Complex Numbers

Topic1 Complex Number in lota Form

Objective Questions I (Only one correct option) 6. Avalueofffor which 2 0sin8. purely imaginary, is
. . 22— . 1-2isin® (2016 Main)
1 Letz OC with Im (2) =10 and it satisfies =2 -1 30 1
2z+n @ R © sin 020 (d) sin_l%g
for some natural number n, then (2019 Main, 12 April 11) 3 6 040 3
(a) n=20and Re(z) =-10 (b) n =40and Re(z) =10 6: -3i 1
(¢) n =40and Re(z) = -10 (d) » =20and Re(z) =10 7. If | 4 3i —1|=x+iy,then (1998, 2M)
. 0 .
2 All the points in the set S = M ;o ORO@G =+/-1)lie U
M- O =3, y=1 =1, y=1 =0,y=3 (d)x=0,y=0
on a (2019 Main, 9 April ) @x=37=10)x 13 y=1©x=0.y @x=0.y
(a) circle whose radius is +/2. 8. The value of sum z @"+i"1), where i =+/-1, equals
(b) straight line whose slope is -1 n=1 (1998, 2M)
(¢) circle whose radius is 1. (a)i b)yi-1 (-1 ()0
d) straight line whose slope is 1. 1u
@ & P 5+3 9. The smallest positive integer n for which SIFH =1,1s
3 LetzOC be such that|zl<1. Ifw = , then -
5(1-2) (a) 8 (b) 16 (1980, 2M)
(2019 Main, 9 April 11) (c) 12 (d) None of these
(a) 4Im(w) >5 (b) 5Re (W) >1
(© 5Im @) <1 (d) 5Re() >4 Objective Question II

(One or more than one correct option)

4 Let 2‘*@ "”y =J-1), wh d 1
¢ % (:=+/-1), where xand y are rea 10. Leta, b, xand ybe real numbers such thata — b = 1and

numbers, then y - xequals (2019 Main, 11 Jan 1) y#0. If the complex number z=x+1iy satisfies

() 91 (®) 85 (c) -85 (d) -9l Euﬂﬁ y, then which of the following is(are)

5. Let A= % n Q 3 +2isinb | is purely 1mag1nary%
) 1-2isinB 0 possible value(s) of x? (2017 Adv.)
Then, the sum of the elements in A is (2019 Main, 9 Jan I) (@) 1-41+ ¥ (b)-1-41- ¥
RO © @ 2 ©1+ 1+ 5? @ -1+ 1~y

Topic2 Conjugate and Modulus of a Complex Number

.. . . .
Objective Questions I (Only one correct option) 2 Tra>0andz= "D bas magnitude \/g then Zis

1 Th ti -il=lz-1],i =J-1 t a-i
e equation |z = i| =]z =1],1 , represents equal to (2019 Main, 10 April 1)
(a) a circle of radius 1 (2019 Main, 12 April 1) 1 3. 1 3.
92 (a)g_gl () _g_g
the line passing through the origin with slope
(b) the li ing through the origin with sl 1 1 3. 3 1
(c) a circle of radius 1 © _g + 5 ! d - 5 - g

(d) the line passing through the origin with slope — 1



2 Complex Numbers

3 Let z and z, be two complex numbers satisfying| z | =9

and |z, —3 —4i|=4. Then, the minimum value of

2, —29lis (2019 Main, 12 Jan 11)
(@) 1 () 2 © V2 @ o

If z ;g (a OR)is a purely imaginary number and

|z| =2, then a value of a is (2019 Main, 12 Jan 1)
@2 o) @1 @2

Let z be a complex number such that |z|+2z=3 +1

(where i = \/—71).

Then, | z|1s equal to (2019 Main, 11 Jan I1)

34 5 41 5
(@ V34 M) = © Va1 @ =
3 3 4 4
6. A complex number zis said to be unimodular, if | z| # 1.
If z; and z, are complex numbers such that 21_7252 is
— 2172
unimodular and z, is not unimodular.
Then, the point z; lieson a (2015 Main)

10.

11.

(a) straight line parallel to X-axis
(b) straight line parallel to Y-axis
(c) circle of radius 2

(d) circle of radius v/2

If z is a complex number such that |z|>2, then the

minimum value of

1
z+ =
2

(2014 Main)
(a) 1s equal to 5/2

(b) lies in the interval (1, 2)

(c) is strictly greater than 5/2

(d) is strictly greater than 3/2 but less than 5/2

Let complex numbers a and 1/ lies on circles
(@=x)"+ (¥ =y0)° =r® and (x-x))" + (y —y,)* =4r%,
respectively.

If z, = x, + iy, satisfies the equation 2| zy|* = 7% + 2, then

|a|1s equal to (2013 Adv.)
1 1 1 1

a) — b) — c) — d) =

® V2 ®) 2 © Nk @ 3

Let zbe a complex number such that the imaginary part
of zis non-zero and a = z% + z + 1is real. Then, ¢ cannot
take the value (2012)

@) -1 1

1 3

= c) = d) =

(b) 3 © 5 (d) A
Let z=x+iy be a complex number where, x and y are
integers. Then, the area of the rectangle whose vertices
are the root of the equation zz° + z2> =350, is (2009)

(a) 48 (b) 32 (c) 40 (d) 80

If|z]=1and z # £ 1, then all the values of z lie on

1-22

(a) a line not passing through the origin (2007, 3M)
(b) |z1= 2

(c) the X-axis

(d) the Y-axis

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

If w=a+iB, where B#0 and z#1, satisfies the
.. L —wzl.
condition that 17 is purely real, then the set of
1-z B P Y

values of z is

@lzl=1,z#2
©z=2z

(2006, 3M)

(b)lzl=1land z 21
(d) None of these

If|2|:1andw=2_1 (where, z#-1), then Re (w) is
z+1 (2003, 1M)

(@0 o il @ 2
|z + 1] g+t lz+1 |z + 1]

For all complex numbers z;,z, satisfying 2| =12 and

|z, =3 —4i| =5, the minimum value of | z; — 2zyis

(@) 0 (b) 2 (2002, 1M)

(7 (d) 17

If z,2z, and z; are complex numbers such that

[z =129 =121 :Hl» +i +ﬂ§: 1,then |z + 2z, + 2;]is
B 2 30

(b) less than 1

(d) equal to 3

For positive integers n,,n, the value of expression

@ +D)" +@+2) +@Q +°)"2 +(1 +i)"2, here

(1996, 2M)

(a) equal to 1
(c) greater than 3

(2000, 2M)

i =+/-1 is a real number, if and only if

@n =ny+1 b)yn, =ny, -1

(c) ny = n, (d)n,>0,n,>0

The complex numbers  sinx+icos2x  and
cos x — I sin 2x are conjugate to each other, for

(a) x =nm (b)x=0 (1988, 2M)

@x=Mn+12m

The points z;, 24, 2; and 2z, in the complex plane are the

(d) no value of x

vertices of a parallelogram taken in order, if and only if
@z +2,=2+7 () z, + 23 =24 + 2, (1983, 1M)
©7z +2y=2 +2, (d) None of these
Ifz=x+iyand w=(Q1 —-iz)/(z — i), then |w| =1 implies
(1983, 1M)
(a) z lies on the imaginary axis (b) z lies on the real axis
(c) z lies on the unit circle (d) None of these

The inequality |z —-4| <|z —2| represents the region

that, in the complex plane

given by (1982, 2M)
(a)Re ()20 (b) Re ()< 0
(¢)Re (2)>0 (d) None of these
It o=03 +1§ L0 —1%?, then

o2 20 02 20 (1982, 2M)
(@ Re(z)=0 (b) Im (z) =0

(c)Re (2)>0,Im (z2)>0 (dRe(z)>0,Im(2)<0

The complex numbers z=x+ iy which satisfy the

equationaziaz 1, lie on
x+510 (1981, 2M)

(a) the X-axis

(b) the straight line y =5

(c) a circle passing through the origin
(d) None of the above



Objective Questions II
(One or more than one correct option)

23.

24,

25.

Let s, ¢, r be non-zero complex numbers and L be the set of
solutions z=x+1iy (x,yOR,E ﬁ) of the equation
sz+tz +r=0, where z=x-iy. Then, which of the
following statement(s) is (are) TRUE? (2018 Adv.)
(a) If L has exactly one element, then| s|# |¢ |

(b) If[s|=|t |, then L has infinitely many elements

(¢) The number of elements in L n {z:| z — 1+ i| =5}is at most
2

(d) If Lhas more than one element, then L has infinitely many
elements

Let z and z, be complex numbers such that z; #z, and

|zl =12y If 2z, has positive real part and z, has negative

z
2 may be
)

) . 2 +
imaginary part, then ———= (1986, 2M)
(a) zero

(b) real and positive

(c) real and negative
(d) purely imaginary

If 2, =a +ib and 2z, = c + id are complex numbers such
that |z|=]zJ =1 and Re (22,) =0, then the pair of
complex numbers w;, =a + icand w, = b + id satisfies

(@) lw =1 (©) lw,y) =1 (1985, 2M)
(c) Re (wywy) =0 (d) None of these

Passage Based Problems

26.

27.

28.

Read the following passages and answer the questions
that follow.
Passage 1
Let A, B, C be three sets of complex number as defined
below
A={z:lm (2) 21}
B={z:1z-2 -1 =3}

C ={z:Re((1 -)z) =2} (2008, 12M)
l’ngﬂl —-3i —z|1s equal to
2-4/3 2+ /3
b
(@) 5 () 3
3-43 3+4/3
d
(©) 5 (d) 5
Area of S is equal to
101t 201t 161 321
d
(@) 3 (b) 3 (©) 3 (d) 3

Let z be any point in A n Bn C and let w be any point
satisfying |w —2 —i| <3. Then, |z| = | w| + 3 lies between
(a) - 6and 3 (b) - 3and 6

(¢c) -6 and 6 (d)-3and 9

Complex Numbers 3

Passage 11

LetS=8S, nSy;nS;, where
a -1+.,/3;0 0O
S, ={z0C:|zk 4},SF z0 C:lmMD>OD
O ol-¥3i g g

and S; :{zOC:Rez 0} (2008)

29. Letzbeany pointin An Bn C.
The|z+1-i* +|z =5 —il® lies between
(a) 25 and 29 (b) 30 and 34
(c) 35 and 39 (d) 40 and 44

30. The number of elements in the set A n Bn Cis

(@0 (®) 1
(©) 2 (d) oo
Match the Columns

31. Match the statements of Column I with those of
Column II.

Here, z takes values in the complex plane and Im (z)
and Re (z) denote respectively, the imaginary part and
the real part of z (2010)

Column | Column Il

A.  The set of points z satisfying p.
|z=il Zl|=|z+i|2]|is
contained in or equal to

an ellipse with
eccentricity 4/5

B.  The set of points z satisfying qg.
|z+ 4| +|z-4=0is
contained in or equal to

the set of points z
satisfyinglm (z) = 0

C. Ifjw|=2, then the set of r. the set of points z
points z = w _1is contained satisfying[Im(z) [< 1
w
in or equal to

D. Iffw|=1, then the set of points s.
z =w+ —is contained in or t.
w

the set of points
satisfying|Re(z)|< 2
the set of points z

equal to satisfying| z| < 3
Fill in the Blanks
32. Ifa,B,y are the cube roots of p, p <0, then for any x, y
+ B+
and z then w =....
ap+yy+za (1990, 2M)

33. For any two complex numbers z,z, and any real

numbers @ and b, |az, — bz,/*+ | bz, +az,/* =... .
(1988, 2M)

%in %@+ cos %@— i tan (x)E
é +2isin %@E

is real, then the set of all possible values of x is... .
(1987, 2M)

34. If the expression
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True/False

35. If three complex numbers are in AP. Then, they lie on a
circle in the complex plane (1985 M)

36. If the complex numbers, z,z, and z; represent the
vertices of an equilateral triangle such that
[z, =129 =125 |, then z; + 29 + 23 =0. (1984, 1M)
37. For complex numbers z =x + iy, and z, = x, + iy, we

write 2, n 2y, if ; < x5 and y; < y,. Then, for all complex
1-z

numbers z with 1 n z, we have n 0. (1981, 2M)

+z

Analytical & Descriptive Questions

38. Find the centre and radius of the circle formed by all the
points represented by z = x + iy satisfying the relation

Be—aB. k(k#£1), where a and [ are the constant
Dz-BO
complex numbers given by o =a; + it 4, B =p; + Po.
(2004, 2M)
39. Prove that there exists no complex number z such that
n

|zl <1/3 and z a,z" =1, where |a,|<2.

r=1 (2003, 2M)

40. If 7z and z, are two complex numbers such that
l-23

|21 <1 <]|zy, then prove that A% <l. (2003, 2M)
41T %

41.

42,

43.

44,

45,

46.

47.

For complex numbers z and w, prove that
lzPw-|lwPz=z-w,ifand only if z= wor zw =1.

(1999, 10M)

Find all non-zero complex numbers z satisfying
z =iz (1996, 2M)
If 22 +22-z+i=0, then show that |z|=1
(1995, 5M)

A relation R on the set of complex numbers is defined

by 2z, R z,, if and only if #1722 i real.
2zt 2

Show that R is an equivalence relation. (1982, 2M)
Find the real values of x and y for which the following

equation is satisfied
Q+i)x-2i . @2-3i)y+1i

. =1. (1980, 2M)
3+1 3-1
1 . .
Express — in the form A + iB.
(1-cosB) +2isin O (1979, 3M)
. a+1b 9 N2 (l2 + b2
Ifx+y= , prove that (x° + =
y vig P "+ ) 1
(1978, 2M)

Integer Answer Type Question

48.

If z is any complex number satisfying |z -3 -2i| <2,
then the maximum value of |22 =6 + 51 | is ...... (2011)

Topic 3 Argument of a Complex Number

Objective Questions I (Only one correct option)

1. Let z and z, be any two non-zero complex numbers such

that 312, = 4] 2,) Iz = 22 + 222 then
2zy 37 (2019 Main, 10 Jan 1)
1 |17
a) |lz| == |— b) Im(z) =0
(@ 2\ 3 (b) Im(2)
(c) Re( =0 D |zl = \/g
2. If zis a complex number of unit modulus and argument
01+ z0.
0, then arg %Bls equal to (2013 Main)
(a) -6 (b)l;—e (c) 6 (d) m-6
3. Ifarg(z) <0, then arg (-z) —arg (2) equals (2000, 2m)
(@) m ®)- T
(c) — W2 (d) Tt/2

4. Let z and w be two complex numbers such that |2/ <1,
|lwl<land|z+iwl|=|z-iwl| =2, then z equals
(1995, 2M)
(a)lori (b) i or —i
() lor-1 (d)ior-1

5.

7.

Let z and w be two non-zero complex numbers
such that |z|=|wl and arg (z) + arg (w) =T, then z
equals (1995, 2M)
(@ w ) ~w ©w d-w

If z, and 2z, are two non-zero complex numbers such
that|z + 29l =|2;| +124|, then arg (z;) —arg (z,)is equal
to (1987, 2M)

(@) -1t (o) - ’—21 © 0 ) ’—21

If a,b,c and u,v,w are the complex numbers
representing the vertices of two triangles such that
c=1-r)a+rb and w=(0-r)u +rv, where r is a
complex number, then the two triangles (1985, 2M)
(a) have the same area (b) are similar

(c) are congruent (d) None of these

Objective Questions II
(One or more than one correct option)

8.

For a non-zero complex number z, let arg(z) denote the
principal argument with —Tt<arg(z) < 1 Then, which of
the following statement(s) is (are) FALSE ? (2018 Adv.)

(a) arg (-1-1) zg,where i=+-1



(b) The function R~ (-m, 1 defined by
f(t) =arg (-1+1it) for all ¢ OR, is continuous at all
points of R, where i = /-1

(¢) For any two non-zero complex numbers z and z,,

0
arg E%—EI— arg (z;) + arg (z,) is an integer multiple of
ey O
21

(d) For any three given distinct complex numbers z;, z, and

z,, the locus of the point z satisfying the condition

- -z)0 . . .
arg %(M[F T, lies on a straight line.
0z - 2) (2, — )0
9. Let z and z, be two distinct complex numbers and let
z=(1-1)z +tz,for some real number ¢t with0 < ¢ <1. If
arg (w) denotes the principal argument of a non-zero
complex number w, then (2010)
(@) lz=z| +1z —z) =z, —2z,|(b) arg(z—z) = arg(z —z,)

(C) 273 f_zl =0 (d) arg(z-Zl)zarg(zz_Zl)

274 RT3

ComplexNumbers 5

Match the Columns

10. Match the conditions/expressions in Column I with
statement in Column II (z #0is a complex number)

Column | Column I1
A. Re(z)=0 Re(z?)=0
B. arg(z)= 1 Im(z%) =0
4
r Re(z%) = Im (z?)

Analytical & Descriptive Questions

11. |z]<1,|w|<1, then show that
lz-wl?<(l2 —|wl])? + @rg z —arg w)* (1995, 5M)
12. Let 2z, =10 +6i and z,=4+6i. If z is any complex

number such that the argument of (z —2,)/(z — z,) is
T1/4, then prove that |z =7 —9i| =342. (1991, 4M)

Topic4 Rotation of a Complex Number

Objective Questions I (Only one correct option)

2ug 1}
1. Letz= E{.@ +10 + E)l@ —ED.IfR(z)andI(z)
g2 20 02 20

respectively denote the real and imaginary parts of z,

then (2019 Main, 10 Jan 1)
(@) R(z)>0and I(z)>0 Md)I(z)=0
(c) R(z)<0and I(z)>0 d) R(z)=-3

2. A particle P starts from the point z, =1 + 2i, where
i =+/-1. It moves first horizontally away from origin by
5 units and then vertically away from origin by 3 units
to reach a point z,. From z, the particle moves V2 ynits
in the direction of the vector i + 3 and then it moves

TU . . . . .
through an angle By in anti-clockwise direction on a

circle with centre at origin, to reach a point z,. The point
2y 1s given by (2008, 3M)
(a)6+ 70 (b) =7+ 61 (¢) 7+ 6i d-6+T1T

3. A man walks a distance of 3 units from the origin
towards the North-East (N 45° E) direction. From there,
he walks a distance of 4 units towards the North-West
(N 45° W) direction to reach a point P. Then, the
position of P in the Argand plane is (2007, 3M)
(a) 3¢™* + 4i (b) (3-4i)¢™" () (4+ 31)d™* (d)

(3+4i)é™*

4. The shaded region, where P =(-1,0),Q = (-1 +~/2,+/2)

R=(-1++/2, -/2),8 =(1,0) is represented by (2005, 1M)

(a)|z+1|>2,|arg(z+1)|<g Q
b)lz+1<2]arg (z+ Dl< 2 ,

A SIS X
(C)|Z+1|>2,Iarg(z+1)|>%[ S

(d)|z—1|<2,|arg(z+1)|>l2T

5. If 0<a< I is a fixed angle. If P = (cos0,sin0) and
@ ={cos( g6),sin((:1 -0)}, then @ is obtained from P by
(2002, 2M)
(a) clockwise rotation around origin through an angle a
(b) anti-clockwise rotation around origin through an anglea
(c) reflection in the line through origin with slope tan a

(d) reflection in the line through origin with slope tan%

6. The complex numbers
A% - M are the vertices of a triangle which is
2 (2001, 1M)

2,2, and 2z satisfying

(a) of area zero

(b) right angled isosceles
(c) equilateral

(d) obtuse angled isosceles

Objective Questions II
(One or more than one correct option)

7. Leta,bORand a?+ b? 20.
g
;, t OR, # 0O where
a+ibt O
i=,-1.Ifz=x + tyand z OS, then (x, y) lies on
(2016 Adv.)

(a) the circle with radius ZL and centre in, ngor
a a

|
Suppose S = 0OC: =
0

a>0,b%0
(b) the circle with radius — 1 and centre % i, ngor a<
2a 2a
0,6#0
(c) the X-axisfora# 0,b=0
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(d) the Y-axisfora=0,b%#0

8. LetW = ‘6; Land P={W"n=1,23,.}
O 10
Further H, =z OC:Re (2 —
1 EZ (zP 2%
_g -10 .
and H, = g OC:Re(zx 2B where C is the set of all
complex numbers. If z; O Hy, z, 0 H, and O
represents the origin, then 0 2,0z, is equal to
(2013 JEE Adv.)
s
a —
(a) 5
s
b) -
(b) p
2m
C -
(0) 3
5Tt
q) °2°
(d) 6
Fill in the Blanks
9. Suppose z,2z,,2; are the vertices of an equilateral
triangle inscribed in the circle |z|=2. If 2, =1 + i3,
thenz,=.., 23 =.... (1994, 2M)
10. ABCDis arhombus. Its diagonals AC and BD intersect
at the point M and satisfy BD =2 AC. If the points D and
M represent the complex numbers 1+i and 2-1i
respectively, then A represents the complex number
...0T... (1993, 2M)
11. If a and b are real numbers between 0 and 1 such that

the points z; =a+1i,z9=1+bi and z; =0 form an
equilateral triangle, thena =...and b =... . (1990, 2m)

Analytical & Descriptive Questions

12,

If one of the vertices of the square circumscribing the
circle|z — 1| =+/21is2 + /3. Find the other vertices of
square. (2005, 4M)

13.

14.

15.

16.

17.

18.

Let bz+ bz =¢, b#0, be a line in the complex plane,

where b is the complex conjugate of b. If a point z; is the
reflection of the point z, through the line, then show

that c=2,b + 25b. (1997C, 5M)

Let z and z, be the roots of the equation 22+ pz +q =0,

where the coefficients p and ¢ may be complex numbers.
Let A and B represent z; and z, in the complex plane. If
0 AOB= o 0and OA = OB, where O is the origin prove

that p2 =4q COSZ%Q

Complex numbers z;, 25, 25 are the vertices A, B, C

(1997, 5M)

respectively of an isosceles right angled triangle with
right angle at C. Show that

(1 —29)° =2z, —23) (25 —2y). (1986, 2 1 M)

Show that the area of the triangle on the argand
diagram formed by the complex number z, iz and z + iz
is 1 | 2%
2 (1986,2 } M)
Prove that the complex numbers z,z, and the origin
form an equilateral triangle only if 27 + 25 — 2,2, =0.
(1983, 2M)
Let the complex numbers 2,2z, and z; be the vertices of
an equilateral triangle. Let z, be the circumcentre of the
triangle. Then, prove that 27 + 22 + z3 =3z7. (1981, 4M)

Integer Answer Type Question

19.

For any integer &, let a,= cos QI%T@ + isin %@ where

i =+ —1. The value of the expression
12
Z 0y q =00
k=1
3
Z [0y -1 = O gyl
k=1

is

(2016 Adv.)

Topic5 De-Moivre’s Theorem, Cube Roots and nth Roots of Unity

Objective Questions I (Only one correct option)

1.

If z and w are two complex numbers such that | zw|=1

Tt
and arg(z) —arg(w) = P then (2019 Main, 10 April I1)

_ . — _1-1
a) zw=-1 zw =
(a) () 75
_ . -1+
c) Zw=1 d) zw =
(0) (d) 7z
Ifz =§ +%(i =y/-1), then (1 + iz + 2° +iz%)? is equal
to (2019 Main, 8 April I1)

(@) 1 ®) -1+ 20)° (©) -1 (d 0

3.

Let 2, be a root of the quadratic equation, o+ x+1=0,

If z=3 +6iz5! —3iz)°, then arg zis equal to
(2019 Main, 9 Jan II)

f
()3

15
Let z = cos 6 + i sin 6. Then, the value of Z Im " Yat

(a) ’7: (b) g © 0

m=1
0=2°s (2009)
1
a
(® sin 2° ®) 3 sin 2°
1
c d
()2sin2° ()4sin2°



5. The minimum value of |a + bw + c«¥|, where a, b and ¢
are all not equal integers and w (#1) is a cube root of
unity, is

(2005, 1M)
1
()3 (b) 5 (©1 o

6. Ifw(#1)be a cube root of unity and (1 + w?" =1 + w')”,
then the least positive value of n is (2004, 1M)
(@) 2 (®) 3 (©5 () 6

7. Let w= L +1 g, then value of the determinant

1 1 1
1 -1 _002 002 iS (2002' 1M)
1 o W

(2) 3w ) 3w (w-1) (c) 3w (d)301-

8. Let z and z, be nth roots of unity which subtend a right
angled at the origin, then n must be of the form (where, %
is an integer) (2001, 1M)
(@4ak+1 (b)4k+2  (c)4k+3 ) 4k

0 - @ 0 . =%

9. 1fi =T, thend+5HL + V30 L3 BL, iVB8E,

02 2 0 O 2 2 0
equal to (1999, 2Mm)
(@1-iv3 ()-1+id3 (0)i~3 (d)-i 3

10. Ifwis an imaginary cube root of unity, then (1 + w - of)’
is equal to (1998, 2M)
(a) 128w (b) -128w () 128w’ (d) 128 w?

11. If w (1) is a cube root of unity and (1 +w)’ = A + Ba
then A and B are respectively (1995, 2M)
(@0,1 M) 1,1
©1,0 @-1,1

6
12. The value of z %in@— i cos @Qis (1998, 2M)
k=1 7 7 '
(-1 ()0 (©)—1 ()i
Match the Columns
13. Let z, =cos g@§+ isin g%— 1 k=1,2,..9.
10 10
Column | Column I
P.  Foreach z,, there exists a z; such that (i) True
z, [z =1
Q. Thereexistsak 0{12,.. ,9}suchthat (i) False
z, [z = z, has no solution zin the set of
complex numbers
R -zt -2z)...]1- 2 equal (i) 1
10
S. S E@kn (iv) 2
1- |
k;cos 10 @equas

(2011)
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Codes

P Q R S
(@ @ G (iv) (111)
®) @ O (1) (iv)
(© @O @) (iii) @iv)
(d) (D) @ @iv) (iii)

Fill in the Blanks

14. Let w be the complex number cos%-[ +isin Z?H Then

15.

the number of distinct complex number z satisfying

z+1 (%) o’
w  z+o 1
w? 1 z+

=0isequal to ... .

(2010)

The value of the expression

12-0)@2-w)+2B - B - df) +...

+(n-1)0n -w) (n ~o),

where, wis an imaginary cube root of unity, is....
(1996, 2M)

True/False

16.

The cube roots of unity when represented on Argand
diagram form the vertices of an equilateral triangle.
(1988, 1M)

Analytical & Descriptive Questions

17.

18.

19.

Let a complex numbera,a #1, be a root of the equation
2Pt —2P 2941 =0

where, p and q are distinct primes. Show that either
l+a+a?+ ... +a?! =0

or l+a+a?+ ... +a?7! =0

but not both together. (2002, 5M)

If1,a,,ay,...,a,_; are the n roots of unity, then show
that Ql-a)A-ay@-ay)...A~-a,;)=n

(1984, 2M)
Itis given that n is an odd integer greater than 3, but n

is not a multiple of 3. Prove that #° + & + x is a factor
of x+1D)"=-x"-1 .
(1980, 3M)
If x=a+b, y=aa +bB, z=af + ba, where a,3 are
then show that

(1979, 3M)

complex cube roots of unity,
xyz=a® + b3,

Integer Answer Type Question

21.

Let w=¢™ and a,b,c, x, y,z be non-zero complex
numbers such that a+b+c=xa +bw +cw’ =y,
a+bw?+cw=z

2 2 2
lxI+1yl"+1zI".

Then, the value of ——"———"—
lalP+101*+]cl?
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Answers
Topic 1 46, A+ iB= 1 _;_ cot ©/2)
1. (c) 2. (c) 3. (b) 4. (a) 2§+3 cos? Q@ 1+ 3 cos® (8/2)
5. (d) 6. (d) 7. (d) 8. (b) 2
9. (d) 10. (b, d) Topic 3
Topic 2 L () 2. (o) 3. (@
1. () 2. (b) 3. (d) 4. (d) 4. (9 5. (d) 6. (c) 7. (b)
5. (b) 6. (c) 7. (b) 8. (0) 8. (a,b,d) 9. (a,¢,d) 10. A-q;B-p
9. (d) 10. (a) 11. (d) 12. (b) Topic 4
13. (a) 14. (b) 15. (a) 16. (d) 1. () 2. (d) 3. (d) 4 ()
17. (d) 18. (b) 19. (b) 20. (d) 5. (d) 6. (o) 7. (d) 8 (.4
21. (b) 22. (a) 23. (a,c,d) 24, (ad) 0. 2,22z =1-is3 0.3l or1 -
25. (a, b, c) 26. (c) 27. (b) 28. (d) 2
29. () 30. (b) 1. a=b=2++3

3. A- qr; B-p; Cop,s,t; Doq,r,s,t 32, W
83. (a* +b°) (2" +|2,)

34, x =2nTt + 20, o =tan 'k, where k (1, 2) or x = 2nTT

35. False 36 True 37. True
38. Centre = , Radius = %(0(72%
1- O1-k° g

O i O

2 3 =i,t£—im

0 2 29

45. (x =3andy =-1)

12, z, =-~3i,z; =(1 -3) +iandz, =(1 +43) =i

19. (4)
Topic5

1. (a) 2. (o) 3. (a)

4. (d) 5. (c) 6. (b)

7. (b) 8. (d) 9. (¢) 10. (d)
11. (b) 12. (d) 13. (c) 14. (1)

15. Q'(”z;”g -n 16. True 21. (3)

Hints & Solutions

Topic1 Complex Number inlota Form
1. Let z=x+10i, as Im (2) =10 (given).
Since z satisfies,

227N _9i _1 0 ON,
2z+n

O @x+20i-n)=@Qi —-1) @x +201 +n)

O @x-n)+20i=(-2x —n —40) + (dx +2n —-20)¢

On comparing real and imaginary parts, we get
2x—n =-2x —n —40 and 20 =4x + 2n -20

ad 4x=-40 and 4x + 2n =40

a x=-10and -40 +2n =400 n =40

So, n=40and x=Re (z) =-10

B
2. Letx+iy= l
a-1

O x+y=
RN a+1 a+1

On comparing real and imaginary parts, we get
a?-1 2a

x= and y =
aZ+1 a1

@+ _ @?-1)+@)i _a’-1 20 .
= - +Q}@

Now, x? + y? L+1§2 Qﬁig

at+1-0%+40? @2+1)?
(GZ+1)2 ((x2+1)2

a K+ y2 =1
Which is an equation of circle with centre (0, 0) and
radius 1 unit.

+i
So, S = E«):; ;a DR@lies on a circle with radius 1.
-1

3. Given complex number
_5+3z

51 -2)
a 5w-5wz=5+3z

a B+5wz=5w-5
O [B+5wllzl =5 w-5| ...()
[applying modulus both sides and |z;z,l =21 24| ]
lzl <1
O B+5w|l>bw-5]| [from Eq. (1)]



6. Letz

>lw-1]

0 Doo+
ad

B

Let w =x + iy, then @c+§g+y2>(x—l)2 + 52
g 9c2+g+§x>x2 +1 —2x
25 5

16x 016 0 s lpsest
25 5

5
g 5 Re(w) >1

4. We have, ~ ‘y %2 g —(6+ )g
0 x;;y —(216 +108; +18i% +i%)
_E (198 +107i)
[ (@ + b =a® +b® +3a% +3ab? i2=-1,i% = -

On equating real and imaginary part, we get
x=-198 and y = -107
0 y—-x=-107 +198 =91

5. Let Z_[B+2isin9|:|x 01 +2isin60
) B —2isined M+ 2isin®

(rationalising the denominator)
_ 3-4sin%0 +8isinB
- 1+4sin%0
[ a?=-b%=(a +b)(a —b)and i = -1]
EB 4sin 9%_'_ U 8sin6 Dl
E[L +4sin?00 [ + 4sin?60

As zis purely imaginary, so real part of z=0

—Aein?
374800 _ )0 5 4din%e =0

1+ 4sin?0
O sin6== 0 sin9=i§
Y-
1 y=sin 6
v3/2
« 2 -3
Ow3 2m3 T
—/3/2
» 3/
v
Ogm m 21y
O el —,—,—
H3'3 30
Sum of values of 6 = 2£
3
-2+3isinb . is purely imaginary. Then, we have
1-2isinB
Re(z) =0

2+ 3isinB

Now, consider z = —
1-2isinB

10.

Complex Numbers 9

_ @2+ 3isinB) (1 +2i sin 0)

(1 -2isinB) (1 +2i sin 6)
_2+4isinb +3isin B +6i%sin? 0
- 1% - (2i sin 0)2
_2+ 7isin® —6sin?0

1+4sin%0
_2- 6 sin? 9 7sin 0
"1+ 4sin? 6 1+4sin26
Re(z) =0
— A ain2
o 27680 50 5-6sin%e
1+4sin“0
a sin29:l
3
O sinOZii
3
1 .- 1
a stmlgt— :ismlgfg
V3 3

06: -3i 10
Given, 4 3t -lg=x+1y

20 3 i 0

061 1 10
O -3ig4 -1 - 1=x+iy

020 i i [0
a x+ iy =0 [+ Cyand C; are identical]
EI x=0,y=0

) 13
G"+i"H =S i"A+i) =1 +i) i"

> > 2,
0-@a-:%0
o

+i'?) = (1 +1) — [
o =i @

=A+0)GE+i2+8 +..

Alternate Solution

B +iyi=i-1

Since, sum of any four consecutive powers of iota is zero.
13
0y + Tty =@ +it 4.+

+ @2+ 2+ i =i+it=i-1

g i"=1
The smallest positive integer n for which ;" =11is 4.
g n=4
az+b _ax+b+aiy (ax+ b+ aiy)((x+1) —iy)
z+1  (x+1)+iy (x+1)2+ 52
. Loz + b0 —(ax+ b)y + ay(x +1)

Im H= CR)

z+1 (x+1)"+y
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Complex Numbers

(@-by _
(@+1)" + 5
a-b=1
O (@x+1)2+y?=1
O x=-1%41 -5

Topic2 Conjugate and Modulus of

1.

Complex Number
Let the complex number z = x + iy
Also given, |z-1i| =]z -1]|
Olx+iy—il=lx+iy -1]|
02+ (=12 =y -D)? +°
[121=(Re(2)? + (Im(z))*]

On squaring both sides, we get

X+ y2—2y+1 =2 +y2 —-2x +1

0 y = x, which represents a line through the origin with
slope 1.

2
The given complex number z = M
a-1i
:(1—1+221)(a+l) [ri2= 1]
a”+1
_2i(a+1i) _—2+2ai @
a?+1 a?+1
|z|=~2/5 [given]
4 + 4a” _\/g 02 _\E
@+1* V5 1442 V5
O 42=2Da2+1=10
1+a 5
a’=90a=3 [ra>0]
0 z=2%6 [From Eq. ()]
10
So, z = QL +6L§: Q—l +§i§|] E:—l —§i
10 5 5 5 5
[-ifz=x+ iy, thenz = x —iy]
Clearly | z,| =9, represents a circle having centre C; (0, 0)

and radius , =9.
and |z,—-3-4i| =4 represents a circle having centre
Cy(3,4) and radius r, = 4.

The minimum value of |z -z, is equals to minimum
distance between circles | z;|=9 and |z, —3 —4i| =4.

0,0y =43 -0)? + (@ -0)? =9 +16 =25 =5
and|n —rl=9-41=5 O C,Cy=lr -1y
O Circles touches each other internally.

Hence, |z =29l =0

Since, the complex number Z:Z (a OR) is purely
imaginary number, therefore

2T2,27% [-a OR]

z+d z+a
0 ZZ-0z+0z-0%+2z 0z 4z % =0
0 2|zf-2a%=0 [-2z = z[]
O (12:\2\2:4 [l z| =2given]

a=%= 2
We have, |z|+2z=3 +i

Let z=x+1y

a w/x2+y2+x+iy:3+i
(+a®+y%) +iy =3 +i
x++/x®+y® =3and y=1

Now, 2+1=3-x
a 2 +1=9 -6x +x
a 6x=8 [ x=é

3
0 _4

z=—+1i
3
a |Z|:1E+1:1§D |z|:§
9 9 3

PLAN If z is unimodular, then| z| = 1. Also, use property of modulus
ie. zz = z?
Given, z, 1s not unimodular i.e.|zy| # 1
and 2 _252 is unimodular.
~Z12
-2 _

O AT 1 O lzr 22,2 12 22,/

2-2z2,
O (5 —229) (7 —229) = @2 —2,29) 2 —2,29) [2z =1z*]
O |2 P+4] 25*-22,2, -22,2,

=4+ 2?1 22 22,2, —22,2, 0 (1252 1)(1zE 4F 0

|2l #1
g lz1=2
Let z=x+iy O 2+ y? = (2)>

O Point z lies on a circle of radius 2.

|z| =2 1is the region on or outside circle whose centre is
(0, 0) and radius is 2.

Minimum is distance of z, which lie on circle

1
z+ =
2

| z| =2 from (-1/2,0).
= Distance of %% , ngrom (-2,0)

= %mlgm:é - @Hzgmzé
2 2 ~\O2 2

0 Minimum

1
z+=
2




(0,0) (2.0)

Geometrically Min =AD

1
z+ =
2

Hence, minimum value of lies in the interval

1, 2).

1
zZ+=
2

PLAN Intersection of circles, the basic concept is to solve the

equations simultaneously and using properties of modulus of
complex numbers.
Formula used l22=2Z
2 _ p—
|21 = zl" = (2 —29) (&1 —25)

T R - 2
=1zl" - 2125 255 +]2zy

and

Here, (x - xo)2 + (y —yo)2 =r?
and (x- xo)2 +(y - yO)2 =4r? can be written as,
|z - z,/* =r% and |z - z,* =472

. 1.. . .
Since, o and — lies on first and second respectively.
2

0 |(x—z0|2=r2 and | = -z, =4r?
a
@ —ZO)@—EO)=F2
O laf? = 2@ —z@ +lzyl* =12 .0
2
1
and — -2 =472
a
1 1
O %—3(@%—20@:4#
1 20 EO 2 _ 2
O j_i_j +|ZO| =4r
|al a a
Since, lal? =a
1 Zom EO 2 2
—_— = - —=[d +|z,|° =4r
la’  laP  laf? ’
a 1-2,0 —z0 +a |2|20|2 =4r%a |? ...>11)

On subtracting Egs. (i) and (ii), we get
(lal?-1) +1z,2 @ ~lal?) =r2 @ -4la?)

O (la?=1) @ -1z,*) =r*Q -4lal?)
O r2+2|:|
0 la?-1) 0 -—=20=r%1 -4la?
( )D 5 o ( )
2
Given, 2l =" 2+2

10.

11.
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2 D‘VZD 2 2
0 (la? - 1) —0=r%1 -4la?)
020
O lal?-1=-2 +8lal?
O Tlal=1
0 lal=1/7

PLAN If ax®+ bx + c =Ohasrootsa, B, then
-bt,b%-4
a, B :7ac
2a
For roots to be real b? - 4ac = 0.

Description of Situation As imaginary part of
z=x+ 1y 1s non-zero.

0 yz£0

Method I Letz=x+1y

O a = (x+iy)?+(x+iy) +1

ad (xz—y2+x+1—a)+i(2xy +y):0

O -y +x+1-a) +iy@x +1) =0, ...()

It is purely real, if y @x+1)=0

but imaginary part of z, i.e. y is non-zero.

a 2x+1=0 or x=-1/2
L 1 51
From Eq. 1), —-y*-=+1-a =0
q. () YR
a a:—y2+§ U « 3
4 4

Method II Here, 22+ 2z + (1 -a) =0

. Z_—111/1—4(1—a)

2x1

-1+.,4a -3

0 Z=—m—
2

For z do not have real roots, 4a-3<0 0O «a <%
Since, 2z (2 +2z%) =350
O 2 (x®+ y%) (% - y%) =350
a (x2+y2) (xz—yz) =175

Since, x,y I, the only possible case which gives
integral solution, is

x*+y* =25 . ()
-y =7 ... (11)
From Egs. (1) and (i),
x2=16,y* =90 x=+4, y=+3
O Area of rectangle =8 x6 =48
Let z=cosB +isinB
z cosB+isinB

|:| 2 = . .
1-z° 1-(cos2 B+1isin206)
_ cosB+isinB
2sin?6 -2isin O cos B
cosO+isinB _ 1
—2isinB(cos0+isinB) 2 sinB
Hence, lies on the imaginary axis i.e. Y-axis.

1-22
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12.

13.

14.

15.

Complex Numbers

Alternate Solution

Let E = z 5 = 72 5 == which is an imaginary.
1-z zz—z z—z
Letzlzw_wz be purely real 0 2z =2z
-z
0 w—wzzw—uji
1-z 1-z
0 w-wz-—wz+rwzl2 =w -zw —wz +wzl2
0 w-w+@w-wlzl?=0
0 w-w)@-1z*) =0
a lzI?=1 [as w-w #0, since B #0]
a |z]=1 and z#1
Since,|2|:1andw:2_1
z+1
1+ 1+
O z-l=zwz+w 0O z= Y0 |z|:| wl
-w |1 - w|
a 1-w|l=]1+w| [~1zI=1]

On squaring both sides, we get
1+ wl -2 w|Re (w) =1 +|wl* +2|w| Re (w)
[using |z, % zo|* =12 * + | 2,/> £21 2|2, Re (z,25)]
ad 4|w|Relw|=0
ad Re (w) =0
We know, |z =29l =12, —(29 =3 —4i) —@3 +41)]|
2|zl -1z, -3 -4i| -3 +4i]
212-5-5

O |2y — 25/ 22

[using |z, — 2ol 22| — |24l ]

Alternate Solution

Clearly from the figure | z; — 25| is minimum when z;, z,
lie along the diameter.

Y

X X
v

O 2 -2 2C,B-C,A 212 -10 =2
Given, 211 =129l =125 =1
Now, [z]=1
O =10 2z =1
Similarly, 2929 =1,2323 =1
Again now, H + 1 + 1H 1

B 22 30
O |z+2zy+2 =1 0 |z +2y+2]=1

U |2, + 29 + 251 =1

16.

17.

18.

19.

20.

A+)m +@ =" +Q +)™ +A )™
=[1C, + MCyi + MCy”% + M Cyi® +...]
+[MCy="C i+ MCy? =" Cyi® +...]
+[2Cy + ™CLi + "2Cyi% + 2Cyi° +...]
+[2Cy —™C, i+ "Cy% — "Cqi® +..]
=2[MCy + "Cyi% + M C it +...]
+2[2C, + "2Cy% + "C i +...]
=2["Cy-"Cy+™MCy —-...] +2[™C, -™C,
+ 20, -..]
This is a real number irrespective of the values of n, and
ng.
Alternate Solution
{A+)" +A-9"}+{@ +)™ +0 -0}
O A real number for all n, and n, OR.
[+ z+z=2Re(z) O 1 +i)" + (1 -i)" is real number

for all n OR]
Since, (sin x + i cos2x) =cos x — 1 sin2x
ad sin x—1i cos 2x = cos x —isin 2x
ad sin x = cos x and cos 2x = sin 2x
ad tanx=1 and tan2x=1

0 x=m/4 and x =11 /8 which is not possible at same
time.

Hence, no solution exists.

Since, z;, 24, 23, 2, are the vertices of parallelogram.

D(z4) Clza)

Azy) -

B(zo)

0 Mid-point of AC = mid-point of BD
7tz 2tz

a
2 2
a 21tz =29tz
Since, |w|=1 0O Eﬂa:l
gz—-1d
ad lz=-i]=]1-iz|
O lz=i|=|z+i| [~ |1-iz|=|-i|lz+i|=]|z+i]]

01t is a perpendicular bisector of (0, 1) and (0, —1)

i.e. X-axis. Thus, z lies on the real axis.

Given, |z -4|<|z -2|

Since, |z — 2| >|z — 2| represents the region on right
side of perpendicular bisector of z, and z,.

O lz=-2]>|z —-4]|

ad Re(2)>3 and Im(z) OR



21.

22.

23.

>
<
D
>

O| @0 (30 (40
YI
i 1u]
Given,z=|§l\/—§+i|] +%—1D
02 20 02 20
0 - —1-iJ30
o w= 1+L«/§ d o = 1 L\/gm
0 2 0
; - A3
Now, \/§+L——iD1+L\/§D=—Lw
2 o 2 0
-1 [1 -;y30
and Boi_HL-BE_
2 o 2 O
O z=(miw) + (W)’ =-iaf +iw
=i-w)=i(iV3) = -3
ad Re(z) <0and Im (2) =0
Alternate Solution
We know that, z+ z =2Re(2)
1u] 1ug
If z=%+lD +I%i.\/é—iD,then
O 20 02 20

2

z 1s purely real. i.e. Im (z) =0

Given, E=%B-1 0 |z-5il=2 +5i]
(z+510

[ iflz — z| =1z — 24, then it is a perpendicular
bisector of z; and 2z, ]

+0.9
0

T (Ov _5)

y'

0 Perpendicular bisector of (0, 5) and (0, — 5) is X-axis.
We have,
sz+itz+r=0 ...(0)
On taking conjugate
sz2+tz+7=0
On solving Egs. (i) and (ii), we get

..(i)

= rt—rs
ElE
(a) For unique solutions of z
I =120 O |d#]4
It is true
(b)If| sl =|¢t|, then rt — rs may or may not be zero.
So, z may have no solutions.
0 L may be an empty set.

24.

25.

26.

27.
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It is false.

(c) If elements of set L represents line, then this line
and given circle intersect at maximum two point.
Hence, it is true.

(d) In this case locus of zis a line, so L has infinite
elements. Hence, it is true.

Given, | z,| =1z,
Now, 2L t2 AT Ak a5t 22521 ~22
2172 3 T2 |2 = 2
- |21 + (202 — 2 25) ~ 2
| 21~ Zzlz
- R~ 21‘22 [ |21|2 - | 22|2]
|2, =2y
As, we know z — z =2i Im (2)
O 2921 — 2129 =21 Im (2421)
2 t2zy _21Im (292)
a - 2
2 T 22 |2 = 24
which is purely imaginary or zero.
Since,z, =a +ib and z,=c+id
O lzlP=a®>+b%=1 and |z)=c*+d*=1 ...(®)
[ 1z]=12yl =1]
Also, Re (z2,) =0 0O ac+ bd =0
O a__d_, [say]...(ii)
b c
From Eqs. () and (i), 822 + b2 = +A%?
ad b>=¢* and a”®=d?
Also, given w; =a +icand wy, = b +id
Now, |w1|=\/a2+cz =\/a2+b2 =1
lwy] = /b + d® =\[a® + b2 =1
and Re(w, @) =ab +cd =(bA)b +c(-Ac) [from Eq. ()]
=AD*-¢%) =0
r?érsl [1 —3i - z| = perpendicular distance of point (1, —3)
from the line  +/3x+ y=0 O |\/§_3|:3_\/§
J3t+1 2
Since, S=85; NSy n S,
Y
150°
X \ X
Q 4,0)
y = -3Vx

y'
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Clearly, the shaded region represents the area of sector

O =12l g2, Om 20T
2 2 6 3
28. Since, lw-@2+)<30 |w-12+il<3
O -3 +5 <|u| <3 +5
0 -3-5 <—|ul <3 -5 @)
Also, lz=-@2+1)| =3
0 -3++/6 <lz21<3 +5 ...(ii)
O - X a4 luk X9

29, |z+1-iP+|z-5-if
=(x+1)° +(y -1 +(x -5)* +(y -1)?
=2(x” + y? —4x -2y) +28
=2(4) +28 =36

30. Letz=x+1y

[ o+ y2 —dx -2y =4]

Set A corresponds to the region y =1 ...Q0)

Set B consists of points lying on the circle, centre at
(2, 1) and radius 3.

ie. 2+ y? —dx -2y =4 ...(>11)
Set C consists of points lying on the x + y =+/2  ...(iii)

>P< _
(0,V2)
\ enl

\%

Clearly, there is only one point of intersection of the line
x+ y =+/2 and circle x* + y? —4x -2y =4.

31. A. Let z=x+1y
0 we get y xz+y2 =0
a y=0
d0 I, (=0
B. We have
2ae =8, 2a =10
a 10e=8
O e:é
5
O b* =25 @—ng
25
2 2
O x7+y7 =1
25 9
C. Let w=2 (cosB +isin6)
O 222 (cos8 +isin6) - !

2 (cos 0 + i sin 6)

=9 (cos0 +isin0) —% (cos 6 =i sin 6)

:§ cos9+g 1sin O

Let z=x+1iy
3 5 .
ad x=—cosBand y=—sinB
2 2
: BB -
3 5
2 2
. ES A
9/4 25/4
D e= 1—% :é
\ 25/4 5
D. Let w=cosO+isin6
Then, z=x+iy:cose+isine+%
cosO+isinB
=2cosB
ad x=2co0s0,y=0

xa+yB+zy _ x(p)” +y() P w+z(p)” o
PBroyy+za 2P+ y)” W +2(p)" o
W (x+ yw+z o)
w? (xw+ yoF + 2)
:wz x+ yo+ zu¥) —
X+ YW + 26

32.

33. laz - bzzl2 +|bz + a22|2
= [a% 2 + b% z,/> —2ab Re (2,2,)]
+ [b2 2,1 + a¥ zo* +2ab Re (z,2,)]

=(@®+ b)) (1z* +124%)

. X x .
%mf+ cosfg—Ltanx
2 2

34. p OR
1+2isin—
2
%inf+ cosf—itanxggl—%sinfg
_ 2 2 2
1+4sin2§
2
Since, it is real, so imaginary part will be zero.
ad -2 sinE%inE + cos fQ—tanx=0
2 2 2
g 2sin§%inf+cosfgcosx+2sin§cos§=0
2 2 2 2 2
oxldg. x x@% 9 X .23@ x[J
0 sin = 4sin — + cos —[[tos“ = —sin“ —[J+ cos — =
2 2 2 2 2 2H
ad sinf =0
2
a x=2nT .. ()

X X 2X .. 92X X
or %Hl* + cos *Q Q:OS — —Ssin *E* cos— =0
2 2 2 2 2



35.

36.

37.

38.

On dividing by cos® g, we get

%anf + 1@@—tan2§§+ Ql + tanzfgzo
2 2 2

3 X

O tan f—tanf 2 =0
2 2
Let tan > = ¢
2
and fo)=t> -t-2
Then, f1)=-2<0
and f@)=4>0

Thus, f (¢) changes sign from negative to positive in the
interval (1, 2).
O Let t = k be the root for which

f((k)=0 and £0O(,2)

ad t=k or tang=k:tana

a x/2=nT+ Q
%&c=2m‘[ +2a,a =tan"" k, where & [(1,2)
0 or x=2nT

Since, z;,2,,2; are in AP.

g 2z9=2 +2
i.e. points are collinear, thus do not lie on circle. Hence,
it is a false statement.

Since, z;, 24, 23 are vertices of equilateral triangle and
|21 =129l =121
O 2, 2y, 25 lie on a circle with centre at origin.
O Circumcentre = Centroid
0 0= ! + ) + <3
3
O Z tzg+tz =0
Letz=x+iy O 1nzgivesl n x+ iy
or l1<xandO<y ...Q0)
Given, 1-z u no
1+z 1+x+1y
. i
0 1-x l:}/)(l X l.y)nO+0i
A+x+1y) A +x-1iy)
2.2 .
ad ! x2y2_ 22’ 5N 0+0:
A+0"+y" A+x)"+y
a x% + y2 >1
and -2y <0
or x>+ y* =21 and y =0 which is true by Eq. @).
As we know, | 2> =z [Z
2
Given, |2 a|2 =
lz -8l
O E-a)E -0) =k*z -B) @ -B)

O |zP-az -az +lal? =k2(12°> Bz Bz +IB?)
O [22QA-F)-@ -kP)z -@ -pEH =

39.

40.

Complex Numbers 15

+ (lal* - E*BI*) =0

2 2 _ 1202
0 e OTFD) @B P -RABE
A -F 1 -F) 1 -k

On comparing with equation of circle,
|z?+az +az+b =0
whose centre is (- @) and radius =+/|al®> = b
O Centre for Eq. (i) = a- k?f
g | -
and radius = Eb k? Eﬁ k? oo k?B
J1-k"001-k 1-k
Dl k2
Given, a,;z+ ax®+... +a,2" =1
1 .
and zl<=
|z 5 @
| laz + a® + a;2° +... +a,2" =1

la,2l +la2? +lag2’| + ... +|a,z2" 21

[using |z, + 2ol <12] +125/]
w2t >1

O 2((lal+ 12 +12P + [using | a, | <2]

ad %ﬂlzl)>l [using sum of n terms of GP]
-1z
O 2]z -2]z]""' >1 -4
O 3|z|>1+2|z|”+1
0 2> L4 2
3 3
a |z > é , which contradicts ...>1)

0 There exists no complex number z such that
n
|z|<1/3and § q,2" =1
Given, |z <1 and |24 >1 ...(®)
Then, to prove
. O O
M( 1 Blsing %: @
02 ~ 2,0 0 l2210
d 1 -2z <lz -z ...(11)
On squaring both sides, we get,

(1 =229)(1 =229) <(z; —29)(z; —2y) [using lzI? = 22|

U 1 =212y = 2125 + 21212929 <2121 ~Z125 ~ 297 T 2525

O L+|2 Plzg P <lz I+ 2,

0 1-1z1* —12,/*+] 2% | z* <O

O A -1z1*)A -1z*) <0 ...(ii1)

which is true by Eq. () as |z <1land|zy >1
O 1 -1%*)>0 and (1 —|z,*) <0
0 Eq. (i11) is true whenever Eq. (i1) is true.

O M<1

0z — 290

Hence proved.
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41.

Given,|zPw-lwlP’z=z -w

Ozw-wwz=z-w [ol2?=22 ]...4)
Taking modulus of both sides, we get

lzwllz —wl=|z —wl
0 |zwllz -w|=lz-wl [DOl# |2]
O lzwllz-w|=lz -w|
d lz-wl|(lzw|-1) =0
ad lz-wl=0 or |zwl-1=0
O |z=w|=0 or lzw| =1
ad z-w=0 or lzwl=1
ad z=w or [zw|=1
Now, suppose z # w
Then, |zw|=1or|z|lw|=1
ad Izlzi:r [say]

lwl

Let z=ré® and w:%ei‘p

On putting these values in Eq. (i), we get
P ) = rd® - e
r r

S o1
O rd® — = d% =pd® - = ¢
10 10
: 3t
r r
O d°=¢° Dp=0
Therefore, z=ré®and w= 1 &0
r
—_ 8l _p
O zw=rd’.— e =1
r
NOTE ‘If and only if " means we have to prove the relation in
both directions.
Conversely
Assuming that z=worzw =1
If z =w, then
LHS=zz w-wwz=|z2 -|w|*Z
=1zIP2 -1zP@ =0
and RHS=z-w =0
If zw=1,thenzw =1 and

LHS=zzw-wwz=z0 -w0
=z-w=z-w=0=RHS
Hence proved.

Alternate Solution

We have, 1zPw-lwPz=z-w

- lzPw-lwlz-z+w=0

- (1z2+ Dw - (|w|* +1)z =0

= (IzPP+ Dw=(lwl +1)z

z _|zIP+1

0 Zis purely real.
w

<

0 zw=zw ...Q0)

gl i

42,

43.

44,

Again, l2Pw-luPz=z ~w

= zRw-wlvz=z ~w

= zEw-1)-w(Ew -1) =0

- z-w)(zw -1) =0 [from Eq. ()]
- z=w or zw=1

Therefore, |z2?w - |wl®*z =z —w if and only if z=w or
zw =1.

Let z=x+1y.

Given, z=i2?

O @+ iy)=i(c+iy)’

ad x—iy =i(x® —y® +2i xy)

ad x—iy=-2xy +i (2 —y?)

NOTE It is a compound equation, therefore we can generate

from it more than one primary equations.
On equating real and imaginary parts, we get

x=-2xy and -y=a%-,>

ad x+2xy=0 and x*-y*+y=0
ad x1+2y)=0
g x=0 or y=-1/2
When x=0, x>-»*+y=0 O 0-3*+y=0
d yl-y=0 0O y=0 or y=1
When, y=-1/2,22-y*>+y =0
0 2-tolog gogesd
4 2 4
0 x:i—B
2
. . 3 1
Therefore, Z=O+l0,0+l;i?—§
O z:i,iﬁ—i [+ 2#0]
2 2
Given, iz’ + 22—z +i =0
O i —i%%-z+i =0 [ i2=-1]
O i22(z-1)-1(z —1) =0
0 (2> -1)(z -i) =0
ad z-i=0 or iz22-1=0
a z=1 or 22:1.:—1
i
If z=1, then|z|=|i|=1
If 2% = —i, then |2% =|-i| =1
0 lzP=1 O |zl=1
Here, 2, Rz, = #1722 5 real
2+ 2y
; ; L
(i) Reflexive z Rz, < =0 [purely real]
2z + 29
O 2 Rz, is reflexive.
(1) Symmetric z, Rz, < 21722 i real
2z + 29
O ) isreal O z,Rz
2t 2y
O zRz, 0 z,Rz

Therefore, it is symmetric.



(iii) Transitive z Rz,

2z~ 2y .

ad L2 is real
Zt 2y

and zoRz,
29— 23 .

ad 22 isreal
2yt 2z

Here, let 2 =x; + iy;, 29 =%y +iygand zg =25 + iys

0 2"%245veal O (g —x2)+z.(y1 ~ o) is real
2+ 2 (o +2) + i (0 +9)
g g mx) + 1O —y)HE +a) —0 (O +yn))

(o +2)" + (0 + 39)°

O (n —y2) (g +x9) = —x9) (3 +y9) =0
ad 2 x5y, —2y9%, =0
O h-% . @)
N e
Similarly, 2,Rz,
0 % ... (if)
Yo U3

From Egs. (1) and (i1), we have b % g z Rz,
no»

Thus, z, Rz, and z,Rzy 0 z Rz;.

Hence, R is an equivalence relation.

[transitive]

45. (1+L)x.—2L+(2—3l):y+l:i
3+ 3-1
O Q+i)@-i)x-2i @-i) +@ +i) @ -3i)y
+1@B+1i)=101
ad 4x+2ix—61 -2 +9y —Tiy +31 -1 =10¢
ad 4x+9y-3=0 and 2x-Ty-3=10
ad x=3and y=-1
46. Now, ! = 1

(1 - cosB) +2isinb 2sin29 + 4isingcosg

. 0 . 0
sin— — 21 cos —
1 2 2

2sing%ing + 2icos§§x %ing —2icosg§

. 0 . 0
sin — — 21 cos —
2 2

2sin9 %inzg +4 cos29§
2 2 2

. 0 . 0
sin — — 27 cos —
2 2

ZSing@ + 3COSZSQ

1

cot9

-3 2 5

2 @l+3cosz§§ 1+ 3cos=
2 2

0O A+iB=

Complex Numbers 17

47, Since, (x+ iy =270
c+id
o eepele 2o
[c+id| 0 12e 1zl
0 o + 2)=\/az+b2
Ve + d?
2, 12
a“+b
0 (x2+ y2)2 - by 5
+d Hence proved.
48. Given,|z-3-2i|<2 ...(D)

To find minimum of |2z -6 + 51|

or 2 , using triangle inequality

z—3+§i
2

Le. |zl -1zl <1z + 2

a z—3+§i =z—3—2i+2i+§i
2 2
N 9.
=l(-3-2i)+-1
( ) 5
>lz-3-2i1-2|s2-2]52
2 2| 2
ad z—3+§i 2§0r|2z—6+5i|25
2 2

Topic3 Argument of a Complex Number

. 4
1. (*)leen,3|z1|:4|z2|D@:f [+ 2,200 |2y 20]
|22| 3
a i=ie"eandﬁ=ﬁeﬁe
Ry |R2 2 &
[ z=|zl(cosB + isinB) =|z| €%
a ﬁ:ée"eandﬁ:§eﬂ-9
29 3 21
O §i:2eiean gﬁ:le_ie
2z, 3z 2

On adding these two, we get

Z:§i+gﬁ:2ge +le_i9
22y 37 2

=2co0s0 +2isin O +%cose —éisinﬁ
[ e"® = (cos B + isin 0)]

:§cos6 +§isin9

Note that z is neither purely imaginary and nor purely
real.

“*> None of the options is correct.
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2.

3.

Complex Numbers

Given,lzIZI,argzzeDz:ei9
0 z=¢®pz=l
z
0 + o0
a arg gﬁ%arg D£D=arg (z) =6
+z 1
R
U
Since, arg (z) <0 O arg (z) = -0
a z=rcos (0) +isin (-0)
=7 (cos B —1isin )
and -z =-r [cos® —1isin O]
=r[cos (T—6) +isin (11— §]
ad arg (-z) =T -6
Thus, arg (-z) —arg (2)
=m-8-(-9=m
Alternate Solution
z
Reason arg(-z)-argz =a zarg(-1)=m
g (-2) -arg rg%@ rg(-1)
dal (-2)=arg P2 [=arg (-1) =m
and also arg z —arg (—z)=ar =arg (-1) =
g g gB_:H g
Given, lz+iw|=lz-1w]|=2
ad lz-(-iw)| =lz -(w)]| =2
O lz - (-iw)| =lz - (-iw) |

O zlies on the perpendicular bisector of the line joining
—iwand - {w. Since, — iw is the mirror image of — iwin
the X-axis, the locus of z is the X-axis.

Let z=x+1iy and y=0.

Now, lzl<1 0 » 028 10- ¥ £ 1L

0 z may take values given in option (c).

Alternate Solution

lz+iuwl |z +|iw] =2 +|wl

<1+1=2
O lz +iw]| <2
ad |z+ iw|=2 holds when
argz-—argiw=0
a arg.iZO
Tw

ad i is purely real.
iw

0 —is purely imaginary.
w

Similarly, when |z-iw|=2 , then é is purely
w

imaginary
Now, given relation

lz+iw| =z —iw| =2
Put w =1, we get

lz+iY =z +i% =2

g lz-1] =2
ad z=-1 [-1z] 1]
Put w=-1i,we get
lz-iY =z -1} =2
a lz+1|=2 O z=1 [~z 1]
0 z=1 or -1is the correct option.
5. Since, |z|=|w|and arg (z) = m—-arg (w)
Let w=re® then w=re®
O 2=rd M0 =i 0= —pe® = -y

6. Given, |z, + 2zl =]z + ]z

On squaring both sides, we get
2 2
| 211° + | 2o)° + 21 z|| 24| cOs (arg z; —arg z,)
2 2
[“ + |Zzl +2 |21| |22|

= |Zl
O 2|z || zy) cos (arg 2y —arg z,) =221z
a cos (arg z; —arg z,) =1
a arg () —arg (z,) =0
7. Sincea, b, cand u, v, ware the vertices of two triangles.
Also, c=(1-r)a+rb
and w=1-r)u+rv ...(1)
0o uw 10
Consider [b v 1
e w 1[0
Applying By - By —{(1l =) R, + rRy}
a u 1
= b v 1
c-Q-ra-rb w-0-r)u-rv1-A -r)-r
e u 1[0
=gb v 10=0 [from Eq. ()]
0o 0 0
8. (a) Let z=-1-1iand arg(z) =0
Now, tan® -Hm () @ B0-io 1
ORe(z)0 O-10
O 0= E
4

Since, x <0, y <0

O arg(z):—%[—ggz—%[

(b) We have, f(t) =arg(-1 + it)
0 _ -1
arg (-1 + it) = T — tan _1t, t=0
T (m+tan™ " ¢), t <0

This function is discontinuous at ¢ =0.



9. Given, z =

(c) We have,
Lk O
arg —arg (z;) +arg (z,)
&H 1 2

k, O
Now, arg[fi[=arg(z;) —arg (z,) +2nT
2,1

kO
O arg [1-[]-arg (z;) + arg (2,)
EEB 1 2

=arg (z) —arg (zy) +2n1m —arg (z;) +arg (z,)
=2nTt
So, given expression is multiple of 2T
z

(d) We have, arg Wﬁ: -
z2=2z) (29— 2)
Oz -2 Oy —2, 0.
g 1 2 1 1
ey 0 PO e

Thus, the points A(z,), B(z,), C(z5) and D(z) taken in
order would be concyclic if purely real.
Hence, it is a circle.

C(zs)

Az1)

O(a), (b), (d) are false statement.
A-t)z +tzy
S a-n+t

A P B

Z, Z Z,
t:(1-1)

Clearly, z divides z; and z, in the ratio of ¢:(1-¢),
0<t<1

O AP+ BP =AB 1ie. |z—z|+]z -2y =l2z; —2z4
O Option (a) is true.
arg (z-z;) =arg (25 —2)
=arg (2, -2)
0 Option (b) is false and option (d) is true.

and

Also, arg (z—z;) =arg (z9 —2;)
Oz-z 0
d arg =0
2721

0 275 purely real.

29 "%
z-z z-z
O ZTa 273
2972 RT3
z-z z-z
or _ _1=0
R9TR RT3

Option (c) is correct.

10.

11.
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Letz=a + ib.

Given, Re(z)=0 O a =0
Then, z=1b O 22 =-p?
Therefore, A — q

Also, given, arg (z) = g
Let z:r%osﬂ+isinlﬂ§
4 4

T . . M. T
2= r2§0s2— _szlﬂg+ 2ir? cos —sin —
4 4 4 4

2

or Im (22) =0

Then,

=ir’sin /2 = ir
Therefore, Re () =0 0 B - p.
O a=b=2-43 [ a,b < 0,1)]
Let z =17 (cos©; +isin 6;)and w = ry(cos 6, + i sin 6,)
We have, |z| =, |w| =y, arg (2) =6, and arg (w) =0,
Given, |z|<1,|w|<1
O n<landr<1

Now,
z-w=(rcos0; —rycosB,) +i (rsin B, —rysin 6,)
O |z - wl* = (1, cos B, —r,cos B,)*
+ (1 8in B, — rysin 0,)”
=12 cos%0, + rf cos”0, — 217, cos B, cos 6,
+ rsin®0, + rfsin®@, —2r7,sin 6, sin 6,
= 12(cos?0; +sin?0;) + rZ(cos® B, +sin? B,)
—21,15(cos 6, cos By + sin 6, sin 6,)
=12+ 1 -2nr,cos 0, —6,)
- 2
=(n — 1) +2n71,[1 —cos B; —6,)]

= (5 —1y)? +4nrysin? 1671 ;GQQ

2
<ln —r2|2+4gsin g%%gg [or,rp<1]
and |sin©|<[0|,081 R )
Therefore, |z-w |*<|n -, |*+ 4@1;67D
o2 0
<In -l +16; -6,
O |z - w< (I2 - |ul)® + @arg z —arg w)”

Alternate Solution
lz-wl? =|z? +|wl® -2|z|| w|cos (arg z —arg w)
=z +wl® -21zllwl +2]2]|wl

-2|z|lw]|cos (arg z —arg w)

= (lzl - lwh? + 2]z wl Qsinzg;rgz;arg “’@ ()
0l wk (2l -lul? +4 anfEE-aE e

[ sin B <0]

O lz-wP<z|-lwl)?+ @rg z —arg w)?
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12. Since, z, =10 + 61, 22 =4 +6§
L -2z0

and arg B;H— —
2

shown as from the figure whose centre is (7, y) and
0 AOB 90 ,clearlyOC=9 0 OD=6+3=9

. 6
O Centre = (7,9) and radius = — =32
@9 7z

represents locus of z is a circle

| |
(4,0) D (7,0) (10,0)

0 Equation of circle is | z = (7 + 97)| =342

Topic4 Rotation of a Complex Number
o3, if BB _id

1. Given, Z—B—+f
02 20 IZ|2 2[I
- Euler’s form of
ﬁ+£=§;osﬁ+isin—m§:e‘(me)
2 2 6 6

and — —cos§;§+ Lsm% n@ e 6
5T

SO, Z—(éT[IG)S +( lTl6)5

% 5m . . 51‘@ % 5T . . 51@
= [tos — + isin —+ [Los — —isin —
6 6 6 6

5T [ é® =cos® +isinf]
=2cos r

_e6+e 6

0 I(z)=0 and R(z) = -2 cos ~ =

0 5Tt %T n@ i
%* COS — = CO0Ss ——L|= —C0S—
H 6 6 6H

3 <0

@

2. Imaginary axis
Z / 7'5(7,6)
2 1
SN
90°| 1 5 6.2)
Real axis

=6+ /2 cos45°,5 +/25in45°) = (7,6) =7 +6i
By rotation about (0, 0),
0,0

2292 [ g,= 22%@

= (7 +6i) §osE +isin§n§=(7 +6i) ()= ~6 +Ti

3. LetOA =3,sothat the complex P 14

number associated with A is
3¢™4 . If z is the complex & 3pim4
number associated with P, A
then ‘ 3

z-3d"* _4 iz 4

0-3J"" "3 3 x ™ X
O 3z-9¢"* =12i™
O 2= @+4i)dm Y

4, Since, |PQ|=|PS|=|PR|=
O Shaded part represents the external part of circle
having centre (-1, 0) and radius 2.
As we know equation of circle having centre z, and
radius r,islz —zyl =7
O |z=(-1+0i)|>2
a lz+1]>2

Also, argument of z + 1 with respect to positive direction
of X-axis is /4.

0 arg (z+1)s§ ()

and argument of z + 1in anticlockwise direction is —T1/4.
O - /& arg (z 1) ...>1)
From Egs. (1) and (ii),
larg (z+1)|<T/4
5. In the Argand plane, P is represented by ¢ and @ is
represented by ¢'(®™®

Now, rotation about a line with angle a is given by

e® o @0 Therefore, @ is obtained from P by reflection

in the line making an angle a /2.

6. Z2 -z _1-i3 _ (1-i3)1+iV3) Z
29~ 23 2 2 (1+iV3)
_ 1-i%3
2(1+iV3)
_ 4 Z3 2
2(1+iV3)
-2
1 +i3)
g 2% - 1+ZI cosE+LsmE
Z — 2 2 3 3
- -20
o Bo3H0 and arg ﬁ@azﬂ
[k~ &0 173 3
Hence, the triangle is an equilateral.
Alternate Solution
0 z -z _1- i3

29— 25 2
Zp=z _ 2 _1 +i3
2 -2 1-i3 2

by -2z, 0 1
g ar Liz A==
& 1—235 3

Therefore, triangle is equilateral.

m .. T
0 =cos— +1sln—
3 3

29—
2 TR

and also =1




7. Here,x+ iy = 1, xa—%bt
a+ibt a-ibt
. a - ibt
a x+ 1y =
S, b2
Let az0,b%0
- bt
O x=————- and =
a?+ b%? J a?+ b%?
0 l:;btu e
x a bx
On putting x = ————, we get
0 ay?0
xw?+ %0 O=a O a?0*+y)=ax
O b0 J
or x2+y2—ﬁ=0 ... ()
a
o B LH L
2a 4a?
O Option (a) is correct.
For a#0and b =0,

. 1 1
x+iy=—0x=—,y=0
a a

0 zlies on X-axis.
0 Option (c) is correct.

For a =0and b 20, x+iy:_i|] xZO,y:—i
1bt bt

0 zlies on Y-axis.
O Option (d) is correct.

8. PLAN It is the simple representation of points on Argand plane and
to find the angle between the points.

Here,P=W"=§:osE+iSinlﬂ§=cosn—n+isinn—n
6 6 6 6
O 10
H, = 0C:Re(zp —
1 EZ ()>2E

. . T,
O P n H, represents those points for which COS%IS +ve.

Hence, it belongs to I or IV quadrant.

Oz=PnH, = cos X + isinﬂorcosll—n+ isinll—n
6 6 6 6

ad 21:£+£0rﬁ—i ...Q0)
2 2 2 2

Similarly, z, = P n H,1i.e. those points for which

cosn—n <0
- 6
2e | a2y
-1,0)Z ///Z\\
Lo .
(3 (%3
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5Tt 5Tt cos 7T
0 zy=cosT+isin T, cos— +isin—,
6 6 6
.. T
+ isin —
6
O zz——l,_‘/§+i,;‘/§—i
2 2 2 2
Thus, 0z 0z5 271'[,571'[’1_[
3 6
9. 2 =1+iV3 =r(cosB +isin0) [let]
a rcos9:1,rsin9=«/§
ad r=2 and 06 =1/3
So, 2, =2 (cos T1/3 +sin TU/3)
Since, |zy =z =2 [given]
Y-axis
X-axis

Now, the triangle z;, z, and z; being an equilateral and
the sides 2,2, and z;2; make an angle 211/3 at the centre.
T, 2T

Therefore, OPOzs §+ §= m
and OPOz= mo2Mm 2T 5T

Therefore, z, =2 (cos T+ isin ™M =2 (-1

|
and23=2§:s%+zsm D 2%—L—D—1—ix/§

0) = -2

Alternate Solution
Whenever vertices of an equilateral triangle having
centroid is given its vertices are of the form z, zw, zw’

0 If one of the vertex is z, =1 + i+/3, then other two
vertices are (zw), (21(.02).

i 1+ i/3) C1+iV3) iﬁ), 1+ i/3) C1-i3) —;\/5)

- ~(1+3) <1+i2<f>2+2if>
2

. g (2+221f) i3

o 2,=-2 and 2z =1-i3

10. Given, D=(1+i),M =@ —i)

and diagonals of a rhombus bisect each other.
Let B=(a +ib),therefore
a+1:2’b+1:_1
2 2
g a+1=4,b+1=-2 0 a=3,b=-3

O B=(3-3i)
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— D (1+i)

Again, DM =,/@-1)>+ (-1 -1)> =1 +4 =5
But BD=2DM 0O BD=2J5

and 24C=BD 0 2A4C =25
0 AC =+/5 and AC =2AM
0 V5=2AM 0O AM-= %

Now, let coordinate of A be (x + iy).
But in a rhombus AD = AB, therefore we have

AD? = AB®

@=-1)°+(y -1 =(x -3)* +(y +3)°
2+ 1 —2x+y2 +1 -2y =x? +9 —6x+y2 +9 +6y
4x -8y =16
x—2y=4
x=2y+4 ...Q0)

AMzﬁ O AM2=§

O o0oooo

Again,
0 (=2 +(y+1)" =

O @y+2)7°+ (y+1)* = [from Eq. ()]

Aot ot »lk\cnm

5y +10y +5 =
20y% + 40y + 15 =0
4y +8y +3 =0
Qy+1)@2y+3)=0
2y+1=0,2y+3=0

y=-

O oOooo o

18
2’ 2
On putting these values in Eq. (i), we get

x=2 §~1§+ 4,x=2 Q—§§+4
2 2
a x=3,x=1
. i 3i
Therefore, A is either @ - 5@01“ @l - E@
Alternate Solution

Since, M is the centre of rhombus.

O Byrotating D about M through an angle of + /2, we
get possible position of A.

11.

12.

13.

U 2z :(2—i)i%i(2i—1) :(2—1')1%(_2 -i)
_(@4-2i-2-i) 4-2i +2 +i 3 ;

, =1-—-1,3 ——
2 2
.. 3. i
0 Ais elthergl—f L@OI‘%‘*@.
2 2

2 2
Since, z;, 2, and z3 form an equilateral triangle.

2, 2., .2 _
2t 2yt =22y Y2z v

0
O (@+ D)2+ @ +ib)? +0)? =(a +i) A +ib) +0 +0
O a?-1+2ia+1-b%+2ib =a +i (ab +1) -b
0
O

(@®-0b%+2i (@ +b)=(a =b) +i (@b +1)

a’?-b%>=a-b

and 2(a+b)=ab +1
ad (@a=bor a+b=1)
and 2(a+b)=ab +1
Ifa=b, 2@Qa)=a’+1
0 a’-4a +1=0
4+./16-4
O 02%221\/5
If a+b=1,2=a(@l-a)+10 a’-a+1=0
1+£,1-4
O a=————,butaand b OR

O Only solution when a=b
0 a=b=2++3
0 a=b=2-3  [ra,b0(0,1)]

Here, centre of circle is (1, 0) is also the mid-point of
diagonals of square

Y
Z3
Z4 (2B)
1.9
7N X
N
Z, z,
0 2tz _ 2
2
O 29= =31 [where, 2, =1 +0i]
and 51 etin?
z -1

O =z =1+(@1 +J§i)[@osﬂiisin:@[': 2, =2++/3i]
2 2

=1+i(1+31) =1 FB)2i=(1-~3)+i
and 24:(1+«/§)—i

Let @ be z, and its reflection be the point P(z) in the

given line. If O(z) be any point on the given line then by
definition OR is right bisector of QP.

O OP=0Q or |z-zl=lz -z



14.

15.

a |z—21|2:|z—22|2
O (c-2)E-2) =@ -2) & -2)
O 2@ —29) +2 (2 —29) =212, —2929
Comparing with given line zb + zb = ¢
51:52 _A T2 _ 217 2% =,
b b c
=p 2" _y 212, ~ 292y

)

_RZ TER

[say]

..(d)

=c

[from Eq. ()]

A
Since, z; + 2z, = —p and 2,2, = q B (z,)
Now, ﬁ:@(cosd +isina)
2y |z
0 2, _cosd +isina
2y - 1 o) A(z)
RAEARIEAN!
Applying componendo and dividendo, we get
z + 29 _cosO +isina +1
2, -2, cosO +isina -1
_ 2cos%(0/2) + 2i sin @/2) cos @ /2)
-2sin@/2) + 2i sin @ /2) cos (@ /2)
_ 2cos (@/2) [cos @ /2) + i sin @ /2)]
21 sin (@ /2)[cos @ /2) + i sin (@ /2)]
S00t@R) | oota 0 —P =i cot @)
i z — 2
2
On squaring both sides, we get 5 = —cot?(a/2)
2~ 2y)
P’
O — = -cot’(aiR)
(& +25)" 4212
2
0 P =—cot’@2)
p”—4q
ad p?=-pZeot?@/2) +4q cot?@ 2)
a P21 + cot®a /2) =4q cot?@ /2)
O p?cosec?(@/2) = 4q cot?@ 12)
ad p?=4q cos®a /2

Since, triangle is a right angled isosceles triangle.
O Rotating z, about z; in anti-clockwise direction
through an angle of /2, we get

Az)

2~ 2 _ |z~ 2] o2

212 |7zl
where, |2, — 25| =2, — 2]
u (29— 23) =iz —23) B (z,) C @)
On squaring both sides, we get

(29 = 23)2 ==(z _23)2
0 2, .2 _ —_.2_2

2tz —222 =72~y t221%

d 22+ 22 - 2212, =22125 +2202 227 —222,
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ad (z - 22)2 =2{(z125 —zg) + (2925 —2129)}
a (2 — 22)2 =2(z —23)(z3 —29)

16. We have, iz = z¢™2 This implies that iz is the vector

18.

19

obtained by rotating vector z in anti-clockwise direction
through 90°. Therefore, OA O AB. So,

Y
B
+ )
iz
> A
X 0 X
YY

AreaofAOAB:%OAXOB:élzllizlzélzlz

Since, z;, 2z, and origin form an equilateral triangle.

0 ifz, 2y, 25 from an equilateral triangle, then

0 0
2, 2., .2
Bi+a+ta =22t 52 B
g 2422 +0% =22, +2,00 +0 [F
2, .2 _
a Z] t 25 =22

2, .2 -
O 2z +25-22=0

Since, z,,z2,23 are the vertices of an equilateral
triangle.
. _ O 2yt 2 .
O Circumcentre (z,) = Centroid HQ ...(0)
Also, for equilateral triangle
i+ =z, t2z 22 ... (1)

On squaring Eq. (1), we get
920 =2f + 25 + 2 +2 (12, + 22 + 22)
O 922=22+22+22 +2 (20 + 25 + 22) [from Eq. (i1)]

O 322 =27 +252 + 2

Given, o, = cos ¥§+ isin %rﬁ
= cos %Q-F isin %T%

&, are vertices of regular polygon having 14 sides.
Let the side length of regular polygon be a.
O ‘a pe1—0 k‘ =length of a side of the regular polygon

and |0 g, —0 4| = length of a side of the regular
polygon

=a

...(i1)

=a
12
> ‘ak+1_ak‘

= _12(a) -4
3 (a)

3
Z ‘ A yp-1 —Q 4k—2‘
A=
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Topic5 De-Moivre’s Theorem, Cube Roots

1.

and nth Roots of Unity

It is given that, there are two complex numbers z and w,
such that | zw| =1 and arg(z) —arg(w) = /2

o lzllwl= [z 291 =12 [1251]

and arg(z) = g +arg(w)

Letlzlzr,thenlwlzl ...Q0)
r

and letarg(w) =6, thenarg(z) = g +0 ...>11)

So, we can assume

z=re M2+ 9 ...(1i1)

[-if z=x+ 1y 1s a complex number, then it can be
written as z = ré® where, r =| 2| and 6 =arg (2)]

and w==2¢ ...(v)

Now, EDu=re_i(”/2+e)deie
r

= TR0 O 2 iD= g [e'®=cosB —isinf
and zw = relm2t e)ére_ie
r
:ez(n/2+ 0-96 :ez(T[IQ) =i

Key Idea Use, e® =cosB+isind

Tt
leen Z—*‘F%QZ—COS*‘FLSIDG 66

so, 1+ iz+2 +iz%°

8

L i—

+Le6+e6 +1ie GQ

T[ . TU . T

A pmooT 4 O
2 [6 6+e2@3@ O ize
B

4
iR
g m g pm?
1
g B

mOoO

63 +eob es@

2 5mm. .. 5
os—+zsm +§05—+Lsm—@
6 6

=cos3T+isin3 Tl [ for any natural number ‘n’
(cos® + isin B)" = cos(nB) + i sin(n0)]

3. Given, s> +x+1=0

-1+43i
2
[~ Roots of quadratic equation ax? + bx + ¢ =0

—bi\lbz —4ac]

2a

0 x=

are given by x =

o TNe ! +2\/Sil and

0 z, = w, o [where w =
-1-31
02 = V3 i

are the cube roots of unity and w, w* # 1)
Now consider z =3 + 6i 25" —3i z°
=3+6i -3
=3+3i=31+1)
If 9" is the argument of z, then

"= (W) =)

tan© = Im(z) [ zisin the first quadrant]
Re(z)
“3_1p9="
3 4

. Given that, z=cos 0 +isin 8 =¢™®

© 2u-1 » Oy 2 -1 » (2u-1)6
O SYIuE@* )= SiuE")* 7= Fip -

=sin0+sin30+sin50+... +sin 29 0O

éﬁ+29 9@ . §15x2 GQ
n sin
2 2
. 9@
sin ﬁz—
2

_ sin (15 0)sin (15 0) _ 1
sin @ 4 sin 2°

. Letz=|a + bw + co¥

O 2%2=la +bw +codl? =(a? +b% +¢& —ab -be —ca)

or%=§«a—w2+w—@2+@—m% @

Since, a, b, care all integers but not all simultaneously
equal.

0 Ifa=bthena#candb#c

Because difference of integers = integer

O (b - ¢)® 21 {as minimum difference of two consecutive
integers is (+ 1)} also (c—a)? 21

and we have takena =b O (&= b)%: 0
From Eq. (i), 22 2% O+1+1)

0 22>1

Hence, minimum value of |z|is 1.

6. Given, 1 +w)" =1 + w')"

0 -w)"=(-w)"
O w "=1
O n =3 1is the least positive value of n.

[+’ =1land1+w+ o =0]



7.

10.

1 1 1
LetA=|1 -1-w? o
1 W ®
Applying Ry - Ry~ R;; Ry - Ry - R
01 1 0
—EO 2 -w w’-1
DO w2 -1 w-1 0
= (-2 ~)(W-1) —(F -1)
=-20+2 -8 +F —(of -2 +1)
=3w? -3 w=3w (w -1) [ w' = o
. z, T
Since, arg — = —
2y 2
a i:cosE+isinE:i
29 2 2
Zn
O ZL=@" 0 i"=1 [olzgl =121 =1]
=2
a n=4k
Alternate Solution
R B(z2)
Since, arg ~2 = —
2 2
T
O 22 _ |22
z |5 o) A(z4)
O 22y [z =12y =1]
=
nf

; -

O z and z, are nth roots of unity.

z' =25 =1
(e, 0"
0 2M =
H.H
0 =1
a n =4k, where k is an integer.
We know that,
w:—l +§l
2 2
Ij334 0 ﬁeo
0a+sleBE gH L, VB
o2 2 0 02 2 0

=4+5 334+3(A§65
=4+5E0)3)1“ Eio+3[ﬂo§)121[t3
=4 +5w+3w [ o =1]
=1+3+20+3wW+3 o
=1+20+3(1 +w+ o) =1 +2 w+3 x0
[+ 1+w+« =0
=1+ (-1 ++/3i) =+3i
A+w-) =(- - )
= (20?7 =(2) w'*= -128 w?

[+ 1+ +0” =0]

13. (P) PLAN
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11, 1+ =1+ 1+’
=1 +w) (- =1 +w
g A+Bw=1+w
O A=1,B=1

S 2km 2k
:Z L%os—+zsm—
7 7
6 i2kT
_lDZe 7 D__L{eLZTIN z4n/7+ei6rt7

Q +ez81‘[/7 +eleTT/7 +ezl21‘[77}

) 0 ; 1- ezl2n 17 0
:_ZEEZHN( ,'21-[/7)D
O I-e O
Ebi2r[/7 ejl4n/7|:|
=-i0 0 e
0 1- ezQTI/7 0 [

I:bl2T[/7
=—157,D
il - 2"7D

e/‘SE i e i(® +a)

2 @LHW p)

Given  z,=e 10 O 2,&

4T /T2 9

2z}, 1s 10th root of unity.
O z, will also be 10th root of unity.

Taking, z; as z;, we have z;, [£; =1 (True)

e — i8-a)
@pan o= ooy
z=2z/z =e 710 10H=g 5
;I

For k =2;z = e 5 which is in the given set (False)
(R) PLAN

(i1 = cos 26 =2 sin’B

(i)sin26 = 2 sin B cos Band

(i)cos 36°=£_1
4
(ii)COS108°:\/g+1|1_ZW‘|1_22‘.“‘1_Zg|
4 10
NOTE \1—zk|=@1—cosﬂ—/sinﬂ@
10 10 O
-52 sin m@sm -/ cos —KD=2 Sini
10 M 10 100 10
Now, required product is
29s1n£@1n2—n@1n@ sins— 1n9—n
10 10 10 10 10
10
9%. T . 21 .. 371 47‘@2. 5 T
27 [$in — sin ~— sin — sin —[] sin —
- 10 10 10 10 10
10

99 %in Bl cos o $in 2Tcos 2—7@2 a
- 10 10 10 10
10
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14.

15.

16.

Complex Numbers

9 %sinEElksinz—nQ2
5 2 5
] 10
_ 2 (sin 36°3in 72°)?
10
5

=10 (@ sin 36° sin 72°)?
X

22
:— (cos 36° — cos 108°)?
22Eﬂ3f g, D\/5+1DD2 _28 5

1

55 4 00 4 DD 5 4
(S) Sum of nth roots of unity =0
1+a+a+a® +... +a® =0
>
1+ a” =0
2
9
z Q:os—+zsm& =0
L 10
9
1+ z cos2—n=0
k=1 10
9
2kTT
So, 1- —=
0 Z cos 0
P) - @, @Q - (), R) - (@ii), (S) - (iv)
0 w O
Let A= o 17
" 1 wj
M 0 0O
Now, A®=1 0 0ca Al=0
o o OE
A% =0
z+1 o
O w z+w 1 [=[A+z]=0
w? 1 z+
0 0

0 z =0, the number of z satisfying the given equation
is 1.

Here, T, = (r -1) (r —w) (r —)*] =(* -1)
. h(n+ 1)t
o S,= P -1)= -
n rzl(r ) H 9 E
Since, cube root of unity are 1, w, w’given by
30 0 |
A(1,0), Bl}l ‘F% ! ﬁm
2 [I 2° 20

0 AB =BC =CA =3
Hence, cube roots of unity form an equilateral triangle.

17.

18.

19.

20.

21.

Given, ZPT9—zP —29 41 =0 ...(0)

0 Z*-1)E7-1)=0

Since, a is root of Eq. (i), eithera” =1 =0ora? -1 =0
p_ q_

O Either a ! =0or a’-1 =0 [asa # 1]
a-1 a-1

O Either 1+a+a?+...+a?"! =0

or l+a+..+a?7 ' =0

But -1=0 and a?-1=0 cannot occur

simultaneously as p and ¢ are distinct primes, so
neither p divides g nor ¢ divides p, which is the
requirement for 1 =a” =a?.

Since, 1, a,, ay,...,

O @"-D)=@x-1)(x-a) x-ay)....

a, _; are nth roots of unity.

(x _an—l)

Xt -1
a - =(x-a)) (x—ay)..... x-a,-1)
O 2" P+ 2+ +2% +x+1
=(x—ay) (x—ay)..... (x-a,_1)
O x" -
D.x 1 :xn—l +xn—2+ +x+1D
o x-1 O
On putting x=1, we get 1 +1 +... n times
=l-a)@-ay.... qQ-a,.1)
O (l-a)A-ay...QAd-a,_q)=n

Since, n is not a multiple of 3, but odd integers and
L+l +x=0 0 x=0,(.0,(,02

Now, when x =0

O@+1)"-x"-1=1-0-1=0

O x=0 isrootof (x +1)" —x" -1

Again, when x =w

O @+D)"-x"-1=(1+w)" -of* -1==-F* - @ -1 =0

[as n is not a multiple of 3 and odd]

Similarly, x = w*is root of {(x+1)" —x" -1}

Hence, x =0, w, o are the roots of (x + 1)" —x* -1

Thus, ¥* + x* + xdivides (x + 1)" —x" - 1.

Since, 0, B are the complex cube roots of unity.

0 Wetakea =w and B =w?”

Now, xyz = (a + b)(aa + bB)(aP + ba)

=(a + b)[a’op +ab@” +B%) +b0P]

= (a + b)[a* @) + ab(F + of) + b2 WID)]

=(a + b)(a® —ab +b?) [+1+ w+ of =0and ¢} =1]

—_ 3 3
=a’ +b .21
Paddd

Priniting error =e 3
2 2 2
[xl”1+ 1 yI" + 121" _
n, -5 b2 2=
(@) + (b)" +c|
21

NOTE Here, w =e 3, then only integer solution exists.
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