Binomial Theorem

Topic1 Binomial Expansion and General Term

Objective Questions I (Only one correct option)

1.

The coefficient of x*® in the product
A+200 -0 +x+2%)%is
(a) 84 (b) - 126
(c) —84 (d) 126
If the coefficients of x> and »° are both zero, in the
expansion of the expression (1 + ax + bx?) (1 - 32" in
powers of x, then the ordered pair (a, b) is equal to
(2019 Main, 10 April I)

(a) (28, 315) (b) (-21,714)

(c) (28, 861) (d) (- 54, 315)

The term independent of x in the expansion of
8 6

E)L - ’LE @xQ - %Q is equal to

60 810 x (2019 Main, 12 April 1)

(a) - 72 (b) 36 (c) - 36 (d) -108

The smallest natural number n, such that the

(2019 Main, 12 April )

_ . . 107 . .
coefficient of xin the expansion of sz + ?g is "Cyg, 1s

(2019 Main, 10 April 11)
(a) 35 (b) 23 (c) 58 (d) 38

If some three consecutive coefficients in the binomial
expansion of (x+ 1)" in powers of xare in the ratio 2: 15:
70, then the average of these three coefficients is

(2019 Main, 9 April 11)

(a) 964 (b) 227 (© 232 (d) 625

If the fouréch term in the binomial expansion of

% + xloggxg (x>0)is 20 x 8, then the value of x is
(2019 Main, 9 April I)

(a) 87 b) &

© 8 @ 8

If the fourth terén in the binomial expansion of

O/o 1+ o 0

=0
xlegoxt 4 p129 ig equal to 200, and x > 1, then the
value of xis (2019 Main, 8 April 11)
(a) 100 () 10*
(c) 10 (@ 10

8.

10.

1.

12.

13.

14.

15.

The sum of the coefficients of all even degree terms is x
in the expansion of (2019 Main, 8 April 1)

(x+ 22 =1)8 +(x =/ -1)8, (x>1)is equal to

(a) 29 (b) 32 (c) 26 (d) 24

The total number of irrational terms in the binomial
expansion of (77° - 8V10)%0 ig (2019 Main, 12 Jan 11)
(a) 49 (b) 48 (c) 54 (d) 55

The ratio of the 5th term from the beginning to the 5th
term from the end in the binomial expansion of
s

O 1.0
@ +—=0 s (2019 Main, 12 Jan )
H 2@pH

1 1 1 1
(a)1:2(6)3 (b)1:4(16)3 (c) 4(36)3 :1 (d) 2(36)3 :1

The sum of the real values of x for which the middle

: o : ﬁ cTa
term in the binomial expansion of o3 + -0 equals

x0
5670 is (2019 Main, 11 Jan 1)
(a) 4 () 0 () 6 (d 8

The positive value of A for which the coefficient of 2 in

the expression x? Q‘/E + % is 720, is

X (2019 Main, 10 Jan II)
(2) 3 () V5 () 22 (4
If the third term in the binomial expansion of

(1 + £™°22%Y equals 2560, then a possible value of xis
(2019 Main, 10 Jan I)

@42 o) © 5 @ 242
—50f
The coefficient of ¢* in the expansion of élLttE is
(2019 Main, 9 Jan II)
(a) 12 (b) 10 (c) 15 (d) 14

The sum of the coefficients of all odd degree terms in the
expansion of %c + 406 - 1%) + %x - —1%5, (x>1)is

(2018 Main)
(a) -1 (b) 0 ©1 (d) 2



16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

The value of (2101 - 1001) + (Zlc _ 10C2)

+ (2103 _ IOCS) + (21c4 _ 1004) +... +(21010 _ 10010) is
(2017 Main)

(a) 221 _ 211 (b) 221 _ 210

(c) 2%° - () 220 - 210

If the number of terms in the expansion of

Q _2 + ig, x#0, 1s 28, then the sum of the
x a?

coefficients of all the terms in this expansion, is

(2016 Main)
(a) 64 (b) 2187
(c) 243 (d) 729
The sum of coefficients of integral powers of x in the
binomial expansion (1 - 2vx)*° is (2015 Main)

®§W+D®;W) @%@“D @gﬁ+b

Coefficient of 2! in the expansion of

A+2)*@+43) @ +xh)2is (2014 Adv.)
(@) 1051  (b) 1106 () 1113 (d 1120
The term independent of x in expansion of
H x+1 xol DI is (2013 Main)
D23 = 213 4 1 x- xl/ZD
(a) 4 (b) 120 © 210 @ 310
Coefficient of t2*in (1 + 22 @ + #12) A +t**) is

(2003, 1M)
(@ 2C;+3 () 2Cy+1  (c) 2C; (d) 2C, + 2

In the binomial expansion of (a — b)", n =5 the sum of

the 5th and 6th terms is zero. Then, a/b equals
(2001, 1M)

n - n-4
(a) DL ©-—> e

If in the expansion of (1 + x)" (1 — x)", the coefficients of
x and x? are 3 and -6 respectively, then m is euqal to

(1999, 2M)
(a) 6 ()9 (c) 12 (d) 24
The expression [x+ (@ -1V +[x - -DV?P is a
polynomial of degree (1992, 2m)
(a) 5 (b) 6 (7 d 8
0
The coefficient of x* in % —%g is (1983, 1M)
405 504
U0 p) 222
® 256 ®) 259
450
- d) N f th
()263 (d) None of these

Given positive integers r > 1, n > 2 and the coefficient of
3r)th and (r + 2)th terms in the binomial expansion of
(1 + x)*" are equal. Then, (1980, 2M)
(@) n =2r
(¢)n=3r

b)yn=2r+1
(d) None of these
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27. If the coefficients of 2 and x* in the expansion of
(1 + ax + bax®)(1 —2x)'® in powers of x are both zero, then
(a, b)1s equal to
251 251
@ 56, =5 & g, =0
272 272
0B 2% @ Fe 72
Fill in the Blanks
28. Let nbe a positive integer. If the coefficients of 2nd, 3rd,
and 4th terms in the expansion of (1 + x)" are in AP,
then the value of n is... . (1994, 2M)
29, If(1+ax)"=1+8x +24x> +...,thena=...and n=....
(1983, 2M)
30. For any odd integer n 21, n° - (n —1)° +
+ (_ l)n—l 13 -
31. The larger of 99°° + 100°° and 101%° is

Analytical & Descriptive Questions

32.

33.

34.

35.

k
Prove that z (-3)"13"C, _, =0,where k = (3n)/2and n

r=1
is an even positive integer. (1993, 5M)
2n 2n
If za (x— 2)"2%} (x-3)" and a, =1 ,0 k=n, then
=0 r=0
show that b, = **'C,,, (1992, 6M)

Find the sum of the series

r r 1 r D
3 7 + 5 .upto m terms(l]

0y
1) "C,.0= + ..
Z ( ) gr 22r 23r 24r

(1985, 5M)

Given, s, =1+q +q* +... +q"

S, =1 ,ar1 +§’ng+...+éq—+lg,q¢l
2 2 2

Prove that "*' C, + ""1 Cy 5, + " Cys,
+..+ "MIC s =278,
(1984, 4M)

Integer Answer Type Question

36.

37.

38.

Let m be the smallest positive integer such that
the coefficient of &> in the expansion of
A+202+A+2° +... +0 +0)* +Q +mx)*%s Gn +1)
5103 for some positive integer n. Then, the value of nis
(2016 Adv.)

The coefficient of x” in the expansion of

Q+00A+x) T +2)... 1 +2is

The coefficients of three consecutive terms of (1 + x)"*5
are in the ratio 5:10:14. Then, n is equal to (2013 Adv.)

(2015 Adv.)
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Topic 2 Properties of Binomial Coefficient

Objective Questions I (Only one correct option)

1.

10.

Let (x+10)% + (x —10Y°° =ay + a;x + ax® +... +azn,

for all x OR; then 22 45 equal to (2019 Main, 11 Jan II)

Qo

(a) 12.25  (b) 12.50 (©) 12.00 @ 12.75
The value of r for which

20
ZOCr ZOCO + 2OCr—1 ZOC1 + 2OCr—2 2002 +....+ZOCO Cr
1S maximum, 1s (2019 Main, 11 Jan 1)
(a) 15 (b) 10 (c) 11 (d) 20

403

If the fractional part of the number

is —, then k1s
5

equal to (2019 Main, 9 Jan I)
(a) 14 () 6 (c) 4 (d) 8
For r=0, 1, ..., 10, if A,, B, and C, denote respectively

the coefficient of ™ in the expansions of (1 + x)'°, (1 + x)%°
10

and (1 + x)*°. Then, z A, (B;yB, —Cjy4,) is equal to

r=1
(@ By, -Ci (b) A, (B -Cpd,,)  (2010)
(© 0 (@ G- By
0FREB0 0FEB0 0FEB0 O0FFEB0H:
o R oE- B HRE-BRERSE -+ BORR0His cqual
(2005, 1M)
(a) 30Cv11 (b) 60010
(0) 30C10 (d) 6 Gss
If "'C, =(k*-3) "C,,,, then k belongs to (2004, 1M)
(a) (-»,-2] () [2,)
(©) [-V3,43] (d) /3,2]
The sum %OE%? % where iﬁ 0if p>q, 1is
maximum when m 1is equal to (2002, 1M)
()5 (b) 10 (c) 15 (d) 20
(ngd _Onrn 0O On 0O
For2 < r < n, +2 + is equal to
BH" B - 10" B -2 (2000, 2M)
n+10 n+1QJ n+20 n+20
2 2 d
®H 4§ ®2H,H ©2f, f @F, H
Ifa, = : L then . I equals
" rZO ncr, YZO ncr
@ (n-1a, o) na, (1998, 2M)
(c) % na, (d) None of these

If C, stands for "C,, then the sum of the series
2 b0 B
n!

where n is an even positive integer, is
@ (-D"*(n+2) b)) D" (n+1)

[C2-2CE+3CE-...+(-1)"(n +1)C?],

(1986, 2M)

© D" (n+1) (d) None of these

Numerical Value
11. Let X=(°C)*+2(°Cy)* +3(°C;)* +...+10(°C,)%
where 1OC,, r0{1,2,...,10} denote binomial
coefficients. Then, the value of Xis ...
430 (2018 Adv.)
Fill in the Blank

12. The sum of the coefficients of the polynomial
(1+x-3xH)28 45 ... . (1982, 2M)

Analytical & Descriptive Questions
13. Prove that

OO 0 m-10 _, .0 0 —-20
ZHHEE? BB BHB-oH
O -k

+ (-1 BHH o E @E(zoos am

14. For any positive integers m, n (with n = m),

If é:ﬁ: "C,,. Prove that
- ID -

il WL s Y e

or
Prove that

Ll ol s onon

Ond_ n+20
BnH: Hn B (IIT JEE 2000, 6M)
+2
”C
15. Prove that Z (-1)" Bg s
O C D (1997¢C, 5M)
16. If nis a positive integer and
A+x+2D)" =a, +ax +... +ay, &
Then, show that, a§ —af +... +a3, =a,. (1994, 5M)
17. Prove that C, -2%[C, +3%[C, —... +(-1)"(n +1) *T@,
=0, n>2,where C, ="C,. (1989, 5M)
18. If (1+x)"=Cy +Cx +Cox® +... +C,x", then show

that the sum of the products of the C;’s taken two at a
time represented by > C,C; is equal to

.. - 2n!)
O<i<jen o2t @n) 1983, 3M
J 2 @) (1983, 3M)
19. Prove that CZ -2[C% +3 [T -...2n @2, =(-1)"n @,
(1979, 4M)
20. Prove that (*"Cy)?-("C))*+("Cy*—...+(*"Cy,)*
=(-1)"BC, (1978, 4M)
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Answers

Topic 1 s Ogm—1 O

1. (a) 2. (a) 3. () 4. (d) 31. (101) 34. "o —1)H

5. (c) 6. (d) 7. © 8. (d) 36. (5) 37. (8) 38. (n=6)

9. (c) 10. (c) 11. (b) 12. (d)

13. (b) 14. (c) 15. (d) 16. (d) Topic 2

17. (d) 18. (a) 19. (C) 20. (C) 1. (a) 2. (d) 3. (d) 4. (d)
21. (d) 22, (b) 23. (C) 24, (C) 5. (C) 6. (d) 7. (C) 8. (d)
25. (a) 26. (a) 27, (d) 28. (l’l:7) 9. (C) 10. (a) 11. (646) 12. (_ 1)
20. (a=2,n=4) 30. i(n +1) @2n -1)

Topic 1 Binomial Expansion and General Term
L

Hints & Solutions

Given expression is
1+20-2000 +x +2%)°

=1+ 1 -0 [ -0 +x +2))’

=1 - A -#)
Now, coefficient of x'® in the product

1+200-2000 +x +2%°
= coefficient of x'® in the product (1 — x?) (1 —*)°
= coefficient of x'® in (1 — 4%)°
—coefficient of x™® in (1 — &%)°
Since, (r + 1)™ term in the expansion of
A-2)is °C.(-4*) =°C, (-1) %"

Now, for x'8,3r=180 r =6
and for x'®, 3r =16

a r:EDN.
3

!
9! :9><8><7:84

ORequired coefficient is °Cy = ——
6!3! 3x2

Given expression is (1+ ax+ ba®)(1 —=3x)®. In the
expansion of binomial (1 - 3x)'® the (r + 1) th term is
Tr+1 - 15Cr (_Bx)r - 15Cr (_3)r X

Now, coefficient of x% in the expansion of
(1 + ax + ba®)(1 -32)" is

15 CQ(_3)2 + a15C1 (_3)1 + b 1500(_3)0 =0 (given)
0 (105x9)-45a +b =0
0 45a - b =945 ...(1)

Similarly, the coefficient of 2%, in the expansion of
1+ ax + bx®)(1 -32)" is

15 C3 (_3)3 +a 1502(_3)2 +b 1501(_3)1 =0
0- 12285 945a 45& O

a 63a —3b =819

(given)

O 21a - b =273 ...(ii)
From Egs. (1) and (ii), we get
24a =672 0 a =28

So, b=315
0 (a, b) = (28,315)

Key Idea Use the general term (or (r + 1)th term) in the
expansion of binomial (a + b)"

ie. T..,="C,a"""b

6
Let abinomial (2% - S it's (- + 1th term
X

_,0 3
=T, =°C, @2)° @';@

— Gcr (_ 3)r (2)6—r x12—2r—2r

=6C (-3 @° A2 6
Now, the term independent of x in the expansion of
01 st 2 3 g
O—-—0OR@x" - —ZQ
60 810 x

= the term independent of x in the expansion of

6
1 x? —%Q + the term independent of x in the
60 X
8 6
expansion of — x @Jg - %Q
81 X
5C
=3 (-3 @°° #21 [put r =3|
60
o @ @008 putr =)
5
= 1 (- 3)3 23 +3x72(6)
3 81
=36 -72 =-36
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4. Given binomial is @2 + %g, its (r + 1)th term, is

Tr+1 - nCr(xZ)n—r%g — nCern—Zr%

— nCern—Zr—?)r - nCern -5r

For the coefficient of x,
2n-5r=1 0 2n=5r +1 ...(0)
As coefficient of xis given as "Cyg, then either r =23 or
n-r=23.
If r =23, then from Eq. (i), we get
on =5@23) + 1
0 2n=115+102n =116 1 n =58.
If n = r =238, then from Eq. (1) on replacing the value of ¢
r,we get2n =5(n —23) +1

0 2n=56n-1156+1 0O 3rn=1140 n =38
So, the required smallest natural number n = 38.

Key Idea Use general term of Binomial expansion (x + a)" i.e.
— n—-r_r
Tr +1 7 Cr X a

Given binomial is (x+ 1)", whose general term, is
r+1 C x

According to the question, we have

"C,_1:"C,:"C,,1=2:15:70
n
C. _
NOW, #:3
", 15
n!
0 r=-Din-r+n! _ 2
n! 15
rl(n-r)!
0 T -2 0i5r=2n-2r+2
n-r+1 15
O on —17r +2 =0 .G
n!
n W = )
Similarly,— Cr = 15 riin ot 8
"C.., 10 n! 14

r+D!n-r-1)!

0 r*1_3 0 q4r+14=3n -3¢
n-r 14
0 3n—-17r —14 =0 ... (i)

On solving Egs. (i) and (ii), we get

n-16=00 n=16and r =2

160, + 160, +
3

_16+120 +560 _ 696

3 3

16C
Now, the average = 3

=232

6
. . . . log , x
. Given binomial is % +x 88 @

Since, general term in the expansion of (x+a)" is
T nC xn r r

O T,=T,., =°C, %Q (°85%) =20 87 (given)

O 20 %gfhgsx =20 x8’

0 2%y [3Esn 8] 93y xﬁ?lgzx -3 - @

[+ °Cy =20]

. log , (x) :llogaxforx>0;a >0, ¢1D
E @ n E

0 x(log2x—3) :218

On taking log, both sides, we get
(logy x—3) logyx =18

O (logyx)*-3log,x—18 =0

O (logy x)? -6log,x+3logyx—18 =0

O log,x(logyx—6)+3 (logyx —6) =0

O (logyx—6) (logyx+3) =0

0 logyx=-3,6

0O x=272,20 le,s2
8
6
| |
. . L. o 1 0O g
Given binomial is Hi+Togroxd . 150
x w0 | 19

H

Since, the fourth term in the given expansion is 200.

DZD L
0 GC Ecl + logloxE %12@ =200
o 3 L10
0 20xx0s00 12900
3 1
0 x2(1 + logyg x) * 4 =10
O 3 1
+ —Jog;px=1
ﬁ(l +logpx) 4
[applying log;, both sides]
O [6+ (1 +logyox)]log;px =4(1 +logy, x)
O (7 + logyo x) logy x =4 +4log;y x
ad 2+ Tt =4 +4¢ [let log;, x =¢]
0 t*+3t-4=0
O =1, -4=log;yx
O x=10,107"*
Since, x>1 x=10

Key Idea Use formula:

(@a+b0" +(a-b" =
z[nco an + nczan—zbz + nc4an—4b4 +

Given expression is (x + &° —1)% + (x —/2® -1)°
=2[0Cx® + °C* (& ~1)?
+ 50220 - 1)" + 50, (& -1)°]

t @+ )" +(@—b)

:2[nC0an + nc2an—2b2 + nC4an—4b4

+...]}



10.

11.

=2[5Cx5 + SC* (@ —1) + 5C (@ -1)%+ Cy(® - 1))
The sum of the terms with even power of x

=2 [GCOx6 + 6Cz(—x“) + 6C4x8 + 6C4xz+ 6Ce(—l -34%)]
=2 [GCOx6 -%Cut +%Cx° +5C, 2% -1 -345]

Now, the required sum of the coefficients of even powers
of xin

(x+ & =1)% + (x —4/&® -1)°
=2 [5c, -C,+°C, +5C, -1 -3]
=2[1-15+15 +15 -1 -3]=2(15-3) =24
The general term in the binomial expansion of (a + b)"
nCr an - rb?‘.
So, the general term in the binomial expansion of
(775 — 31060 §

Tr+1 6OC (7]J5 )60 r( 31/10)7‘

lsT’r+1 =

;
6007 5 (- 1)’310—( 1y %c,7" 5 S 3i0
The possible non-negative integral values of ‘7 for

which é and 1—’;) are integer, where r <60, are

r=0,10,20, 30, 40, 50, 60.
OThere are 7 rational terms in the binomial expansion
and remaining 61 — 7 =54 terms are irrational terms.

Since, rth term from the end in the expansion of a
binomial (x + a)" is same as the (n — r + 2)th term from
the beginning in the expansion of same binomial.

Iy Iy _ Ty
T, Tess

4O 1
IOCc4 (21/3 )10 4

o 5 . H@”

Tio-5+
10-5 +2 100, (V81076 BD (31)1/3
[T, ,,="Cx" " "a"]
[ 1%C, =1°Cq]

ORequired ratio =
Tio-5+2

Co0, | Co0,

_ 26/3 (2(3)113 )6
24J3 (2(3)1/3 )4
- 26/3 - 4/3 (2(3)1/3 )6 -4
=223 [22 [323 =4(6)23 :4(36)1/3
So, the required ratio is 4(36)1/3 :1.

. O s . :
In the expansion of o3 + 75 , the middle term is 7, . ;.
X

- Here, n =8, which is even, therefore middle term

%%h term]
_ 8B 8

4 4
u
0 s670="%c, .0 PH =
030 12084

! 030

ELT+1 C, %DS %g%

Iy

0O x*=38'0x= i\/g
So, sum of all values of x i.e ++/3 and —+/3 =0

12.

13.

14.

15.
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The general term in the expansion of binomial
expression (a+b)" is T,.,; = "C, a""b", so the general
term 1in the expansion of binomial expression

x2§/§+%go is
éc (f)m r@;@@zmc i Dc >y )\’" =

IOC )\r 2
2 10-r

Now, for the coefficient of x*, put 2+ -2r =2
0 0°r 5 =0
O 10-r=4r 0 2
So, the coefficient of x%is °C, A? = 720 [given]
0 10132790 o 100290

218! B!
O 45 \* =720
O N Zi=16 OA=z% 4
0 A= 4 A > 0]
The (r + 1)th term in the expansion of (a + x)" is given
by T,,, ="C,a" "x"

0 3™ term in the expansion of (1 + x°€2*Y is
5 02(1)5 - 2(x10g2 x)2
0 5C,1)° ~4(x'*¢2%)2 = 2560 (given)

O 10 (x'°%2%)2 = 2560
O K 2log29 =956
O log, x21°%2* = 1og, 256

(taking log, on both sides)

ad 2(log, x)(logyx) =8 (- log,256 =log, 28 =9)

(log, ) =4
O loggx==%2
O logyx=2 or logex=-2
d x=4 or x=272=2

4
4607
Clearly, élhttg =1-¢2 a-973

O Coefficient of ¢ in (1 - ¢ 1 -¢)7
= Coefficient of t* in (1 - t'® -3¢° +3¢%) 1 -¢)™?
= Coefficient of ¢* in 1 —¢)~®
=3+4-1c, =6¢C, =15
(. coefficient of " in (1 —x) " ="*""1C))

Key Idea Use formula :
=(a+b" +(a-b"
=2("Cya" + "C,a"?b? + "C,a" bt +..)

We have, (x+ /2% =1 +(x =/ -1)°,x>1

=20 Cyx° +°C¢ (o —1)% +°Cx(2* —-1)%)

=2 +102° (¥ -1) +5x( -1)%)

=2 +10x° 102 +5x -10x" +5x)

Sum of coefficients of all odd degree terms is
2(1-10+5+5) =2
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16.

17.

18.

(21C1 _ IOCl) + (21C2 _ 1002) + (2103 _1003)
+o (10 = 1Cy)

= (20 + 210y +... + 21Cy) = (°C, +1°C, +... +10Cy)

=%(21c1 #20, 4+ B0, - @10 1)

=%(Zlc1 $ 20, 4.+ 20, -1) - @10 - 1)

1

25(221 —9) -0 —1)=2%0 —1 —210 41 =920 _910

Clearly, number of terms in the expansion of

@—g+%gis (n+2)(n+1)01‘ n+2C2.
X X 2

[assuming — and 1 distinct]
x x?

0 (n+2)2(n *1) _og

Onr+2)(n+1)=566=6+1)6 +2)0 n=6
Hence, sum of coefficients = (1 -2 +4)% =35 =729

Note As 1 and iz are functions of same variables, therefore
X X

number of dissimilar terms will be2n + 1, i.e. odd, which is not
possible. Hence, it contains error.

Let T,,, be the general term in the expension of
(1 _2\/;)50
0 Tr+1 — 50Cr (1)50—r(_2x1/2)r - SOCrzrxr/Z(_l)r

For the integral power of x, r should be even integer.

25
O Sum of coefficients = z e, @)
r=0
_1 50 507 _ 1 050
=5 [@+2)" +1 -2)°"] =5 3> +1)

Alternate Solution
We have,
1 -2Vx)° =C, =C,2Vx +Cy(¥22)? +... +C5 V%) ...(3)
1 +2Vx)° =C, +C;2vx +Cy@2Vx)* +... +C50 @V x)™°
..(ii)

On adding Eqgs. (1) and (i1), we get
(1_2&)50 +(1 +2\/;)50

=2 [Cy + Cy@Vx)? +... +C50 V)] ...(G11)
(1_2\/})50 +(1 +2\/;)50

2
=Cy +Cy@Vx)? +... +C50 V)™
On putting x =1, we get
(1—2«/1)‘“’ +(1 +2\/I)50
2
(_1)50 + (3)50
2

1+3%
T Co +Cy@)? +...+Cys 2)°

g

=Cy+Cy+...+C502)°

=Cy+Cy@)%+... +C5 (2

19.

20.

21.

22.

23.

Coefficient of x" in (1 + x)" is "C,.
In this type of questions, we find different composition
of terms where product will give us x*'.
Now, consider the following cases for x! in
A+aA) @ +8) @+ a2
Coefficient of x° »* x®; Coefficient of x? x° x°
Coefficient of x* & x*; Coefficient of x® »* x°
=40, x 70, x 120, + 40, X7C, x1C, +*C, X°C,
x 120, + 1C, x7C, x1%C,
=462 +140 +504 +7=1113

U x+1 _ (x—1)|j0

%CZ/S_xl/3+1 x— 2%
L T G L i T
Ex?’?’—xw’ﬂ «/}(«/}—1)5

1 Bane?® +1-2") ()P -1 go
0 x?3_x]f3+1 \/}(\/}_1)['
U s _(\/}*'1)510_ 3 _~12410
%xl/ +1) e %—(xl x V2

O The general term is

10-r r
Tr+ L= 1OCr(Xf]/3)10_r(_ x—]]2)r - IOCr(_ l)rx 3 2

For independent of x, put

0°r Ty 0 20-2r-3r=0
3 2
20=5r O r=4
0 T5:1004:M:210
4x3x2x1

Here, Coefficient of ¢2* in {(1 + t2)!21 + t'3)(1 + ¢2*)}
= Coefficient of t2* in {(1 + tH2 0L + ¢'2 + t2* +¢30)}
= Coefficient of t2* in
{(1 + t2)12 + t12(1 +t2)12 + t24(1 +t2)12};
[neglecting 251 + )1
= Coefficient of t** = (2C,, + Cs + 1%C,y) =2 + *Cy
Given, Ty + T =0
O "Cua" *b* - "Cya""°b° =0
0O nc4an—4b4:nc5an—5b5 0 g: 05
b "C, 5
1+2"Q-x" =% +mx +Wx2 + E

: nn-1) o [
% nx+72 X g

_n-4

nm-1)  n(m-1) 0o

=1+m-n)x+ + -mnex” + ...
n=mx+ gy 2 H

term containing power of x > 3.

m-n=3 ...(0)

[ coefficient of x = 3, given]

Now,

and %m(m—1)+%n(n—1) -mn = -6



24.

25.

26.

27,

a m@m —1)+n(n —-1) -2mn =-12
a m?-m+n?®-n-2mn =-12
a (m-n)?-(m +n)=-12
d m+n=9+12 =21 ...(11)

On solving Egs. (i) and (i1), we get m =12

We know that,
(a+ by +(a by =°Cya® +°Cia’b +°C,a°b?
+°Cya’® +°C ab* + °Cb° + °Coa® -°Cia’d
+°C,a°b? - °Cya’® + °Cab* -°C50°
=2[a® +10a*b® +5ab’]
O [+ @@ -D"P +x -7 -1
=2 +104° (@ 1) +5x (¢ -1)%]
Therefore, the given expression is a polynomial of
degree 7.
30
The general term in % - 72@ is
x

BCIO—?;V

10-r

oo = (1) 10, %@m Q%§= -1y 1°C,. 23r

For coefficient of x*, we put 10 - 3r =4
a 3r=6
g r=2

- .. 30° 5104 3
O Coefficient of x* in % —?g =(-1)* CZ.—8

45 x9 405
256 256
In the expansion (1 + %)%, ty, = 2'Cy,_; (x)*" "
and thyo=""C,q(@)!

Since, binomial coefficients of ¢;, and ¢, , are equal.
2 _2
O nC3r—1 - nCr+1

a 3r=1=r+1 or 2n=Q@r-1)+(@ +1)

0 2r=2 or 2n=4r
0 r=1 or n=2r
But r>1

0 We take, n=2r

To find the coefficient of ¥° and x*, use the formula of
coefficient of x" in (1 - x)"is (-1)" "C, and then simplify.
In expansion of (1 + ax + bx?)(1 —2x)'%.
Coefficient of &% = Coefficient of 2° in (1 - 2x)*®

+ Coefficient of ¥ in a (1 —2x)'

+ Coefficient of x in b(1 — 2x)'®

=80, @ +a'8C,2% -0, 2
Given, coefficient of ¥° =0
O BC, 2% +a®C,22 - 1C, 2 =0
o 18716, BT 5 pnsm=o
3x2 2
0 17q - b =24716 @)

3

28.

29.

30.
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Similarly, coefficient of x* =0

0 Bc,2*-affC2°+ b C,12%=0

0 32a - 3b =240 ..(ii)
On solving Egs. (i) and (ii), we get

a =16, b—&
3

Let the coefficients of 2nd, 3rd and 4th terms in the
expansion of (1 + x)"is "Cy, "C,, "Cj.
According to given condition,

2("Cy ="Cy + "Cy

0 zn(n—l): +n(n—1)(n—2)
12 1203
0 n-1=1+0- D=2
6
2 _
0 h_1=14t—8n*2
O 6n-6=6+n%-3n +2
O n?-9n +14 =0
ad n-2)(n-"1T) =0
O n=2
or n="17

But "Cj is true for n 2 3, therefore n = 7is the answer.

Given,
(1+ax)" =1 +8x +24x% +...

0 1+anx+%a2x2+ =1 +8x +24x% +...
ad an:8anda2#:24
a 88 -a)=48
O 8-—-a=6 [0 a=2
Hence, a=2 and n=4

Since, n is an odd integer, (- 1)" " =1
and n —1,n -3, n -5, etc., are even integers, then
3 3 3 3 n-1
- -1° +m -2° -(n -3 +... +(-1)"* I
= +(n-1° +(n -2 +... +1°
—2[(n-1)" +(n -3)’ +

:Zn3 —2)(23 %2_1g+ %;3g+

~n-1,n-3,.

=3n’ -16 [zg‘;g
g e Rt

16 (n - 1)%(n +1)*
4 x4 x4

. +2h)]

,are even integers]

1 5 2
=—n“(n+1)° -
1 ( )

:i (n + 1% [n? - (n -1)"] :i (n +1%@n -1)
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31. Consider, (101)*° - (99)*° - (100)*°
=(100 +1)°® - (100 -1)*° - (100)*°
={(100)*° 1 +001)*° -1 -001)>° -1)}

= (100)*° {2 [1°°C, (001) + °°C; (001)* +...] -1}

= (100y°° {2 [*°C, 001)° + °°C5 (001)° +...1}
0 101)°° - {©99)° + (100°} >0
O (101)°° > 99)*° + (100)*°
32. Since, n is an even positive integer, we can write
n=2m,m=1,2,3, ...

3n _3@m)

Also, k=—=
2

ie. S=(-3)° mC, +(-3) b"C, +...

3m
=3m O S=Z(—3)"1I§T”C2,_1
r=1

+ (=3¢ tofmC,,, ..)
From the binomial expansion, we write
A+ x)5m=5mC, +6MCx + 57Cy P+
6mO, _aBmTl 4 6mo, 6m ... (i)
A -2 =57Cy + 57C (=) +°"Cy(=)? +...
+6MCg . (05T e (ST (i)

On subtracting Eq. (iii) from Eq. (i), we get
A+ -1 -0 =25"Cx +5"Cya®
+ M0+ 45m O aT
(1 + x)ﬁm _ (1 _x)6m
2x

O =m0+ OmCyx? + 0yt

+6mcﬁm—l x
Let =y
6m _ _ 6m
0 (1+\/;) (1 \/}) =6mC1 +6mC3y

2y

-1

6m-2

6m 2 6m 3m-1
+ PGy + 7 gy

For the required sum we have to put y = -3 in RHS.

g A+=3)™ - -v3)™

. 2/-3
_Q+i3) - -i3)™" (iv)
2i3
Let z2=1+i+/3 =r(cos® +isin0)
0 r=lzl=41+3 =2
and 0 =1/3
Now, 25™ = [r (cos ® + i sin 8)]5™
= r™(cos 6m 8 + i sin 6m 6)
Again, z=r (cos 0 —isin 0)
and )%™ = r%™(cos 6m B — i sin 6m 6)
0 2% -2%" =r5"2i sin 6m ) (¥

From Eq. (1),
28m —z6m  p6m©Qisin 6 m 9)
2i /3 2i /3
_25™Msin6m o
NE)

=0asm Oz,and® =11/3

33.

34.

35.

Let y = (x — a)”, where m is a positive integer, r <m
2

Now, %:m(x—ot)m_1 ad %:m(m—l) (x —a)yr 2
a d—?’y =m@n -1)(m -2)(m -3)(x —a)" *
dy?

On differentiating r times, we get

dy:m(m—l)...(m—r+1)(x—a)m_r
dx"
!
=" (x—a) T =r1°C)x —a)" T
m-r)!
and for r>m,d3r}=0
2n 2n

Now, z a,(x-2)'= Z b, (x -3)" [given]
r=0 r=0

On differentiating both sides n times w.r.t. x, we get
2n 2n

S @, Cu(x=2) "= § b, () C,x=8) "

2n
On putting x =3, we get Z a,(n)'C, =(b,)n!
r=n

[since, all the terms except first on RHS become zero]
O b,="C, +"*C, +"*%C, +... +7C,
[-a,=1, 0= n]
=(""C, ., +MTC) +. P C,
=0 L L+ TC, =

—_ 2n 2n, —2n+1
- Cn+1 + Cn_ C1n+1
n

S 1 "C, %lJr 3 1, 1

—— + — + —— +... upto m terms
P r 22r 23r 24r B

XA %@ 3 e, @@ +
rZO(—l)r "C, %g + ... upto m terms
= Q{ —%g + @L —%g + Q —gg +... upto m terms
0 n

a
(ising Z -D""Cx =1 -x)"0
B =0 B

g+ %g + g+ ... upto m terms
a"l]

O mn _

O 2 1

0 2m@"-1)
0
0

n+lcl+ n+10281 +n+10352+'“+n+lcn+lsn
n+l
— n+1
- Z Crsrﬂ’
r=1



36.

37.

38.

1_qn+1
wheres, =1+q+¢* +... +¢" = —*+ —
1-g¢q
n+1 7 n+1 0
0 n+IC n+lc n+1C qu
Z rg1- qD 1- qu Z H
~1+gtt]
— 1 n+1 n+1 :
=— RV -0+ ] - (@)
1-¢q

Also, 8,21+ LI B UE, prag]
2 2 2
1—§’L1g+1
B 9 _2n+1_(q+1)n+1

- .. (1)
- 2"(L-q)
2
From Egs. (1) and (i),
"LC + MICys + M0y sy +. + M YIC, L s, =27S,
Coefficient of % in the expansion of
{A+02+ @+ +... +1 +0* + A +mx)®
O 2Cy+3C, +Cy+... + ¥C, +°°C, th*®
=@Bn+1) P C,
O ¢, +5%Cym? =@3n +1) 1 C,
['-'rcr + H—lcr ot nCr =n+1cr+ 1]
50 x49 x48 50 x49 _ 51 x50 x49
+ X =@Bn+1)————
3x2x1 2 3x2x1
O m?=51n+1

0 Minimum value of m? for which (1n + 1) is integer
(perfect square) for n =5.

O m?=51x5+1 0O m?=256
ad m=16and n =5
Hence, the value of n is 5.
Coefficient of x” in the expansion of
1+ 200 +2HA +2) ... A + «'%) =Terms having x°
=%, 1% a5 1% 2R, 1% % a5,
1983 30, 1Y 3?8, 19 3P 8,1 2 Y
O Coefficient of x° =8

Let the three consecutive terms in (1+ x)""® be
tryteiq, Lrr o having coefficients
n+5cr_1, n+5Cr, n+5cr+1.
Given, "*°C,_, : "*°C,: "**C,,, =5:10:14
n+5 n+5 o
u n+5 Cr E an d n+5 - :E
Cr—l 5 Cr 10
0 n+5—(r—1):2 andn—r+5:Z
r r+1 5
a n-r+6=2rand 5n-5r+25=T7r+7
ad n+6=3r and 5n + 18 =12r
n+6_5n+18
O =
3 12
ad 4n+24=5n +180 n=6
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Topic 2 Properties of Binomial Coefficient

1. We have,

(x+ 10)50 + (x 10)*° =a, tax +a2x +...+ a50x50

Oag +ax+ an +. 50

= [(°C ™ + DOClx49 10 + %0, x*8 102 +

+ COC,¥° -50Cx* 10 + °C, x*10%- ... +

=200, 2 + 2" 102 + 00 16 10
+ ...+ 200y, 10]

.+ a-ox
+ 50C50 1050)
50C50 1050)]

By comparing coefficients, we get
ay =2°°C,5(10)*%; a, =2 °°C5,(10)*° =2(10)°

0 % 20°C,)(10)*® _ 550029 (10)8
a, 2 (10)° 12 2010)°
[ 50048 - 50C2]
50x49 _ 5x49 245

- - =2%2 —19.95
20010 x10) 20 20

. We know that,

1+ 020 =20, + 20C,x + 0Cp? +... +
00, 271+ 200 5 + L+ 00,002
O @+0% 0+ 92 =C, + XCx +
0002+ ..+ 00, 2L+ 20027+ + 206, 22)
x(PCy + PCx +...+ PC, ™1 +20C
+... 420002

O (1 + x)40 - (ZOCO . ZOCr + 20(71 20(‘/1r_1

00 2C )"+ ...
On comparing the coefficient of x” of both sides, we get
ZOCOQOC, + 20C12°Cr L+ 00, 00, =
The maximum value of 40C, is possible only when r =20
[ "C,y5is maximum when nis even]

Thus, required value of r is 20.

. Consider,

2403 =2400+3 =8 @400 =8 m‘l)lo() =8 (16)100: 8(1 + 15)100

=8(1 + '°C,(15) + '°C,(15)* + ... + '°°C,(,(15)'*)
[By binomial theorem,
1+ x)"="Cy +"Cyx +"Cyx* +..."C %", n ON]
=8 +8 (1°°C, (15) + 1°°C,(15)% + ... + 19°C,,, 15)!7)
=8+8 x15\
where A =1 C, +.....+19°C,,15)* ON

403

g 2 _8+8xIBA _ 8
15 15 15
@403 O 8

0O —
LEE

(where {[lis the fractional part function)
O k=8
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Alternate Method

2403 =g @400 =g(16)10

Note that, when 16 is divided by 15, gives remainder 1.

O When (16)!?° is divided by 15, gives remainder 1'%° =1
and when 8(16)!% is divided by 15, gives remainder 8.

I:E403 0 8
O —0=—-
215 5 15

(where {lis the fractional part function)
g k=8

A, = Coefficient of x" in (1+x)'* =1°C,
B, = Coefficient of x" in (1 +x)** =%C,

C, = Coefficient of 2" in (1 +x)** =%C,

10 10 10
O z Ar (BIO Br _Clo Ar) = z Ar BIO Br - z Ar C].OAr
r= =

r=1

10 10

_ 10 20 20 10 30 10,

- z cr ClO Cr _Z Cr CIO Cr
10 10

— 10 20 20 10 30 10,

- Z ClO—r ClO Cr - z ClO—r CIO Cr
r=1 r=1

10 10
=2y, Z ¢y, 3°C, - %Cy z ¢y, °C,
r=1 r=1

- 20C10 (30C10 _1) _ 3OC10 (2OC10 _1)
= 30Cm e 10=C1o =By

5. Lot A= $00000_ 3000300 (3000300 _
Ho HHoH ™ Hi HH1H" He HHeH™
o A=%¢c,#c,-"c #®c, +*c,?c,
-+ 300, B Cy

= Coefficient of x*° in (1 + 2)*°(1 - x)*°
230

30003

@ﬁ%ﬂ

= Coefficient of x%° in (1 - x

30
= Coefficient of +*’ in ~1C, ()

= (1) Cy
=%Cy

[for coefficient of x*°, put » = 10]

6. Given, "7!C,=(k*-3)"C,,,
O n—lCr - (kZ _ n—lCr
+1
0 p2-g=""1
n

+
4 1Slandn,r>0]
n

0<k®-3<1 O 3<k®<4
EOF 27 V3)0 (3,2

0

0
" 1000 20
Z ﬁl ﬁ@n ﬁis the coefficient of ¥ in the expansion of
= -1

[since, n=r O

@+ 0w s 2,

10.

11.

a z illloﬁ @j? lB is the coefficient of ¥" in the

i=0
expansion of (1 + x)*°
100020 O _ 5

B =0 =50 -0

and we know that, EL"HiS maximum, when

ie. z

i=0

0O _Dr=g, if n Oeven.
EVH s ntl
max Br = , if n Dodd

On [J
“HHTE -

n 0 n+10 [h+10 [+20

~HTH » B 07 -

[+ "C, +"C,_, ="*1C, ]

[ "C, ="C

=na,-b0 2b=na, O b:ga

We have,
Ci-2CE +3C3 -4C7 +
=[CZ-C+C:-CZ+
—[Cf—2C§+3C§—

(D)™ (n +1) C2
.+ (AD)"CY
.+ (1)"nC?]

n!

H %@

N
2%@ %Q 2-202+3C%-

ogiEs
" BREE

We have,
X = (1001)2 + 2(1002)2+ 3(1003)2 +

n

_( )2 —

Rt
i

— (_1)n/2

L+ (1) (n+1)CH

(n+2)

=(-1)"*(n +2)

. +10(°C)?

10 10
O X=5r®c)’o x=5r'c, ',
rzl rzl

10
0 x=yrxo, v, E g =M nag 15
- r r



10
0X=10% °c,_, °c,

10
0DXx=10% c._, ¢y, _, [-"C,="C,_,]
r=1
0 X=10xC, [-"'c,.)"C,_,=""1C, ]
Now 1 _ 10 x 1909 _ 1909 _ 1909
> 1430 1430 143 11x13
- 19x 17x16 27 16 _ 1934 =646

12. Sum of coefficients is obtained by putting x =1

ie. (1+1-3)2163 =1
Thus, sum of the coefficients of the polynomial
1+ x —3x%)%18 ig -1.
13. To show that
2k.n CO.n Ck _ 2k -1n Cl'n -1 Ck .
+ 2k—2.n Cvz.n—chk_2 -+ (_1)k ann—kCO :nck
Taking LHS
2k.n CO.n Ck _ 2k -1n Cl B—l Ck—l +
k

- z (_1)r'2k—r n Cr.n—r Ck— .

r=0

L+ (-Dhre,m ke,

— _1\ ok-T, n! . (n—r)!

N z( b rn-1r! (k-1 -k)!
n! o k!

n-k)k! TIk-71)!

=z(1)r kr

k
r -r n, R n r 1
=Y ()2t e, =2 Oy (1) e
B0 2

=
jami]

=2tr¢, —%g ="C, =RHS

-10 - Ond [On+10
1. LetS= HnH+ H H* H H+ BT Ee e
It is obvious that, n = m. [given]

NOTE This question is based upon additive loop.
Now, S = +|]n+1[|+[m + +DLE|

e e B
“Hneid Hm HHe 0

Min+10 On+100 On+20

On+20 [On+2 [nQd
“Hh B H o B B
[+ "C, +7Couy ="1C, 1]
On + 30 n0J
“Bn+H" T B
= @n’i 1ﬁ+ iﬁ: én;z:-ll@ which is true. ...(>11)

15.
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Again we have to prove that
-10 n+20

2l e e o PR

Let81:E:ﬁ+2ﬁbn;1§+3€r;2ﬁ+...+(n—m+1) aﬁ
:D%[I+ - D+DL—2]+ +]nj|:|
B Bm 8 0 m B 7B
H ”ﬁﬁ” e
0
m
N ]+ +jn, En m + 1 rows
Hm 3" B
eoas I:l
+ On
HnHH
n+10
Now, sum of the first row is Bm IH'
Sum of the second row is ﬁnljr lﬁ'
_1D
Sum of the third row is Bm 15
Sum of the last row is HnH aiiﬁ
n n-10

Thus,

s=0 g B

On+10 [h+1+10 [On+20

THn 1T Hmeo B o

[from Eq. (i) replacing n by n + 1 and m by m + 1]

i n!C3! n!

O e 'Z(‘ "t e

_ 3! -1)" (n +3)!
(n+1)(n+2)(n +3) Z (= n)l(r +3)!

~ 31
T+ D +2)(n +3

oy -1 mic,,
) ,Zo ’

31(-1)° e
n D rm s 2 DTG

— -3! gl+3_1sm+SCE
T (n+ 1) +2)(n +3) HZO( ) *H

_n+3C +n+3C _n+3C
= ~3! @) 1+ (n +3) - (n+3)(n+2)D
(n+1)n +2)(n +3)
_ -3! E(n+2)(2—n—3) _ 3!
T+ D +2)(n +3) 2 T 2(n +3)
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16. 1+ x+xD)" =ay +ax +... +ay,x*" )
Replacing x by -1 /x, we get

1 1g a; , Qg Qg QAop ..

-—+50 ey —+—5 ——= +..+ ...(i1)

Q x O x4 x2" ¢

2 2 2

Now, ai -a}+ai-aj +... +ai, = coefficient of the

term independent of x in
+ a2nx2n]

(11 (12 Aoy 0
B% e

.ot en H
= Coefficient of the term independent of x in
(1+x+ xz)”g . +l2g
X X
=
o2

_Qta+a?) P -x+D)"

[ag + a;x + ax® + ...

Now, RHS = (1 + x + x?‘)”Q -

K=

[(x2 + 1)2 _x2]n

x2n x2n
R R e L ( e e L
x2n x2n

2

2_ 2, 2 2
Thus, ap-—a;+a; —aj +...+a;,

= Coefficient of the term independent of x in
1 2 4a\n
ﬁ (]. +x"+x )
= Coefficient of x®* in (1 + &2 + x*)"
= Coefficient of t"in (1 + ¢ + t3)" =a
17. C, -2°[C, +3%*[Cy—... +(-1)" (n +1)* C,

(-1)"(r +1)2"C, = i -1y (2 +2r +1)"C,

1
M =

,{
I
(=}

I
M =

(172 C, +2 z 1y, + Z 1y,

<
I
(=}

(1) r (r -1) 1C, +3§(—1) r IC,
+Z( l)rnC

I
M:

-
I
o

= Z -)'n(n-1)""%C,_, + 3 i (-1)n-"'C,_,
r=2 r=1
P
=n(n-1){""2C, -""C, +"Cy=.. +(D)" ", _,}
+3n{-""1Cy +"7IC; =" ICy +...+ ()" "TIC, )
+{"Cy = "Cy +"Cy +... +(-1)" "C,}
=n(n-1)-0+3n-0+0,0m> 2=0, O 2
18. We know that,

23y GC,

0<i<j<n

n

2 20T 22
1=0 ;=0 =

IIM =

-GS c;-5C?
i=ZO 120 iZ

=9non _ (chn)_22n_2nc
22n_2ncn

Sp» 2

j<n

—g2nl _ @n)!
2 (n!)?

19. Weknow that, (1 +x)?" =C,, + Cix +Cyx® +... +Cy, x*

On differentiating both sides w.r.t. x, we get
2n(1+x)2"1 =C) +2 [Cyx +3 [Tyx°
+...+2nCy, 2" ..(3)

andgl—ig :co—cltlxwz%—g Enxlg

1

+...+CZnEIx% ...(i1)

On multiplying Egs. (1) and (ii), we get

on (1 + _9(/.)271—1@l _lgn
X

=[C, +2[Myx + 3 [Ty &% +... +2n [@,, x*" ]

x g:o -G R+ Ol Can i@é

Coefficient of %Qon the LHS

= Coefficient of - in 2n @%ﬂ@a 2" (- 1)2n
X

= Coefficient of ¥*" ! in 2n(1 -2%)?" (1 -x)
=2n(-1)"" [@n -1)C,_, (-1)

- 1y e _en-D! _ @n)!
=(-1) (2n)(n_1)! -D"n (1)

Again, the coefficient of %@on the RHS

@

=~(C} -2[C3 +3[CF -
From Egs. (iii) and (iv),
CZ-2[C2+31C7 -...

20. (1+ x)Z@ —lgn
X

=[*"Cy + "C)x + ("Cx® +...

.. —2n C%n) ...(v)

-2n @3, =(1)'n C,

+ (chzn)XZn]

Lhn 2n 1 2n 1 2n 1 0
Cy—C"C)=+(C"Cy = +... +("Cy,) ==
X E 0 ( l)x ( 2) x2 ( Zn) xzna
Independent terms of x on RHS
:(ZnCO)Z _ (2ncl)2 + (ZnC2)2 _.“+(2nczn)2

LHS = (1 + x)z"gilg = (-
X X

Independent term of x on the LHS = (-1)" &' C,,.
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