12

Definite Integration

Topic 1 Properties of Definite Integral

Objective Questions I (Only one correct option)

1.

A value of a such that

o+1 dx
I(x+a)(x+0(+1) 1oge%§1s

(a) -2 (b)§ (C)_E

(2019 Main, 12 April Il)
(d) 2

12 t .
" cotx dx =m(T + n),thenm [ is equal to

(2019 Main, 12 April I)
d -1

-[0 cot x + cosec x

-1 1
(a) 5 (b) 1 © 5

73 x cosec”x dxis equal to
(2019 Main, 10 April II)
(b) 37/6 _ 35/6
(d) 34J3 _ 31/3

B
The integral IHIG sec
L1

32/ 3

(@) 3'° -
(C) 35/3 _ 31/3

2n
The value of I [sin 2x (1 + cos 3x)] dx, where [¢] denotes

the greatest integer function, is
(a) -1 (b) 21 (c) - 2m

(2019 Main, 10 April I)
(d) m

1
The value of the integral I xeot t (1 —x% +xt)dx is

(2019 Main, 9 April 1)

m 1 m 1
a) — - —log,2 b) —--log,2
(@) 2 58 (b) 5 %8
b s
(c) ——log,2 (d) —-log,2
4 & 2 &
w2 in®
The value of J' _SIde is
0 sinx+ cosx

(2019 Main, 9 April I)
@ mn-2
4

-2 m-1
() ——
8 4

(@ ° o)

X
Let f(x) = I g (t)dt, where gis a non-zero even function.

If f(x +5) = g (), thenJ' f(t)dt equals
(2019 Main, 8 April II)

x+5

(@ 5 _[g(t)dt ®)  [&@)dt

© 2 [e@at &) jg(t)dt
5

x+5

8.

10.

1.

12

13.

2 —xcosx

If f(x)=
/@ 2 +xcosx

and g(x) =log,x, (x>0) then the

value of the integral I:Z 2(f(x))dx1is

(2019 Main, 8 April I)
(a) log,3 (b) log,e
(c) log,2 (d) log,1

Let f and g be continuous functions on
[0, a] such that f(x)=f(a —x) and g(x) + g(a —x) =4,
thenI: f(x) g(x) dx is equal to (2019 Main, 12 Jan 1)

(@) 4 () dx () [ f ) dx
© 2 f: fx) dx @ -3 f: fx) dx

O
The integral J’: %g‘ - %g Dlog, x dxis
O

(2019 Main, 12 Jan|l)
1

equal to

o | =
Q| =
DO
[
[

%
1 1
© 5-e-— Py

3 1
d) 2-2-
()2 e 2e

The integral dx
-[TT 16sin 2x(tan® x + cot® x)

(2019 Main, 11 Jan|l)
-1g1 % b 1
33 ® % 20

B
ol @0

stx
0, 1
hE 2

(where, [x] denotes the greatest integer less than or equal

4

equals

10m

()7H»—tan

© -t

The value of the 1ntegralj dx

to x) is (2019 Main, 11 Jan|)
(a) 4-sin4 (b) 4
(c) sin 4 (d) 0

b
Let I :J' oc* - 2x%) dx. If I is minimum, then the ordered

a
pair (a, b) is (2019 Main, 10 Jan 1)
(@) (-/2,0)

© (2,-+2)

() (0,42)
@ -V2,42)



w3  tan© 1
14. If ————d0=1-—, (k >0), then the value of k&
IO 2k secH V2 ( )
1s (2019 Main, 9 Jan Il)
1
1 =
(a) (b) 5
() 2 (d) 4
15. The value of [ |cosxf dxi
. e value o Io cos x|’ dxis (2019 Main, 9 Jan )
2 4 4
a) — -— c) 0 d) =
(@) 3 (b) 3 (© (d) 3
2
16. The value 0fJ’m2 sin f dxis
T2+ 2 (2018 Main)
T T T
2t = 4m d) —
(a) 5 (b) 5 (0) (d) .
17. ma__ax is equal to
w4 1+ cosx (2017 Main)
(-2 () 2 (c) 4 (-1
2
18. The value ofJ'm2 X COSX 1xis equal to
2 1+e (2016 Adv.)
™ ™
T _9 LI
(a) A ) A
(0 ~-e? @ 1+
2
19. The integral I4 5 log x 5- dxis equal to
2 log x” +1log(36 —12x + x~) (2015, Main)
(@) 2 (b) 4 (©1 (d) 6
20. The integral H/Z(Z cosec x)!"dxis equal to
’ eral [, E (2014 Adv.)
(a) I:g(“ﬁ@(e” + ) S dy
S
log(1++/2) ot 17
(© J'O (¢’ ) 'du
@ Il"g(“ﬁ) 2" - e ™) 8 dy
21. The mtegralJ’\/l +4sin?%¥ —4sin Y dxis equal to
2 2 (2014 Main)
(@) -4 @)%‘—4—4@
(c) 44/3 - 4 (d)4v3-4-1/3
. ni2 Oy —xU
22. The value of the integral J’ b Hc + log xB cos x dx
1s (2012)
2 e e
0 — -4 — +4 d) —
(@) (b) 5 (© 5 (d) 5
o in %
23. Thevalue ofJ' Jlogd 5 Xem x dxis  (2011)
log2gin x” + sin (10g6 x%)
1 3
—log= —log= log= d) —log=
(a)40g2 (b)2og2 (© og2 ()60g2
24. The value of

0
J'_2 @ +38x2 +3x +3 + (x +1) cos (x +1)] dxis (2005, 1M)

(@) 0 (b) 3 (c) 4 (1

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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The value of the integral J' dxls

(a)—+1 (b)E_l (0 -1

(2004, 1M)

@1

vz O 1 N
The integralJ’ o E[x] + log Jn—-'- xEH dx equals(2002, 1M)
- -x

(@) —% ()0 ©1 @ log %Q
The value ofI " coszx —dx,a >0,is (2001, 1M)
(a) (b) amt

© ’—; (d) 2m
-t

thenIif(x) dx is equal to (2000, 2m)
@0 (b)1 (© 2 (3

2
The value of the integral J’ 8_Eloge xde 1s (2000, 2M)
e X

(a) 3/2 (b) 5/2 (c) 3 5
If for a real number y,[y] is the greatest integer less
t}}?&}‘% or equal to y, then the value of the integral
In/z [2sin x] dxis

(1999, 2M)
(@) -m ®) 0
Tt I
c) —— d) —
(©) 5 (d) 5
3m/4 dx . 1t
Jris T4 ogsp S caual to (1999, 2M)
1 1
a) 2 -2 c) — d) -=
(a) (b) ()2 (d) 5

Let f(x)=x—[«],
the integral part of x. Then, I_ll f(x)dxis

for every real number x, where [x] is

(1998, 2M)
@1 () 2 .
(©0 (d) -
If g(x) :‘[::cos4 t dt,then g(x + m) equals (1997, 2M)
(&) g () + g(m (b) g(x) - g(m
© g@g(m @ £D
g(m
Let f be a positive function.
It 1, =[  *f [v( -] dvand
J'l . flx @ —x)] dx, where 2k =1 >0.
Then, % is (1997C, 2M)
2
()2 (®) &
(c) 1/2 (d1
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o
35. The value OfJ'O [2sin x] dx, where [.] represents the

greatest integral functions, is (1995, 2M)
5T 5Tt
(&) -—— (b) -1 (©) — (d) -2m
3 3
36. If f(x) = Asin %@ B,
1 1 2A
! 2 and dx==""th tant:
f %%f an J'Of (x) dx —_ en constants
A and B are (1995, 2M)

(a) Mana (b) 2 and 3 (¢) 0 and _4 (d) 4 and 0
2 2 Tt Tt Tt Tt

37. Thevalue ofI JIZL is

1+ tan® x

(@0 M) 1
(c) /2 (d) /4

38. Let f:R - R and g:R - R be continuous functions.
Then, the value of the integral

(1993, 1M)

e
I_n o [f() + f(=0)] [g(0) — g(=0)] dxis (1990, 2M)
(@ m b1 (0 -1 (d)o
39. For any integer n, the integral
J'(:[ewszx cos’ @n + 1) x dxhas the value (1985, 2M)
(@) m ()1
(©0 (d) None of these
. /2 WJcotx .
40. The value of the integral ————dx is
& IO “eotx ++tanx
(a) /4 (o) /2 (1983, 1M)
(©m (d) None of these
Assertion and Reason
41. Statement I The value of the integral (2013 Main)

/3 dx
Iﬂ/ﬁ 1+, /tan x

Statement IT J"’ £) dxc = J"’ fla+b-x) dx

is equal to T/6 .

(a) Statement I is correct; Statement II is correct;
Statement II is a correct explanation for Statement I

(b) Statement I is correct; Statement II is correct;
Statement II is not a correct explanation for
Statement I

(c) Statement I is correct; Statement II is false

(d) Statement I is incorrect; Statement II is correct

Passage Based Questions

Passage I
Let F: R — Rbe a thrice differentiable function. Suppose that
F1)=0,F@)=-4 and F'(x)<0 for all x0(,3). Let
f(x) = xF (x) for all x OR. (2015 Adv.)
42. The correct statement(s) is/are
@f®<0 () f(2)<0
(¢) f'(x) £ Ofor any x O (1, 3) (d) f'(x) = 0 for some x (1, 3)

43. 1If LS 2 F (x) dx=-12and LS & F'" (x) dx= 40, then the
correct expression(s) is/are
@9 @)+ fDH-32=0 (b Ifﬂx) dx =12
@O @ ~F D+ 3220 (@ [/()dr=-12
Passage I1

For every function f(x) which is twice differentiable, these
will be good approximation of

[l rwax= [ Eir@+ 1),

for more acurate results for ¢ O(a, b),

F=° 3 L 5 S1F®) - £©]
When c= L+b
b b2
_b-a
[ f@dx=""24f @)+ [6) +2f ()} da 2006, &)
[ r@a-C D0+ f@)
44. Tflim=“ - =0,
t-a (t-a)
then degree of polynomial function f(x) atmost is
@0 ®) 1
()3 (d) 2

45. If "' (x)< 0,04 (a,bd), and (c, f(c)) is point of maxima,
where ¢ O(a, b), then f' (¢) is

f)-f(a) ) -f(a)O
N = I S
) -f(@)O
O, 8 @O

. . 2, .
46. Good approximation of J’O sin x dx, is

(b) T2 +1)/4
(d)l;

(a) /4
(c) T2+ 1)/8

Objective Questions II
(One or more than one correct option)

47. Let f: R - (0,1)be a continuous function. Then, which

of the following function(s) has (have) the value zero at
some point in the interval (0, 1) ? (2017 Adv.)

T

(a) e’ —j’f(t) sin ¢ dt () f(x) + Jz'f(t) sint dt
0 0

s
— - X

(c) x - 2If(t) cos t dt @ x° - f(x)
0
98 E+1 kh+1
48. Ifl_Zk:1 Ik 2+ D) dx, then

(2017 Adv.)

(@) I>log, 99 (b) I <log, 99

49 49
c) <= d) 1>
(0) =0 (d) =0



49,

50.

Let f(x)=7tan®x+ 7tan®x—3tan® x—3tan®x for all
x 0 Q— g, E’E Then, the correct expression(s) is/are

w4 1
(a) .[0 xf(x) dx = 1
(c) J‘:4xf(x) dx = }

Let f()—

2 +sin

192x3

® [0 dx=0
@ [} 76 de=1

(2015 Adv.)

— for all xOR with f%@ 0. If

m< _[1/2 f(x) dx < M, then the possible values of m and M

are
(a@ym=13 M =24
1 1
b)ym==,M=-
(b) m . 5
cgm=-1LM=0
dm=1L,M=12

(2015 Adv.)

51. The option(s) with the values of a and L that satisfy the
4
J' net (sin® at + cos* at)dt
equation 20— =L, is/are
i 6 4
J'Oe (sin” at + cos™ at)dt (2015 Adv.)
et I3
@a=2L=% "1 ®a=2L=% "1
et -1 et +1
4T _ 41T
@a=4L=2 "1 Da=4L=2 "1
e - et +1
xt (1 x)
52. The value(s) of I Z 7 dxis (are) (2010)
71 _3m
a —— — c) 0 d) —-—
(@) (b) 105 (0) ( ) 5
53. IfI, f TS gy, n=0,1,2,..., then
T(1+T") sinx (2009)
10
(a) In :In+2 (b) ZIZm+1 =10m
m=1
10
© YL @ L, =1,
m=1
Numerical Value
+
54. The value of the 1ntegralI 12 V3 s7 dxis
O (x+ 171 -x)°)
....... (2018 Adv.)

Fill in the Blanks

55.

56.

Let f:[1, 0] - [:

, o] be differentiable function such

that f(1) =2. If eflx f()=dt =3x f(x) -, O x=1 then

the value of f2) is ....

d esinx
Let — F(x) =
e d )

IfJ‘

values of kis ... .

Sll’l X

(2011)

,x>0.

=F (k) - F(), then one of the possible

(1997, 2M)

57.

58.

59.

60.

61.

62.

63.
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37n Tt sin (Ttlog x)

The value of J’ ——— dxis ...... .
x (1997, 2M)
2 - 2n
Forn>0,J’TI %dx= ...... .
0  sin*"x+ cos™x (1996, 2M)
If for non-zero x, af (x)+ bf %Qzl -5, where a # b,
x
2
then x)dx=...... .
Il f( ) (1996, 2M)
The value of dxis ...... .
I \/5 X+ f (1994, 2M)
The value of J’ L dx...... .
T4 1+ sinx (1993, 2M)
2
The value of [ |1 - dx is ...
(1989, 2M)

The 1ntegra1J’ %] dx, where [.] denotes the greatest

function, equals ...... . (1988, 2M)

Match the Columns

64.

65.

Match the conditions/expressions in Column I with
statement in Column II.

Column | Column i
1 dx 1
—lo Q
A -I'1 1+ x2 P. 2 9 %
1 dx
B. Jo 1 Q. 2log %@
3 dx 1
C Iz 1- %2 R 3
J.Z dx T
D Ji xm S 2
Match List I with List II and select the correct answer
using codes given below the lists. (2014)
List | List Il
P.  The number of polynomials f(x) with (i) 8
non-negative integer coefficients of degree
< 2, satisfying f(0) = 0 and I;f(x)dx =1is
Q. The number of points in the interval (if) 2
[-+/13, v13] at which f(x) = sin(x?) + cos(x?)
attains its maximum value, is
2
R. J.2 3x o equals (i) 4
21+e”
. O i
S D[ 0032 xlog D—Ed ] ™ 0
/2 -x0 O
5 NG equals
E’Jﬂ cos2xlog E“lmxm
0 O-x0 O
Codes
P Q R S P Q R S

() (iii) (i) (v) ()
(©) (i) (i) (1) @v)

(b) (ii) (iid) (iv) (i)
(d) (i) @iD) (@) Gv)
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Analytical & Descriptive Questions

66.

67.

68.

69.

70.

7.

72.

73.

74.

75.

76.

77.

78.

79.

(5050) I; (1 - )0 gy

The value of I 18 (2006, 6M)
[, Q=2 dx
Evaluate
J'One leos x| %sin % cosx@+ 3 cos % cos xggsinx dx.
(2005, 2M)
/3 +4
Evaluate I " &dx (2004, 4M)
-1/3
2 —cos @x |+ —@
3
If f is an even function, then prove that
/2 /4 .
J’ f(cos2x) cos x dx = «/5_]' f(sin 2x) cos x dx.
0 0 (2003, 2M)
.‘.[ eCOS X
EvaluateI ———— dx. (1999, 3M)
OeCOS.’)C +e cos X
1 44 1 | 1
Prove that I tan” O————0dx =2 tan "~ xdx.
0 M -x+x"0 0
Hf:nce or otherwise, evaluate the integral
J’O tan™! Q-x+ xz) dx. (1998, 8M)
/4
Integrate J' log (1 + tan x) dx.
0 (1997¢C, 2M)
. 2x (1 + s1
Determine the value of J’ " x(islznx) dx. (1995, 5M)
T 1+ cos“x
Evaluate the definite integral
O 4* O 0 0
M8 X BeostH2E Hax (1995,5M)
N3 O - x*0) 1 + 0
320 +xt -2 +2x% +1
Evaluate [ i : v S =dx. (1993,5M)
2 @x*+1) " -1)
A cubic f(x) vanishes at x=-2 and has relative
min}mum / maximum at x = -1 and x = 1/3.
IfJ’_1 f(x)dx =14/3, find the cubic f(x). (1992, 4M)
X sin (2x) sin % cos x@
Evaluate I dx. (1991, 4M)
0 2x— T
Show that ,
/2 . . /4
J’ f(sin 2x) sin x dx = \/§J' f(cos 2x) cos x dx.
0 0 (1990, 4M)
Prove that for any positive integer &,

sin 2kx =9 [COSx +cos3x +... + COS(2k _1) x]

sin x

12
Hence, prove that L])T sin2kx [tot x dx = T[/Z.(1990 M

80.

81.

82.

83.

84.

85.

86.

87.

88.

If f and g are continuous functions on [0, a ] satisfying
f(x)=f(a —x) and g(x) + g(a —x) =2, then show that

I:f(x)g(x) de=| :f(x) dx. (1989, 4M)

Pl;ove that the value of the integral,
[, Y@@+ [@a-x)i]dx is equal toa. (1988, 4m)

Evaluate I;log[J(l — + 0+ dx

xdx
—— 0<a<TL
0s O sin x

(1988, 5M)

s
Evaluate 1
Jo1+e (1986,2 M)

/2 xSIN X COS X
0 cos®x+sin”x

(1985,221M)

Evaluate I d (1984, 2M)
1-4°
/4 sin x + cos x
Evaluat -
valuate [ 6sinax (1983, 3W)

i T ™
(1) Show that [ xf(sinx) dx=— [ f (sinx) dx.
[ 2Jo (1982, 2M)

- 3/2 .
(ii) Find the value of I . | x sin | dx.
N (1982, 3M)

Evaluate I; (tx+1 —x)"dx,

where n 1s a positive integer and ¢ is a parameter
independent of x. Hence, show that

1
J’ Q- 0" Fdx :n;, for k=0,1,...,n.
0 Crn+1) (1981, 4M)
Integer Answer Type Questions
, <2
89. Letf:R - Rbe a function defined by f(x) = E[x] x ,
0o, x>2
where [x] denotes the greatest integer less than or equal
_2 ()
tox. If 1 —J' — ==~ dx, then the value of 4/ — 1)
T2+ f(x+1)
is (2015 Adv.)
1 - + 9520
90. Ifa=[ (7™ g2+ 91,
0 O1+x 0O
where tan™! x takes only principal values, then the
value of Qogel 1+al —B—T[Qis
4 (2015 Adv.)
1,042 O
91. The value ofJ' 45° Ede (1-x%° Odx is
0 [dx 0 (2014 Adv.)
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Topic 2 Periodicity of Integral Functions

Objective Questions I (Only one correct option)
(.ix , where [t] denotes
[sinx] +4

the greatest integer less than or equal to ¢, is
(2019 Main, 10Janl)

®) le (77 + 5)

w2
1. Thevalueofjrm[ s
-2 [x

<a>1i2<7n—5>
3 _ 3 _
© > (-3 @ (m-3)

2. Let T >0be a fixed real number. Suppose, f is a
continuous function such that for all

xORfGt+ T fGo.161= J'OTf(x)dx,

then the value of J’j ot f@2x)dxis (2002,1M)
3
°7 b) I

(@ 5 (b)

(c) 31 (d) 61

3. Let g(x) :I;Cf(t) dt, where f is such that % < f(t) <1 for
td[0,1]and 0 < f(¢) < % for ¢ O[1,2]. Then, g(2) satisfies

the inequality (2000, 2M)

<a>—SSg<2><§ (b) 0< 2@ <2

(C)g< 2®<5/2 (d)2< g(2)<4

Analytical & Descriptive Questions
4.. Show thatI(:m T |sinx|dx=2n +1 —cos v, where nisa

positive integer and 0 < v < TI. (1994, 4M)

5. Given a function f(x) such that it is integrable over
every interval on the real line and f(¢ + x) = f(x), for
every x and a real ¢, then show that the integral

J’ ot f(x) dxis independent of a. (1984, 4M)

Integer Answer Type Question

6. For any real number x, let [x] denotes the largest

integer less than or equal to x. Let f be a real valued
function defined on the interval [-10, 10] by

_Ox-[x[, if f(x)is odd
fto) = E;l + if f(x) is even

[x[x,
2

10
Then, the value ofn—j [ (x) cos Tix dxis...... (2010)
10J-10

Topic 3 Estimation, Gamma Function and
Derivative of Definite Integration

Objective Questions I (Only one correct option)

1T O di=a+ Ilt2f(t)dt,then r %Qis
(2019 Main, 10 Jan Il)
6 4
6 D2
(© o5 (d) 5

24 18

2. Let f:[0,2] -~ R be a function which is continuous on
[0,2] and is differentiable on (0,2) with f(0) =1.
x2
Let F(x) = _[0 F&o)de, for xO[0,2]. If F' ()= f (x), O

x (Q0,2), then F(@2) equals (2014 Adv)
(@ -1 () e'-1 (© e-1 @ e

3. The intercepts on X-axis made by tangents to the curve,
y :I;CI t| dt, x OR, which are parallel to the line y =2x,

are equal to (2013 Main)
(a) £1 (b) £ 2 (c) £3 d £4

4. Letf be a non-negative function defined on the interval
0.1, If [N1-(f@)di=[ f®dt,0sx<1 and

f(@©)=0, then (2009)

(@) f%@<% and f%§>%
®) f%@>é and f%@>%
© f%@<% and f%§<§
%) f%@>% and f%@<%
5, Ifj':m 2 f(t)dt =1 —sin x, Ox0 ©O1 /2), then f @\/%Q

18

(a) 3 (b) /3
(c) 1/3 (d) None of these

(2005, 1M)

2
6. If f(x) is differentiable and J'; x f() dx=§t°, then

f %Qequals

2 _5
(@) E ) 5

(2004, 1M)

5
2
(©1 ()2
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7.

10.

11.

12

13.

Iff(x) = J':: o e_‘2dt, then f(x)increases in (2003, 1M)
(a) (2,2) (b) no value of x

(c) (0,0) (d) (=,0)

If I(m,n) =J’;tm(1 +t)" dt, then the expression for
I(m,n)in terms of I(m + 1,n —1)is

n
() 2 n
m+1 m+1

®) " I(m+1n -1
m+1

(2003, 1M)
I(m+1n -1

© 2 s N
m+1 m+1

@ " Im+1n -1
m+1

I(m+ 1n -1

. Let f(x)=[y2-t2dt. Then, the real roots of the
1

equation 2 - f'(x) =0 are (2002, 1M)
(a) +1 (b) + % © ié (d) 0 and 1

Let f: (0, ©) — Rand F(x) :I;Cf(t) dt.

If F (x®) =x® (1 + %), then f () equals (2001, 1M)

(a) ?51 (b) 7 (c)4 (d)2

I; f@)dt=x+ I:t £(t) dt, then the value of f(1) is
(1998, 2M)
®)0 &) —é

(@) % ©1

Let f: R - R be a differentiable function and f(1) =4.

Then, the value of lim fto 2t dt is

x-1 x-1 (1990, 2M)
(@) 8f'(M) (M) 4f'(M
(©) 2f'(M @ f'@

The value of the definite integral I ; a+ e_xz) dxis
(a) -1

(b) 2

(c)1+et

(d) None of the above

(1981, 2M)

Objective Question II
(One or more than one correct option)

14.

It g(x) = I::(Z”) sin”!(¢) dt, then
(a) g@ggzm () g@ggz—zn
© g @g§= 2m @ g’%@z —om

(2017 Adv.)

Passage Based Questions
Let f(x) = (1 —x)*sin®x +x% Ox OR and

g (x) =J’1x g%—ln t@f(t) dt Ox O(1, ).

15.

16.

Consider the statements
P : There exists some x [JR such that,
F@) +2x=2(1 +x2).
@ : There exists some x [ R such that,
2f(x)+1=2x(1 +x).
Then,
(a) both Pand @ are true (b) Pis true and Q is false
(c) Pisfalse and @ is true (d) both P and @ are false

Which of the following is true?

(a) gisincreasing on (1, »)

(b) gis decreasing on (1, )

(c) gisincreasing on (1, 2) and decreasing on (2, ©)
(d) gis decreasing on (1, 2) and increasing on (2, ©)

Fill in the Blank
secx cosx sec’x+ cotxcosecx
17. () =|cos’x cos®x cosec’
1 cos®x cos®x

/2
Then, x)dx=... .
IO /@ (1987, 2M)

Analytical & Descriptive Questions

18.

19.

20.

21.

22,

Int i Find the function
1+1¢

f (x) + f (1/x) and show that f (e) + f (1/e) =1/2, where
Int = loge t. (2000, 5M)

For x>0, let f(x)=J";

Let a + b =4, where a <2 and let g(x) be a
differentiable function. If % >0, 0 x prove that
x

a b
Io g(x) dx +J’O 2(x) dx increases as (b — a) increases.

(1997, 5M)
Determine a positive integer n <5, such that
1
J' e (x—1)"dx =16 —6e
0 (1992, 4M)

If “f’1is a continuous function with I;f ) dt - o as

|x] - oo, then show that every line y = mxintersects the

2 X
curve y“ + t)dt =2
Y IO f( ) (1991, 2M)

Investigate for maxima and minima the function,

X _ o\ —1\2(+ —9)\2
f = [, B -1 =2 +3(¢ ~1)°¢ ~2)] a. (1988, 5M)



Topic4 Limits as the Sum

Objective Question I (Only one correct option)

.+ D" (n+2)" en) 0.
1. nh}% E e + e o + B BIS equal to
(2019 Main, 10 April I)
4 3 4
@ =" b =@ -
3 4 3
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Objective Questions II
(One or more than one correct option)
4. For a OR (the set of all real numbers), a # -1,
aQ“+2%+...+n% 1
lim =l =
n-o(n+1)"[(na +1) + (na +2) +... +(na +n)] 60

Then, a is equal to

3 3 4 _ _
© @ -2 @ 2 ™ @ 5 M) 7 © % @ g
.. O n n n 10. n n-1 n
2B g ey T el S et S =S e TS e
) | 12019 Main, 12 Jan n=1,2,3,..., then (2008, 4M)
(a) tan™ " (3) (b) tan™ " (2) T Tt
(c) m/4 @ m/2 (a) Sn<37§ (b) sn>375
3 n+1)(n+2)...3n§un. 1t ©T,< @r,>_"-
a0 Q( n? 18 eanatio (2016 Main) 33 3
18 27 . . L. .
® 7 ®) 3 Analytical & Descriptive Question
9 _ 01 1 10
(c) = (d) 3log 3 -2 : L A=
2 6. Show that, ’llirrzo % + o + ..+ GnE lo(glg.SI'ZM)
Answers
Topic 1 7. Llogs-— 6. fx)=x’+x-x+2 T >
L (a) 2. (d) 3. (b) 4. (a) 2 10 T
5. (a) 6. (c) 7. (d) 8. (d) 1, 1. ™ oTt s
9. (0 10. () 11. (9 12. (d) 8. Jlog2=o*y B
13. (d) 14. (c) 15. (d) 16. (d) 0 y
17. (b) 18. (a) 19. (¢) 20. (a) 85. g%n +%B 86 gio(logﬁ)g 87. (ii) %E
21. (d) 22. (b) 23. (a) 24. (o) n
25. (b) 26. (a) 27. (¢ 28. (c) O¢t-1 O
29. (b) 30. () 31. (a) 32. (a) 88. t-1)n+1)0 8. (0) %0. )
33. (a) 34. (o) 35. (a) 36. (d) 9.
37. (d) 38. (d) 39. (c) 40. (a)
41. (d) 42. (a,b,c)  43. (c, d) 44. (b) Topic 2
45. (2) 46. (c) 47. (c, d) 48. (b, d) 1. (d) 2. (c) 3. (b) 6. (4)
49. (a, b) 50. () 51. (a, ) 52. (a) ]
53. (a,b,¢) 54. (2) 55. (8/3) 56. (k = 16) Topic 3
i L - 1. (a) 2. (b) 3. (a) 4. (c)
57. (2) 58- 1 59. sz glogZ =5a + Ebg 5. (a) 6, (a) 7, (d) 8. (a)
a4 9. (a) 10. (c) 11. (a) 12. (a)
60. %@ 61 (N2 1) 62. (4) 63. (2 -12) 8. @ 4. 1. (© 16. ()
B SC o PD . _[5T+32 O, .0 _
64. A S;B_ S;C 24P,D D . R 65. id) ) 17. %Q 18, 5 Inx)’ 20. (1=3)
66. 5051 67. 5 g o8 %§+ Esm %Q - IB 22. Atx =1and g , f(x) is maximum and minimum respectively.
[ ) G [ T
6. 7 tan 1%% .7 71. log 2 Topic 4
- - 1. (o) 2. (b) 3. (b) 4. (b, d)
2. —(og2) T8 G . [t slog 2+ V3)-4+3] 5. (ad)



Topic1 Properties of Definite Integral

Hints & Solutions

Alternate Solution

From the options we get o = -2

/
2. Let]= I;T P ety gy

cot x + cosecx
CcOs X
_ /2 sin x /2 cosXx
IO cosx+ 1 J-O 1+ cosx

sinx sinx
n/2 cos x(1 — cos x)
o T2, 9
0 1-cos“x

dx

n/2cosx— cos®x
o T ap, ™
0 sin” x
/2 9
= .[0 (cosec x cot x — cot” x) dx

2
:I (cosec x cot x — cosec® x + 1) dx

= [~ cosec x + cot x + x]r”2

-107" 5 stmzfgg
cos x — 4 2 0

_g  cosx—-100 _
_ﬁﬁ- sinx B SC
=

12

92sin > cos X0
2 2

I2
O L

2B 2 2
=m[m+ n] [given]

. 1
On comparing, we get m = 3 andn=-2

O mlh=-1

I Leti= [ dx LetI:Imthdx
' I (x+a)(x+a +1) 0 cotx+ cosecx
cos X
_I (x+a +1) —(x +a) ne g
(x+0a)(x+a +1) _.IO de
GH sinx sinx
I L;+a x+a +1H :J,ﬂ/2 cos X dx
o+l 0 cosx+1
=[log,(x+a) —log,(x +a +1)] .
/2200527—1
_BO O x+a Dﬂ - 2 da
0 Be E+(x +1Hﬁ 200s2g
_ 20 +1 20
- 0% 20 +2 Be 20 +1 5 cose=200s2§—landcos9+1=200s2§é
= log, (Ra +1 o 20 +1[| = log %@ (given) - | e
Ea + 2 ¢ =IO @l—isec E@dx
@a+1)? 2 2
@AD" 9 g pa? + 40 +1] =36 @2 +a _0 0 m
d0@+1) 8 [ ] @ ) = -tang% 2 —(m-2)
2 —on 2
0 8a7+8a +2 =907+ Since, I=m(Tt—-n)
O o 2&0 -2=0 Omr )—1(n %)
0 @+2)@-1)=0 mnmm =y
0 a= 5L 2

On comparing both sides, we get

m:landn:—2
2

Now, mn=%x—2 =-1

/3
Let I= (sec?® xcosec’x dx
/6

13
n 1

= [ —5——F—dx
2/3 s 43
e COSs X sin X

/3
sec2 X

- 4/3
e (tanx)

[multiplying and dividing the denominator by cos®?

Put, tan x = ¢, upper limit, at x =1 /30 ¢ = V3 and
lower limit, at x=T/6 0 & 1/+/3

and sec®x dx=dt

kY|

B O ad

a3~ 0790
Uﬁt UI/SH/@

:—3%%6 -3V

:3[31/6 -3 B_UG
:37/6 _35/6

So, I=



4, Given integral
1= I:T[[sin 2x {1 + cos 3x)]dx

= [['lsin 201 +cos 33)]dx

+ J'zrisin 2x {1 + cos 3x)]dx
Tt
=1, +1, (let) (D)
Now, I, = J'2n[sin 2x {1 + cos 3x)]dx
s

let 21T —x =¢, upper limit ¢ =0 and lower limit ¢ =Tt
and dx =—dt

0
So, I, = —I [-sin 2x [{1 +cos3x)]dx

s

= Io"[—sin 2x {1 + cos 3x)]dx ... (i)

1= J'(;T[sin 2x {1 + cos 3x)]dx
+ Ion[—sin 2x[{1 +cos 3x)]dx

[from Egs. (i) and (ii)]

= Ion(—l)dx] [+ [] + [~x] = -1, x DInteger]
=-T
1
5. LetI= J’ xcot ™t (A - a? +xt)dx
0
Now, put 2 = ¢ 0 2xdx = dt

Lower limit at x =0, ¢ =0
Upper limitatx=1,¢=1

1
DI:lIcot_l(l—t+t2)dt
20
0
=f‘[tan %
20 E o0
Ot-¢-1)0

1L
_5.([tan B+ -1 t(t —1)Hd

] ., o O
—f (tan™" ¢t —tan (¢t —1)dtQ
0

-1 X7y
1+ xy

0 B L O
+ tan =tan "~ x—tan yH
1 1 1
I tan (¢ - 1)d¢ =I tan”'(1 —¢ -1)dt = —I tan"! (¢)d¢
0 0 0
because I fx)dx :I f(a —x)dx
0 0

1
1 -1 -1
So, I == [ (t t+t t)dt
o, 2,[( an an_ t)

= .[ tan”! tdt = [t tan™!
J 1 +t

[by integration by parts method]

m 1
=5 plos @+ =7

1
-=log, 2
D) ge

0 -1 4110
= cot " x=tan —
B «H
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Key Idea Use property of definite integral.
Ib F(x)dx :Ibf(a +b - x)dx
a a

n 3
Let I=[2 oSty g ..
0 sinx+cosx

On applying the property, .[ F)dx = Ib fla+b-x) dx

we get

ni2  cos® x

dx ..(i)

T=]) cosx+sinz
0 cosx+sinx

On adding integrals (1) and (i1), we get

w2 sin® x+ cos® x

21 = I dx
0 sin x+ cos x
T . .92 2 .
5 (sin x + cos x) (sin” x + cos” x —sin x cos x) d
-[0 sin x+ cos x

. Given, f(x) =I gt)dt
0

On replacing x by (—x), we get
f(=x) = fg(t)dt
0
Now, put ¢ = —u, so
) = -] &(-u)du =~ gw)du = ()
0 0

[ g1is an even function]

ad f(=x) ==f(x) O f is an odd function.
Now, it is given that f(x + 5) = g(x)
O f6-x)=g(=x) =g(x) =f(x +5)
[ gis an even function]
O f6G—x)=f(x+5) ()

Let I =} f(t)dt
0

Put t=u+50 t-5=u 0 dt=du

x-5 x5
ad I= If(u +5)du = J'g(u)du
Put u=-t0O du ——dt we get

I=- ‘!g( t)dt =5[f(t)dt
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b a
[ - J’ f(x)dx = J’ f(x)dx and g is an even function]
a b

5
1= J’ f(@®)dt [by Leibnitz rule f'(x) = g(x)]
5-x

—f(5) f6 - x) f6) —-f(6 +x)
f £ ()dt = f g(t)dt

5+x 5+x

[from Eq. ()]

8. The given functions are

10.

g(x) =log, x, x>0 and f(x) = 2 Y0¥
2 + xcosx
Let 1=["" gy
0
Then, R - xcosx

1= 327 ...Q
I-ﬂ /4 + xcos xEd @
Now, by using the property
b b
J'f(x)dx =J' fla + b —x)dx, we get

_ T4 [P+ xcosxl ..
_I-ﬂ/ E—xcostd ---()

On adding Egs. (i) and (ii), we get

of = n/4§ 2 — xcos x + log DZ+cosxD
I—n/4 &+xcost E xcost
n/4 -xcosx _ 2+ xcosxU

- —n/4 Eb+xcosx 2 - xcostdx
[ log, A + log, B =log, AB]

0 2f= J’ loge ()dx=00 I=0=log,(1)

Let]= _fo f(x) g() dx .. Q)
= fjf(a -x) g(a -x) dx

g,- f: f(x) dx = Io"f(a - %) dxg

o I= ij(x) [4 - g(x)] dx
[+ f(x) = f(a—x)and g(x) + g (@ —x) =4]
= j:4f(x) dx - I:f(x) 2(x) dx

0O I=4 J‘gf(x) dx -1 [from Eq. ()]
O 2I=4 I:f(x) de O I=2 J':f () dx.

e O
LetI= L %@h - %g Dlog, x dx

O

Now, put %g =t x log, %@2 log ¢
O x(log,x-log,e) =logt
O Ec %@+ (log, x - log, e)gdx = % dt

0 (1+ logox-1)dx = de O (og,®) dw= dt

11.

12,

13.

Also, upper limit x =e O ¢t =1 and lower limit x=1 0
1

t==
e

0 1=I;e§2—1@ddt 0 I:II (-t dt

R B

X

Let I = J’ P s =
n/6 gin 2x(tan® x + cot’ x)
_ m/4a (1 + tan?w) tan® x o . 2tanx O
= o dx [} sin2x=————p
n/62tanx (tan " x + 1) 0 1+ tan“x

_1 n/atan? x sec®x

2 Jnie (tan'® x + 1)
Put tan® x=¢ [ secx =1 + tan® «
0 5tan® xsec’ dx=dt

NI

1 dt

_1 -
5 I_Z%vaﬁt 1 (tan Oy 5
14 01 %
=—[an (1) -t
o O tan
1 On LO1 %
=—[F —ta
oo " B
)
Let T Iz BIN X e
21, OO
2 B8
2
Also, let f(x) = S ¥
1+D£D
BnH
Then, f(-x) —73111 ) (replacmg xby = x)
1+D_x
H nH
:szm[ ]:H—[x], if x0I0
1,0 7@5 or1-lx, if x0OIH
2 H Hn
2
O - SiIn"x
f(-x) N f(x)
=

i.e. f(x)is odd function

~ o . = 0, if f (x) is odd function O
nI=0 5 J'_af(x) dx = %J‘:f(x)dx, if f (x) is even functiong

We have, I = Ib (& - 2x%)dx
Let F) =at —22% =22(x% -2)

=x%(x —/2) (x +/2)



Graph of y= f(x) = x* - 24 is

y=f(x)

X

b
Note that the definite integralI (x* - 2x%)dx represent
a

the area bounded byy = f(x), x = a, b and the X -axis.

But between x = —+/2 and x = /2, f(x) lies below the
X-axis and so value definite integral will be negative.

Also, as long as f(x) lie below the X-axis, the value of

definite integral will be minimum.
O(a, b) = (-2, +/2) for minimum ofI

w3  tan©
14. We have,J' de=1- (k >0)

0 1/2k sec

w3 tan O w3 tanG

Let I= doe
¢ IO Jstec «/7J—0 Jsech
w3 (sin G)
f 0 Io
cos9

LetcosO=t[+ sinBd& dilsinBdb=-dt
for lower limit,0 =00 ¢t =cos0=1

forupperlimit,9=]—-[|:| t=cos1—-[=1
3 2
1 ve—qr -1 ve -t
O I=—— ——=—=( t 2dt
Rk T
1
0.1,k
1 O O 1 12
=-—0-—0 ———[2\5]1
2k I]_l+1|:| 2k
) I:Jl
ad ad
.. 2Ol g0 2g 1p
2k V2 0o ~2k 2
1 .
I=1-— iven
7 (given)
2 1@ 1 2
-~ H=1-— 1O =1
J2k 2 V2 2k
0 2=2k02k=40k=2

15. We know, graph of y = cos xis
Y

X5 n/z!t X

O The graph of y =|cos x|1is

y'

2 _ =
0f(x) <0 for — V2 <x < V2

3 sm 9

COS

Definite Integration 289

y=|cos x|

X'O 2 U X

y'

s
" 3 92 3
I—Iolcosxl —2J’0 |cos x°dx

. . 1
(. y = |cos x| 1s symmetric about x = 5)

11

=9(2 cos®
210 cos’x dx

E' costOforxD@,g%

Now, as cos3x =4 cos® x —3cosx

0 cos’ x:i(c053x+3cosx)
9 I

ad I=7J'2(cos3x+3cosx)dx
4Jo

s
($in 3x +3sin xéﬁz

l\')\r—i N[ N

‘@FE @FE

am
w

3T nj_ o . .~
—sin — + 3sin — —sin0 +3sin0
2 28 B F

L1y +3B-p+o)0
OJ

B
o . 3m_ . T . T O
"s1n—=sm§1+—§=—sm— =-1

H 2 2 2 H

N

DO |
D]]D
co\»—t

D
i)
b b
16. Key idea Use property =J’ f(x)dx =J’ fla +b -x)dx

/2 2

sin“x
Let I= f o

|
~
1

dx

2

£

O b b

5 [ fedz=] fla v - DD
0%

O
sin®x
O
g
/2 .92
_ 2% sin”x
- =l g ®
-1 /2
/2
O 21 = J' sin? x&D
- /2
/2
O 2I = (sin®xdx

Tt /2
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/2
O 21 =2 I sin?x dx [ sin? x is an even function]
/2
O I= Isin2xdx
0
/2 0 e a O
0 I=q cos*dx o [ f@dx = [ f(@ ~xdxD
0 () 0 a
/2
O 21 = J'dx
0 oI =2 O I=g

3/ sm/a] —
17. Let I= n/4 dx _ el cosgx dx 20.
n/4 1+ cosx Jn/4 1 -cos’x
3m/a ] —
_ 41 cosxdx
n/4  gin?x
—I cosec x —cosec x cot x)dx
= [~ cot & + cosec ]34
= [0 +42) - (-1 ++2)] =
/2 %% cos x .
18. LetI= I Wi L)
b b
D‘f fede=[ f(a+b - %) da’
a 5|
/2 -
=" x*cos (- %) 9 gy ..
2 14+ e *
On adding Eqs. (1) and (11), we get
21 = o1 + ! Dd
J’ xcosx o 1+e_xDx
—I x cosx 1) dx
. a O
D'I f() dx:ZI f(x) dx, when f(-x) = f(x)0
g 0 =i
/2
O 21=ZIH x% cos x dx 21.
0
Using integration by parts, we get
21 =2 [x*(sin x) — 2x) (- cos x) + (2) (-sinx)] I'2
2 g
0 2I=2 E*L 20
04 a
2
o 1=""-2
4
19. PLAN Apply the property
Ibf(x)o’x = fb fa + b - x)dx and then add.
a a
2
Let I=f —— log x - dx
2 log x” + log(36 —12x +x7)
_ 2log x » 22.
I2 21og x+ log(6 —x)?

_ 2log xdx
IZ 2[log x + log(6 —x)]

_ log x dx

- IZ [log x + log(6 —x)]
log(6 —x)

_-r2 log(6 —x) +log x

0. feoda = [ fa + b -2)dal
g Ia Ia ]

...()
...(11)
On adding Eqgs. (1) and (i1), we get

9] = 4log x + log(6 —x)
-[ log x + log(6 —x)

— — a4 —
ad 2[—‘[2 dx=[x], O 2I=2
a 2I=2 0O I=1
PLAN This type of question can be done using appropriate
substitution.

. /2 17
Given, I:J' B @ cosecx) ' dx
s

niz 27 (cosec 2)'® cosec x (cosec x + cot x)

=I dx

/4 (cosec x + cot x)
Let cosecx + cot x =t
a (—cosec x ot x — cosec®) dx = d¢
and cosec x — cot x =1/t
g 2cosecx:t+1 .
: = fg., 27850 -
2+1 E 2 E t
Let t=¢“ 0O dt=e"du.
Whent=1,e“=10 u=0
and when t =+/2 +1,¢' =2 + 1
O u=Iln(2 +1)
—_ _unie €'du
. Iln(fzn) 2" +e™) &
In(V2+1
_zj“‘ V@ ey du
PLAN Usetheformula,\x—alzl]x_a’ ¥=a
T (x-a), x<a

to break given integral in two parts and then integrate separately.
s
[ H -2sin gdx =[n- 2s1nf|dx
0
I X ﬂ X
=(3 —2'7§d— Q_Z*@
.[0 Ql sin 5 x -[35 sin 5 x
n
:Qc+4cos —Qx+4cosf§:
20
3

=443 -4 -

N8

wl|A

1= J' 2 + log BT[—HDCOS x dx

As, J'_a f(x) dx =0, when f(-x) = - f(x)



(x2 cos x) dx

o I= J'
=2{(x*sin %)% - J'O ? 9x [§in x dx}

2
=9 Sﬂ— -2{(-x[dos x)7"* - Imz 1 - cos x) dxH
04 0 D

2 cosxdx+0 = ZJ'

2 0O
:2?—2@1”)3’2[,_251 2D:Dﬁ—4
04 o o4 002

[ ||

23. Put «’=¢ O xdx=di /2

log3 sint Eﬂ

0 =
Ilongmt + sin (log 6 —t)

...(d)

Using, I f(x)dx=J' fl@+b-x)dx

logd3  sin (log 2 + log3 —t)
2 Ilog2 sin (log2 + log3 —¢) +sin
(log6 — (log 2 + log 3 - t))
log3 sin (log 6 — t)
2 -rlogZ sin (log6 — t) + sin (¢)
log3 sin (log 6 - t)
_Ilogz sin (log6 —t) +sint

dt

O ...(11)
On adding Egs. (1) and (i1), we get
21_1 log3 sin ¢t + sin (log 6 —t)
2 Jlog2 sin (log6 —¢) +sint

0 2r= o

O I:iloggg

%3 2
24, Let I—J’_z[x +3x° +3x+3 +(x +1) cos (x +1)] dx

:% (log3 —log 2)

=J’_02[(x+1)3 +2 +(x +1) cos (x +1)] dx

Putx+1=t¢t
O dx=dt
_¢l 3
a I—J’_l(t +2 +tcost)dt

(' Bdr+a( dt+( tcostd
_I—1t t I—1 t J'_l cost dt
=0+22 [x]) +0

=4

[since, t* and ¢ cos ¢ are odd functions]

25. IIOF _I;ﬂ

_ 1 1 1 X
_‘rowll—xQ dx_J'Owll—x2

S -1 91 0t
= + —
[sin™ «] L ; dt

dx

[where, t2=1-x*> 0 t d& - x dx]
=(sin'1 -sin'0) + [t]¥=m/2 -1
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0 1 n
26. J'ijjz rx] + logBl%zHDdx
J' [x] dx + I log BI?H dx
g On+x0. .o
I [x]dx +0 E{ log HEH is an odd function

a
0 1/2 0
:J'_m[x] dx +I0 [x] dac:I_U2

= -l = -+ =3

1/2
(-1) dx +I0 ©) dx

2
27. Let 1=I"n 1C°S ® dx o)
.
_J. Tlcos(x)d( )
o I= ¢ cos’x (i1)
.f-n oo

On adding Egs. (1) and (i1), we get
ZI:J' LD cos®x dx
-+ a®

1+ 2
—I cos?x dx= ZInﬂ dx
=Tt

:J’Oa + cos 2%) dx :fo 1 dx+J’0"cos2x dx

/2
= [x]§ +2J'O cos2xdx=T1+0

a 2=t O £ m/2
" sinx, for|x|<2
0
f=0 2

g
g

DJ’ £() dx = IZf(x)dx+J' () da

28. Given, , otherwise

— COS X 3 — 3
—J’_ze smxdx+J’22dx =0 +2[«];

[ e“* sin x is an odd function]

3
=2 [3-2] =2 g- [ @ dxzzg
99, I_lzlogex@ _lalogexa <glog, g,
e [ x O x 0O 10 x 0O

since, 1 is turning point forl

d
g
%loge *Dfor + veand - ve Valuesg

1

62
= [ 108 gy  TROBe XMy,
e X 10 x O

= - [dog, 971",

Lo+ ez -0 =2
G0~ (D +5@"-0) =5

1 2
5 [(og, )7 §
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30. The graph of y=2sinx for m/2<x<3T R is given in 0 J’l [x]dx=J'0 [x] dx+J'l[x] dx
figure. From the graph, it is clear that N 0_1 ’ 1
Do i . =[, (D dx+ [ 0 dx

E 1, if m/2<x<5Tb
2sinx] = 00, if bBule<x<m
tl1, if m<x<7mh x
0 . — 4
He, if 7n/6<x<3me 33. Given,  g() = cos” tdt

=- [x]?1 +0=-1; O J'_llf(x)deI

Y m+x 4
ad glx+ 1) :J'O cos” t dt

A 4 TT+x 4
=J' cos tdt+J’ cos“ tdt=1 + 1,
0 s

s
X where, I :I cos' tdt = g(m)
0
T+ x
and I, :I cos? t dt
s
Put t=T+y
Therefore, J’ 251n x)dx 0 dt = dy
- n _ I,=( cos* (y+ 1) dy
_Im dx+ISn 0dx+I 1)dx+J' 2(2)dx 2=[,
= el 5+ [ 70+ (2] 50 = [, (Ceos)'dy=[ ‘cos' ydy=g @)
_ 207
‘% n@ *”T@ Q; n@ 0 gh+m=g(m+gM

k

:ng_ﬁﬂ@_f §+ n%_gg 34. Given, Ilzlj_'kxf[x(l—x)]dx

k

_n%@ n@— g+ n%@ > 0 1= (=0 [0 -9 dx

T~k
3m/4 dx . _ k k
31. Let I —J’n/4 5 conx ...(0) —L_k A - x)]d«] L o xf A —x)]dx
O 1:13’”4$ O L=1,-1, o =1
/4 1+ cos (TT—x) I, 2
- J-ST” 4 dx ..(i) 35. It is a question of greatest integer function. We have,
w4 1 -cosx subdivide the interval T to 21 as under keeping in view
On adding Eqs. (i) and (ii), we get that we have to evalu?te [2 sin x ]
9] = sm/ald 1 + 1 d 12
In/4 Eil+cosx 1- cost * ’
3n/ald
. = 2 Hax X S K- X
/4 [ - cos®x O 0,19 30 30 (0,2m)
3T/4
O 1 =In74 cosec’x dx = [—co‘wc]‘:’ﬂ4
. arr - _1/2.7106 ; 132  -1/2,111/6
= 3cot— +cot——=-(-1) +1 =2
H 4 4H m 1
1 We know that, sin n ==
32. fdx=[ (x-[x])dx=( xdx—-[ [x]dx
e g wds=p) fl ey 1
. . O sm§1+—§—sm—=—f
=0- J' 5 [x]dx [. xis an odd function] 6 6 2
o1, if -1<x<0 ad sinn—ﬂ:sin@ﬂ—ﬂgz—sinﬂz—1
6 6 6 2

But =Ho, if 0<x<1
31

9Im
1, if =1 a sin— =sin — = -1
E ’ 1 X 6 6



Hence, we divide the interval mto 2 as

B I 11
e - BB

ad 2sinx =, -1), (-2, -1), (-1,0)
a [2sin«] = 1
:I [2 sin x dx+I

/6
[2 sin x] dx

+ Lm [2 sin x] dx

/6

:In (-1) dx +I7
:—f -9 %’-ﬁ_iz_iﬂz_%ﬂ
36. Given, f(x) = Asin Q’E§+B %

—2) dx + Iu 6 (-1) dx

and I f(x)dx——A
ATt X AT [ AT
fr@="Gesy 0 f Ff=Teos [ 2z
ATt 4
But '%Q:ﬁm =2 0O 4 -
/ 2.2 T
1 _2A g, X O, _24
Now, [ () dx===0 [, E}ASID%Q"’ Bodv=""
g 024 Sy”gﬂ 24 p,24_24
Hn % m T
O B=
/
37. Let sz"zi ‘f dx
0 1+ tan®x 0 +s1n x
COS3JC
/2 cos® x .
O = — — dx (1
IO cos® x + sin® x @
COS% x@
O
eI ot B~ s B
Tt/
0 2 sin’x ...(ii)

I= I 3 3
0 sin® x + cos” x

On adding Egs. (i) and (i1), we get

/2 /2
21=J’ lde O 2I=["*=m/2 O I=m/4

" @+ F(=)] [g() - g(=)] dx

Let Q@) =[f(x) +f ()] [g() -g(=)]
O ¢ < xF [ or f)][gt 0 g)]
U ¢ F-0 (»

Op (x)is an odd function.

/2
O [9 @de 0

38. LetI= J'
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39. LetI=[ " 605" o (@n + 1) 1) dac
o, fla-x=-f@
Usingf ,/(2) = % [ f@ay f@-0=f@

Again, let f(x) = 05" % [og? {@n +1)x}

O fOT -0 = %) {—cos’ @n +1)x} = ~f(x)

d I=0
40, Let I=(" " _Yeotr @)
’ IO x/cotx+x/tanx
0 I:IH/Z vtanx g ...Gi)
0 Jeotx ++tanx
On adding Egs. (i) and (ii), we get
21:15”
O I :2
T3 dx .
41- LetI _In/6m ...(l)
_ T3 dx
- I _IH/G
1+ [tan % —x@
_ 3 dx
/61 + /cotx
s Jtan xdx )
ad
J'TT/61+1/tanx @)
On adding Eqgs. (1) and (i1), we get
/3
21 —J’n/6 dx
0 21 = [« dx
100 m m
ad I=—F—-——F—
2B 6H 12

Statement I is false.
b b

But J' f(x)dx :J' f(a +b-x)dx is a true statement by
a a

property of definite integrals.

42. According to the given data,
F' (x)<0, 0F (1,3)

We have, f(x) =xF(x)
O f@)=F@+xF (x) ..
O fQO=FQ)+ F (1)<0

[given FF(1) =0 and F" (x)<0]
Also, [f@2)=2F@2)<0 [using F'(x) <0,041 (1, 3)]
Now, f(x)=F(x)+xF' (x)<0

[using F'(x) <0, 00 (1,3)]
ad f (<0
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43. Given, f’ 2F (x) da=— 12
0 K*FP I 2x [F (x) dx = —12
0 9F@E) —1?(1)—2}1 £ dx = ~12

[ xF (x) = f(x),given]
0 - 36 6 2J’13f(x)dx=— 12

O

3 3
[f@dx=-12 and [ LF (x)dx= 40

EF (0] - LS 32%F (x) dxc= 40
[P@F (0)]? -3 x(-12) =40
(P*Of @-F@; =4
IfF B -FOI-[f OH-FD)]=
9I[f @+4]-[f 1)-0]=
9If @)-f V)=-
[T a){f(t)+ f@r
44. Given, lim=2 3
t-a (t— a)
Using L'Hospital’s rule, put t —a =h
[ e de=2 i@+ )+ fla)
O lim =2 2
h-0 K
Fla+hy-2if@+h) + @} -2 11 @ +h)
0 lim : . : =
h-0 3h
Again, using L’ Hospital’s rule,
fratm)=2f @+ W)= f @+ =0 [ @+ )

lim =0
) 6h

O o oo o o

=0

S
O Iim—=—— =0
h-0 6h
0 f"(@=0,0d) R

O f(x) must have maximum degree 1.

45. F'(9=((b-a)f' @+ f@)-f®)
F' (©=f" (0= a)<0

0 F@=00 f(@=1®/@
b-a
%) Tfl]l:l
46. J—O’T/Qsinxdx— |§1n0+sm%@+2sma—[@
DI]
:§(1+f)

47. ¢ 0(1,e)in (0, 1) andf f@®)sint dt 00,1)in (0, 1)
0

X

O e —I f(t)sin t dt cannot be zero.

So, option (a) is incorrect.

48.

49,

1

2
(b) f(x) + I f(t)sin t dt always positive
0

0 Option (b) is incorrect.

—X

(c) Let h(x) =x - I f(t)cos t dt,
0
2
h@©) = —I f(t)cost dt <0
0

L
2

hl)=1- J'f(t)costdt >0
0

0 Option (c) is correct.

(d) Let g(@) =x" - f(x)
g0)=-/0) <0
g)=1-f@1)>0

0 Option (d) is correct.

o 98k+1(k 1)
z I x(x+1)
98 k+1
k+1)
Clearl 1>
early, z I (x+1)2
k+1
ad I> Z(k+1)I
1 Oy %1
g 1> k+1 >
k;(( ))@e v2 he1E k;k+2
O [>l+u_+i >ﬁ O I>@
3 100 100 50
98 k+1 B+l 98
Also, 1< dx= [log,(k +1) —log, k]
kal;; x(k+1) kZ1
I< log, 99

Here, f(x) = 7 tan® x + Ttan® x-3tan* x-3tan%x

for allxl]g;—n,g@

O f(x) = 7tan® xsec? x -3 tan?xsec’x
= (7tan® x -3 tan®x) sec® x

/4 n/4
Now, IO x f(x)dx :J’

x (7tan® x -3 tan? x) sec® x dx
1
= [x (tan” x - tan® x)] /4

—J'O 1 (tan” x —tan® x) dx

tan® x (tan* x -1)dx

_ n/4
=07
_ n/4
__J’O

Put tanx=¢ O sec®x dx = dt
0 ("% fede=-( £ -1)dt
J’O x f(x)dx = J’o ( )

tan® x (tan?x-1) sec’x dx



50.

51.

4 50
_J' (t —t )dt—l:k _LD :l—l:i
EJ4 5 4 6 12
n/4 /4 6
Also, J'O f(x)dx:J'0 (7tan” x -3 tan” x) sec” xdx

:I; (7t =3t%dt =[¢" -£*1} =0

192 & 1924 1924
O < x) <

Here, " (%)= <
f @ 2 +sin? v 3 2

On integrating between the limits % to x, we get

x 192 x 1924
oty e des L1
192
12

1 3
4 —EQS f@)=F0) s240' =2

O 16x'-1<f(x)<24x* —%

.. . oo 1
Again integrating between the limits 2 to 1, we get

sz(lﬁx4 -1)dx SJ']jzf(x) dx 5111/2 @4364 —§§dx

062 B4y 3 O

0 go- J’/ f@dx < 545— 3
6
0 % QI f(x)dx<% —0
O 2.6SJ’U2f(x)de3.9

(*) None of the option is correct.
A 6 4
Let :J'O e (sin” at + cos” at)dt
T .
= J’O ¢ (sin® at + cos* at) dt
M 4 6 4
+I e (sin” at + cos” at) dt
T
+ 3ﬂet (sin® at + cos? at) dt
Jor

41t
+I ¢ (sin® at + cos* at) di
3n

0 L=L+I, +I, +I; ...G)
A p 6 4

Now, I =In e (sin” at +cos” at) dt

Put t=m+x 0 dt=dx

0 I = J';T ¢ [(sin® at + cos* at) dt = " I, ... (i)
3Ty 6 4

Now, 1, =J’2ne (sin” at + cos” at) dt

Put t=2m+x O dt=dx

o I,= I;I M (sin® at + cos® at)dt = ™, ...(iii)

A 6 4

and I =I e (sin” at + cos™ at) dt
3m

Put ¢=3m+x

s . .
o I :.[o é™ (sin® at + cos® at)dt=T, ...(iv)

52. Let I= I

53. Given
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From Egs. (i), (ii), (iii) and (iv), we get
L=+ U+ U+ ", =(1+e" +e"+ N1,

a6 4
I e’ (sin” at + cos” at)dt
O =10

T
.[0 ¢ (sin® at + cos? at)di
=(1+en+e2n+83n)

4T _
waora OR
e —1

1ot (1 -2)* dx :Il(x -DA-0'+@ x)4
1+ a2 0 1+x%
(1+x -2x)2 dx
%)

10, 4 2 4x° O
= “DA-x)" +Q +x7) —4x + d
J'Oé(x YA -2)" +(1 +x7) —4x (1+x2)5 x

—I -1 1 -x)* dx+I

2

= [y et 1) )" 1) s — fngdx

1 4
ZI @cﬁ —4x° +5x* —4a® +4 - Qde
0 1+x

O 4x®  5x®  44®
=0t +4x —4 tan™! X[
o7 6 5 3 5
5
5

%+4 —4% —0@ 2

_ sin nx
I TT(1+T[ ) sin x

=14,
7 6

dx ..(@)

Using J'bf(x) dx:I f(b +a —x) dx, we get

n ° sin nx

_I—” 1+ m)sinx ()

On adding Egs. (i) and (i1), we have

T §in nx ngin nx

21, =2 dx
I T sinx IO sin x
[ £ = 2™ is an even function]
sin x
0 I, _[n sin nx d
0 sinx

nsin (n + 2)x —sin nx

dx

Now, I, =1, =[, o

n2 cos (n + 1) x[8in x

—I - dx
0 sin x

Lsin (n + 1) xlj[

=2J'0ncos n+1)xdx=2 Eia)

O I,,.=1, ...(1i1)
Since, L={, S;?n’;x dx

O L=mand I,=0

From Eq. (iii) L=L=I=..=m

and I,=1,=1;=...=0
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10 10
O ZIZ'”” =101 and ZIZm—
m=1

O Correct options are (a), (b), (c).

1++/3
5. @ Let I= Io et e
U2 1++/3
oo I=f, 6#
1-x)°
ik
Put 1-x _ -2dx _
1+x (1 +x)?
whenx=0,t=1,x= t:l
3
O
V3 (1 ++/3) dt
_[1 _Z(t)6/4
. —(1+f) od?
H/tH
0 I=(1+«/§)(J§—1) 0O I=3-1=2

55. Given, f(1) = % and 6J'1xf(t)dt =3x f(x) -2, Dx=1

Using Newton-Leibnitz formula.
Differentiating both sides
O 6L -0 =3f(x) +3xf" (x) —3x>

0 3af @-3/(@) =3+ O f’(x)—if(x):x

n AOLO_ o dpp
X dx [
On integrating both sides, we get
f ) 0 10
o —Z= - f(1)==
X gf() 3H
1 2 , 2
“=1+c¢ O ¢== and =52 -2
3 c c 3an fx)=x 3x
4 8
0 f@=4-=-=°
f@) 33

NOTE Here, (1) = 2, does not satisfy given function.
1

O )‘(1)=5

For that f(x) = x* —%xand f@)=4-

|
w |

s1n .’)C2

56. Given, I dx=F (k) - F (1)

Put =t
g 2xdx=dt

smt
N
1
16 sin ¢

e
O L

Efi— F(k) -FQ)

dt =F(k)-F(1)

0 [F @®)° ‘F(k) F(l)
smx . I:l
[} < {F(x)}— . eiveng
a F@6)-FQ)=F (k) -F ()
a k=16
57. Let I= J,37ﬂ 1isin (Ttlog x)
x
Put mlogx=t¢t
0 Mdx=dt
x
37m 37T
a I:IO sin (t) dt = - [cos t]y'" =—[cos 37Tt —cos O]
~[(-1)-1] =2
xst x

58. dx ..(d)

Let 1= IO sin? x + cos¥ x
_ @11- x)[sin @ TT-x)]*"
-[0 [sin @11 — 2)]** + [cos @ TT—x)]*"

L‘)’f(x) dx = J':f(a - %) dx]

211(21‘[ %) Bin?" x

II o
0 sin?x+ cos? x

2n 2n

dx

0 IJ. 2T[sm X de, xsin“ x dx
0 sin? x + cos® 0 sin®x+ cos®x
an
0 oI= %dx—l [from Eq. ()]
0 sin“"x+ cos™ x
on
Tsin™ x
o I= —_——dx
IO sin? x + cos¥ x
0 s 2n
0 I=T[ n% dx
0sin“ x + cos™ x
1 2n _ 0
+J, — sin™ @1 ;c) dagy
0sin™'@m—-x) + cos™@m~-x) [
Dls&ilng property O
a
_ _ O
= +
, f@de=[ @)+ fCa -ldxy
0 . 2n
I=mf S T xd’; dx
0 sin”" x+ cos™ x
2n O
+J, sin x2 dx)
0 sin*x+cos™x
0 I=2n sm—xd’;dx
0gin? x + cos? x
12 a
0 I= 4ng" jm—xdxzdxm (i)
sin” x+cosT x ]
_ /2 sin®'(11/2 - %)
a I—4HI0 o - > -
sin“"(11/2 — x) + cos™(11/2 —x)
w2 cos? x
O I=4m ———————dx ...(111)
IO 0s? x + sin? x



59.

60.

61.

On adding Egs. (i) and (iii), we get

2n 2n
9 =4 ITI/ZSln x+ cos™ x dx
0 sin® x+ cos™
0 212411I ®1dx=amx "’2—4ndI
O I=1’
Given, af (x) + bf(1/x) =1 -5 ...(0)
x
Replacing x by 1/x1in Eq. (1), we get
af 1 /x) + bf (x) =x -5 ...(11)

On multiplying Eq. (i) by a and Eq. (i1) by b, we get

a%f () + abf(1/%) =a % -5f] .. (i)

abf(1/x) + b2f(x) = b (x —=5) ...(1v)

On subtracting Eq. (iv) from Eq. (iii), we get
@?-b% f) =2 —bx —5a +5b
x

ﬁ%—bx—&z +5b§
:7((12 i bz)If% -bx -ba +51)@dx

1 0O b,
=———— @l -—x"-5(a-b
Z—bz)éz og x| 2x (a —b)x

0 fl)=

]
B
=ﬁ[alog2—2b—10(a _b)

b O
—alogl +—+5(a-b
alogl + o +5(a-b)g

7.0
@ _b)glogZ 5a +§bE

.3 Jx .

Let ]—I2m dx ...(1)
0 = y2+3-x dx

.rz\/(2+3) (G -x) +2 +3 -x
_ .3 Jb—x ..
0 I—J.Zm dx ...(ll)

On adding Egs. (1) and (i1), we get

21:ISL VO X e 2I:ISIdx:1 nr=1
2.5 —x ++x 2 2

3m/4 X
Let

I= _
ITT/4 1+sinx

3m_
31/4 %
_In/
1+ sin %

dx ()

['.'Iaf(x) dx =I:f(a +b-x) dd

63. Ioﬁ ]

N LetI:I_ll 1f"
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3m/4 mT—x
= — dx
/4 1+ sin (T — x)

3m/4 T 3m/4 X
= Ty o e
m/4 1 +sinx m/4 1 +sinx
31/4
L S [from Eq. (i)]

w4 1 +sinx
_ U 3mi4 dx
o )nn (1 + sin x)
_TU 3m/4 1 —sin x)
2 ) (1 + sin x) (1 —sin x)
3m/4 (1 —-sin x)
2 Iﬂ/4 1-sin®x

dx

smx%d
2J)mi4 Tos?x  cos?xO

T sm/ald 1

3m/4
2I P (sec? x —secxdan x) dx
s

[tan X — sec x]ir,[f

[-1-1-(=/2 =2)]
(-2+22)=mt(2 -1)

wmw\:w\

62. _[—22 11— dx

_r b2 1 2 2 9
—J’_2 (x"-1)dx +I_1 1 -x")dx +L(x -1)dx

O O 0 0 08 o
"0y "0 "ET3H TOsTE
0, O 0, O G

§—7+1 +7—2§+@—1+1—1 +%—2—1 +1@
3 3 3

V2 15
dx=J’Ode +L 1dx +J'\/,2 2 dx

=0+ < +2 [

= (2 -1) +2 (15 -+2)
=J2 -1+3-242
:2—\/5

Putx=tan® O dx=sec’0d0

/4
O 1= 2J’ de——

dx
0 /1—x2

Put x=sinb
0O dx= cosGdB

O I= J’ lde——

(B) Let I:I
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65.

3 dx 1 +x
© [, -Eogg%x%
== aog %_—@ log %_—%» aog %%
T
D) = [sec! x]f =—-0 =0
'rl awa? -1 3 3
(P) PLAN () A polynomial satisfying the given conditions is taken.
(i ) The other conditions are also applied and the number
of polynomial is taken out.
Let f(x) = ax? + bx +¢
f0)=0 0 ¢=0
Now, IO fx)dx=1
3 2
0 Y b g 9B
a3 2 2
a 2a +3b =6

As a, b are non-negative integers.
So, a=0,b=20ora=3,b=0
O f(x) =2xor f(x) = 3x°

(Q) PLAN Such type of questions are converted into only sine or
cosine expression and then the number of points of
maxima in given interval are obtained.

f(x) = sin (x%) + cos (x?)

‘«fafcos(x)+%sm(x)H

= «/§ ézos x cos E + sin Znsin (952)E

=2 cos %&2 —EQ
4

. T Tt
For maximum value, x> - n =2nmt 0 x*>=2nm+ n

a xzt\/g,fornzo 0 x=t1%,forn:1

So, f(x) attains maximum at 4 points in [—\/ﬁ, J13].
(R) pLAN
() I: fx) dx = Ii, f(~x) da

(i) fa flx)dx =2 fs f(x)dx, if f(-x)=f(x), ie. f is an even

function.
1= J’z 8% dx
214"
9 2
and [ _I—2 x
O 25O
2 3x2 3x (ex)Dd

0O ZII P
2 0 +¢*
_ 2 —o (2 a2
2]—1_2 3x“dx 0O 21—2]’0 3x° dx
-1 -

e +10

66.

a

(S) PLAN I_a flx)dx =0

If f(-x) = —f(x) i.e.f(x)is an odd function.

f(x) = cos 2x log %lﬂﬁ
-x
f(=x) = cos 2x log Sﬁzﬁz —-f ()

Hence, f(x) is an odd function.
So, I_”jz £() dx=0

P) - (); (Q ~ (i1); (R) -
Let I, :J'; A - 29 gy,

Let

@); (S) - (v)
=[1 -2 & + I;(l - 220190 50 F93 dax
[using integration by parts]
=0 —I; (0) (101) (1 —27)1% (- 2°°) dic
= - (50) (101) J'Ol @ -0 gy
+ (50) (101) I; (1 - ¥°) gy =50501, + 50501,

0 I, + 50501, =50501,
(5050)1,

2

=5051

67. Let

I:‘[Oﬂelc"sx| %sin %cosx@+ 3 cos %cosx%sinxdx
ad I:J'(:[e‘cosx' (8in x[2sin %cosx@dx
+ J';Ielcosxl 3 cos % cos x@@inxdx

0 I=1+1, )
Hhsing J'OZ“ @) dx 5
0 g .° f@a - x)——f(x)D
- ‘() dx, f@a-9=+f@)
B 0 B

where, I =0 [ fat-x) =] ...1)

and I, = 6‘[;[/2900“ [Sin x [¢os % cos x@dx

Now,

IZ:GI;et [¢os %th

[putcosx=¢t [+ sinxdx di]

=6 %i cos %§+ %Iet sin;dta
O

t oo t : o
=6 [ cos %§+7E¥2 sin — — [ — cos — dt[I]
0 2 ar

— Dt t id Iz



68.

69.

:2—4Dcos %Q+Esin %@—ID ...(ii1)
5 B 2 H
From Eq. (1), we get
_240 e . .0
I—?gcos%§+§sm%g IH
TTdx n/3 x> dx
-T/3 T * I—n/B
2 —cos @xh @ 2 —cos @xh?@

0, =0 =-f@)
Using [ © f@) dx= % [of@dr,  fEx=f0

Let I = J’

3
O [:2‘[” _ mdx L,
0 s
2—cos@x|+—§
3
a a
O 0
D'ﬁ—dxnisoddm
N 2—c0s@x|+—@ 0
8 3 8
3
]:QT[IT[ _odx
0 2-cos(x+T/3)
Put x+E=t 0 dx=dt
3
ot
oani3  dt om3  S€C gdt
0 IIZTII ) :2T[I s T oF
ni3 2 —cost i3 1+3tan2’
2
t ot
Put tan—=u [0 sec’— dt=2du
2 2
J3
ad J’ 2du__ «ftan lfu
B 1+3u2 T
-4n (tan"' 3 —tan™'1) ——T[tan_1 %Q
NE} V3
3 3
0 J'HB T+ 4x - dx= 4Tntan %@
=TU/c
2—cos§x|+—§ 3
3
/2 .
LetIZJ’0 f(cos 2x) cos x dx ...Q0)

0 I:I§/2f§052 %-x@ﬂcos Qg—x@ dox
éjsing J':f(x) dx= I;f(a - %) dxé
0= :’2 f(cos 2x) sin x dx ... Gi)

On adding Egs. (1) and (i1), we get

/2
et
=«/§J’ 1(')[/2

f(cos 2x) (sin x + cos x) dx
f(cos2x) [cos (x =TT /4)] dx
dz dt

Put—x+E:t 0 -
4

299

Definite Integration

O —ﬁj’;; gos%—%@jcostdt
ad 21 = f‘[ f(s1n2t) costdt
O I=«/§IO f(sin2t) cos tdt
ecosx .
70- LetI J‘OW dx ...(l)

ecos (- x)

_IO ecos(n x)+ —cos (TT—x)

[ Io f@) dx= Lf f(a - x) dx]

dx

—COS X
e

o I= Ioe—cosx + 0S¥ ...(11)
On adding Egs. (1) and (i1), we get
]_[eCOSx+e COos X _
_J-OeCOSX+eCOSJC x I ldx []0 _T[
o I=m/2
_ 1 LO01-x+x |:|
71. [ tan 1[47 dx = tan™
I o x+x2%x IO n B—x(l xH
:IO [tan ' - x) —tan ' x] dx
= tan'[L-(L -] dx + [ tan"xd
_J'O an [1-(1 -x)]dx .[o an~ x dx
=of 'tanwdx B [ “f@) dx=[ "fla -2 dx ...0)
Io D’Io J’O g

1 0
NOW,I tan™! HD dx
0 0 - x + 220

1

—I g—cot ﬂ}7x+x|]gdx

- J'O tan™'(1 —x +x?) dx

1 _ mo1 - 1
O tan'A-x+x)de =— - tan™ ———
J’O an (1 —x+x7)dx 5 IO an Coxr )
_T
— =21
=5 Teh
1
where, I; = J' tan x dx = [x tan " x]} x dx
01 + x?

m 1 ov1 _ TU
=— —=[log(1 +x :———10 2
1 2[ g( o 1 g8

1 19 _ 2 _T[_ T[_]. _
O Iotan @1 x+x)dx—§ 2% 510g2§—log2

/4 .
72. Let I =.[0 log (1 + tan x) dx ..

I= /4
=Jo

! 1 - tanx0O
H I_-[O 10ng+1+&;1an

log (1 + tan (E - X)) dx
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73.

74.

/4 Ol + tanx + 1 —tan xU
:I log H de
0 1+ tanx

_mi4 ] 2
=]

0 _ /4
log 3ﬂ7+ taande I_Io

O ZI:glogz O

log2dx -1

I= E (log 2)

m 2x (1 +smx)d

Let I= J’
1+ cos®x
2x n 2xsinx
1= ———dx+ ———dx
I ”1+cos2x -r -1 + cosZx
ad I=1 +1,
2x
Now, I ———dx
I—ﬂ 1+ cos®x
Let f(x)= 273“2
1+ cos”x
-2x -2x
O -x)= = ==f(x
i« 1+ cos?(-x) 1+ cos’x @
O f(-x) =—=f(x) which shows that f (x) is an odd
function.
O I, =0
Again, let gx) = Lm;
1+ cos“x
2 (-x)sin (-x) _ 2x sinx
O g(x)= = =g(x
£ 1+ cos®(—x) 1+ cos’x g0
0 g(-x) =g (x) which shows that g (x) is an even
function.
m 2xsinx xsin x
o I,= ——dx=2R2 [ ————dx
z J“’Tl+coszx -[0 1+ cos®x

_4J,Tl(T[ x)sin (TT— x)
01+ [cos (Tt — x)]?
_4J,Tt T sin x

01+ cos 2 x

m (T — x)sin x

0 1+ cos %

dx

T oxsinx

Iidx
01+ cos %

sin x

a =4 —
I01+c0s2x

dx—1,

sin x

0 212 —4T[J.0mdx

Put cosx=t [0 - sinxdx dt

-1 1 1
- IZ:_2T[L 1+ T[I—11+t IO1+t

=4m[tan”' ¢]; =4m[tan”' 1 -tan™' 0]
=4m(m/4 -0) = T¢
o I=1 +12:o +1% =10

a o 02 .
Letl = J' 1/f Diljcos m%dx ...(0)
Putx=-y 0 dx=-dy
-3 y _1D —2y 0
O = E d-1)d,
Ivf l—y Dl+y2[l( oy

Now, cos ' (=x) =11 - cos_1 xfor-1<x<1.

U3 O od
0 I={ Y’ [[[ coslﬂzinDdy
B -yt 0+ »*
IR Wiyt 02y O
_n_[—uﬁ 71_y4dy I_wg 1_yélcos Eﬂ+y2%dy
_ 13 _x4 U3 x4 _1|:| 2x U
= .[—1/«/571—35‘ X J’—uﬁl—x‘lcos El_'_ngdx
Wyt
ad I:T[I_wgm dx—-1 [from Eq. ()]
13 x4 3 O 1
O 2I=m dx T 1 +——pndx
J“U\F J- flj ]_—x4%
_ s dx
= TtJ’_wgldx + T[I_]AE =
S dx
= - +
7 [x]Y 1/f ml;, where I, I—]Jf .

1 1 2TT
0 21:—n%+—§+n{:——+nl
3 3 ! !

V3 dx V3 dx
-INB ] — i IO 1-x*

Now, I, = |

[since, the integral is an even function]
B 1+ 1+ x% -
0 A2 2 X
1-x0 +x%
1 W31

13
—J'O - 2dac+‘|'O 1+x2dx
V43
-1 *dﬁf ¥
0 (1-x1+x) 0 (1+x)
U3 1 W31
210 —x 2.[0 +x IO 1+x2dx
1/4/3
=01 —x+ 1 +xf +tant £
H2 2 B
10 #J1+ .
:fdna—x + [tan lx]ol/‘/§
2D 0l —-x
:lln L+]_/\/§ + t _li
2 -1/430 V3
2
_1 AYB+1g o1 HWB+1H T
2 Ov3-10 6 2 g 3-1 [ 6
N TING) P
2 6
-9 4
02l=—+ +—1 2 +4/3 t
7 ( 3)
g[n+31n(2+f) —443]
1



Alternate Solution

. _ m .
Since, costy= !

O
I= - 2tan”!
I—M§1—x4 - an xgdx

O
72 tan™! xis an odd functionp
1-x 0

:— [t+3 log (2 +~/3) —4+/3]

75 Let I= Iz 2x5:x -2 +_2x +1
2 +1) @t -1)
39220 =2 +x +1 +247
“J &+ 1) (¢* - D@” +1)
3 24° (x2 —1)+(x +1)2
I (a? +1)2 (*-1)
3 228 (% -
_Iz(x + 122 —1)
3 3
_J'Z(fo)l)Z x+J'2(x21_1)dx
—11"'12

(? +1)2

IZ<x M-

o I
_[3 2. i

2" + 1)°
Put x®>+1=¢t 0O 2xdx=dt
_ 10(-1) _ 101 _ 10i
O Il—J'5 dt—J’5 tdt J’5 tzdt
DlDlO
BE

1 1

=log10 —logh + — —=

o8 o8 10 5

Now,

= [log t]3” +

1
=log2 - —
g2 10

3 1 3 1
Agai I, = =
gain, I, J'2 @-D dx J'2 PR dx

~ 1 1
'512@—1) 2I2(x+1)

76.
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g 1 d d
== log (x-1) = Olog (x+1)O
B 12 5
log — 2logg

—y2
=1log [2 m]f?%@ io L10g6 - —O

Since, f(x) is a cubic polynomial. Therefore, f'(x) is a
quadratic polynomial and f(x) has relative maximum

and minimum at ng and x=-1 respectively,

therefore, —1 and 1/3 are the roots of f'(x) = 0.

O [f)=a(lx+ 1)@& 1@ Q& x+x—%§
_ He 2 1
=afx T3¥ ‘3@
Now, integrating w.r. t. x, we get
xX)=a ﬁ + — f|:|+
f)= 30
where, ¢ is constant of integration.
Again, f(-2) =0
8 4 2
0 -2) = — +— +—+
D =al2 42+
O O=a @ﬂ@. c
3
a 0= ﬁ+ c U c—z—a
3 3
O fx)=a % (ac3 +x% —x +2)
Again, [ f() dx—E [given]
gain, [ | =3 g

1 a 2 _g
a J’_lg(x?’ +x°—x+2)dx = 3

1 5 _E
a I—1§(0+x +0+2)dx—3

[ y=4" and y = —xare odd functions]

a 12 1 O 14
o — dx+4( ldx==—
3%on * Io B 3

f) =" +22-x +2

Hence,
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X sin (2x)[8$in % cos x@

77, Let I :.[0 o dx ...()
N (m-x)Ein2 (11— x) Ein EE cos(Tt —x%
Then 1= 2 dx
0 2(M-x)—-1
...(i1)
TI(T[ - x) [8in 2x[8in % cos x@
O I=J’ dx
0 m-2x
(x = 1) sin 2x [8in % cos x@
Tt
O I :J' dx ... (iii)
0 2x-1)

On adding Egs. (1) and (ii1), we get

21 =I nsin2x [8in % cosx@dx
0
O 21 :2I;Tsinxcosxﬂin % cosx@dx
a I=J’Onsin xcostin% cosx@dx

DutEcosx=t a- lTsinxdaF dt Dsinxdx=—gdtD
2 2 n H

/
0 1=-2(T 2§ Sin ¢ dt
TTI/2
4 /2 . d
72.[—11/2 tsint dt
_ 4 . 2 _ 4 _ 8
O I—P[—tcost+s1nt]’_1n,2—?><2—¥
78. Let I= J’ (sm2x) sin x dx ...(0)
n/ . . A
Then, I:_[o f §1n2 % —x@gm% —x@dx
—J' f[sin 2x] [¢os x dx ...(11)

On adding Egs. (i) and (ii), we get
/2
oI = J’;‘ f(sin 2x)(sin x + cos x) dx

= 2I (sm 2x)(sin x + cos x) dx

= 2II f(sin 2x) sin @x + EQ dx

:2\/5-[0“/4}‘ %inZ % —x%sin@f—x + ZT@dx

:2\/5-[;1/4
0 [=\/§J_n/4

f(cos 2x) cos x dx
f(cos 2x) cos x dx

Hence, J’ f(s1n 2x)Bin x dx = \/7J’ (cos 2x) cos x dx

79. We know that,
2sin x [cos x + cos3x + cosHx +... + cos Rk —1) «]
=2sin xcos x + 2sin xcos 3x + 2sin x cos 5x
+...+2sinxcos @k —1) x
=sin 2x + (sin4x —sin 2x) + (sin 6x —sin 4x)
+... +{sin2kx —sin 2k —2) x}
=sin 2kx

O 2 [cosx+ cos3x + cosbx +... +cos Rk —1) x]

sin 2kx .
=— ...Q0)
sin x
Now, sin2kx[éotx = sin 2kx [¢osx
sin x

=2cos x [cos x + cos 3x + cos5x +... + cos 2k — 1) «]
[from Eq. (1)]
= [2coszx+2 cos x cos 3x + 2 cos x cos bx +
..+ 2cosx cos 2k —1) x]
= (1 + cos2x) + (cos4x + cos2x)
+ (cos6x + cos4x) +... + {cos2kx + cos Rk —2) x}
=1 +2 [cos2x + cos4x + cosbx +... +cos @k —2) x]
+ cos 2kx

/
0 L;‘ ? (sin 2kx) (ot x dax

/2 2
=J’0 1 [dx+ 210 (cos2x + cos4x...cos Rk —2) x) dx

+ /2 9% d
Io cos Qk) x dx

- E{;m 2x + sin4x + sin 2k —2) xlilﬂ/2
H 2 4 @k-2) [
E$1n 2Fk) an/?: ]
H o B 2

80. Let = I:f(x)tg(x) dx

I:J';f(a -x)E(a —x) dx :I:f(x) 02 - g(9)} da

[ fa-x) =f@)and g+ gla -x) =2]
=2 @) dx = [ () @) dx

0 I:2I:f(x) dx -1
O of ZZI:f(x) dx
0 [, f@) g@) dx=[ 'f() dx
e f@ .
81. Let I_Io @ f@a-n ...Q0)
A ) .. Gi)

Jo fea-0+ i@
On adding Egs. (i) and (ii), we get
21:}02"1 dx=2a 0 I=a



82. LetI=J';10g (JT—x + 1 +x)dx

Put x =cos 26
0 dx=-2sin20 dO
01I= —2I:/4log [JT—cos28 + /T +cos28] (sin26) do

log [V2 (sin® + cos 0)] sin26 d6

_ 0
- _2.rn/4
_ 0
- _2,rn/4

[(log +/2) sin 20
+ log (sinB© + cos 0) [Sin 26] d6

2 D—cos29ﬁ

H 2 Bu
_2In/4

=-2log

log (sin B + cos0) Hin20 d6
1 II

0
=log V2 -2 D—@og (sin @ + cos 6) é“%ze%
0

/4

0 [cosB —sin 6 -cos200 . O
Sl Heeo
n/4 [cos O +sm9 2 0

_ _ 1.0 o 9 O
=log (\2) 2§)+§Im4(cose sin 6) dea

1 0 .
=5 log2 —J'm4 (1 -sin26) d6
:110g2_§+cos26D0
2 E
1 no_1 1 ™
-1 2—%» “Llioga 14T
2 o8 4E 2 o8 2 4
_ x .
83. Let 1_1071+cosusinxdx ...(0)
O 1= (= dx 85.
IOl+cosasin(n—x)
(m-x) ..
ad = — = d .
-[0 1+ cosd sinx * @)

On adding Egs. (i) and (ii), we get
9] = T[.[ modxy
01+ cosd sinx

027 dx
2

T
O 21-1‘[10 X p
1 + tan §)+2cosa tan§

Put tanth O secQde:2dt

IO 1+ t2 +2tcosa

21 =21 dt
Io (¢ + cosa)? +sin?a

O

ad

84.

86.

Definite Integration 303

§ _1 [ + cosa QDW
an F
sind %

[tan ! (e0) — tan ! (cota)]

o

sina

sina

Sll’l a sina

0 I= aTt

sina

/2 xsin x[¢os x

LetIJ’ 74dx
0 cos®*x+sin” x

s % x@sm % x@l]:os % x@
0 sin % x@+ cos % x@
o % x@ﬂmxcosx

ad I:J' dx
0 cos? x +sin x

O :

/2 Sin X COS X n/2 xsin x[¢os x
0 I 1 1 d _I -1 1 d
2 0 sin®x+cos” x 0 sin®"x+cos™ x
n/2  sin x[¢os x
I 7dx—1
2 0 sin*x+costx
Tt /2 tan x[8ec’x
2J0 tan“x+1
TT /2 1
021= d(tan®x)

2 210 1+ (tan?x)?

021= g OQtan ™" ¢]g =£[(‘can_1 ® —tan ' 0)

[where, ¢ = tan?x]
16
V2 xsin” x

e

O dx=cosbdb

Let I:I dxPutsin'x=0 O = sinb

/ /
0 I= I"GM@osedezfnﬁesinede
o 1 -sin’0 0
6 T/ 6
=[-0Bcos 6], +J’0 cos0d9
=Q~E cosﬂ+0§+ %in—n—sin0§=— «/1521'[ + =

Let I= In/4(s1nx+cosx)
9 + 16sin2x
sin x + cos x
_IO 25 - 16 (sin x — cos x)*

/4

dx

Put 4(smx—cosx) =t 04 (cosx+sinx) dx =dt
0 +
dt_1.1 t

— (0}
4 -425-¢2 4 2() -t0,

O
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7= id B+OH 1P~
10 5 %5 -0 @+4
— Qogl -log @ — 10g9 -1 (log3)
87. () Let I=J';Txf(sinx) dx ()
0 I=I;[ (T - %) f(sin x) dx )

On adding Egs. (i) and (ii), we get
271 :J':T[f(sinx) dx

0 fo f(sin x) dx = g J'Onf(sin x) dax

3/2
(i1) Let I:I_l |xsin Tie | dx
xsinT, -1<x<1
Since, |xsin | =[] —xsmTrx 1<x<§
B 2
T, 32
O I=J’ xsmT[xdx+I —xsin T dx
-1 1
-9 D_xcosTDcd —ZIllEﬁFcosm@dx
H n B 0 m
Eb-xcosmcﬁ/2 3/2 Fcosnx U
N = _Il del]
T T 0
-9 %1;[' 1nT[xd 1 E$1nT[x|ﬁ/2
H n nH n H

:z+%(0 -0) +l +i2(+1 -0)
T T T T

_3,1 _é@nﬂ@
T 2 T[2

T
1
88. Let I= J’O(tx+1 x)" dx= I{(t—l)x+1}"dx
_Et(t—1)x+1)"*1ﬂ 1 gz -10
=0 O
g®r+1)E-1) Q) Tn+l10t-1 0O
= L+t+2+. +tY ...)

n+l

Again, I=I;(tx+1 — )" dx =I; [ -2 +t2]" dx

:I; ['Co(1 - 0" +"C,(1 -2 L(t %)

"Cy( = )" 2(tx)*+... + "C, (tx)" +] dx
— 1 Df o1 -0 rD
_J'O %:0 LA -0"" " (tx) %dx

—_ < n, 1 - n—r r |:| r i
_rgo C, g’o(l )" & dxgt ...(i)

From Egs. (1) and (ii), we get

n 1
2 C, f a0 dxlyr=—1_
r=0 0 n+1

g a+e+..

+t")

On equating coefficient of t* on both sides, we get

ncké— (1_ )n k&de_ 1

@ n+1l
Vo ok kg 1
O Io(l " X" dx T 0,
E[x], x<2
89. Here, f(x) = DO’ 9
5
I12+f(JC+1)
_ x f(x?) xf(xz)
-[-12+f(x+1) -[02+f(x+1)
V2 xf(x) x f(x%)

+I1 2+f(x+1) .r«/?2+f(x+1)

xf(%)
I«/§ 2+ f(x+1) *
2 x[

—J' de+I de+J'1

J3 2
+I\F20dx+'|'\/§3dx
c-1<x<00& xx 0O [#] O,
0<x<10& 2 0O [& O,
1<x?<2 0% 1
<x+1<1++2 0 fé&x 1¥ 0,
V2 <x<43 0 2<2?<30 f(x?) =0,
and+/3<x<203<x*<40 f(xH) =0

ned? 1

O
1<x<+20

1
. I'= =1@-1)=2
_[1 S dx= WH 4( ) .
0 4I=10 4I-1=0
1 - 2|:|
90. Here, a :J’ J9x+3tan” x) %giljdx
0 O1+x° 0
Put 9x+3tan'x=¢
d
a M+
g
9+3m/4
Oa= I0+ n o dt:[et]g+3n/4:eg+3n/4_1
O log, [1 +a| = 9+%T

31
O 1 1l-— =
og,|o +1| 1 9
91. PLAN Integration by parts
_ _ d
If(x) glx)dx = f(x)J'g(x)dx I %x [f(x)]Ig(x)dx@dx

1 2
Given, I=[  4x° % 1 -« dx
I X 1

_ d _25|j_ 1 o d o 9
'%xg%(l x)% J’O 12 x %(1 X%y dx



= %f x5(1 -x?)? (—2ac)g5

12 - - I; 2x(1 - 2% dxg
=0-0-12( -0) +1sz 2x (1 -2 dx

6
—1ox 00 x)d 12%}
0

Topic 2 Periodicity of Integral Functions

1 Letl=15$
+ [sinx] +4
_ dx
I_n [sinx] +4 Il ]+ [sinx] +4

L dx n dux
+J’ +Iz
0 [x]+[sinx]+4 J1 [x]+ [sinx]+4
H—Z -T/2 <x<-1
[x] = -1<x<0

0<sx<1
Hl 1<sx<m/2

-1,-m/2<x<-1
and [sinx]= |]01 _6:;62?

HO, 1<x<m/2

[" For x<0,-1 <sin x <0 and for x >0, 0 <sinx <1]
dx dx 1 dx
-2-1+4 Il—l 1+4 IOO+O+4

So, I=

s
dx
+
Il 1+0+4

-1 dx 0 dx _ldx

g Erah Py Py .[15
§—1+ +— 0+1)+ 1-0)+= Qg—l@
L

_—20+10+5—4+5T[+T[

20 10
_g + 3T :i (4]-[—3)
20 5 20

3 +3T 1
2. J’S f@x) dx Put2x=1y O dngdy

6+ 6T _6]_
0 e dy=S sa
3. Given, g(x) = J’;f(t)dt
0 e@=[ fOdi=[ fOdt+[ Tt

Now, < f@)<1 fort O[0,1]

DO | =
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We get ‘[0% di sI;f(t)dtsj'oll dt

0 %sj;f(t)dt <1 .0
Again, ogm% for ¢ O[1,2] (i)
2 2 2
0 [loarsflroars ar
) 1
0 osffwadrs;

From Egs. i) and (ii), we get
1 1 2 3
3 SIOf(t)dt +J'1 f@)dt 55
1 3

a —<g@)<—
2 g@) 5

0 0<g@)<2

ni +

v, LI 2m
. J'O |smx|dx=I0 |s1nx|dx+J' [sinx|dx +...
T

nit . nmt+v |
+I |s1nx|dx+I |sin x| dx
(n=-1)m nm

Toom . nm+v .
=ZI |smx|dx+I |sin x| dx
(r=1m nrm
r=1
rm .
Now to solve, J' | sinx | dx, we have
(r-1)m
x=(r-1m+t¢
O sinx=sin [(r —1)TT +¢] =(-1)" 'sin¢

and when x=( —-1)1, ¢t =0 and when
X=rmt=T
0 (" sinxlde=(1(-1)""'sin¢|dt
Lr_l)n sin x x—IO sin
oo, LI
:J' |smt|dt:I sint dt
0 0

=[-cost]{ =-cosT +cos0 =2

. Tt + . .
Agam,I " UI sin x| dx, putting x=nT+t¢
nrt

Then, [ I sinxldx=[" |(-1)"sintldt=[" sintdt
en, J'nn sin x x—J’O sin _Io sin
=[-cost]y =—cosv +cos0 =1 —cosv

nmtv Toorm . nmtu
DI |smx|dx=ZJ' | smxldx+J' |sin x| dx
0 5 (r=1m nrm
=

n nm+uv
= 22+I |sin x| dx
5 nTt
=

=2n +1 —-cosv

. Let () =I:+ " F() dx

On differentiating w.r.t. a, we get
0'(@)=fla+t)d -f(a) W=0 [given, f(x+t) = f(x)]

0@ (a)is constant.

ad I ot f(x) dxis independent of a.
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g x-—[«], if [x] is odd.
+ [x] —x, if [x] 1s even.

6. Given, f (x) =

[ (x) and cos Ttxboth are periodic with period 2 and both
are even.
10 10

ad J'f(x) cos Tix dx =2 J' f(x) cos Tix dx

-10

Y

10 -9 -2-10] 1 2 9 10

2
= IOI f (x) cosTx dx
0

1
Now, J’ f (x) cosTx dx
0

1 1
:I (1 -x) cosTx dx = —J' u cos Tu du

2 2
and J'f(x) cosT[xdx:J’(x—l) cosTx dx
1 1

1
= —J’ucosnu du

10 1 40
a If(x) cos Tix dx——ZOJ'ucosTIudu =—
TU

2
-10
2 10

LS
O 0 If(x) cosTix dx=4

Topic3 Estimation, Gamma Function and
Derivative of Definite Integration

1. Given, J’:f(t) di=a>+ I: £2f (t)dt

On differentiating both sides, w.r.t. ‘¥, we get
f(X) =2x+0 ~x’f (x)

0 d [Q(x)

= 20 o= ) & ue - f(cp(x))—cp(x)m
H™Hw» B H
0 G+ =20 f=2

On differentiating w.r.t. ‘¥ we get
2 —
£ @)= A +x9@) (2232 © +2x)
1 +x7)
_2+2x¢% —4x" _ 2-2x7
A+2%)* 1+aH?

Df%@ 2- z%g 2—2%@ g1 ;' o

. PlAN Newton Leibnitz’'s formula

i d B d
- g ot = F W (x )}@d—xw(x)@ f{w(x)}@d—xcp(x)@

Given, F(x) = I;‘ f(t) dt
O F' (x)=2x f(x)
Also, F ()= f (x
O 2x f(x) = [" (x)
0 f ) _
f ()
J'];((D;) dx:I 2xdx O Inf(x)=x>+c
X
U f@=e"" 0 f@=Ke& [K=¢]
Now, fO)=1
a 1=K
Hence, f(x) = &

FQ) :f: ddt =[]t =e' -1

. Given, y:I;CItI dt

dy

a =|lx|0 -0 =|x| [by Leibnitz’s rule]

-+ Tangent to the curve y :J':)C |t dt, x OR are parallel
to the line y =2x
00 Slope of both are equal 0 x=%2

+9
Points, y:IO [¢ldt=%2

Equation of tangent is
y=2=2(x-2) and y+2=2(x +2)
For x intercept put y =0, we get
0-2=2kx-2) and 0+2 =2 (x +2)
g x=%1

) GivenI;‘ 1-{f ()2 dt:I:f(t)dt,Ong

Differentiating both sides w.r.t. x by using Leibnitz’s
rule, we get

\/1—{}“ @P=f® 0 f@=%y1-{f}

e .
dex=x(dx O sin" {f(x)}=xx+c
\/1 {f@y I
Put x=0 O sin' {fO)}=c
O c=sin"1(0) =0 [ £(0)=0]



a f(x)=+£sinx
but f(x)=0, 040 [0,1]
O f(x) =sinx

As we know that,

sinx<x, 0 2 0
t sin %§< % and sin %§<%
1 1
a f%§<§andf%§<f

. Since Il, 2 f()dt =1

On differentiating both sides using Newton Leibnitz
formula

—sin x, thus to find f(x).

ie. % [ns 2 f@t) dt = % (1 -sin x)
0 {12 f(1)}0) - (sin®x) [F (sin x) [dos x = — cos x
ad f(sinx) =

sin®x

For f %Qis obtained when sin x = 1///3

pe. FERH= =

2
. Here, J’; xf@) dx=21¢

Using Newton Leibnitz's formula, differentiating both
sides, we get

£ (£)) Eh(tz)D OD‘(O)E%(O)D 2¢*

O 2f (%2t =2¢*
O f %@: -
0 f @%Q:f

f(x):J':z +1

On differentiating both sides using Newton’s Leibnitz’s
formula, we get

O f¢®»=t
O . 20
utting £ = —
£ S

. 42
. Given, e dt

] nd w2 0d s
flx)=e (< 41 e +1)D e O (x )D
EId Eki
= D gy - o
:2xe_(x4 + 22 +1) (1 _e?.x2 +1)

[where, RN 1, O0x and et ety >0, 0x]
O f'®x)>0
which shows 2x<0orx<0 0O x [ ,0)
1
. Here, I(m,n) :IO t"@ + t)" dtreduce into I(m + 1,n —1)

[we apply integration by parts taking (1 + ¢)" as first
and t™ as second function]

10.

11.

12.

13.
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0 m+1d 1 m+1
O Ionmy= [+ 8 Bp = [ n@+ 0" Bt
g m+1 0 m+1

271
= 1+ Dt a
m+1 m+1-r( )
n
0 Iy =—2— —— " Tm+1.n-1)
m+l1l m+1
3 " 2 ] — 2
Given, f(ac)—‘[1 2-t*dt O f'(x)=+2-x
Also, ¥* - f'(x)=0
O P=42-22 O at=2-4°

O «*+x*-2=0 0O x=+1
Given, F(x)= L’: £(t) dt
By Leibnitz’s rule,

F' (x)=f(x) ...(®)
But FOH=x>1+x) =2 +2° [given]
0 F@=x+2 O F’(x):1+gxy2

0 f)=F (9=1+ ngz [from Eq. ()]

O f(4):1+§(4)”2 O f(4):1+g><2:4

Given, ['f(t)dt=x+ J’:t £() dt

On differentiating both sides w.r.t. x, we get
f1=1-xfx0O O (1+x)f(x):1

1 1
0 f@=—— 0 fM)=— ==
“ot dt
J,f() 2t dt :limI4
xﬂl 4 - x-1 x—1
[using I Hospital’s rule]
= lim OO 910y 70 )
=8f'(1) [ f1)=4]

If f(x) is a continuous function defined on [a, b], then
b
m (b -a) SI f(x)dx<M(b - a)
where, M and m are maximum and minimum values
respectively of f(x)in [a, b].
Here, f(x) =1 + e_’“2 is continuous in [0, 1].
Now, O0<x<1 O a*<x O < 0™ >
Again,0<x<1 O x>0 O >0 e <1
_ .2
O e <e™ <1,0 x0[0,1]
0 1+ * <2, 0x0[0,1]

1 _x 1 2 1
a Io(l+e )dx<IO(1+e )dx<IO2dx

<l+e”

0 o-Lor'q+e®) dx <2
;J‘O( e )dx



308 Definite Integration

14.

15.

16.

17.

sin 2¢ | =1
2(x) =J'Sm sin” (¢)dit

g (%) = 2 cos 2xsin ! (sin 2x) - cos xsin "} (sin x)
g %Q: -2sin71(0) =0
g %g% ~2sin™}(0) =0

No option is matching.

Here, f(x) + 2x = (1 —x)? Bin%x + % +2x ...Q0)
where, P: f(x) + 26 =2 (1 + x)? ...(>1)
O 20+ %) =1 -x)?sin?x +x% +2x

a (1-22%sin?x=4% -2x +2

ad (1-22sin?x=(1-2%+1

a (1-x%cos®x=-1

which is never possible.

O P is false.

Again,let @ : h(x) =2 f(x) +1 -2x (1 +x)
h0)=2f0)+1-0=1
hQ)=2f1)+1-4=-3,as h(@0)h(1)<0

0 h(x) must have a solution.

where,

O @ is true.
Here, f(x) = (1 - x)?Bin?x + 2% 20, Ox.
a
and g(x) = J’l %M og tH f(@) dt
a
0 ew=0E D logarlye )
OG+1) 0 4 e
For g'(x) to be increasing or decreasing,
_2@-1)
let ox) = 1) log x
_ 4 1 _-@-1)
o= (x+1)? x x(x+1)?

gx)<0,forx>1 O (9 1) O ¢ <0 ..»A1)
From Egs. (1) and (ii), we get

g (x)<Ofor x O )
0 g(x) is decreasing for x (O (1¢0 ).

cosecx[totx + sec’x

secx  cosx
Given, f(x) = cos’x cos’x cosec’x
1 cos?x cosZx
. 1
Applying R; - R,
cos x
secx cosx cosecxltotx+sec®x
f (x) =cosx|cos®x cos’x cosec® x
secx Ccosx cos x
Applying R, -~ R, -R; O [ (x)

0 0 cosecx ot x + sec’x — cos x

=CosXx COS2 X COS2 X COSGC2.’XI

secx Cos X Cos x

18.

19.

= (cosecx[tot x + sec? x — cos x) [cos® x — cos x) [Gos x

3

Gin® x + cos® x — cos® x @in%x0

=-03 — 5 [Bsosleﬂinzx
0 sin” x[¢os™ x 0

= -gin?x —cos® x 1 —sin%x) = —sinx —cos® x
/2 mw2, .y 5

O IO f(x)dx=- J'O (sin”x + cos’ x) dx

O m+1 n+2 0O

d 2 m n 92 2 0

o I sin” x[¢os" x dx=——*"——=—=—[]

o Jo 9 m+np+2

= 2 |
s, s g

/2

I“ F) dx= - 1 2 V2 g
0 D \F O
B 2 g

0 0
1/2 O 22/m O on 8[ 51T + 32
-G O=-0 +—0F él;
fw=[’ % dtforx >0 [given]
Now, f/x)= I”’“ Int ,
Putt=1/u O di=(-1/u?du
xln(l/u)
1 ram=ppERd
Inu Int
_—rlu(u+1) _Ilt(1+t)
_ % Int x Int
Now, f(x)+f%§-jl(l+t) J’lt(1+t)dt
J—x(lt-('-ltd)-lgt —J'llnit dt‘g[(ln 0% =3 (lnx)2

Put x=e,

f@+f = (no* =2

Hence proved.

Let t=b-aand a + b =4 [given]
g t=4-a-a
g t=4-2a
O a:2—£
2
and t=b-4-b)
0 t=2b-4
O Lopos
2
t
0 b=2+~
2
Again, a<2 [given]
O 2-Teo
2

O g>o 0 ¢>0



20.

21.

Now, [ g0 dx+ J’Zg(x) dx
2-1/2 2+ /2
=[, 8Mdx+ [ gl dx
2-1/2 2+ 1/2
F(x)zj'0 (x)dac+'[0 g (%) dx
N | t 1 t
Fort >0, F (t)——gg@—§§+§g@+§§
[using Leibnitz’s rule]
1 tn 1 0t
LAl o

Again, @ >0,0£0 R
dx

Let

[given]
Now, 2-t/2 <2+t/2 O ¥ 0O

Weget g@+t/2)-g@-t/2)>0,060

So, F'@t)>0,0& 0

Hence, F' (t)increases with ¢, therefore F (¢) increases as
(b — a) increases.

Let In:I; & (x-1)" dx
Putx-1=t 0O dx dt

— 0 t+1 n — 0 nt
O I"__[—1e s dt—ef_lt e'dt

=et"']% -n *ntetdy

Hee'1% -n| | g

—e ln -1 -n n ltdt
0 - (1) [ g

_(1)n+1 neJ— nltdt

O L=C-D"""-nl _, ...
For n=1, I :I;ex(x—l)dx:[ex(x - —I;ex dx

=d1-1)-¢"0-1) -[¢"]{ =1 —(e -1)=2 -e
Therefore, from Eq. (i), we get

I,=(-1)*"" -2, = -1 -2@2 -e) =2e -5
and I, = (-1 " =3I, =1 -3@2e -5) =16 —6e
Hence, n =3 is the answer.

Since, fis continuous function and J’ Ox f @) dt > o,

as| x| » o.To show that every line y = mxintersects the
X
curve ? +IO f @) dt =2

Atx=0, y=++/2

Hence, (0,+/2),0,-+2) are the point of intersection of
the curve with the Y-axis.

22.

1.
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Asx - OO,J';C f(¢)dt - o for a particular x (say x,), then
J’; f () dt =2 and for this value of x, y =0

The curve is symmetrical about X-axis.

Thus, we have that there must be some x, such that
flx,) =2

Thus, ¥ = mxintersects this closed curve for all values of
m.

Given, f(x) = Lx[2(t —1) (¢ -2 +3 (t ~1)2(t -2)%] dt

O Fff@=R-1)x-2°+3@x-1)%x-2%40-0
=(x-1)(x-2%[2 (x-2) +3 (x -1)]
=(x-1)(x-2%6x-17)

+ LT +
1 s
O f(x) attains maximum at x=1 and f(x) attains

minimum at x = =

Topic4 Limits as the Sum

U3 3 U3
+ + g
Let p=Ilim D(n 4/13) (n 4/23) + ... (2123 O
n- o D n n a
n 13
. (n+r)
=1 ~ 7
SR
B
if o
= lim ”ﬁs
n— o n
-im 25 g
e Z
Now, as per integration as limit of sum.
Letlzxandl:dx [+ n - o]

n n

Then, upper limit of integral is 1 and lower limit of
integral is 0.

1
So, p=[ (1 +9" dx 5 tim L Zf@;@ [,f@ de
0

E n- oo p
3 4/3& 3 43 3 w3 _3
=1+ =—-Q" -1)=—(2 -—
Q( ) q 4( ) 4() 1
2. Clearly,
n-owbp?+12 p2+2%2 p%2+32 77 Bn
lim n n n n g
= +...+
no wO2+12 n2+922 nl+3? nZ+ @2n)
lim 2 n

n — 0 r=1 n2+r2
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lim 2n

1 _ /2 dx
n - o 21 rg%_IO 1+7
1+%

| r P 0
o lim S f%@z [ f(x)dxg

O n-e r=1
=[tan! x]g =tan"'2

n+1)0dn +2)...( 3Bn) %1

n2n

3. Let /= lim é(

- lim @(n+1) [n +2)...(n +2n) %

n2n

L
- Jm B R B

Taking log on both sides, we get
L2 2n1
lo l—hm— 0 —O.d+—

a logl=liml

noon

gog@+l§+]og§[+g§+m+]og§[+27n@é
ad logl—lin:o;Zlong Q

0 log l:.[o log (1 +x) dx

O logl=aog(1+x)Dc—J'11Dcde:
X

2x+1-1
o

O logl=[log (1 +x) &]3 B i x

O

log =2 ElogS—J'2 ﬁl -
0

1+x
log 1=20og3 - [x —log| 1 +x\](2)
log [ =2 Oog 3 — [2 —log 3]

log /=3 og3 -2

log [ =log 27 -2

U oooo

27

e2

l:elog27—2 =97 @—2 -

4. PLAN  Converting Infinite series into definite Integral

i.e. lim @
noow n

i1 S (E = e
Iimw

n-o N

where, Tis replaced with x.
n

2 is replaced with integral.

Here,

I 1942+ ... +n? 1
im =—
n-o (n+1)* Yna +1) +(na +2) +... +(na +n)} 60
0 lim ) n(n”m:%
n- o a-1 2
n+l a+——=
¢+ %1 2 B
" Or
2 Q;Qa
. 21 1
0 lim =—

O
=
8
S

ED@
iM =
S
el
o
=
g B
— O
S
Em@
|
|

0 2jl(x“)dx917
0 1[2a +1) 60
2qa+1]0 _i
Qa+1){a +1) 60
0 # 0 Qa+1)(a+1)=120
Qa+1)(a+1) 60
O 2a®+3a+1-120=0 O 2a?+3a-119=0
0 Qa+1N@-7=0 0 a= 7'717
. i n
. G , 8, =y —————
iven, S, kzon2+kn+k2
0 O
. 0 H .0 0
1 1 10 1 O
=yt O<iim 51
n kKO n-egnl g 0
k=0 +—+ 0 k=0 Eﬂ+f+%g|]
n n n [l
:J' %d‘x
0 1+x+x
tan~tH2 Qﬁlﬁd
ET Hs B el
. T
ie. S, <——
“ 50 "Q 3f <35
Similarly,
Y 3(
|:| n
. lim L + ! +...+—H=z
n-olln+1 n+2 6nll Sn+r
—hm—
ﬂmnrlg @
—J'O I+ =[log 1 + x)] =log6 —logl =log6
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