CLASS - 12 MATHS NCERT SOLUTIONS

EXERCISE- 6.1

1. Find the rate of change of the area of a circle with respect to its radius r when
(@) r=3cm

Ans:  We know that A=rr

Differentiate w.r.t r

CdA d,
..E=E(7rl’ ):27Z'r
When r=3cm,

A =27(3)=6x
dr

The area is changing at 6 cm? /s when radius is 3cm.
(b) r=4cm

Ans:
We know that A=7r’

Differentiate w.r.t r

CdA_d

..E—E(ﬂ'rz)ZZﬂ'r

When r=4cm,



aA _ 27(4) =8x
dr

The area is changing at 8 cm*/s when radius is 4cm.

2. The volume of a cube is increasing at the rate of 8cm®/s How fast is the
surface area increasing when the length of its edge is 12cm?

Ans: Let the side length, volume and surface area respectively be equal to \[x,v\ ]
and S.Vv=x°

S =6x?

d—V:8cm3/s
dt

dv d
B="5 " ¥

:i(x3)%:3xzﬁ
dx dt dt

dv d d d d d 8
8= (x3) (x3)d—1(=3x2d—1(:>d—)t(=3?

Tt dt\ T dx

ds d
o= a ™)

d dx
=2 &) 4
O'—S:i(ﬁxz):i(fsxz)%:12x0'—x:12x(izj=g
dt dt dx dt dt 3x X

So, when x=12cm,

ds 32 .,
—=—cm-/s
dat 12



x=12 m,d—S:gcmzls:§cm2/s.
dt 12

3. The radius of a circle is increasing uniformly at the rate of 3cm/s. Find the
rate at which the area of the circle is increasing when the radius is 10cm/s
Ans:  We know that A= 7> - 92 _ i(;zrz)ﬂ 2 &
dt dr dt dt
ar =3cm/s
dt
A =2xr(3)=67xr
dt
So, when r=10cm,
9A _ 67(10) =607zcm? /s
dt
4, An edge of a variable cube is increasing at the rate of 3cm/s. How fast is the
volume of the cube increasing when the edge is 10cm long?
Ans:  Let the length and the volume of the cube respectively be x and Vv .
V=x°
B T L N L YR
dt dt dx dt dt dt
dv

o — =3x%(3) = 9x?
ot (3)

So, when x=10cm,

d_\t/ =9(10)* =900 cm® /s



5. A stone is dropped into a quiet lake and waves move in circles at the speed of
5cm/s. At the instant when the radius of the circular wave is 8cm, how fast is
the enclosed area increasing?

Ans:  We know that A= zr?

dA d(r2)=d( )dr dr

e P iy
dt dt dr a7

OI—::5cm/s

So, when r=8cm,

dA
Fr 272(8)(5)

=807zcm? /s.

6. The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of
increase of its circumference?

Ans:  We know that C=2xr.

d_C dC dr d( )_ o dr
"dt dr dt dr dt
ﬂ:0.7cm/s

dt

?}I_(E =27(0.7)=1.4zcm/s

7. The length x of a rectangle is decreasing at the rate of 5cm/ minute and the
width y is increasing at the rate of 4cm/ minute. When x=8cm and y=6cm,
find the rates of change of

(a) the perimeter, and



Ans: Itisgiven that%:—SCm/min,%:m:m/min, x=8cmand y=6cm,

The perimeter of a rectangle is given by P =2(x+y)

d_P= 2(%+ﬂ): 2(-5+4)=-2cm/min
dt dt dt

(b) the area of the rectangle.
The area of a rectangle is given by A=xy

: d—A=%y+xﬂ=—5y+4x

Tdt dt dt

When x=8cm and y=6cm,

(Z—A: (-5x6+4x8)cm? / min = 2 cm? / min

8. A balloon, which always remains spherical on inflation, is being inflated by
pumping in 900 cubic centimeters of gas per second. Find the rate at which the

radius of the balloon increases when the radius is 15c¢m.

Ans:  We know that v =%7zr3

dv dvdr d (4 2jdr , dr
o= —=—| —gr® | —=47r* —
dt dr dt dr\3 dt dt

OI—\/:900cm2/s

-.900 = 47r1° ar
dt

dr_ 900 225
dt  4zr®  xr®

So, when radius =15cm,



dr 225 1
= =—cm/s

dt 7 (15)° o

9. A balloon, which always remains spherical has a variable radius. Find the
rate at which its volume is increasing with the radius when the latter is 10cm.

Ans:  We know that v =gzr2

.'.d—Vzi(iﬂrsjzﬂﬂ'(?ﬁz):Mﬂz
dr dr{3 3

So, when radius =10cm, z—\r/ = 47(10)* = 4007

Thus, the volume of the balloon is increasing at the rate of 400zcm®/s.

10. A ladder 5m long is leaning against a wall. The bottom of the ladder is
pulled along the ground, away from the wall, at the rate of 2cm/s. How fast is
its height on the wall decreasing when the foot of the ladder is 4 m away from
the wall?

Ans: Let the height of the wall at which the ladder is touching it be ym and the
distance of its foot from the wall on the ground be xm.

Cu2 2 2 _ 2 ﬂ_i _2_1 _2%__—)(%
X2 +y?=5"=25 = y=+25-X ..dt_dt(\/ZS X )_dx(\/25 X )dt_\/ﬂ "

d—X:2cm/s
d

Jdy  -2X
Cdt o5 %2

So, when x=4m,

%_ -2x4 8

dt 25-16 3




11. A particle is moving along the curve 6y = x* +2. Find the points on the curve
at which the Y coordinate is changing 8 times as fast as the X coordinate.

Ans: The equation of the curve is 6y =x +2. Differentiating with respect to time,

we have, 6d—y =3x° ax
dt dt

ﬂ_xzdx

=2 —
dt dt

According to the question, (3—{ = 8%}

2 8% =x2%:>16%=x2%
dt dt dt dt

ox_
dt

:>(x2—16) 0

= x*=16
=X=14

When x =14,

42 66

When x = -4,

Thus, the points on the curve are (4,11) and (—4,%)

12.  The radius of an air bubble is increasing at the rate of %cm/s. At what rate

is the volume of the bubble increasing when the radius is 1cm ?



Ans:  Assuming that the air bubble is a sphere, v =%m2

v d(47zr3j d(4_7zr3jg=4ﬂrzg

Tdt dt\ 3 ) drl 3 Jdt at

dr 1
—==-cm/s

dt 2

So, when r=1cm,
v = 47(1)° (lj =2zxcm®/s
dt 2

13. A balloon, which always remains spherical, has a variable diameter §(2x+1)

. Find the rate of change of its volume with respect to x.

AnNs: Weknowthat\/:%m3
3
d="(2x+1
2(><+)
3
r=—(2x+1
= 4( X+)

3
v=dg(3 (2x+1)3=37z(2x+1)3
3 (4 16

—_— = —

v 9 d (2x+1)3:£7z(2x+1)3.
dx 16 dx 8

Sand is pouring from a pipe at the rate of 12cm® /s. The falling sand forms

a cone on the ground in such a way that the height of the cone is always one-
sixth of the radius of the base. How fast is the height of the sand cone increasing

when the heightis 4cm ?

14.



Ans:  We know that v :%ﬂl‘zh
hzlr
6
=TI =6h
~Vo= %ﬂ((ih)zh =127h®

2 1279 (1) D
dt dt

dt
:127z(3h2)@ =367h? th
dt dt
gy-:12cn12/s
dt

So, when h=4cm,

, dh

12 =367(4)" —
() 4

dh 12
—
dt  367(L6)

1
=——cm/s
8

15. The total cost C(x) in Rupees associated with the production of x units of

an item is given by C(x)=0.007x°-0.003x*+15x+4000. Find the marginal cost
when 17 units are produced.

Ans: Marginal cost is the rate of change of the total cost with respect to the output.

. Marginal cost MC :?j—c:0.007(3x2)—0.003(2x)+15:O.021x2 —0.006x +15
X

When x=17,MC = 0.021(172 ) —0.006(17) +15



= 0.021(289) — 0.006(17) +15

=6.069-0.102+15

=20.967

So, when 17 units are produced, the marginal cost is Rs.20.967

16.  The total revenue in Rupees received from the sale of x units of a product
IS given by R(x)=13X¥ +26 x+15. Find the marginal revenue when x=7.

Ans:  Marginal revenue is the rate of change of the total revenue with respect to the
number of units sold.

. Marginal Revenue MR = :I_R =13(2x) + 26 = 26X + 26
X

When x=7,MR =26(7)+26 =182+ 26 = 208

Thus, the marginal revenue is Rs 208

17.  The rate of change of the area of a circle with respect to its radius r at
r=6cm is

(A) 107
(B) 127
(C) 87
(D) 11x
Ans:  We know that A=7zr?

dA d
.'.Ezg(ﬂ'rz)ZZﬂ'r

So, when r =6cm,



18.

Ans:

(;—A=27Z'X6=127Z'CI‘TIZ/S
.

Thus, the rate of change of the area of the circle is 12zcm?/s.

The correct answer is option B .

The total revenue in Rupees received from the sale of x units of a product
IS given by R(x)=3x’+36 x+5. The marginal revenue, when x=15 is

(A) 116
(B) 96
(C) 90
(D) 126

Marginal revenue is the rate of change of the total revenue with respect to the
number of units sold.

. Marginal Revenue MR:(;—R:3(ZX)+36
X

=6Xx+36

So, when x =15,

MR = 6(15) +36 = 90+ 36 =126

Hence, the marginal revenue is Rs 126.

The correct answer is option D.

Exercise 6.2

1.

Ans:

Show, that the function given by f(x)=3x+17 is strictly increasingon R.

Let x, and x,, be any two numbers in R.



X, <X, = 3% +17<3x%, +17=f (%)< f(X,)
Thus, f is strictly increasing on R.

Alternate Method:
f'(x)=3>0 0n R.

Thus, f isstrictly increasing on R.

2. Show, that the function given by f (x) =e** is strictly increasing on Rr .

Ans: Let x, and x, be any two numbers in R.

2%

— %% < e?®

= f (%)< f(x)

Thus, f is strictly increasing on R

3. Show that the function given by f(x)=sinx Is
(A) Strictly increasing in (0,%)
Ans:  f(x)=sinx= f (x)=cosx

o3

=cosx>0= f'(x)>0

Thus, f is strictly increasing in (0,%}.



(B) Strictly decreasing (%nj

Ans: Xe(z,ﬂ'j
2

=cosx<0= f'(x)<0
Thus, f is strictly decreasing in (%nj

(C) Neither increasing nor decreasing in (0, z)

Ans: The results obtained in (A) and (B) are sufficient to state that f is neither
Increasing nor decreasing in (0, 7).

4, Find the intervals in which the function f given by f(x)=2x*-3x is

(A) Strictly increasing
(B) Strictly decreasing

Ans:  f(x)=2x*-3x= f'(x)=4x-3

, 3
LfFX)=0=x=—
(X) 1

—00

fe.

<

In (—oo,%), f'(x)=4x-3<0

Hence, f is strictly decreasing in (—oo,%j



In (%ooj f'(x)=4x-3>0

Hence, f is strictly increasing in (%,oo]

5. Find the intervals in which the function f given f(x)=2x*-3x*-36x+7 IS
(A) Strictly increasing
(B) Strictly decreasing
Ans:  f(x)=2x>-3x*-36x+7
f'(x) =6X* —6x—36 =6(x* —x—6) =6(x+2)(x—3)
L (X)=0=>x%x=-2,3
IN (-o0,-2) and (3,), f'(x) >0

In (~2,3), f'(x) <0

Hence, f is strictly increasing in (-e,-2) and (3,.0) and strictly decreasing in (-2,3)

Find the intervals in which the following functions are strictly increasing or
decreasing.

(@) x*+2x-5

Ans:  f(x)=x*+2x-5
= f'(X)=2x+2
= f(x)=0=>x=-1

x =-1 divides the number line into intervals (—«,-1) and (-1, ).



In (—0,-1), f'(X) =2x+2<0
-~ f is strictly decreasing in (—w,-1)
In (=1,00), f'(x)=2x+2>0,
P (X)=2x+2>0
-~ f is strictly decreasing in (-1,x)
(b) 10-6x-2x*

Ans:  f(x)=10-6x—-2x’

= f'(X) =—6-4x

() =0=x=—>
2

3 .. . : 3 3

x=—2 divides the number line into two intervals (_OO’_EJ and (—E,ooj
3) ..

In (—oo,—zj, f'(X)=—6-4x<0
- f Is strictly increasing for x<—§

3 ,
In (—E,oo),f (X)=—-6-4x>0.

- f 1s strictly increasing for x> —g
() —2x*—9x* -12x+1
Ans:  f(x)=-2x-9x* -12x+1
o £1(X) = —6X% —18x—12 = —6( X +3x+2) = —B(X+1)(X+2)
f'(xX)=0=>x=-1,2

x=-1 and x=-2 divide the number line into intervals (—w,-2),(-2,-1) and (-1,)



In (~0,—2) and (=L ), f (x) =—6(x +1)(x+2) <0
- f is strictly decreasing for x<-2 and x> -1.
In (=2,-1), f'(x) = -6(x +1)(x+2) >0
. £ isstrictly increasing for —2<x<-1
(d) 6-9x—x*

Ans:  f(x)=6-9x—x*
= f'(x) =-9-2x

, -9
f(X)=0=>x=—
(x) >

In(—oo,—%j, f'(x)>0

~. £ is strictly increasing for x < —%

In(—%,ooj, f'(x)<0

- £ is strictly decreasing for x> —%

() (x+1)°(x-3)°

Ans:  f(x)=(x+1)°(x-3)°
f'(%) = 3(x +1)*(x—3)° + 3(x—3)2(x +1)°
=3(x+1)° (X =3)°[X— 3+ X +1]
=3(x+1)°(x—3)*(2x—2)
= 6(x+1)2(x—3)%(x—1)

f'(x)=0



Ans:

=x=-131

x =-1,3,1 divides the number line into four intervals (—,-1),(-1,1),(1,3) and (3,«)
In (—o0,—1) and (-1,1), f'(x) =6(x+1)%(x—3)*(x—1) <0

. £ is strictly decreasing in (—«,-1) and (-1,1)

In 1,3) and (3,00), f'(x) =6(x +1)%(x—3)*(x-1) > 0

- fis strictly increasing in (1,3) and (3,«)

Show thaty =log(1+ x)—%,x>—l, Is an increasing function throughout its
+

domain.

y = log(L+ x) — 2%
2+X

2

Jdy 1 @2+x@-2x@ _ 1 4 X
Cdx o 1+ x (2+x)° 1+x  (2+%x)?  @A+x)(2+x)?
W _g
dx
X2
> =
(2+x)?
=x"=0
=>Xx=0

Because x>-1,x=0 divides domain (-1,«) in two intervals —1<x<0 and x>0.
When —1<x<0, x<0=x*>0

X>-1=(2+x)>0

= (2+x)°>0

XZ

=—>0
(2+Xx)?

sy



When x>0,

=x>>0,(2+x)*°>0

XZ

=— >0
(2+x)°

sy

Hence, f is increasing throughout the domain.

8. Find the values of x for which y=[x(x-2)J° is an increasing function.

Ans:  y=[x(x-2)F = [xz —2x]2

dy_ y = 2(x2 - 2x)(2x—2) =4x(x-2)(x-1)
dx

SO
dx

=>x=0,x=2,x=1

x=0,x=1 and x=2 divide the number line into intervals (-«,0),(0,1),(1,2) and (2,x)
In (—«,0) and (1,2),d—y<0
dx

-y Is strictly decreasing in intervals (-»,0) and (12) In intervals (0,1 and
(2,00),d—y>0
dx

-y is strictly increasing in intervals (0,1) and (2,)

Q. Prove that y:ﬂ—e Is an increasing function of ¢ in [0,1]
(2+cos0) 2

4sin@

Ans: y=—""—5__
(2+cos )



. dy _ (2+cos@)(4cosd)—4sind(—sind)

S = 1
do (2+cos6)?

_ 8cos@+4cos” 0 +4sin’ O 1
(2+cos 6)?

_ 8cosd+4
(2 +cos 6)?

W o
déo

8cosf+4
=>——=
(2+cos0)

= 8¢0S6 +4 =4+cos* 0 +4cos b
= c0s” 6 —4cosf =0

= cosd(cosfd—4)=0
=cosfd=0 or cosfd=4
Because cos@ = 4,cos0 =0

cos@=0:>0=%

d_y_ 8C039+4—(4+C0329+4C039) B 4cosé —cos? O 3 COS@(4—COS€)
de (2+cos0)® (2+cos0)® (2+cos6)?

In [O,%},cose>0,

4>cosfd=4—-cosfd>0.

..cos@(4—cosd) >0

(2+cos0)* >0

cos@(4—cosb)
—>0
(2+cos )



:>d—y>0
dé

So, y isstrictly increasing in (0,%) The function is continuous at x=0 and x=%.

So, y is increasing in [0,%]

10. Prove that the logarithmic function is strictly increasing on (0,).

Ans:  f(x)=Ilogx
()= 1
X
: 1
For x>0,f (xX)==>0
X
Thus, the logarithmic function is strictly increasing in interval (0,«).

11. Prove that the function f given by f(x)=x*-x+1 is neither strictly
increasing nor strictly decreasing on (-1,1).

Ans:  f(x)=x*—x+1

S =2x-1

, 1
f(X)=0=>x==
(x) 5

x=% divides (-11) into [_1,3 and (1,1)

In [—1,%)

f'(x)=2x-1<0



So, f isstrictly decreasing in (—1,%}

In(l,l)

2

f'(x)=2x-1>0

So, f isstrictly increasing in interval (%1}

Thus, f is neither strictly increasing nor strictly decreasing in interval (-1,1).

12.  Which of the following functions are strictly decreasing on (o,%) ?

(A) cosx
Ans: f,(X)=cosx.

o (X)) =—sinx
|n(o,%j, f/(x) = —sin x <0.

- f,(x) =cosx is strictly decreasing in (0,%}.

(B) cos2x

Ans:  f,(x)=cos2x

o £, (X) = -2sin 2x
O<x< z
2

=0<2X<rx

=3sIn2Xx>0=-2sin2x <0



- f,(x)=—-2sin2x<0 in (o%)

. f,(x) =cos2x s strictly decreasing in (0,%).

(C) cos3x

Ans:  f,(x)=cos3x
- £, (X) =—3sin 3x

f,(x)=0

=sin3x=0=3x=rx, as XE(O,%)

T
= X==
3

x =2 divides (o,fj into (o,fj and (E,Zj_
3 2 3 3’2

In [o%) f,(x) = —3sin3x <0 [0<x<%:>0<3x<7z}
- f, is strictly decreasing in (0,%).

In Z,Z , ,(x) =—38sin3x >0 £<x<z:>7z<3x<3—7r
3 2 3 2 2

- f, is strictly increasing in (%%)

So, f, is neither increasing nor decreasing in interval (0,%).

(D) tanx



f,(x) tanx

o £, (x) = sec? x
In (0%) f,(x) =sec’ x > 0.

- f, 1s strictly increasing in (0,%}.

So, the correct answers are A and B.

13. On which of the following intervals is the function  is given by
f (x) =x'® +sinx -1 strictly decreasing?

A. (0,2

D. None of these
Ans: f(x)=x"* +sinx-1
- F(X) =100x* + cos x
In (0,1),cos x>0 and 100x* >0
S (x)>0

So, f isstrictly increasing in (0,1).
In (%,ﬂ'j,COSX<O and 100x* >0

100x*° > cos x



~ ' (x)>0 in (%ﬂj

So, f is strictly increasing in interval (%nj In interval (0,%j,cosx>0 and

100x*° > 0. ..100x* +cos x >0

= f'(x)>0 oOn (o,%)

. £ 1s strictly increasing in interval (0,%}. Hence, f is strictly decreasing in none
of the intervals.

The correct answer is D.

14. Find the least value of a such that the function f given f(x)=x*+ax+1 IS
strictly increasing on (1,2).

Ans:  f(x)=x*+ax+1
s f(X)=2x+a
f'(x)>0 in @2)
=2x+a>0

= 2X>-a
> X>—
2
So, we need to find the smallest value of a such that

x>_—2"‘,when xe(l2).

:>x>_7a( when 1< x<?2)



21— a=-2
2

Hence, the required value of a is -2.

15, Let 1 be any interval disjoint from (-1,1), prove that the function  given

by f(x)= x+% Is strictly increasing on |I.

Ans: f(x):x+§

f'(x):l—i2
X

f'(x)=0

:>1
2

=x==1

x=1 and x=-1 divide the real line in intervals (-«,1),(-1,1) and (L, «). In (-1,1),
-1<x<1

=x*<1

:1<i2,x¢0
X
1
:>1——2<0,x;t0
X

- F(X) :1—%<0 on (-1,1)\ {0}.

IN (~o0,-1) and (1, ),
Xx<-=10ril<x

= x?>1



:>1>i2
X

1
:>1——2>0
X

f’(X)=1—%>0 on (—oo,-1) and (1,x).

. £ is strictly increasing on (—,1) and (1,«).

Hence, f is strictly increasing in 1-(-11).

16.  Prove that the function f given by f(x)=logsinx is strictly increasing on
(0,%) and strictly decreasing on (%ﬂ'j

Ans:  f(x)=logsinx

, 1
o (X) =——cosx =cot x
sin x

|n(0,%), f'(x)=cotx >0
- f is strictly increasing in (o,gj. In(%,ﬁj, f'(x)=cotx <0

. £ is strictly decreasing in (%n’j

17, Prove that the function f given by f(x)=logcosx is strictly decreasing on

T . . . 3r
(O,Ej and strictly increasing on (E,n)

Ans:  f(x) = log cos x

= f'x)= _Czlsnxx = —tan x

(a) For strictly decreasing function
f’(x)<0



= -tanx<0

= tanx >0

= X € ]0,%[

(b) For strictly decreasing function
f'(x)>0

= -tanx>0

= tanx<0

= XE];,‘I‘[[

18. Prove that the function given by f(x) = x* —3x*+3x=100 is increasing in R.
Ans:  f(x)=x>-3x*+3x=100

f'(xX)=3x>-6x+3

:3(x2 —2x+1)

=3(x-1)?

For xe R(x—1)>>0.

So f'(x) is always positive in R.

So, the f isincreasingin R.

19.  Theinterval in which y=x% is increasing is

A. (—o0,)
B. (-2,0)
C. (2,0)

D. (0,2)



Ans:

a_,
dx

=x=0and x=2
In (—0,0) and (2,x), f'(x) <0 as e™* is always positive.
. f isdecreasing on (—w«,0) and (2,:). In (0,2), f (x)>0.

-~ f is strictly increasing on (0,2). So, f is strictly increasing in (0,2).

The correct answer is D.

Exercise 6.3

1.

Ans:

Ans:

Find the maximum and minimum values, if any, of the following given by

(i) (¥ =(2x-1)%+3
f(x)=(2x-1)%+3

(2x-1)*>0 for every xeR.
f(x)=(2x-1)*+3>3 for xeR.

The minimum value of f occurs when when 2x-1=0.
2x—1=0,x=l
2

: 1 1 Y
Min value of f 5= 2-5—1 +3=3.

The function f does not have a maximum value.
(i) f(X)=9X+12x+2

f(X) =92 +12x+2 = (3x% +2) 2.

(3x? +2)2 >0 for xeR.



f(0)=(3x +2) —2>-2 for xeR.

minimum value of f iIswhen 3x+2=0.

X+2=0=0,

Minimum value of f (—%):(3(%2j+2j —2=22

f does not have a maximum value.
(i) f(x)=—(x=1)>+10

Ans:  f(x)=—-(x-1)*+10
(x-1)°>0 for xeR.
f(x) =—(x—-1)*+10<10 for xeR.
maximum value of f iswhen (x-1)=0.
(x-1)=0,x=0
Maximum value of f = f(1)=—(1-1)*+10=10
f does not have a minimum value.
(IV)g(x)=xX+1

Ans:  g(x)=x*+1.

y neither has a maximum value nor a minimum value.

2. Find the maximum and minimum values, if any, of the following functions
given by

(1) f( o x+2]-1

Ans:  f(x)=x+2|-1



|x+2|>0 for xeR.

f(x)g x+2|-1>-1 for xeR.

minimum value of f iswhen |x+2}=0.
|Xx+2]=0

=>X=-2

Minimum value of f = f(-2)g-2+2|-1=-1

f does not have a maximum value.
(i) g(x)=—| x+1|+3

Ans:  g(x)=—|x+1|+3
—|x+1|<0 for xeR.
g(x)=—|x+1]+3<3 for xeR.

maximum value of y iswhen |x+1|=0.

|x+1|=0
=>x=-1
Maximum value of g =g(-1)=—|-1+1|+3=3

g does not have a minimum value.
(i) h(x)=sin(2x)+5
ANS:  h(x)=sin2x+5
-1<sin2x<1
—1+5<sin2x+5<1+5
4<sin 2x+5<6
Maximum and minimum values of h are 6 and 4 respectively.
(iv) f(x)=|sin4x+3|
Ans:  f(x)=|sin4x+3|

-1<sin4x<1



Ans:

Ans:

Ans:

2<sin4x+3<4
2<|sin4x+3|<4

maximum and minimum values of f are 4 and 2 respectively.
(V) h(X) = x+4, xe (-1,1)
h(x)=x+4,xe(-11)

Here, if a point x, is closest to -1, then we find X—2°+1< x, +1 for all x, e (-11). Also,

X +1

if x, isclosetto -1, thenwe find x, +1< +1 forall x, e (-1,1). function has neither

maximum nor minimum value in (-1,1).

Find the local maxima and local minima, if any, of the following functions.
Find also the local maximum and the local minimum values, as the case may
be:

(i) f(x=x
f(x)=x"

- F(X) = 2x
f'(x)=0=>x=0
We have f'(0)=2,

by second derivative test, x=0 is a point of local minima and local minimum value
of f

at x=0is f(0)=0.
(i) g(x) = ¥ —3x
g(x) =x"-3x

g (x)=3x*-3

g (x)=0=3x"=3
=>x==1

g (X) =6x



g@)=6>0
9 (-1)=-6<0

By second derivative test, x=1 is a point of local minima and local minimum value
of y

At x=11s g(1)=1°-3=1-3=-2.
x=-1 is a point of local maxima and local maximum value of y at

Xx=-11S g(1)=(-1)°*-3(-1)=-1+3=-2.

(il1) h(x) =sin x+co0s.0 < x<%

ANns:  h(x)=sinx+cos.0< x<%
- h'(X) = cos x+sin x
h'(x) =0 = sin x = cos x

=tanx=1

:x:ze(o,zj
4 2

h'(X) = sin X —cos X = —(Sin X + cos X)

(1))

Therefore, by second derivative test, x =% is a point of local maxima and the local

Maximum value of h at x== is h| Z |=sinZ +cos~
4 4 4 4

1 1
AN I

(Iv) f(X)=sin x—cos x0< X< 27



Ans: f(x)=sinx—cosx,0< x<2x
- ' (X) =cosx+sinx
f'(X)=0=cosx=-sinx=tanx=-1

ngzfzze(QZﬂ)
4 4

f"(X) = —sin x+cos x

L 1 __ fsg

NG

1 1
= 4+ =250

V2 2
by second derivative test, x = 37” Is a point of local maxima and the local maximum

value of  at x:3—” is f 3 =sin3—”c033—”
4 4 4 4

1 1
ARG

7 . . .. .. 7 .
x=7” Is a point of local minima and the local minimum value of f at XzTﬂ IS

1 . I 1z
f| — [=sin ——-cos —
(4) 4 4

1 1
R

(V) f(®)=xX-6X+9x+15
Ans:  f(x)=x*-6x+9x+15

o (X)=3x" -12x+9

f(x)=0=3(x* —4x+3)=0

= 3(x-1)(x-3) =0



= x=13
f(X) =6x—12 = 6(x—2)
f'(1) =6(1-2)=—6<0
f'(3)=6(3-2)=6>0

by second derivative test, x=1 is a point of local maxima and the local maximum
value of f at

x=11S f(1)=1-6+9+15=19.

x =3 Is a point of local minima and the local minimum value of f at x=3 is

f(3)=27-54+27+15=15.

(vi) g(x):§+g, x>0
2 X

Ans:  g=X+2 x>0
2 X

" 4 1
)=—==->0
g (2 7=

by second derivative test, x=2 is a point of local minima and the local minimum
value of y at

. 2 2
X=21S g(2)=—+—=1+1=2.
9(2) 55



.. 1
(vii) 909 =

Ans: (Vi) g(x) = 1+

X2 +2

—(2x)
(x3 +2)2

, —2X
=0 -0
900=0= (x3+2)2

g (x)=

=x=0

for values close to x=0 and left of 0,g*(x) >0 for values close to x=0 and to right
of 0g*(x) <0 by first derivative test x=0 is a point of local maxima and the local

1 1

maximum value of g(0) iIs ——==
0+2 2

(vil) f(X)=x/1-%x x>0

Ans:  f(X)=xy1-x,x>0

1

. ! _ _ R A A . X
s E(X) = X1=X + X 2\/1__)(( I)=V1-x N =

_2(1-x)-x  2-3X

o2iex 21—«

2—-3X

24J1—-x

f'(x)=0= =0=2-3x=0

2
= X=—

-1
1 J1- x(=3) _(Z_SX)(Z\/l—_xj

f'(x)==
) 2 1-x




1
i \/1—x(—3)+2(2—3x)(2\/1__xj

2(1-x)

_ —6(1-X) +2(2-3x)

4(1-x)?

3X-4
3

4(1-x)?

by second derivative test, x =§ Is a point of local maxima and the local maximum

value of f
2
X=—
3
f(zjzé h_%=3Ji=_£_=21§
3) 3V 3 3V3 3/3 9
4, Prove that the following functions do not have maxima or minima:
) f(=¢"

Ans: f(x)=¢"
- (x) =€
If £'(x)=0,e*=0. But exponential function can never be 0 for any value of x.
There isno ceR such that f'(c)=0.

f does not have maxima or minima.



(i1) g(x) =log x

Ans:  We have, g(x)=logx
1
Lg(X)==
X

log x is defined for positive x,g'(x) >0 for any x.
there does not exist ceR such that g'(c)=0
function y does not have maxima or minima.
(i) h(¥) = x°+ x*+ x+1

Ans:  We have, h(x)=x*+x* +x+1
S h(X)=3x"+2x+1

there does not exist ceR such that h'(c)=0. function h does not have maxima or
minima.

5. Find the absolute maximum value and the absolute minimum value of the
following functions in the given intervals:

(i) f(x =%, xe[-2,2]
Ans:  f(x)=x°.

- F(x) =3x

f'(x)=0=x=0

f(0)=0

f(-2)=(-2°=-8

f(2)=(2)°=8

Hence, the absolute maximum of f on [-2,2].is 8 at x=-2.



the absolute minimum of f on [-2,2] is -8 at x=-2.

e 1 9
(i) 109=4x- %, XE[_ZE}

Ans:  f(x) =4x—%x2
f'(x):4x—%(2x) =4-X
f'(x)=0=>x=4

1
f(4)=16-7(16)=16-8=8
1
f(-2)=-8-7(4)=-8-2=-10

ERREEE

=18-10.125=7.875

N | ©

the absolute maximum of f on {—2, } is8at x=4

} IS —10 at x=-2.

N | ©

the absolute minimum of f on {—2,

(ili) f(x)=sin x+ cos x xe[0,7]
ANns:  f(x)=sin x+cos x.
- F(X) =cosx—sinx

f'(x) =0=>sinx=cosx

:>tanx=1:>x=%

f(zjzsin£+cos£=i+i=i=\/§
4 4 4 2 2 2



f(0)=sin0+cos0=0+1=1

f(z)=sinzr+cosz=0-1=1
the absolute maximum of f on [0,7] is V2 at x:%

the absolute minimum of f on [0,z] IS -1 at x=~.
(iv) f(X)=(x=1%+3, xe[-3,1]
AnNs: f(x)=(x-1)°+3
S (X)=2(x=1)
f'(x)=0=2(x-1)=0,x=1
f)=01-1)*+3=0+3=3
f(-3)=(-3-1)*+3=16+3=19
absolute maximum value of f on [-3,1] iS 19 at x=-3

minimum value of f on [-3,1] is at x=1.

6. Find the maximum profit that a company can make, if the profit function is
given by p(x) =41 - 72x —18x°

Ans:  Given, p(x) =41 — 72x — 18x>
p'(x)=—72—36x

Putting this equal to zero we get x = — 2

Now let's look at second derivative of the given function.

f ”"(x) = — 36 and as we can see, this is negative for all x;
hence f(x) will have it's maxima at x = — 2.



Ans:

8.

Ans:

Maximum profit which the company is going to make is

P (—2) =41-72 x (—2) —18 x (—2?)
=113.

Find both the maximum value and the minimum value of
3x* —8x3 + 12x? —48x + 25 on the interval [0, 3].

F(X)=3x4 —8xs + 12x2 —48x + 25
f '(x) = 0 for finding critical points
f'(x) =12x3 —24x2 + 24x — 48
12x3 — 24x? +24x-48=0

12x2 (x—2) + 24 (x-2) =0
(12x2+24) (x-2) =0

Since 12x?2 +24=0and x—2=0

= X=2
We need to check at x =0,2,3

f(0) = 25
f(2) = — 39
f(3) = 16

. Maximum of f (x) at x =0 is 25
Minimum of f (x) at x = 2 is —39

At what points in the interval [0,2z], does the function sin2x attain, its
maximum value?

f(x) =sin2x.



- F'(X) = 2cos 2x

f'(X)=0=>cos2x=0

w7 37 b7 Ix

:>2X:_1_1_1_
2 2 2 2

w 37 S5 In
:X:_!_!_!_
4 4 4 4

f(0)=sin0=0, f (27) =sin2z =0

absolute maximum value of [0,27] is at x :% and x :57”.
9. What is the maximum value of the function sinx+cosx ?

Ans: f (X) =sin x+cos x
- T/ (X) =cosx—sinx

f'(x):O:Sinx:cosx:tanx=1:x:%,%...
f'(X) = —sin x —cos X = —(Sin X + cos X)
f"(x) will be negative when (sin x+cosx) is positive

we know that sinx and cosx are positive in the first quadrant f"(x) will be negative
when xe [0,%) .

consider x=7 . [ %)= _[sin%rcos® |=-[ 2 |= 2 <0
4 4 4 4 2



By second derivative test, f will be the maximum at x =% and the maximum value

of f is
V4 . r 1 1 2
f(Zj_San+COSZ_$Xﬁ_$_\/§
10. Find the maximum value of 2x*-24x+107 in the interval $[1,3]3$. Find the

maximum value of the same function in [-3,-1].
Ans:  f(x)=2x>-24x+107

o F(X)=6x*—24=6(x" —4)

f'(x):O:>6(x2—4):O:>x2 =4=x=42

Consider 1,3.

f(2) =2(8)-24(2) +107 =16 —48+107 =75

f(1)=2(1)-24(1) +107 =2—-24+107 =85

f(3) =2(27)—24(3) +107 =54 -72+107 =89

absolute maximum of f(x) inthe 1,3 is89 at x=3.

consider [-3,-1].

f(=3) = 2(~27) —24(-3) +107 =54+ 72+107 =125

f (1) =2(-1) — 24(-1) +107 = 2+ 24 +107 =129

f(-2) = 2(-8) —24(-2) +107 = 16 + 48 +107 =139

absolute maximum of f(x) in [-3,-1] is 139 at x=-2.

11. It is given that at x=1, the function x*-62x + ax+9 attains its maximum
value, on the interval $[0,2]$. Find the value of «.



Ans:  f(x)=x*-62x*+ax+9.
o (X)=4x*—124x+a
L f' =0
=4-124+a=0

=a=120

the value of a is 120.

12. Find the maximum and minimum values of x+sin2x on [0, 2] .
ANS:  £(x) = x+sin2x

- F(X) =1+ 2cos 2x

f'(x)=O:>cost=—%:—coszzcos(ﬂ——):cosz—”
2X:27ri2—7,z.neZ
3
:X:ﬂiz,nez
:>X=£,2—ﬂ,4—ﬂ,5—ﬂe[0,27r]
33 3 3
il :z+sm2—ﬂ—ﬂ+£
3) 3 3 3 2




13.

Ans:

14,

Ans:

((32)- S antle Sz 8

sin —
3 3 3 3 2

f(0)=0+sin0=0
f(2r)=27r+sindr =27+0=2x
absolute maximum value of f(x) in [0,27] IS 27 at x=2x

absolute minimum value of (x) in [0,27] IS0 at x=0.

Find two numbers whose sum is 24 and whose product is as large as possible.

Let number be x. The other number is (24-x). p(x) denote the product of the
two numbers.

P(x) = x(24—x) = 24x — X*

P (X)=24-2x

P (x)=-2

P(x)=0=>x=12

P'(12)=-2<0

x=12 is point of local maxima of P.

Product of the numbers is the maximum when numbers are 12 and 24-12=12.

Find two positive numbers x and y such that x+y=60 and xy® is maximum,
numbers are x and y such that x+y=60. y=60-x

) =xy’

= f(x) =x(60-x)*

- F1(X) = (60 + x)* —3x(60 — x)*



= (60+ x)*[60 — x —3x]

= (60+ x)*(60—4x)

f"(x) =—2(60—x)(60 —4x) —4(60 — x)*

= —2(60 — x)[60 — 4x + 2(60 — x)]

= —2(60— x)(180—6x)

=-12(60 - x)(30—x)

f'(x)=0=x=60 or x=15

x=60, " (x)=0

x =15, f"(x) =—-12(60—15)(30—15) =12x45x15< 0
x =15 is a point of local maxima of f.
function xy® is maximum when x =15 and y=60-15=45.

Required numbers are 15 and 45.

15. Find two positive numbers x and y such that their sum is 35 and the
product x*y® is a maximum

Ans: one number be x. other number is y=(35-x).
p(x) =Xy’
P(x) = x*(35—-x)°
- P'(X) = 2x(35-x)° —=5x*(35—x)*
= Xx(35-X)*[2(35—x) —5x]
= X(35—x)* (70— 7x)

=7x(35-x)*(10—-X)



And, P’(x)=7(35-X)*(10-x)+7x[ ~(35-5)" —4(35— x)° (10— ) ]
=7(35-x)*(10—x) - 7x(35—x)* —28x(35—X)*(10 — X)
=7(35-X)’[(35— X)(10 — X) — X(35— X) — 4x(10 - X)]
=7(35-x)° [350—45x +X? —35X+ X* —40x + 4x2]

= 7(35—X)*(6x* —120x+350)
P'(x)=0=x=0,x=35,x=10

x=35"f (x)=f(x)=0 and y=35-35=0.
x=0,y=35-0=35 and product x*y* will be 0 .

x=0 and x=35 cannot be the possible values of x.
x=10,

P"(x) = 7(35-10)* (6 x100 —120 x10 + 350)
=7(25)*(=250) < 0

P(x) will be the maximum when x=10 and y=35-10=25. the numbers are 10 and
25.

16. Find two positive numbers whose sum is 16 and the sum of whose cubes is
minimum.

Ans:  one number be x. the other number is (16— x). sum of cubes of these numbers
be denoted by S(x). S(x) = x®+(16—x)°

-5 (X) =3x* —3(16 - x)?,
S"(X) =6Xx+6(16—X)
S'(X)=0=3x*-3(16-x)*=0

=x*-(16-x)*=0



17.

AnNs:

= x*-256-x*+32x=0

= X:@:8
32
S"(8)=6(8)+6(16-8)=48+48=96>0

By second derivative test, x=8 is point of local minima of S. sum of the cubes of
the numbers is minimum when the numbers are 8 and 16-8=8.

A square piece of tin od side 18cm is to made into a box without top, by

cutting a square from each corner and folding up the flaps to form the box.
What should be the side of the square to be cut off so that the volume of the box
IS the maximum possible?

side of the square to be cut off be xcm.

length and breath of the box will be (18-2x)cm each and the height of the box is x cin

V (X) = x(18—2X)?

=V (X) = (18— 2x)? — 4x(18— 2x)
= (18— 2X)[18— 2x — 4X]

= (18— 2x)(18—6X)
=6x2(9—X)(3—X)
=12(9-x)(3—X)

V' (x) =12[~(9— X) — (3— X)]
=—12(9-Xx+3-x)
=—12(12-2x)

= —24(6-X)

V(X)=0=x=9 0or x=3



18.

Ans:

x=9, then the length and the breadth will become $0 .$
SX#9.

=X=3.

V'(3)=-24(6-3)=-72<0

.. By second derivative test, x=3 is the point of maxima of v .

A rectangular sheet of tin 45cm by 24cm is to be made into a box without

top, by cutting off square from each corner and folding up the flaps. What
should be the side of the square to be cut off so that the volume of the box is the
maximum possible?

side of the square to be cut be x cm.
height of the box is x, the length is 45-2x,
breadth is 24-2x.

V (X) = x(45—2x)(24 - 2x)

= x(1080—90x —48x+4x°)

= 4x° —-138x” +1080x

= V'(x) =12x* - 276 +1080

=12(x* —23x+90)

=12(x—18)(x—5)

V' (X) = 24x—276 =12(2x —23)

V' (x)=0=x=18 and x=5

not possible to cut a square of side 18cm from each corner of rectangular sheet, x
cannot b.

equal to 18.



X=5
V' (5)=12(10-23) =12(-13) =-156 <0

x =5 Is the point of maxima.

19. Show that of all the rectangles inscribed in a given fixed circle, the square
has the maximum area.

Ans:  Arectangle of length | and breadth b be inscribed in the given circle of radius
a. the diagonal passes through the center and is of length 2acm.

(2a)° =12 +b?

=b*=4a°*-I°
:>b=m
A=I4a’ -12



R a Y /Y E SR S 4! ) S /P ERE S

dl 24a% —|? V4a® -1?
_ 43 —|?
va4a® -1
a2t — 17 (—a1)— (422 —212) 2
gra VP2
dl? (4a2—I2)

(4a%—17)(-41)+1(4a® - 21%)

. (42> 17)"

_12a%+21°  -2l(6a7-1%)
(4212 (42212

(;_?:0 gives 4a’=21>=1=+2a

— b =+/4a%-2a2 =+[2a> =22

when I =+/2a,

d’A —2(J2a)(6a’-2a%) _g\2a° 4et
= = =4

d’ 2./2a° 24/2a°

when | =+/2a, then area of rectangle is maximum. Since | =b=+/2a, rectangle is a
square.

20. Show that the right circular cylinder of given surface and maximum volume
Is such that is heights is equal to the diameter of the base.

ANS:  S=2xr%+2xrh

_S-— 27r?
2rr

=h



=0
=—/| = |=r
2\ r

V =zr*h=rr? {Zi(lj_ r} — sr — 718
T

av._S_ ﬂ'rz,dZ\Z/ =—67xr
d

E_Z r

T I I

dr 2 67

rZzi ﬂ:—Gﬂ[ GiJ<O

T

67 dr?

volume is maximum when r? = > when r? :i,
67 67

2
then h= 27" (1

—J—r:Br—r=2L

27 \r

21. Of all the closed cylindrical cans (right circular), of a given volume of 100
cubic centimeters, find the dimensions of the can which has the minimum

surface area?
Ans: V =zr*h=100

_100

=.h
zr?
200

S=27%+2xrh=2xr*>+=—"-
r

ds 200 d*S 400
dr r- dr r
9 o mr = 220
dr r
s 200 50
=r’= =

C4r oz



22.

AnNs:

1

the surface area is the minimum when the radius of the cylinder is K@T cm.
T
(SOJ h= Z(SOJ cm.
T T

A Wire of length $28 m$ is to be cut into two pieces. One of the pieces is to
be made into a square and the other into a circle. What should be the length of
the two pieces so that the combined area of the circle is minimum?

Piece of length 1 be cut from wire to make square other piece of wire to be

made into circle is (28—1)m. side of square :!I

27r =28—1 = r:i(28—l).
2

|2 1 ?
Az—+7{—(28—|)}
16 27

|2
=—+— 281
16 4rx ( y

dA 2l
T E(zs (- 1)_———(28 )

d’A 1 1
—=—+—>0
dl 8 2x

d—A:0:>I——I—(28—I):O
8 2«



_ 7l —4(28-1)

=0
8
(+4)1-112=0
112
==
T+4
2
when |=£,d—f‘>o.
4 dl
. 112
the area is minimum when | = )
T+4

23. Prove that the volume of the largest cone that can be inscribed in a sphere
of radius R is % of the volume of the sphere.

Ans: Let r and h be the radius and height of the cone respectively inscribed in a
sphere of radius R.

V :lm’zh
3

h=R+AB=R++R?-r?
.'.V:%ﬂrz(R+\/R2—r2)

:%EFZR+%7ZT2\/R2+I'2
ﬂzgﬁrR+g7zr,/R2_r2+lﬂ-r2.i
dr 3 3 3 2JR2 —r2
:—7rrR+ m‘\/RZ—I’ ——7[

3 R?—r?

27r(R? =r?)—zr®

=gzer+ ( )

3 3JR? - 12



2 27rR? =371
S

=—nxrR
CHY
3JR? —r2 (22R? =971 )= (27rR? = 371° =20
2R r? (2zR* —97r?)—(2zr ﬂr)6m
ar* 3 9(R2—r2)
2o 9(R2 —rz)(an2 —97zr2)+327rr2R2 +37r?
27(R*—r?)?
d—V—o:ﬂErR—3”r3_2”R2
dr 3 3JRI-r?
3 2
L op= T 2R R JRE 1 =32 2R?

JRZ-r?
= 4R?*(R*~r?)=(3r" —2R2)2
— AR* —4R’r? = Or* + 4R* —12r2R?

— 9r* =8R?r?

=r’==R?
9
r2=§R2,g<0
dr

volume of the cone is the maximum when r? =%R2.

=S8R hoRr+ /R2—§R2 R+ /ERZ _r+R_4g
9 9 9 3 3
57 )3%)



= %x( volume of the sphere)

24, Show that he right circular cone of least curved surface and given volume
has an altitude equal to +/2 time the radius of the base.

Ans: V=" arth=h :ﬂ2
3 r

S =7rl

= zr\r? +h?

—nr\/r2+ V2 r92rf 4?2

T
7r2r4 7z'r2

:l\/ﬁ2r6+9V2
.

r—— N7 r+9v
N

Cdr r?

_ 37°r® — 2%r® —9v?
r2\z%re +9v?2
27°ré —ov?

r2z%rf +9v?2
27°re —9v?
r2z%r +9v 2

2
B 2t —v ot :9\/2
dr 2r

272" dr?

ov

2
T

surface area of the cone is least when r® =




r

1
2 2.6 \2 3
sV h:wzzs\/z(znr) _ 32'\/2;” _Jar

27%" r r 9 r

25. Show that the semi-vertical angle of the cone of the maximum volume and
of given slant heigh is tan™ /2.

Ans:  Let ¢ be semi-vertical angle of cone. 6 < [o,ﬂ

r=Ising and h=Icosé
\Y =17rr2h
3
—22(17sin?0)(I cos 0)
3
:%nl%inzecosﬁ

av  Prr. . .
S.——=——sin“ @(-sin @) +cos@(2sin @cos O
15~ SN O(=sin6) ( )]

3
= I—7[[—sin3+ 2sin 0 cos® 9]
3

3
dz\é = I—ﬁ[—:%sin2 6cos@+2cos’ @—4sin® G cos 0]
do 3

1*z

= ?[Zcosz 6 —7sin? HCOSH}

v
do
= sin®@ =2sindcos’ o

—=tan’ 9 =2

—tanf=+/2



= @=tan'/2

when @=tan™*+/2, then tan?0 =2 or sin?4=2cos* 4.

2 3
v :I—”[2c0530—14coss 0] =-4xt*cos?9 <0 for 9| 0,2
de> 3 2

volume is the maximum when @ =tan*+/2.

26. Show that the semi vertical angle of a right circular cone of given surface

. . .11
area and maximum volume is sin™! R

Ans: Letr, h, | be the radius , height and slant height of the right circular cone
respectively.

Let S be the given surface area of the cone.
We have, P=r?+h?* ...(1)

S=nrl + nr?

S—nr?2= nrl

1= (2

nr

2
1 s — mr?
=>v2=§n2r4 ( ) —rz]

nr

1 [(s — mr?)?2—-m?r*
sv2=2p2pt [ ) ]
9 2712
1
= V2= 5 r?[(s — nr?)? — n?r?]
1
= V2= 5 r2[S? — 2nSr? + n?r? — n?r?]
1
= V2= 5 (r?S?% — 2nSr*)



2
v E = Z g 2 43
dr 9 9
v &= 22§ 4mr?)
dr 9

. dv
For maximum volume, — = 0

=22 (S—4mr?) =0

>r=oorS—4nr¢=o

Since, r cannot be o

= S = 4nr?
S
===
41T
o _ mrl+mr?
=7r
41T

= 4nr? =nrl + nr?

= 3nr? =nrl

=1=3r

Let a be the semi-vertical angle .

Sina =

Sina =

@Wls PI%

. 1
= o= sm‘l(g)




27. The point on the curve x* =2y which is nearest to the point (0,5) is

(A (2V2,4) (B) (242,00 (C)(0,0) (D) (22

Ans:  position of point is (XX?J distance d(x) between points (XX?J and (0,5) Is

X2 2 Xt X
d(x) = (X_O)2+[?_5j =\/XZ+I+25—5x2=\/Z—4x2+25

(x° -8x) (x*—8x)

4 - 4 _1py2
2\/2_4X2+25 Jx* ~16x? +100

od'(x) =
d(x)=0=x>-8x=0
= x(x*-8)=0

= x=0,+2/2

_ (x*~16x* +100)(3x* —8)—2(x* —8x)(x° -8x)

(x“ —16x> +100)g

(% -16x*+100)(3x* 8) - 2(x’ -8x)’

3
2

(x4 —16x? +100)

x=0, then d"(x) = 366(5;8) <0.

Xx=422,d"(x) >0

2
d(x) is the minimum at x=+2/2. x=i2\/§,y=@=4.

The correct answer is A.



1-Xx+ X i
1+ X+ X

28. For all real values of x, the minimum value of

OUEHCEIOE

_ 2
Ans: f(x):1 X+X2
1+ X+X

(l— X+ xz)(—1+ 2X) —(1— X+ xz)(1+ 2X)

(l+ X + xz)2

I (x) =

12X X+ 22X = X2+ 2X2 12X+ X+ 2%7 = xF = 2x%°

(1+ X + x2)2

) ~ 2(X2 —l)

(1+x+x2)2 (1+x+x2)2

L (X)=0=x=1=>x=+1

2[(1+ X+%2)(2X) = (X* =1) (2) (1+x+x* ) 1+ 2x)]

(1+ X+ x2)4

f(x)=

4(1+x+ xz)[(1+ X+ %) x—=(x* =1) @+ 2X)i|

(1+ X + X )4

[x+x2 +x3=x? —2x3+1+2x]

(1+ X+ x2)3

4(1+3x—x3)

(1+x+x2)3

_A43-D) _4@) _4
C@A+1+1)°  @)° 9

£(1)

 4(1-3+1)

S etery D=0

f'(-1)

f is the minimum at x=1 and the minimum value is given by



C1-1+41 1
1+1+1 3

f (1)

The correct answer is D

1

29.  The maximum value of [x(x+1)+1]3,0<x<1 is

w (i
B)
©) 1

(D) 0

Ans:  f(x)=[x(x+1) +1]%

)= —2Xt

2

Ax(x+1)+1]°

f'(x):O:x:%

f(0) =[0(0—1)+1]% =1

1

f(1)=[11-1) +1]® =1

1 1
(GREGEED)

2 2\ 2 4
Maximum value of f in0,11s 1.

The correct answer is C.



Miscellaneous Solutions

1. Show that the function given by f(x) _ 109X has maximum at x=e.
X
Ans:  f(x) _ logx
X
x(lj—log X
, X 1—log x
f(x)= 2 = NG
f'(x)=0
=1-logx=0
=logx=1
= logx=loge
— X=€
o 1
X (—j—(l—log X)(2X)
" X
f ()= v
—X—2X(1-log x)
-3+ 2log x
N
" —-3+2loge -3+2 -1
f'(e) == R
f is the maximum at x=e
2. The two equal sides of an isosceles triangle with fixed base b are decreasing

at the rate of 3cm per second. How fast is the area decreasing when the two
equal sides are equal to the base?

Ans: Let AABC be isosceles where BC is the base of fixed length b.

Let the length of the two equal sides of AABC be a.

Draw AD 1 BC.



B h2 p h2 ¢

2
AD = az—b—
4
: 1, |, b?
Area of triangle ==b,[a’ - —

2 4
dA_1, 22 da_ b da
dt 2 2 dt \J4a?2—p? dt

2Ja2_b J4a? —b
4
E:—3(:m/s
'%_ —3ab
Cdt Jaa2 —p?
when a=b

dA -3 -3’
S 7
dt  Jap2—p? 302



3. Find the intervals in which the function f given by f(x)=**" X2_ ZC);; XCOSX |
+ X

(i) increasing (ii) decreasing

4sin X—2X—XC0S X

Ans: f(x)=
2+C0os X

Cf(X) = (2+cosx)(4cos x—2—cos X+ XSin X) — (4sin X —2X — X cos X)(—Ssin X)
B (2+cos x)?

_ (2+c0s x)(3cos X — 2+ xsin X) +sin X(4sin X —2X — X COS X)
(2+cosx)®

_ 6C0sX—4+2xsin X +3¢0s” X —2€0S X+ XSin XC0S X +4sin® X —2sin® X — 2Xsin X — Xsin XC0S X
(2+cos x)°

_ 4cosx—4+3cos” x+4sin” x
(2+cosx)®

_ 4cosXx—Cos’ X _ COSX(4—CosX)

(2+cosx)® (2+cosx)®
f'(x)=0
= cosx=0cosx=4
cosX =4

cosx=0

3z
"2

|n(o,§j and (%’”%j f'(x)>0

b2
=>X=—=
2

f(x) Is increasing for O<x<% and 3?”<X<27z.

In(%,?’?ﬂj,f'(xko

f(x) is decreasing for %< x<37”.



4.

AnNs:

Ans:

Find the intervals in which the function t given by f(x)=x° +%,x #0 IS

(i) increasing

(i1) decreasing
F) =2+ =
X

v 3 3x°-3
o f (X):3X2—F:T

f(X)=0=3x°-3=0=>x*=x=41

In (—o,1) and (1,«) i.e.., when x<-1 and x>1,f(x)>0. when x<-1 and x>1,f IS
increasing. In (-1,1) i.e., when -1<x<1, f'(x)<0.

Thus, when -1<x <1, f is decreasing.

Find the maximum area of an isosceles triangle inscribed in the ellipse

2 2

X—2+§ =1 with its vertex at one end of the major axis.
a
A(a cos 0, b sin )
B(a cos 0, b sin 0)
i X2 y2
Ellipse ?+b—2=1

Let $A B C$, be the triangle inscribed in the ellipse where vertex C is at (a,0). Since

the ellipse is symmetrical with x -axis and y—axis y, = ig,/az — X2

Coordinates of A are (—Xllg\/az—lej and coordinates of B are (Xp—%/az—xf-j As
the point (-x,y,) lies on the ellipse, the area of triangle $A B C$ is

A= 2o 2T e o) T oo -2

a



= A=ba+/a’ —x21+x12«/a2 — %

dA _ -2xb b /7 2bx;
.dX1 YN a’\ja®—x’
b
=m_[—xla+(a2—xf)—xf]

b(-2x¢ ¢ +a?)

a/a’ - x’

=R 2(-2)
_at+9a’®
4
at3a
—4
=X
a b a’ ba J3b
x, cannot be equal to a. i az_fzz_a\/_:T
-2
A b Ja —Xf(—4X1—a)—(—2Xf—X1a+a2)2(a2)f)2
Now, — = - _ X
dx‘1 a a‘—x

(a® =7 )(—4x, —a)+x, (-2 —xa+a’)

2

()

b
a



AnNsS:

b 2x* —3a’x-a’
3

(8 =)’
when x =2,
% 2
a® _a® a® 3,
2—-3_--a ———a’'-a
d*’A_b|"g "> b]a 2
dZ  a 3 3 3
X @ 3a® 2 2 3a’® \2
4 4
9 s
“a
:E 4 <0
T
4

Area is the maximum when x1=%. Maximum area of the triangle is

2 2
A=b az_a_+(ﬂj9 2 2

4 2)a 4
:abﬁ{ajﬁxﬁ
2 2/)a 2

_ abﬁ+ abv/3 _ Bﬁab
2 4 4

A tank with rectangular base and rectangular sides, open at the top is to
constructed so that its depth is \[2m\]and volume is 8sm®. If building of tank costs
Rs 70 per sg meters for the base and Rs 45 per sq meters for sides. What is the
cost of least expensive tank?

Let I,b and h represent the length, breadth, and height of the tank respectively.
height (h) =2m

Volume of the tank =8 m® VVolume of the tank =Ixbxh 8=Ixbx2



:>Ib:4:>b:;i

Area of the base =Ib=4

Area of 4 walls (A) =2h(l +b)

a=4f1et]

==12

Therefore, we have 1=4.

ab=224,
|2

d’A 32

EE
2

1=2,9 A3 40
di’ 8

Area is the minimum when |1 =2.

We have | =b=h=2.

Cost of building base =

Rs 70x(Ib) = Rs70(4) = Rs 280

Cost of building walls = Rs2h(l +h)x 45 = Rs90(2)(2+2) =
Rs 8(90)= Rs 720

Required total cost = Rs(280+720) = Rs 1000



7. The sum of the perimeter of a circle and square is k, where k is some
constant. Prove that the sum of their area is least when the side of square is
double the radius of the circle.

Ans:  2zr+4a=k (where k is constant) = a= k—2nr

sum of the areas of the circle and the square (A) is given by,

_ 2
A=rnr’+a’ =ﬂr2+w

16
SOA o Ak=2mNCE)
dr 16
__m(k=2zr)
4
Now, %:0
dr
NP (K —27r)
8r=k-2nr
= B+27)r =k
kK
8+27 2(4+n)
2 2
Now, d—f‘=27z+”—>0
dr 2
2
- where r=_¥ ,d—f‘>
2(4+7x) dr
area is least when r = where r = K ,
2(4+7) 2(4+7)
k—-2x K
2(4+r) | 8k+27k-27zk K _or

4 24+7)x4  b+rm



8. A window is in the form of rectangle surmounted by a semicircular opening.
The total perimeter of the window is 10 m. Find the dimensions of the window
to admit maximum light through the whole opening.

Ans: x and y be length and breadth of rectangular window.

Radius of semicircular opening =%
.'.x+2y+7[—x=10

2
:>x(1+%j+2y:10

:>2y=10—x(1+%j

a8
=>Yy=5-X=-+—
2 4

2

(X
A=xy+—| =
Xyzzj




:>5—x—zx=0
4

:>x£1+£j:5
4
5 20
= X= =
( ﬂj T+4
1+
4
20 d?A
Xx=——,—<0.
7+4 dx
: : 20
area is maximum when length x = M
T+

NOW, y=5- 20 (2+_7r]25_5(2+7z) _ 10
T+4\ 4 T+4 T+4
: : : 20 10
the required dimensions length = m and breadth = m.
w+4 T+4
Q. A point of the hypotenuse of a triangle is at distance a and b from the sides

2 2\3
of the triangle. Show that the minimum length of the hypotenuse is (a3 +b3j

Ans:  AABC right-angled at B. AB=x and BC =y.

P be a point on hypotenuse such that P is at a distance of a and b from the sides
AB and BC respectively.

A




/c=0

AC =X +y?
PC =bcosecd

AP =asecd

AC=AP+PC

AC =bcosecd +asech.....(1)

% =—-bcosecdcot@+asecHdtan @

d(AC) _
do

0

=asecHtan@d =bcosecHcot @

a sing b cosd
cos@ cos@ sind sind

= asin*d =bcos* o

1 1
= (a)®sind = (b)*cosd

1
=tand = (9}3
a

1
3
(b) and cos@ =

2 2
Va3 +b? a®+b?
1
ja

s.sing =

(2)

~—~~
N
~—
Wk
()

d2(AC)

clearly 7 <0 when tan 6 =

o | T

the length of the hypotenuse is the maximum when tané =(

1

Now, when tané = [Ejs
a

a

1

bj3.



10.

Ans:

\/z 2 \/z 2
b a3+b3+a a’+b3
- 1

AC :
b3 ad

3
2

2 2
maximum length of the hypotenuse is :(a?’ +b3] :

Find the points at which the function f given by f(x) =(x-2)*(x+1)® has
(i) local maxima
(i) local minima
(iii) point of inflexion
f(x)=(x-2)"(x+1)°
o () = 4(x— 22 (x+1)° +3(x + D)% (x - 2)*
= (x=2)’(x+1)"[4(x +1) +3(x~2)]

=(x=2)*(x+1D?*(7x-2)
f'(x)=0=x=-1 and XZ% or x=2
2 2 ..
for x close to B and to left of 7,f (x)>0.

for x close to % and to right of % f'(x)>0. x:§ Is point of local minima.

as the value of x varies f'(x) does not changes its sign.

x =-1 is point of inflexion.



11. Find the absolute maximum and minimum values of the function f given

by f(x)=cos®x+sinx,x [0, 7]
Ans:  f(x)=cos® x+sinx

f'(x) = 2cos x(—sin x) +cos X

=—25iNn X COS X + COS X

f'(x)=0

= 2SIiNn XCOS X = C0S X = cos X(2sinx—1) =0

:sinx:% or cosx=0

—x=2",0r Z as xe[0,x]
6’ 2

f(0)=cos’0+sin0=1+0=1

f(7)=cos* r+sinz=(-1)*+0=1

fl 2] =cos? Z4sinf=0+1=1
2 2 2

absolute maximum value of f is % at x==

absolute minimum value of f is1at x=0,x=2,and =.

12. Show that the altitude of the right circular cone of maximum volume that

can be inscribed in a sphere of radius r is %.
. 1
Ans: Vv :§72'R h

BC =/r’ —R?

h=r++r?-R?



Y :éﬂRz(er/rz _ R2)=%ﬁR2r+%7zR2 r? _R?

Vo2 2 s R (2R
ﬁ—gﬂ' r+?ﬂ' r-— +?2—W

3
:%;;Rr +%”;;R\/r2 R R

R

2;er(r2 —RZ)—ER3

=—7xRr+
3 3r? —R?
2 27Rr? =3zRr?
=—7Rr+
3 3Jr2—R?
av
dR?

272rR 37R*-27Rr?
j— =
3 3Vr?—R?

= 2rJr? —=R? =3R?*-2r?

= 4r®(r* -R?*)=(3R? —2r2)2

=14r" —4r’R? =9R"* + 4r* —12R%r?

= 9R*-8r’R*=0

= 9R*=8r?
= R? :ﬁ

9

3Jr’ —R? (271 —97R?)—(27R° —37zR3)(—6R)%

d2V_27rr+ 2/r2_R
drR? 3 9(r2—R2)

Wi —R? (27r* -97R?)—(27R? —37TR3)(3R)%
_ 2xr N 2Jr2 =R

3 9(r2—R2)



13.

Ans:

14.

Ans:

when R? :£1d2v <
9 "dR?

R2_£
9 )

, 8R? \/?2 r4r
=l +,—=l+—-=—
\ 9 9 3 3

Let f be a function defined on [a, b] such that f '(x) > 0, for all x € (a, b).
Then prove that f is an increasing function on (a, b).

Given, f'(x) >0on [a, b]
=~ fis differentiable function on [a, b]
Also, every differentiable function is continuous, therefore f is continuous on [a,b].

Let x1,X2 €[a,b] and X2 > x1, then by LMV theorem, there exist ce[a,b] such that
(( ) —_ f(xZ) f(xl)

=>f(X2)—f(X1) = (x2—x1) f(c)
=f(x)—f(x))>0asxy>x;and f'(x) >0

= f (x2) >  (x0)

;
volume is the maximum when R? = 8

~ forxi<xq
= f (x1) < f(X2)

Hence, f is an increasing function on (a, b).

Show that the height of the cylinder of maximum volume that can be
inscribed in a sphere of radius R is 2R also find the maximum volume.

NeD
h=2yR>-r?
V =zr*h=2zr*yR? —r?

dv 27zr 2zro(=2r)
s — =4xryJR? -
dr 24/R? —r?

27xr?
=4xrJR*—r? -
JR? —r?




B 47rR? — 6713
- JR? —r?

Now, C;—V =0=47rR*-62r*=0

=r’= 2R"

R
dv _ VRE -1 (47R ~187r?) - (471 —&rr"‘)gj%
dr? (Rz_rz)
B (RZ - r2)(47zR2 —187ZI’2)+ r(47II’R2 —67”3)

(Rz—rz)g
_ A47R* —227r?R? +1271* + 471’ R2
(RZ_rz)i
r’ :2—52,%72\2/<0.
2R* _ 2R2

T

volume is maximum when r? =
2R

3 3
) . . 2R? R? 2R
height of th lind 2/R2——:2,/—=—.
eight of the cylinder is 2 35

volume of the cylinder is maximum when height of cylinder is Vo

Show that height of the cylinder of greatest volume which can be inscribed
in a right circular cone of height h and semi veritical angle a is one-third that

of the cone and the greatest volume of cylinder is %ﬂhz tan’a.

15.



Ans:

ll

r=htana

since AAOG is similar to ACEG,

Ao _CE
OG EG

—H :E(r_R):L(htana—R):i(htana—R)
r htana tan a
7R?

(htana—R)
tana

volume of the cylinder is V = zR*H =

7R3

tana

=7R*h—

2
SOV, Rn R
dR tana

-0
drR

37R?
tana

= 27Rh =

= 2htana=3R

2h
= R:?tana



d’v =27rRh—67[—R

drR? tana

And, for R= 2—3htan a, we have:

=27h——— ?tan aj:27zh—47rh =-27h<0

volume of the cylinder is greatest when R =2—3htan a.

Rzz—htana,H:L htana—z—htana :L htana :ﬂ_
3 tan a 3 tan a 3 3

the maximum volume of cylinder can be obtained as

2 2
n(z—htanaj (Ejzﬂ ﬂtanza [Ej:inhstanza
3 3 9 3 27

16. A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314
cubic mere per hour. Then the depth of the wheat is increasing at the rate of

(A) 1m/h (B) 0.1m/h (C) 1.1m/h (D) 0.5m/h
Ans: vV =z(radius )*x height

=7(10)*h ( radius =10 m)

=100szh
d_V =100x %
dt dt

Tank is being filled with wheat at rate of 314 cubic meters per hour.

d—V:314m3/h
dt

314 =1007 ah
dt

dh 314 314
- — = = :1
dt  100(3.14) 314

The depth of wheat is increasing at 1m/h.

The correct answer is A.



