [k x-b0 [k x-cO
0 v -a b _ c
y x@-a) x(x-b) x(x-o0
0 Yy _ a . b . c
y x(@-x) x0b-x) x(c—-x
! 0 a
0 Lle a ., b +_¢H
y xla-x b-x c—-x0
. T
29. Here, (siny) 2 V3

+ 5 sec ! @x) + 2° tan {log (x +2)} =0
On dlfferentlatlng both sides, we get

(sin y) i Oog (sin y)[tos gx%

in Ex -1
+ %in E;\:@(Sin y)§ 2 [¢os yBZ—y
X

V3 , 27 Bec’ {log (x + 2)}

+—0
2 (2|x|>\/4x— (x+2)
+2% log 2 [Fan {log (x + 2)} =0
0 0
Putting (k=-1,y = —ED,we get
O [
0 J3Cf
D-ED
dy O mg _ 3
0BF -3

dx :
1-0—~0
gmQ

x =secO —cosBand y=sec"0 —cos" 0

30. Given,
On differentiating w.r.t. © respectively, we get

d—g =secO tan® +sin 6
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and % =nsec” 10 Eech tanB— n cos” 1B [{~sinB)

a dx =tan0 (secH + cos 0)
do

and gy _ ntan® (sec” 0 + cos” 0)

0 dy _n (sec"® + cos" 0)

)

secB + cos O
n? (sec"® + cos” 0)2
(secB + cos B)?
n2 {(sec" @ — cos™ B)% + 4} _
{(secB — cos 0)% + 4}

0 @ B2 =ntet 0

Ax) Bkx) C)
31. Leto(x) =| A@) B@) C@) ...(1)
A'(@) B @) C @)

n® (y* +4)
" +4)

Given that, a is repeated root of quadratic equation
f(x) =0.

0 We must have f (x) = (x -a)? B (x)

A'(® B (x) C" @

O =A@ B@) Ca)

A'@) B @) Ca@)

A'@) B @ Ca@)

0O ¢@= A@ B@) Ca)|=0

A" (@) B @ Ca@)

O x =0 is root of @' (x).

ad (x —a)is a factor of @' (x) also.
or we can say (x —a)?is a factor of f(x).

O @ (x)is divisible by f(x).

32, Given,y = Hlog,,,sin ) tlogy o5 ) +sin” [ 2 [
+x"H]
og, (sin x)D2 . 4, d2x 0O
a h‘f +sin ——=0
v og,(cos x)0 0 + 20
(log,(cosx)[eotx 0O
i + log,(in x)an x
0 QZZDloge(smx) g,(in x) ’ )%_'_ 22
dx Eloge (cosx) {log, (cos x)} o l+x
=
a O
0 20og gL %B 9
T
=T u ﬁogimzu 1+%
g 0B 16
_ 8 32
log, 16 + 2
e _ 0 0
33. Given, (@ +bx) " =x O y=xlog Bib%
X
a y=x [log (x) —log (a + bx)] ...Q0)
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34.

35.

On differentiating both sides, we get

dy i a

— = - +1[L -1 +b

tx b o loE @ g e v b9
IZlac@:xﬂ:| a E+y

dx ik (a + bx)O

ax ..

O = +

= ety (i1)

Again, differentiating both sides, we get
Ha + bx)O —xB0O

Xyt ¥ =a +
Yo+t N B @+ bx)z Nl
2.2
0 Byy=—9%
(a + bx)
0 Py, = Bﬂg [from Eq. (ii)]
2" Ha + b0 '

O £y, = (e — )

O

d’y _[ dy
P L ==L~
dx? dx Y

Given, h()=[f®]*+ [g@)]
O h'x=2f(@0" (x)+ 28x)E" (x)
=2 [f(x) L) - g(x) F(x)]
=0 [-f"®)=gand g (x)=~/(x)]
O hA(x)is constant.
O h@10)=h(G)=11

. .3
Since, y =**"* + (tan x)*, then

xsin x®

y=u+v, where u = ¢ and v = (tan x)*

. dy _ % N @Q .0
dx Udx dx
Here, u = esine® and log v = xlog (tan x)

On differentiating both sides w.r.t. x, we get

du_ grsin®’ [(8x° cos x> +sin a®)
dx

2
and 1 Efi—v = rlsecw + log (tan x)
v dx tanx

...(i1)

% = (tan x)* [2x[¢osec 2x) + log (tan x)] ...(iii)
X

36.

37.

From Egs. (i), (ii) and (iii), wet get

% = gesin” B2 [kos &® +sina’) + (tan x)*
x

[2x cosec 2x + log (tan x)]

Given, y= + cos?@x + 1
YT ( )
0 _5x +cos?@x +1), x<1
_Ba-»
o y=0"%,
0" +cos?@x+1), x>1
Bx-1)

The function is not defined at x =1.

& D([«)il —x) - x(_l)g— 2sin (4x +2),

x<1
d_[(B0 - 0

a
dx g5 0x-1)-200 .
Eglj -1 E 2sin (dx +2), x>1
o 5 o
. @zgm 2S1n(4x+2), x <1
dx 5 5 —2sin (dx+2), x>1
H 3x-1)
Here, lim F@ = 1
x-1Gx) 14
O xlflll g: gg = i [using L’Hospital’s rule]...(1)
As F (x) :J': f@dtO F' (x)=f(x) ...(i1)
and G ()= J’i tf{f @)Y de
O G (x)= x\f{f('x)}\ ... (1i1)
0 lim X i O gy, @
=1G ) =16 (®) =1 x|f{f)}
LIFfQ)  |f@/2)
Given, mM =L
x-1 Gx) 14
1
0 2
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