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Indefinite Integration

Topic1 Some Standard Results

Objective Questions (Only one correct option) sin 2%
1. Leta 0,7 /2) be fixed. If the integral 5. [ —2dxis equal to

51n —

tanx+ @and ;o - 4G9 cos2a + B (%) 2

I tan x — tana

sin2a + C, where C is a constant of integration, then the
functions A(x) and B (x) are respectively

(2019 Main, 12 April II)
(a) x+ aand log,|sin(x + o) |
(b) x - a and log,|sin(x - o) |
(c) x —a and log,|cos(x — a) |
(d) x + aand logelsin(x a)l

. The 1ntegra1J' dx is equal to

(here C is a constant of integration)

(@) %10

(2019 Main, 12 April I)

1 o} +1)?
C b) ~log, X T~
+ () 5 108¢ P

Ix3 +1]
2

B +1I

+C

2+ 1

(c) log, +C (d) log +C

d
it = o B2 e
(x® - 2x + 10)? x”—2x+100

where, C is a constant of integration, then
(2019 Main, 10 April )

(@) A:%andf(x) =9(x-1)
(b) A = —andf(x)—3(x 1)
(c) A=aandf(x) =3(x-1)

@ A :5714 and f(x) = 9 (x - 1)2

1

J'363(1 6)?13 =xf ()1 +x%)3 +C

where, C is a constant of integration, then the function
f(x)is equal to (2019 Main, 8 April 1)
1

(@) —— (b) -
6x 2x
© -1 @ 2
2x2 X

X

(where, C is a constant of integration )
(2019 Main, 8 April I)
(a) 2x +sinx +2sin2x +C
(b) x + 2sinx +2 sin 2x +C
(¢) x+2sinx + sin2x +C
(d) 2x + sinx + sin2x +C
6. The 1ntegralJ' 3361;236 dxis equal to (where C
@x* +3x% + 1)*

is a constant of integration) (2019 Main, 12 Jan II)

4 12
@ g gt OO ot
6(2x" + 3x” + 1) 6(2x" + 3x” + 1)
( x4 . x12

) -+
2x* + 32 +1)° 2x* + 32 +1)°

7. If J’\/;C;i_lldx=f(x)w/2x—1 +C, where C is a

constant of integration, then f(x) is equal to
(2019 Main, 11 Janll)

(&%@+@

(@é@+D

<w§@+m
(@%@—@

8. IfJ’ ! dx A@G1 -2 +C,

for a suitable chosen integer m and a function A(x),
where C is a constant of integration, then (A(x))"

equals (2019 Main, 11 Jan )
1 -1
(a) — (b) —
3
(0) (d)
27x° 27x8

9. Let n>2 be a natural number and 0 <8 <g. Then,
1
(sin” @ —sin B)" cos 6
I sin"*1@
(where C is a constant of integration)
(2019 Main, 10 Jan)

dB is equal to
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10.

11.

12

13.

14.

n+1
1 n
@ " H- +C
n2—1§l sin"*1@
n+1
1 n
) g+ +C
n2—1§l sin""'@
n+1
1 n
© -1t H- +C
nz—lél sin® 1@
n+1
1 n
@ - H- +C
n2+1§l sin®” 1@
5x° + 7x8
If f(x):‘[m dx, (xZO), and f(0)=0, then
the value of f(1)is (2019 Main, 9 Jan 1)
1 1
a) — = b) - =
(a) 5 () A
1 1
) = d) =
()4 ( )2

For % # nt +1, n ON (the set of natural numbers), the
integral

J, 2sin(x® - 1) —sin2(x% - 1) dxis equal to

2sin(x® - 1) +sin2(x? - 1)
(where C is a constant of integration ) (2019 Main, 9Jan|)
(@) %logelsec(xz —pl+C

2 -10
sec&lﬂ
02 0
2
sec ® -1
2
2 _ 10
seCZMD
o2 0

The integral

(b) log, +C

(c) log, +C

1
d) =1 +C
()20ge

SlI‘l2 X COS X

J’ 3 5 dx
(sin® x+ cos® xsin? x +sin® xcos®x
+ cos® x)?
is equal to (2018 Main)
a) o St ) ot St
3(1+ tan” x) 3(1+ tan” x)
©— 1 +C @— L _+c
1+ cot” x 1+ cot” x
(where C is a constant of integration)
The value ofj'% is
(" +1) (2015 Main)

1
) (" + Dt +c

(d)—%"ilu e

dx equals to

Lo
(a)%j%‘ﬁc
Ox 0O

1

© -G+t +c

8602 X

I (sec x + tan x)¥?

(for some arbitrary constant K) (2012)

15.

16.

17.

(a) ,17 (sec x + tan x)2H+ K

(sec x + tan x)n/2 EITI

1
b _
® (secx + tan )2 Eﬁ
(©

% (sec x + tan x)2H+ K

( )11/2 Hﬁ ; (sec x + tan x)2§+ K
secx + tan x

1

1 2
b — +7(secx+tanx) H+K
(sec x + tan x)'V2 011 7
x e—x
IfI= de,J = ———————dx.
f o+ Ie‘4x+e‘2’c+1
Then, for an arbitrary constant ¢, the value of J -1
equals (2008, 3M)
1 et - ¥ 41 1 %4t 41
a) —lo +c log| —————— |+¢
()2ge4x+?ﬂ+1 (b)2g e
2 _ % 4x
© llog e —e+l @2 10g +7e+1 fe
2 TleFte+1 S|
If f(x) —W for n =22 and g (x) = (fofo...of) (x).

Nl
f occurs n times

Then, J' 2" %g (x) dxequals (2007, 3M)

1

1-2
1+ nx") n+c

(a)

1
nn-1)

n) "+C

1+l

n4c

(© 1+ nx")

n(n+1)

1

n+e

(®-1) dx
2 2xt —22% 41
7 .1

@2 |2- 2+ 4¢ Mz 2+ 2+t e
X x4 xZ x4

(c)l 2—£+i+c
2 2 xt

The value ofJ' (2006, 3M)

[34]

(d) None of these

One or More Than One

18.

Let f:R-> R and g:R - R be two non-constant
differentiable functions. If f' (x)= (¢/™ &) g (x) for
allx DR and f(1) = g@) =1, then which of the following
statement(s) is (are) TRUE? (2018 Adv.)
@f@<1-log, 2 b)f(2)>1-log, 2
() g@>1-1log, 2 d) g@®<1-log, 2

Numerical Value

19.

Let f: R - R be a differentiable function with f(0)=1
and satisfying the equation f(x+y) =fx)f (v)
+ (%) f(y) for all x, yOR.

Then, the value of log,(f@)) s ....... . (2018 Adv.)



Fill in the Blank

X — X
20. T6[ 22 *5¢ ji= Ax+ Blog @e* —4) +C,then A =..,
9¢" —4e™

B=...andC=... . (1989, 2M)

Analytical & Descriptive Questions

21. For any natural number m, evaluate
[ @M+ 2™+ 1) @27 + 34" +6)V™ dx, x>0, (2002, 5M)

_Jx?
22. EvaluateI EIIT?E ﬂ (1997¢C, 3M)
X x

(1985,2%M)

23. EvaluateI i : Jﬁdx.
\ x

Topic2 Some Special Integrals

Objective Question I (Only one correct option)
1. The integralI sec?® xcosec”x dxis equal to (here Cis a

constant of integration) (2019 Main, 9 April I)
(a) 3tan™Px+C () -3tan P x+C

(¢) =8cot™ x +C (d) —%tan_‘”?’ x+C

2. Letl, :Itan" xdx(n>1).If

I, + Iy =a tan® x+ by’ + C, where C is a constant of

integration, then the ordered pair (a, b) is equal to
(2017 Main)

@ OF o] of @ o

Topic 3 Integration by Parts

Objective Questions (Only one correct option)
1. IfJ'xﬁe_xzdx= g(x)e_x2 + C, where C is a constant of

integration, then g (= 1)is equal to (2019 Main, 10 April 1)

@ -1 ®) 1
-1 -5
© 5 (d) 5

2. 1o

(secxtan x f(x) + (secx tan x +sec? x))

dx =“f(x) + C, then a possible choice of f(x) is
(2019 Main, 9 April II)

(a) xsecx+ tanx + % (b) secx+ tanx+ =

(d) secx—tanx—

OIH o] =

(c) secx+ xtanx —%
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dx
24. EValuate J- W (1984, 2M)
25. Evaluate the following: (1980, 4M)
2
1 1+sm%x§dx i1 ———dx
@) I, (i1) I i
2

26. Integrate (1979, 2m)

_x
(a+ bx)*
27. Integrate

sin x[3in 2 x[3in 3x + sec? x [tos? 2x +sin? x [dos* x

(1979, 1M)
28. Integrate the curve o (1978, 1M)
1+x
29. Integrate ! or — smx (1978, 2M)
—-cotx sinx-—cosx
Analytical & Descriptive Questions
3. Find the indefinite integral
0 1 In (1 + =)0
+ Odx. (1992, 4M)
J B W ir
4. Evaluate I (Wtan x + +/cot x) dx. (1988, 3M)
U2
5. Evaluate IM dx. (1987, 6M)
sin x
6. If f(x)is the integral of 2sinx-sinZx , wherex # 0, then

xS

find lin(l) ' (x). (1979, 3M)

3. The integralJ' cos (log, x) dxis equal to (where C'is a

constant of integration) (2019 Main, 12 Jan )

(a) g [cos(loge x) + sin(log, x)] +C
(b) x [cos(loge x) + sin(log, x)] +C
(c) x [cos(loge x) — sin(log, x)] +C
(d) g [sin(loge x) — cos(log, x)] +C

4, IfJ’ Pt dy= % e_4x3f(x) +C,

where Cis a constant of integration, then f(x)is equal to
(2019 Main, 10Janl)

(®) 4 + 1
(d - 2% +1

(a) - 44° -1
(©-28 -1
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1 . o e .
5. | @ . _1@6 *dxis equal to 201amainy  Analytical & Descrlptlve Questlons
¥ 25 +2
et b x4t 7. Evaluate [sin™' D—D dx. (2000, 5M)
@@x-De *+c¢ (b)xe *+c I Hl4x +8x+135 '
+ l x+ l
©@x+De *+c (d)-xe *+c 8. Find the indefinite integral
6. If [ f(x) dx= (), then [ & f(*) dxis equal to [ cos 20 JogrLos® +sinbg 4. (1994, 5M)
@ 1 s @ e OcosB —sin 60
a) — [P — [x°W’ )dx] + ¢ (2013 Main)
i J 9. Evaluate [ 5P V¥ —cos” Vx ;o (1986,2%: M)
(b) %xgw(x3)—3‘|'x3lp(x3)dx+c Ism x+COSI\/7 ,
1 303\ _ ¢ 2.3 x—-1)e
© gx w(x’) J’x Px®) dx + ¢ 10. Evaluatej'% dx. (1983, 2M)
133 3 117a3
d) = [xPE’) - (2 PE°) dx] + ¢
@ 3 W6 I W) dx] 1. EvaluateJ' (€°5* + sin x) cosxdx. (1981, 2m)

Topic4 Integration, Irrational Function and Partial Fraction

. L . : s
Objective Questlolllsz(Only one correct option) 2. The value of | cos® x + O X s (1995, 2M)
sm x+sin' x
1. The integral J' ﬂ dxis equal to ) o
(x5 x3 (2016 Main) (a) sinx — 6tan (sm x) +c
® - () sinx - 2 (sinx) ™ + ¢
o + 22 +1)? () sinx — 2 (sinx)™! - 6tan ! (sinx) + ¢
( 510 . (d) sinx — 2 (sinx)™" + 5tan ! (sinx) + ¢
200 + & +1? . . . .
5 Analytical & Descriptive Questions
c)——— —+C
2(° + & +1)2 2 +3x+2
e 3. el (1999, 5M)
(d)72(5+x3+1)2+c o
o 4. Evaluate ILBCZ (1996, 2M)
where, C is an arbitrary constant. x (1 + xe*)
Answers
o 4 1/4
Topic 1 24, - U,
1. (b) 2. (¢) 3. (¢ 4. (b) X
5. (c) 6. (b) 7. (b) 8. (c) 25. (i) 4sin§—4cos§ +e
9. (o) 10. (c) 11. (b) 12. (b) . ) .
.. 3 2 5 2
13. (d) 14. (©) 15. (o) 16. (a) (i) ~2[5/1-x ~20 =) 42 (1 )" ke
17. (c) 18. (b,c) 19. (2) ,
3 35 96, L [h+ bx —2alog (@ + bx) —— % + o]
20. A= _5, Bzg and C OR * ? %1 x ~2a 08 (Cl x) a + bx CE
21. [@ x> + 3x2 + 6x™)m VM 40 27. - cols64x - co;Zx + co;46 X sin2x +tanx —2x
6(m+1)

3x sindx sin8x
+ +

22. 2[cos™ Vx —log|1 + /1 = x| - 10g\x| 128 128 1024

- 1 - 1
23. —2./1 - x +cos'Vx +/x (1 —x) +c 28. Etan T(x®) + e 29. Elog (sin x — cos x) +g +c




Topic 2
1. (b) 2. (b)
3. § 23 _B X2y ﬁ X2 _E o2 +l A3 — gyt g6
2 7 3 5 2

— 1212 4 (le/z —3 %13 4656 +11) In (1 +x1/6)

+12In(1 + xM*) =3[In(1 + x"%)]?

a _; Vtan x —+/cot x

4. ————"0*c
0 2 0
2 +4/1 —tan®

5. —log| cotx + y/cot?x —1|+L10g w +c
V2 \/5 -1 —tan®x

6. (1)

Topic 3

1. (d) 2. (b) 3. () 4. (a)

5. (b) 6. (c)

7. (x +1)tan™ x3+2Q—%log(4x2 +8x +13) +c

+c
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in60
8. %sinzel MD+; In(cos20) +c

(OcosB —sin®
9. wa_ 2 —(1 -2x) sin_lx/;] —x +c
Tt
10. ¢ S *e
(x+1)
11. xsinx + cosx — cos2x +c
Topic 4
1. (b) 2. (c)
3 —110 |x+1|+llo | x? +1|+§tan_1x+ +c
PR P 2 2 +1
4. log xe |, 1 +c
1+ xe™| 1+ xe*

Hints & Solutions

Topic1 Some Standard Results

1. Let I= tanx+tan(x D@ Q
Itanx tan(x

sin x sin a
+

Cos x cosa
I sin X _ sina

cosx cosd
sin x cos O + sind cos X

_J’ . . dx
sin x cosa —sind cos x
. .
:Is%n(x )dx
sin (x —a)
Now, putx—a =t 0 dx=dt, so
7= J,sm(t+2(x)
sin ¢
_ sin ¢ cos 20 + sin 200 COStdt
-[ sin ¢
t
_I§1052G +sin 2a <2 @dt
sin ¢

=t (cos20) + (sin 2a) log, Isin ¢ [+ C
=(x—a)cos2a + (sin2a)log,|sin (x —a )| +C
= A(x) cos 20 + B(x) sin 2a + C (given)

Now on comparing, we get

A(x) =x —a and B(x) = log, |sin (x —a) |

2. | Keyldea
(i) Divide each term of numerator and denominator by x2.

iyletx2 + = = ¢
X

Let integral is [ = J' 22 - d J' Zx-1 /x dx
xt

;x:+

x
[dividing each term of numerator and

denominator by xz]

Putx2+l=t O %x+ Q»%%dx=dt
x x

O I=I%=loge|(t)|+C

1
_ 2, 1
= loge @c + x@ +C
=log, 2 +1 +C
dx dx

3. Letl= =
/ (? - 2x + 10)? | ((x—-1)% + 32?2
Now, put x—1 =3tan6 O dx=3sec® db

So.l= 3secd dO 3sec’® dO
I(3Ztan 8 + 32?2 -[ 3% sec’d




268 Indefinite Integration

+
—I cos®o dp = _ [ 1T cos29 de ¢in 2% 26in 2% cos ¥
21 5. Let I=( 2 dx= 2 dx
O 9, _ 1+ cos200 .X . X X
5 cos = ——— sin — 2sin — cos —
H 2 H 2 2 2
_ ij' (1 + cos20) dO = i @ + sin 29@_'_ c [multiplying by 2 cosg in numerator and
denominator]
rf @ 1 0 2tan® D+C _Ism3x+s1n2xdx
108 0l + tan? 9|:| s x

0 9tang O [ 2sin A cos B =sin(A + B) +sin(A —B) and
[} sin20 =m[| sin2A =2sin A cos 4]
0 an-u[]

i
54“@%1@2

= 1 tan_lgx_ 1§+
54 3

+C

0
%7 U————u+
@ 18 Ij(x 1) +3°0
0
—ta g—@ O, 0+C
18 [ - 2x + 100
- -1 O
*Ha _1§c 1§+ 23(:)(2 1) e
54 3 x°—-2x+10Q
It is given, that
g - g
IzAgan‘lgx 1§+ 5 AC) +C
0 3 x*—2x+10]

On comparing, we get A = é and f(x) =3(x —1).

(3sin x — 4sin® x) + 2sin xcos x

dx

_I sin x

[ sin 8x = 3sin x —4sin® 4]
=J'(3 —4sin?x + 2 cos x)dx
:I [3 =21 —cos2x) +2 cos x]dx

[-2sin®x=1 - cos 24]

=J’ [3 =2 +2cos2x +2 cos x]dx
=J' [1 +2cos2x +2cos x]dx
=x+2sinx +sin2x +C

6. Let

3, 2

R :
RS

[on dividing numerator and denominator by x'%]

3% + 24!

—I 7 dx
@x* +3x% +1)

=]

3
2

Now, pu‘52+%+i4 t
dx
4, Let =+
62/3
Jea+ D% @d _dtm%+7 oo _dt
_I dx _J, dx 2
- /3~ /3 - 1 At 1
41 701 So, I=([——=-=-x +C=—+C
f&%@*‘lg x%?ﬁ+lg 0, I2t4 2 —-4+1 6t3
i — 43 :—+C Dt:2+é+i[|
Now, put x6+1 ! 6@+3+1g H & x*H
2 4
0 gdx:?)tzdt rox
X 2
2 Teodracdap T C
0 d—f:—%dt 6@x* +3x" + 1)
1, 7. We have,
—-=tdt x+1 _ .
So,I:I ——lj'dt J'\/mdx—f(x)JZx—l +C ...
+1
05 _ 1 LetI=[———d
—t+C-— %C»+1§V +C g £ —6+ Q J’\/ﬁ
li(“x(s)ys iC Put 2x-1=¢>02dx=2tdt O dx=tdt
2 x> t2+1+1
=2+ 2% +C [given] I=[—2——idi=_ [P +3)de
On comparing both sides, we get t 2
() 1 D2 1=20 ?+10
X) = ——— "2x-1= x
20 . .



% E+C

=L@rvg)+c
0 6

N\h‘

(2x—1 +9)+C

[ot=420-1]

1
[\)
%
|
b

2x+8)+C
6(x)

x+4 2x-1+C

On comparing it with Eq. (i), we get
fly =221

. We have,

[{_.2
| ! 4’“ dx=A@) (1 -2 +C ()

Letl = J'\/idx " @

X

*
= Fdx J’JCSFdx

Put——l—t 0 22 dx=2tdt0 = dx=—tdt
x° » x3

3
O 1=—It2dt=—%+c

2 /2 0 9

3 0x O g
11 ..
:—gg(,ll -2)P +C ...(11)

On comparing Eqgs. (1) and (i1), we get

oo O

1
Alx)=——=andm =3
(%) W™
" 1
0 (A@)" = (A@)’ = ~——
Tx
N ol 1/n
. LetI=J'(Sm 0 '811119) cosede
sin""' @
Put sin6=¢ 0O cosBdb=dt
(t _t)lfn

0 =gt

_ n-1\Un _ n-1\Un
11 -1/ dt:Ia 1/: "

:I tn+1

Put - 1_ =u
tn 1
or 1-t D=y O (nt L) dt =du
0 dt _ du
t" n-1
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]Jnd ;+1
0 I‘Iu u_ u . i C
n-1 ( 1)@;+1@
n+1
1 n
n@_t”‘lg
IRCEE YRS
n+l
1 n
n@— : n—le@
_ 51121 +C
n° -1
o, _, _ .. 40
gu—l ﬁandt—smea
5x° + 7a8
10. Weh =
e have, f(x) I(x2+1+2x7)2
Ox8 0 Ox% 0
50,0+ 7040
M0 MO
=J' dx
* 1,2
o & A0

11.

(dividing both numerator and denominator by x4
64+ 7x°8

—J’—dx
(% +x 7T +2)?
Let x P +xT+2 =t
O (=55 %-7x%)dx=dt
O Gx %+ 70 8de=-dt
O f(x)zj' ﬂ——jﬂdt
2+1 -1
:—t +C:—t—+C:l+C
-2+1 -1 t
7
= _ 1 +C= ad +C
x P +x T +2 o2 + x> +1
f0)=0
0 0=—2 +coc=o0
0+0+1
7
D —7
fx) o Z 11
1 1
o f@)= =

20 +1%2+1 4

. 9 _ ol 9 _
LetIZJ’ 2s.1n(x2 1) 51.n2(oc2 1)
2sin(x” — 1) +sin2(x” -1)
2 _

PutX 190 +*-1=20 O 2xdx=2d0
a xdx=d0
NOW,IZJ' 2s.1n29—s1.n49

2sin20 +sin40

2sin20 —2sin206cos2 0
-r 2sin206 +2sin2 0 cos20

(.- sin2A =2sin A cos A)



270 Indefinite Integration

_ 2sin26(1 — cos20)
I 2sin20(1 + cos26)

- 2
:J. 1-cos26 dGZJ’ 2s1n26
1+ cos26 2cos”0

[+1-cos2A =2sin® A and 1 + cos 24 =2 cos? 4]

=I\/tan26 de=I tan0d 0
SeC%xZ;lH
o2 0o

=log,lsecB| + C =log,

g
+C 6
O

12. We have,
sin? x[kos? x

_x2—1

I= J’
(sin® x + cos® xBin%x + sin® x [dos? x + cos® x)?

sin?xcos®x

I {sin3 x(sin? x + cos?x) + cos® a(sin®x + cos? x)}

_ sin®xcos?x _ sin®xcos®x
_I (sin® x + cos® x)? x—J’ cos® x(1 + tan® x)?
_ tan? xsec® x

_I (1 + tan® x)?

Put tan® x=¢ O 3tan’xsec®xdx=dt

0 I:lj’ a_
3 1+1)
0 = «cor=- 1L .
3A+1) 3 (1 + tan” x)
dx dx
13. =
Sact g
x4
1 _ 4
Put 1+7:t
X
O 4 dx=afdt
P
dx 3
0 — =—t°dt
20

Hence, the integral becomes

“dl_ g o= oL 4+c
I tS J— x4

14. PLAN Integration by Substitution

ie. I=J’f{g(x)}|@’(x)dx
Put g(x)=t O g'(x)dx =dt
O I=If(t)o’l‘

Description of Situation Generally, students gets

confused after substitution, i.e. secx+ tan x =t¢.
Now, for secx, we should use
sec?x-tanx =1

a (secx—tanx) (secx+tanx) =1
1
O secx—tanx = ?
2
Here, sec” dx

I=(——m————
I (secx+ tan x)¥?

15.

16.

Put secx+tanx =t

0 (secxtanx+sec’x)dx =dt

a secxtdx=dt O secxdx:%
0 secx—tanx=l a secx:lg+l§
t 2 t
. 7= secx[$ecxdx
J-(secx+ tan x)¥?
%§+l§ﬁﬁ 1 1 1
_ Yt @
a I‘I 92 _5_[ 9/2+t13/2§dt
_1g2 . 2 0
2[[”7/2 Htu/z[l
O 1 1 ad
== + K
B7(secx+tanx)7/2 11(secx+tanxm25|+
_ -1 01 1 20
= —(secx . x)“jZ EE + - (sec x + tan x) H+ K
x 3x
. e é
Since, [=—-—drxandJ = ———dx
Ie4x+e2x+1 I1+er+e4x
(eSx _ex)
O J-I=(—-+———dx
I]. + e?.x +e4x

Put €'=u 0O édx=du

) @_%Q

— (u2—1 _ u
O J—I—Iﬁdu—-[ I du
1+u+u 14+ = 472
02
i-
2
:Iiudu
ot
u
Put u+l=t
u
1 _
dt 1 t -
== c
t2-1 2 |t+1
:llo W-u+1
2 gu2+u+1
=—log e +1 c
e+ +1
Given, f(x):W forn=2
f @) x
0 x) = =
T @ ™ Wz
x
and fff(x)zm
x

0 g (%) = (fofo...of ) (x) =

ntimes

(1 + nxn)]Jn



17.

18.

19.

Let I=(x""2g(x) dx= ﬂ
-[ g -[(1+ na)'"
d
ann ldx_ dx(1+nx)

dx
ZI (1+nx )l/n
1
n4c

ZJ- (1+nx )]/n

_ 1
n(n—l)

-1)dx

Let I= J’
xS,/2x -2x%+1

[dividing numerator and enominator by 2°]

1+ nx")

:f 2 1
2-2 + =
xz x4
2 1
Put 2-—+-—=t
xz x4
4 4
0 %——de:dt
e
2
O ]:EIﬂ_lgLJ,C
4) Jr 4 1/2
1 2 1
== 2-—=+ +c
2 2 ot

We have, f' (x)= /@789 ¢ )0 £ R
(x)
u f@zégg@

0 f') _ &)
J® &5
0 e/9f @)= g )

On integrating both side, we get

eT® = g8 4 o
Atx=1
TV = 2D 4 o
el=¢®V 1 C [-f)=1] @
At x=2
TP =8 4 o
0 TP =1 1 [ g(2)=1] ...(11)

From Egs. (1) and (i1)

D Zgpl _ e ... (iii)

O /@ >
We know that, e is decreasing
O - f(2x log,2 1
f(2)>1-log, 2
O e ¥ 4 o2) =ge7 [from Eq. (iii)]
a ¥ <ge!
- g(1) <log,2 -1
O g(1)>1-log,2
Given,
fa+r»=f@f W+ [ @Ff),0x0 R
and f(0) =1

Put x =y =0, we get
fO)=10) O+ f ©) fO)

20.

21.
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0 1=2/0)0 f (0):%

Put x=xand y =0, we get
f@=f@ f 0)+ f (x) fO)

O ﬂ@=%ﬂ@+f%@
PR | f)_1
o f(x)—2f(x) 0 @ 2

On integrating, we get

log f(x):%x+C

1
ad fx) = Aezx, where ¢ = A
If fO)=1, then A=1
1
Hence, f(x) = e2
0 log, /()= 3 x

O log, }‘(4):l x4 =2

+
Given, I%dx=
—4e
1¢% +6
& -4

Ax + Blog 9¢* -4) +¢

dx

LHS = I

Let 2 +6=A 9% —4) + B (18¢%)
0 9A +18B =4 and -4A =6

ad A:—§ and B:ﬁ
2 36

A (9e* —4) + B (18¢% )

J -1

where ¢ =9¢% -4
= Ax + Blog 9¢%

x=Af1dv+B| %dt

—-4) +c

3 35 o
=——x+— log Qe™ -4) +¢
2%* 38 g ( )
O A:—§’B:§
2 36
and c¢=any real number

For any natural number m , the given integral can be
written as

m 2m 1/m
I:I(x3m+x2m+x’")(2xg + 3% + 64™)

X

dx

0 I=[ @ + 322" +64m""

(x‘im—l +x2m—1 +x}n—
Put 2™ + 32" + 62" =t
d GmA™ + 6ma® ™t + 6ma" ) dx =dt

1
DI:I

by dx

,+1

fim dt _ 1

6m 6m %+1Q

1 A" + 322 + 6" DM 4 ¢

“6m+1)
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22. Let IZI Ld

E[l+«f|] x
Put x=cos?’0 O dx=-2cosBsin0d0

cosGDU -2c0s08in 6

I= do
-[ 0+ cosOI:I cos?8

sin —~2sin 6
g
cos Y cos6

2sin9@sin9|]tos9 2 sm29

=-f 2t gt —2de-zf——2de
cosilfd:ose cosd

-9 1—cos,9de
I cosB

:2J' (1 —secB) dB =2 [0 —log|secH +tan ] +

1, |8
NrRR(

g
ad I=2 wos*/x —log

O O
ad 1=2 E}os_lx/}—logll +m|—%log|xlg+c
1-Vx
23. Let I:I +\/7
Put x = cos?0 0 dx = —2sin6 cos 0 dB
—cosH

O I=(|————[-2sinBcosb) dO
I 1+cos9u )

= —J’2 tang [HinBcosB dB= —2I2sin29 [tos O dO
2 2

= —2J' (1 —cosB) cosBdB= —2J’(cos9 -cos20) dB

= —2J' cosB db +J'(1 +c0s26) dO

=-2sinb +0 +sm29 +c

=-2./1 -x +cos'yx +x (1 -x) +c

dx _[ x
s El+xl4g/4

24. Let IZJ' =

x2 (x4 + 1)3/4

Put 1+x %=t O —i.dx=dt
X
dt _ 1 f”“ 1@“4
0 =—-= +c:—@[+— +c
4It3/4 41/4 %t
1/4
:_(x +1) ‘e

2. (hLet I=] /1+singdx

=‘r\/cos2E +sinZf +ZSinf cosf dx
4 4 4 4

:J' gcosic+sin§§dx:4sin§—4cosf+c
4 4 4 4

.. x2
(i) Let [T :Iﬁ dx
Putl-x=¢> O- dx 2¢dt
(1—t2)2 —2t)

S B

——21(1 2t +t4)dt

O 50
__,0 .20 .78,

o 3 5[I
_25\/7 (1 x3/2+ a x)5/2ﬁ+

26. Let I=—
(a+ bx)

Put a+bx=t O bdx=dt

F—a
b ﬁzacﬁ_ 1 %2—2at+a25
a

O = ——— =— Odt
t? b b3ID t?
1.0 24 %0
= O-==+—0dt
bP’I o t 0
10 20
=5 -2alogt-——D0+c
b° O
10 2 0
=— [+bx-2alog(a +bx) - +dJ
b° 0 +bx [

27. Let I = I sin x sin 2x sin 3x dx
= ij' (sin4x +sin 2 x —sin 6x) dx

16 8 24
I, :J'sec2xlf¢osz2xdx

cos4x cos2x +cos6x

=J'sec2x(2 cos?x—1)%dx
=I (@ cos®x+sec®x —4)dx
:J' @cos2x+sec® x —2) dx
=sin2x+tanx —-2x
and I :‘[sin4 x cos? xdx
= ij’ (8 —4 cos 4x +cos 8x) dx
128

_ﬁ_sin4x+sin8x
128 128 1024
O I=L+1,+1

cos4x cos2x cosbx .
=- - + +sin2x +tanx 2x
16 8 24

3x _sindx +sin8x
128 128 1024




2x
4 2I1+(x2)2
Put ¥*’=u O 2xdx=du

28. Let I=] 1"d
+x

1.4 1. 1,2
0 =— =—tan (u)+c=—tan (x°)+c
2 1+u? 2 (@) 2 )
29. LetI:J',Sidx
SIN X—COS X

Again, let sin x = A(cos x + sin x) + B(sin x —cos x),
then A+ B=1land A-B=0

0 asl pel
2 2

(cos x+sinx) +— (sm X —COS X)

O 1= J' dx
(sin x—cos x)

cosx+sin x

1
dx+=(1ldx+c
ZI sin x —cos x ZI

—llog(sinx—cosx)+lx+c
2 2

Topic2 Some Special Integrals

2 4

1. LetI= I sec3 xcos ecdx dx=I dx

2 4
cos3 xsin? x

dx
[kin x
D—D cos3 xcosd x
[cos x[]

[dividing and multiplying by cos®® x in denominator]

_ dx __secxdx
o o
tan3 xcos®x (tan x)3

Now, put tanx = ¢t 0 secx dx = dt
-4

+1
_ . dt _t3
DI—IE—j+1+C
1
=—3%+C=731+C:—3tan3x+C
t3 (tanx)g

2. We have, In:Itan"xdx
O I,,+In+2:Itan"xdx+J'tan”+2xdx

=I tan” x(1 + tan®x) dx

n 2 tann+1x
=J'tan xsecxdx=—-—+C
n+l
t
Putn =4, weget I, + I = an’ x+C

ad azlandb:O
5
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1n(1+f)
3. Let I= J' %/;4_\/7 raypat Odx
O I=1 +I2
where, I, = J’ \/,de
x +
1= 1n(1+f)
2_.[ ?{/}+f
Now, I, I x+fgdx
Put x=t% O de=12¢"d¢
A1
t8 dt
=12
It+1

:12_[ @ =+ ¢t +2 =2+t ) de

dt
t+1

+12J'

8 7 6 5 4 k 0
P S A AN S
08 7 6 5 4 3 2 O

+12In (£ +1)
Dln(1+I)D
Gy 0dx

and I,=
2= 9{/}+IE
Put x=u®0 dx=64’° du
In(1+ u) In(+ u)

O L=(————6du=——=".6u"4d
2 Iu2+u J-1,52(1+u) woa

LLS
_6I(u+1 In(1+u)du
=6 [%m n(l + u)du

0, 1 0
=6 " -u+1-—-"In(d+u)du
ID u+10 ( )

_ _ In 1+ u)
6J’(u u+1)ln(1+u)du 617)
=6&—uf+u[lln(l+u)
03 2 0
3 _q,2
_deu_ﬁl[]n(l+u)]2
u+1l 2

=@u® -3u?+6uw)In( +u)

_I %u —5u+ 11u U

Ddu 3[n 1 +w)]?

=@’ -3ul+6w)ln (1 +uw)

3 O
- & 52411 -11 1 (w +D0-3[n 1 + w)]?
O3 2 O
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0 I:gx% _%xmz_'_nyz —1—52365/12 +308 gt

-62Y% —122"2 +12 In (2 +1)
+ 2272 =3x8 +64%) In (1 +V%)

_DE 2_§ 3 6 _ 6y
%x” 2x”11x” 111n(1+x”)E

-3[n a1 +x"%))%+¢
_3 s 12 ana 4 yp 12 sno
2 7 3 5

+%x”3 —dxt -7V 12412
+@x"2 32" +6x/6 +11) In (1 +2%)
+12In 1 +2"H -3 In @+ 2% +¢

I:I(\/tanx ++/cot x) dx :IM dx

4. Let
Jtan x

Put tanx=¢20 sec’ dx=2¢ dt

0 dx= 2t4dt
2+ 1
O I= Didt 2
J’\/7 41 I“
1+l2 1+l2
:217tdt:2j—tdt
22+ L 942 1 2
2 9,0+ 6D
Put t—l:ulil1+ldt=du
t ty
0 du

1=2f 57

2 -1 u
a I=—tan §+c
V2 %Z

., Wtanx = vcotx

=2 tan 57|]+
V2 0
Jcos2x cos®x —sin?x
5. Let I= J’ dx J' ———— dx
sin x sin“x

=J' cot?x -1 dx

Put cotx=sec® O - cosec’xdx sec Otan6 d0

0 T=[ysecto-15%00A0 0 poecBltanb g

- (1 +sec?0)

secBtan’0

-[ 1+ sec’0 a8

_ sin?0
IcosG +cos® 0

do

: 1 - cos?0
I cosB (1 + cos?0)

:_J. (1 + cos?0) —2cos?0

de
cosB (1 + cos?0)

=~ [ secd dB +2I%d9
+ cos

=-log|secO + tan 0| +2‘[% dé
—sin

=-log|secO +tanB]| +I 5> wWhere sin® =1¢

= -log |secO +tan9|+2[~l—l MH

—sm O

=-log |cot x +/cot®x —1 |

1 log |:L/§+\l1—tan x

\/5 D/i—wl —tan? x|:|
6. Given, /(9= W@m

On differentiating w.r.t. x, we get
, 2sinx—-sin2x _ 2sinx
fr@= -2
@ x

hmf ()= hm2 g;gazsm 2

O ,.0O
Osin?> O
—4I1Eﬂ1m|:|7|]:1

N

Topic3 Integration by Parts
1. Let given integral, I = J’ P dx

— COs x@
xZ

Put x%>=¢0 2xdx=dt
So, 1=11t2e‘tdt

% (=% ") + [ ¢ ' @0 di]  [Integration by parts]
:% [-tZ% ! +2t(-eh) +J'2e_t dt]
=% [-t% ! =2t t —2¢71] +C
e—t
= —7(t2 +2t +2) +C
—x?
= _eT (' +262 +2) +C [+t =47 .G

-+ It is given that,
1= P dy=g)@* +C
By Eq. (1), comparing both sides, we get
g = - (! + 20 +2)

5

1
So, —1)=-——(1+2 +2) = —
o, &1 2( ) 5
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2 . ecx t + t + 2 X+ 1 X+ 1 x4+
Given, J’ " [(secx tan x)f(x) + (secx tan x + sec” x)]dx :J. o tdy+ xe % _I & r de
= (@) + C . 1
On differentiating both sides w.r.t. x, we get 0o Q{ - %Q@x ’ rdx = ex Y3 0
¢ [(secx tan x)f (x) + (secx tan x + sec? x)] = * B
= N (x) + €Y (secx tan x) f(x) L1 WL WL e+t

0 esecx(secxtanx+seCZx):esecxfr(x) _Ie xdx+xe x—J’ex xdx xe Y +c
O  f (¥)=secxtanx+ sec’x 6. Given J.f(x) dx = W(x)

So, f(x) =J' [ (x)dx =J' (secx tan x + sec? x)dx

_ 3
=secx +tanx +C Let I—J’xﬁf(x)dx
So, possible value of f(x) from options, is Put =t
f(x)=secx+tanx+§. O dex:% ...
3. LetI =J’ cos(log, x)dx 0o I= l‘[ tF(t) dt
3
1
=xcos(log, x) — [ x(—sin(log, x)) — [dx 1 d 0
/ x =§§qf(t) dt—Iﬁd—t(t)J’f(t) dtﬁdtH
[using integration by parts]
=xcos(log, x) + J’sin(loge x) dx [integration by parts]
1

=[O - [ YO d)

OD

= xcos(log, x) + xsin(log, x) — Ix(cos(loge X)) 1 dx
x

[again, using integration by parts] -1 Pyed)-3 I PPEE)dx] + ¢ [from Eq. (1)]
ad I = xcos(log, x) + xsin((log, x) -1 3
O I =g [cos(log, x) + sin(log, x)] + C. =3 xSUJ @) —I P dr +c

4, Given, J’ Pt g = % i’ fo)+C 7. Let I:I gin™! DL% dax
B,Mx +8x+13

In LHS, put 2 =¢
0 szdx =dt — J‘Sln—l 2x+2 Ddx

H/ex+2)? +9H

So, [P dx = 1 f Lot
Put 2x+2=3tan0 0 2dx=3 sec’® dO

—dtD
3 D -4 I o O I:Ism_”]%mﬂ%sec 6de
[using integration by parts] E\/9 tan”6 + 95
_10e* %O (B tan 60
10 C - (sin"! 2 sec’ a6
"3 04 —165'- IS 03 secH H
1 . 40 sin® O
=-— et +1]+C = O Eﬁ 0 do
4 [ ] Ism Ccos® DseceD e
e_4x3 3 P
=- [42® +1] +C [t =2] :§Is1n (sinB) Bec™d dO
O f(x) = -1 —44% (comparing with given equation) = g]’ 0 Bec™® dB :g [6Fan O —I 1 [Man & 6]
1=+ : 3
5. I@l+x—;@e *dx :g[etane—logse09]+

_ ex xdx+J’x§l @g xdx =§ gan—l gx; 2@4 Fx; 2@
— x+i x — d x x+2g
—J’e dx+xe J’—(x)e dx - log 1+g%

moo
+
]
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a g __ 6 1.
:(x+1)tan"1g%2§—glog|j+g%ngq ——§cos29 +Zs1n29
d g
1 .9 1. 2
= —-— - + — -
= (x+1)tan! x3+2§—glog(4x2+8x+13)+c 29(1 2sin”0) 2sme\/m

5 . Lin Vra —2x) + 1 VT —x .. Gi)
§e1:§10{¢;f3+c1 :cE 2 2
From Egs. (1) and (i),
[os O + sin 60 . 401 1 0
8. I= 201 do = z Lo 2l
Icos n H:m% [given] I= =53 (1 -2%)sin™ Vx + 5 Vx —x g x+c
We integrate it by taking parts _ 4 [ [ =2 - (1 -2x)sin" Vx| -x +c
[kos 6 + sin 80 n
n [as first function .
Ccos® —sin B0 10. Let ]_I(x—l)e
. =
_Sin291n Ebos9+sin9D (+1)
2 Ceos —sin 60 7= Ebc+1—2% _J, 1 2 B dc
O 3 2 3
D I:bOSe + SIDGDD 2ede (1) D(x + 1) dx + 1) (x + 1)
2Id6[| Dcose—sme [I I xg 5 dx QJ'e
But d O [cosB + sin 6
" % g MDD Applying 1ntegrat1on by parts
[I |:|
-4 [In (cos® + sin ©) —1In (cos 6 —sin 0)] e+ 12 _I e
- de [(x + 1) (x+ 1) 0
—a1 —_ X
:%.(—sin6+cos6)—w - J'ex[! ! 5 dx= ¢ 5+ec
(cosB® + sin 6) cosB —sin B (x+1) (x+1)
_ (c0s6 = sin 6) (cos & ~sin 6) - gf"ssh?gfl?o?e) 11. Let I :J’ €°%* +sin x) cos x dx

(cosB + sin 0) (cos B —sin 6) :J’ (x + sin x) cos x dx

c0s?8 — cosOsin B —sin Bcos O +sin? B+ cos Osin O 1 )
+¢0s%0 +sin%6 + cos 0 [Ein O =Ixcosxdx+§‘[(s1n2x) dx
cos?0 —sin’0
_ 2(cos?0 +sin?0) _ 2

cos20 cos 20 . cos2x
=xsinx + cos x — +c

= (xEinx —J’l [Hin x dx) _cos2x +c

Therefore, on putting this value in Eq.(i), we get
Eb0s9+s1n9EI lfsm29

Ccos O —smG[I 2 cos26
[cosO +sinB0 1

=lsin261 nG———— [+~ In (cos206) + ¢
2 OcosB® —sinB0 2

I= %sin 261n de Topic4 Integration, Irrational Function

and Partial Fraction
212 + 5x° 2x'% + 5x°

1. Let/=(———"—dx= dx
. 4 I(x5 x3+1)3 Ix1°(1+x +x7%)3
9. Lot [=( SM Jx = cos \/}dx ~
’ -rsin_1 x + cos M /x 2470 + 527" dx

_I(1+x +x7%)3

sintx - % —sin™ \/}g

Now, put 1+ 2+x7° =¢

=J i * 0 (-2 55 %) dx=dt
2 O @x 3 +5x %) dx=—-dt
_% .1 _E@ :é .1 _ . _ dt 3
T[J' @sm Jx 2 dx T[J'sm Jxdx-x+c ...Q0) O I=- I J‘t dt
-1 -3+1
Now,fsm Vx dx :—t3+1+C=$+C
- t
Put x=sin’6 0 dx =sin20 .
9c0s29 _ x

= [88in26 d6= - +I cos28 dO “s@ et ©



2. Let

COS3 x+ 0055 X

1= I 1
sin?x + sin® x

dx

(cos?x + cos* x) [bos x dx

_I (sin?x + sin? x)
Put sinx=¢ 0 cosxdx=dt
.2 N
(- +a-

a 1=
I 2+t
1-t2+1-2t% +¢*
a I=
I 2+ ¢t “
2-3t2+ ¢4 .
0 I=[5 5 .0
2 (2 +1)
Using partial fraction for
w 1+é+ B [Where,thz]
y+1 y y+1
0 A=2,B=-6
y2-3y+2 ,2_ 6
y(+1 y y+1
0
Now, Eq. (1) reduces to,I=I |:l+z2 6 Ddt
o ¢ 1+ 20

=t —% -6tan"t(t) +c

-6 tan *(sinx) +¢

. 2
=sinx ——
sin x

2 +3x+2 :f+2x+x+2
@@+1)7@+1) @ +1)%x+1)

_ x(a® +1) +2(x +1)
o+ 1)%(x + 1)

_ X + 2
@+ D+l @ +1)?
. x _Ax+B C
Again, —; == +
@+D@E+1) @ +1) (x+1)
0 x=(Ax+ B) (x +1) +C(* +1)
On putting x=-1, we get

-1=2C0 G- 1/2
On equating coefficients of &% we get
=A+C
O A=-C=1/2
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On putting x =0, we get

0=B+C
0 B=-C=1/2
P +3x+2 _ x+l 1 2
@rD2a+1) 2@2+1) 20+D) (P+1)
M
I o +1)2(9C+1)
x+ 1 x
- +2( —/——
2Ix+1 2 x2+1 I(x2+1)2
07= 510g|x+1|+ log|x* +1]
1 -1 ]
+§tan x+21 )
dx
here, I, = [ —5——
where, 1; I (x2+1)2
Put x=tan®
O dx =sec® db
2
IM-J’eosQede=1J-(1+Cosze)de
(tan™® + 1)* 2
:1§+lsin29|:|
2H 2 B
1 1 tan
_7e+7
2" 2 (1+tan’6)
1 1 x
=_tan x+ Eli
2 (1+x%
FromEq @,
I:—§10g|x+1|+ log| +1|+gtan x+x2+1+c

(x+1) e(x+1)
et I_Ix(1+xex) _Ixe F(1+ xe*)?

Put 1+ xe" =¢t0 (" + xe" )dx:dt

O

dt 01 10,
I = = - -
I(t—l)tz IE](—l ¢ Z‘H
=log|t—1|—log|t|+%+c
—logg—@1+l+c
Oto t

X
=log j—lxe + 1 +c

l+xe'g 1+ xe"
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