CLASS - 12 MATHS

NCERT SOLUTIONS

continuity and differentiabilituy

Exercise 5.1

1.

Ans:

Chapter

Prove that f(x)=5x-3 is a continuous function at x=0, x=-3 and x=5.

The given function is f(x)=5x-3.
At x=0, f(0)=5x0-3=3.

Taking limit as x — 0 both sides of the function give

limf (x)=lim(5x-3)=5x0-3=3

x—0 x—0

-~ limf (x)=f(0).

x—0
Thus, f satisfies continuity at x=0.
Again, at x=-3,f (-3)=5%(-3)-3=-18.
Now, taking limit as x — 3 both sides of the function give

limf (x)= Ixiir;f (5x-3)=5%(-3)-3=-18

X—3

~limf (x)=f(-3).

x—3
Therefore, f satisfies continuity at x=-3.
Also, at x=5,f (x)=f (5)=5%5-3=25-3=22.
Taking limit as x — 5 both sides of the function give

limf (x)= Iirrg(Sx-S):SXS-3:22

X—5

- limf (x)=f(5).

X—5

Hence, f satisfies continuity at x=5.



2. Verify whether the function f(x)=2x"-1 is continuous at x=3.
Ans: The given function is f x =2x*}1.

Now, at x=3, f(3)=2x3*-1=17.

Taking limit as x — 3 both sides of the function give

limf (x)=lim(2x*-1)=2x3-1=17

X—3 X—3

- limf (x)=f=(3).

X—3

Hence, f satifies continuity at x=3.

3. Verify whether the following functions are continuous.
(@) f(x)=x-5
Ans: The given function is f(x) =X-5.

It is assured that for every real number k, f is defined and its value at k is k-5.
Also, it can be noted that

limf (x)= Iximf (x-5)=k=k-5=f (k).

X—k

~limf (x)=f (k)

x—k

Hence, f satisfies continuity at every real number and so, it is a continuous
function.

(b) f(x):)%s,x;tS

Ans: The given function is

f(x)=é.



Ans:

Ans:

Let k =5 isany real number, then taking limitas x — k both sides of the function
give

limf (x)=lim—=—

Also, f(k):i ,since k=5
k-5

~limf (x)=f (k)

x—k

Therefore, f satisfies continuity at every point in the domain of f and so, itis a
continuous function.

x?-25
X+5

(c) f(x)= X#5

The given function is

f(x)

Now let ¢ #-5 be any real number, then taking limit as x — ¢ on both sides of
the function give

x?-25 (x+5)(x-5)

_x*-25
X+5

lemf(x):lxlﬂg it :legg i :legg(x-s):(c-S)
Again, f(c):M:c(c-S), since c#5.

ct+b

Hence, f satisfies continuity at every point in the domain of f and so it is a
continuous function.

d) fx)=|x-5]|

X if
The given function is f(x):\x-S\:{S X! X<5}.

X-5, iIf x>5



Note that, f is defined at all points in the real line. So, let assume ¢ be a point on
a real line.

Then, we have c¢<5 or ¢=5 or ¢>5.
Now, let discuss these three cases one by one.
Case (i): c<b5

Then, the function becomes f (c)=5-c.

Now, limf (x)=lim(5-x)=5-c.

X—C X—C

~limf(x)=f(c).

Therefore, T is continuous at all real numbers which are less than .5..
Case (ii): c=5

Then, f(c)=f(5)=(5-5)=0.

Now,

limf (x)= IXiLQ(S-x):(S-S):O and

X—5"

limf (x)=lim(x-5)=0.

X—5% X—5

Therefore, we have

limf(x)=limf(x)=f(c).

Thus, f satisfies continuity at x=5, and so f is continuous at x=5.
Case (iil): ¢>5

Then we have, f(c)=f(5)=c-5.

Now,

limf (x)=lim(x-5)=c-5.

X—C X—C

Therefore,



AnNs:

Ans: The given function is f(x):{

limf (x)=f (c).

X—C

So, f is continuous at all real numbers that are greater than 5.

Thus, T satisfies continuity at every real number and hence, it is a continuous
function.

Prove that f (x) =x" is continuous at x=n, where n is a positive integer.
The given function is f(x)=x".

We noticed that the function f is defined at all positive integers n and also its
value at x=nis n".

Therefore, Iimf(n):limf(x“):n”.

X—=Nn X—=N

So, limf(x)=f(n).

X—n

Thus, the function f(x)=x" is continuous at x=n , where 11 is a positive integer.

Verify whether the followin g function f is continuous at x=0, x=1 and
at x=2.

X, ifxsl}

f(x)z{a if x>1

X, ifx<1
5 ifx>1 |

It is obvious that the function T is defined at x=0 and its value at x=0 is 0.

Now, limf (x)=limx=0.
Xx—0 X—0

So, limf (x)=F(0).

Hence, the function f satisfies continuity at x=0.



It can be observed that T is defined at x=1 and its value at this point is 1.
Now, the left-hand limit of the function f at x=1 is

limf(x)=limx=1.

X—1" X—1-

Also, the right-hand limit of the function f at x=1 is
limf (x)=limf(5)

x—1* x—1"
Therefore, lLr?f (x)= lLrPf (x).

Thus, f is not continuous at x=1

It can be found that f is defined at x=2 and its value at this point is 5.

That is, limf (x)=limf (5)=5.

X—2

Therefore, limf(x)=f(2)

Hence, T satisfies continuity at x=2.

6. Locate all the discontnuity points for the functionf, where f is given by

F(x)= 2x+3, if x<2
2x-3, ifx>2 |

2x+3, if x < 2}

Ans: The given function is f(x)={2x 3 if x50

It can be observed that the function f is defined at all the points in the real line.
Let consider ¢ be a point on the real line. Then, three cases may arise.

. c<2

1. ¢>2

11, c=2



Case (i): When c<2

Then, we have limf (x)=lim(2x+3)=2c+3.

X—C X—>0
Therefore,

limf (x)=f (c).

Hence, T attains continuity at all points x, where x<2.
Case (ii): When c¢>2
Then, we have f(c)=2c-3.

So,
limf (x)=lim(2x-3)=2c-3.

Therefore, limf(x)=f(c).

Hence, T satisfies continuity at all points x , where x>2.
Case(iii): When c=2

Then, the left-hand limit of the function f at x=2 is

lim f (x)=lim (2x+3)=2x2+3=7 and

X—2" X—2~

the right-hand limit of the function f at x=2 is,
lim f (x)=lim (2x+3)=2x2-3=1.

x—2" X—>2+

Thus, at x=2, limf(x)= limf(x).

X—2~ x—2"

So, the function f does not satisfy continuity at x=2.

Hence, x=2 is the only point of discontinuity of the function f(x).



7. Locate all the discontin uity points for the function f, where f is given by

[X|+3, ifx<-3
f(x)=1-2x, if -3<x<3
6x+2, if x> 3
Ix|+3, if x<-3
Ans: The given function is f(x)=1-2x, if -3<x<3 .
6x+2, if X >3

Observe that, f is defined at all the points in the real line.

Now, let assume ¢ as a point on the real line.

Then five cases may arise. Either c<-3, or ¢c=-3 or -3<c<3, or ¢=3, or ¢>3.
Let's discuss the five cases one by one.

Case I: When c<-3

Then, f(c)=-c+3 and limf(x)=lim(-x+3)=-c+3.

X—C X—C

Therefore, limf (x)=f(c).

Hence, f satisfies continuity at all points x, where x<-3.
Case Il: When c=-3

Then, f(-3)=-(-3)+3=6.

Also, the left-hand limit

lim f (x)=lim (-x+3)=-(-3)+3=6.

X—3" X—3

and the right-hand limit
lim f (x) = lim f (-2x)=2x(-3)=6.

x—3" x—3"

Therefore, Ixiggf(x):f(-S).

Hence, f satisfies continuity at x=-3.



Case Ill1: When -3<c<3
Then, f(c)=-2c and also limf (x)=lim(-2x)=-2c.

X—C x—3c

Therefore, limf(x)=f(c).

Hence, f satisfies continuity at x, where -3<x<3.
Case IV: When ¢=3

Then, the left-hand limit of the function f at x=3 is
limf (x)=lim f (-2x)=-2x3=6 and

X—3" X—3"

the right-hand limit of the function f at x=3 is
lim f (x)=lim f (6x+2)=6x3+2=20.

x—3" x—3"

Thus, at x=3, limf(x)= limf(x).

Xx—3" x—3*
Hence, f does not satisfy continuity at x=3.
Case V: When ¢>3.

Then f(c)=6c+2 and also

limf (x)=lim(6x+2)=6c+2.

X—C X—C

Therefore, limf (x)=f(c).

X—C

So, t satisfies continuity at all points x, when x>3.

Thus, x=3 is the only point of discontinuity of the function f.

Locate all the discontnuity points for the function f, where f is given by

X
f(x): X,IfX¢0 .
0, if x=0



X
Ans: The given function is f(x)=1 x’ Ifx =0 :

0, if x=0

Now, f(x) can be rewritten as

KX ifxro
X X

f(x)=<0, ifx=0
X 1 it o0
X X

It can be noted that the function f is defined at all points of the real line.
Now, let assume ¢ as a point on the real line.

Then three cases may arise, either ¢<0, or ¢c=0, or ¢>0.

Let discuss three cases one by one.

Case I: When ¢<0.

Then, f(c)=-1and

limf (x)=lim(-1)=-1.

X—C X—C

Therefore, limf (x)=f(c).

Hence, f satisfies continuity at all the points x where x<0.
Case Il: When c=0.
Then, the left-hand limit of the function f at x=0 is

lim f (x)=1lim(-1)=-1 and

x—0" x—0"

the right-hand limit of the function f at x=0 is

lim f(x)=lim (1)=1.

x—0+ x—0"

At x=0, limf(x)= limf(x).

Xx—0~ x—0"



Hence, the function T does not satisfy continuity at x=0.

Case Ill: When ¢>0.
Then f(c)=1 and also

limf (x)=lim(1)=1.

X—C X—C

Therefore, limf (x)=f(c).

X—C

So, the function f is continuous at all the points x, for x>0.

Thus, x=0 is the only point of discontinuity for the function f.

9. Locate all the discontnuity points for the function f, where f is given by
X .
—, 1 x<0
f(x)={[x
-1,ifx=0
_ o X ifx<0
Ans: The given function is f(x)=1{|x|
-1,if x>0

Now, we know that, if x<0, then |x|=-x.

Therefore, the f(x) can be written as

X ifx<0
f(x)=1X
-1, ifx>0

= f(x)=-1 for all positive real numbers.

Now, let assume c as any real number.

Then, we have limf(x) =lim(-1) =-1 and



f(c)=-1=limf(x).

X—€e

Therefore, the function f(x) is a continuous function.

Thus, there does not exist any point of discontinuity.

10.  Locate all the discontnuity points for the function f, where f is given by

{x+1, if x> 1}
f(x)= .

x?+1, if x<1
Ans: The given function is

x+1, if x31
=1 |
x“+1,if x<1

Note that, f(x) is defined at all the points of the real line.

Now, let assume ¢ as a point on the real line.
Then three cases may arise, either c<1, or ¢c=1, or c>1.
Let discuss the three cases one by one.

Case I: When c<1.

Then, f(c)=c*+1 and also

limf (x) =limf (x*+1)=c?+1.

X—C X—C

Therefore, me (x)=f(c).

Hence, T satisfies continuity at all the points x, where X<1.
Case Il: When c=1.
Then, we have f(c)=f(1)=1+1=2.

Now, the left-hand limit of f at X=1 is



11.

Ans: The given function is f(X):{

lim f(x)=lim (x*+1)=12+1=2 and the right-hand limit of f at x=1is,
X—1 X1

lim f(x)=lim (x®+1)=1*+1=2.

x—1t x—1t

Therefore, limf (x)=f(c).

Hence, f satisfies continuity at X=1.
Case Ill: When c>1.

Then, we have f(c)=c+1and

limf (x)=lim(x+1)=c+1.

X—C

Therefore,
!(ergf (X):f (C)

So, f satisfies continuity at all the points x, where X>1.

Hence, there does not exist any discontnuity points.

Locate all the discontn uity points for the function f, where f is given by

f(x):{x?’-S, if x< 2}.

x%+1, if x>2

x3-3, if x<2
x2+1, if x>2|

Observe that, the function f is defined at all points in the real line.
Now, let assume ¢ as a point on the real line.

Case |: When c<2.

Then, we have f(c)=c-3 and also Iimf(x)ZIim(x3—3):C3-3.

X—C X—C

Therefore, the function f attains continuity at all the points x, where x<2.



12.

AnNs:

Case Il: When c=2.
Then, we have f (c)=f (2)=2°-3=5.
Now the left-hand limit of the function is

lim f(x)= lim (x* —3)=2%-3=5 and the right-hand limit is

X—2~ X—2~

lim f (x)= lim (x*+1)=22+1=5.

X—2" Xx—2"
Therefore, !(I_)rrzlf (x)=f(2).

Hence, the function f is continuous at X=2.

Case Il1I: When ¢c>2.
Then, f(c)=c?+1 and

limf (x)=lim(x?+1)=c’+1.

X—C X—C

Therefore, limf (x)=f(c).

X—C
So, f attains continuity at all the points x, where X>2.
Thus, the function f is continuous at all the points on the real line.

Hence, f does not have any point of discontinuity.

Locate all the discontnuity points for the function f, where f is given by

f(x){xm-l, ifol}.

X2, if x>1

10_ 1 <
The given function is f(x){x LiTx _1}

X2, ifx>1|
Observe that, the function f is defined at every point of the real line.

Now, let assume ¢ as a point on the real number line.



Case I: When c<1.
Then f(c)=c'-1.

Also, limf (x)=lim(x*-1)=c"-1

X—>C X—C
Therefore, !(lirgf(x):f (c).
Hence, the function f attains continuity at every point x, for X<1.

Case Il: When c=1.

Then the left-hand limit of the function f(x) at X=1 is

limf (x)=lim (x**-1)=10"°-1=1-1=0 and
X—1

X—-T

the right-hand limit of the function f at X=1 is

i P ()= Jim ()=1°=1,

So, we can notice that, )Im;f (x) = )!Lnllf (x).

Hence, the function f does not satisfy continuity at X=1.
Case Il1l: When c>1.

Then, f(c)=c?.

Also, limf (x)=lim(x?)=c?.

Therefore, limf (x)=f (c).

Thus, the function f attains continuity at every point x, for x>1.

Hence, we can conclude that X>1 is the only point of discontinuity for the
function f .



13.

Ans:

_ _ _ | x+5,1f x<1) . :
Verify whether the function f(X)_{X-5, £ yo1 } is continuous.
x+5, if x<1
The given function is f(x)= " :
e given function is f(x) {X-5, i o1 }

It can be noted that the function f is defined at every point on the real line.
Now, let assume c as a point on the real line.

Case |: When c<1.
Then, f(c):ClO-l.

Also, Iimf(x):|im(x1°—1):C1°-1.

X—C X—C
Hence, f satisfies continuity at every point x, for X<1.

Case I1: When c=1.

Then, (1)=1+5=6.

Now, the left-hand limit of the function f at Xx=1 is

)!Lr[lf (x):)!Lr?(x+5):1+5:6 and

the right-hand limit of the function at X=1 is )!Lrﬂ f(x)= )!Lrﬂ (x-5)=1-5=4.
Thus, it is seen that, M]—f (x)= )!quf (x).

Hnece, T does not attain continuity at X=1.

Case I11: When c>1.

Then f(c)=c-5.

Also, limf (x)=lim(x-5)=c-5.

X—C

Therefore, limf (x)=f(c).

X—C

Thus, the function f is continuous at every point x, for Xx>1.



Hence, we can conclude that X=1 is the only point of discontinuity for the
function f .

14.  Verify whether the following function f is continuous.

3,1If0<x<L1
f(x)=44, if 1<x<3
5,1f3<x<10
3,if0<x<1
Ans: The given function is f(x)=44, if 1<x<3
5,1f3<x<10

Therefore, f is defined in the interval [0,10].
Now let assume C as a point in the interval [0,10].

Then there may arise five cases.
Case I: When 0<c<1.
Then f(c)=3.

Also, limf (x)=1im(3)=3.

X—C
Therefore, Limf (x)=f(c).

Hence, the function f attains continuity at the interval [0,1].

Case I1: When c=1.

Then f(3)=3.

Also, the left-hand-limit of the function at X=1 is

J(erllf (x):)l(i_r)rll_(3)23 and the right-hand-limit of the function at X=1 is

lim f (x)= lim (4)=4.

Xx—1* x—1*



Thus, it is noticed that limf (x)= limf(x).

X—1" x—1t
Hence, the function f does not satisfy continuity at X=1.
Case Ill: When 1<c<3.
Then f(c)=4.

Also, limf (x)=lim(4)=4.

X—C X—C
Thus, !(iggf(x):f(c).

Hence, the function f attains continuity at every point in the interval [1,3].
Case IV: When c=3.

Then f(c)=5.

Now, the left-hand-limit of the function f at X=3 is

lim f (x)=1lim (4)=4 and the right-hand-limit of the function f at x=3 is
X—3 X—3

lim  (x)= lim (5)=5.

x—3" x—3*

Therefore, it is noted that lim f(x)= lim f(x) .
X—>3

x—3*
Hence, the function f is not continuous at X=3.
Case V: When 3<c<10.
Then f(c)=5.

Also, limf(x)=lim(5)=5.
Therefore, limf (x)=f (c).
So, the function f attains continuity at every point in the interval [3,10].

Hence, the function f is not continuous at X=1 and X=3.



15.

Ans:

Verify whe ther the following function f is continuous. f such that

2X, 1f x<0
f(x)=40,if 0<x=1
4, if x>1
2X, if x<0
The given function is f(x)=40, if 0<x=#1;.
4x, if x>1

Now, let consider ¢ be a point on the real number line.
Then, five cases may arrive.

Case I: When ¢<0.

Then, f(c)=2c.

Also, limf (x)=lim(2x)=2c.

X—C X—C

Therefore, limf (x)=f(c).

X—C
Hence, the function f attains continuity at every point x whenever X<0.

Case Il: When ¢ = 0.
Then, f(c)=f(0)=0.
Now, the left-hand-limit of the function f at X =0 is

lim f(x)= lim (2x) =0 and the right-hand limit of the function f at X =0 is,
x—0" x—0"

lim (x)=lim (0)=0.

x—0* X—0"

Therefore, !(I_r)‘rél)f (x)=f(0).

Thus, the function f attains continuity at X = 0.

Case II: When 0<c<1
Then, T(X)=0.



Also, !(i m f(x)= !(I_r)rg (0)=0.
Therefore, !(mf(x):f(c).

Hence, f attains continuity at every point in the interval (0,1).
Case IV: When c =1.

Then, f(c)=f(1)=0.

Now, the left-hand-limitat X = 1 is

l[im f(x)=1im (0)=0 and the right-hand-limitat X = 1 is
X—1 X—1

lim f(x):)!irgl+ (4x)=4x1=4.

x—1t

Thus, it is noticed that, limf(x) = lim f(x).
X—1 x—1t
Hence, the function T is not continuous at X = 1.
Case V: When c<1.
Then, f(c)=f(1)=0.
Also, !(I m f(x)= !(I m (4x)=4c
Therefore, !(lgg f(x)=f(c).

So, the function T attains continuity at every point x, for x>1.

Hence, the function f is discontinuous only at X = 1.

16.  Verify whether the function T is continuous. Provided that f is defined
-2, 1fx<-1
by f(X)=4 2X, if -1<x<1¢.
2, 1f x>1



-2, 1fx<-1
Ans: The given function is f(X)=-< 2x, if -1<x <1}.
2, 1f x>1

Note that, T is defined at every point in the interval [—1,oo).
Now, let assume c is a point on the real number line.

Case I: When c<-1.

Then, f(c)=-2.

Also, !(I m f(x)= !(erg (-2)=-2.

Therefore, !(I m f(x)=f(c).

Hence, the function f attains continuity at every point x , for x<-1.
Case Il: When c=-1.

Then, f(c)=f(-1)=-2.

Now, the left-hand-limit of the function at X=-1 is
limf(x)=1im (-2)=-2 and the right-hand-limit at X=-1is
x-T x—-T

fim 00 i =2x(-1)=-2.

Therefore, )! Ir rplf(x):f(-l) :

Hence, the function f satisfies continuity at X=-1.

Case I11: When -1<c<1.

Then, f(c)=2c and !(lmf(x): !(lgg (2x)=2c.

Therefore, !(I m f(x)=f(c).

Hence, the function f attains continuity at every point in the interval (-1,1).

Case IV: When c=1.



Then, f(c)=f(1)=2x1=2

Now, the left-hand-limit of the function at X = 1 is

lim f(x)=Ilim (2x)=2%1=2 and the right-hand-limitat x =1 is
X—=1 X—1

lim 9= i 2=2

Therefore, le m f(x)=f(c).

Thus, the function f attains continuity at X=2.

Case V: When c>1.

Then f(C)=2.

Also, LLrgf(x):!(nl]z(Z)ZZ.
Therefore, !(ILr(l: f(x)=1(c).

Hence, the function f is continuous at every point x, for x>1.

17.  Formulate a relationship between a and b so that the function f defined

if x<
by f(x):{axﬂ, if x<3

bx+3, if x>3 } is continuous at X=3.

Ans: The given function is f(X):{

ax+1, if x<3
bx+3, if x>3 |

The function f will be continuous at X = 3 if

lim (x)= lim f(x)=A(3). e (1)
lim f(x)= lim f(ax+1)=3a+1,
lim f0)= lim f(bx+1)=30+3, ... 2)

and



f3=3%%+1. . 3)
Therefore, from the equation (1), (2), and (3) gives
3a+1=3b+3=3a+1

= 3a+1=3b+3

= 3a=3b+2

= a=b+E
3

Hence, the required relationship between a and b is given by a:b+§.

18. Determine the value of A for which the function defined by
2_ . <
£(x) = Mx 2x),1f-x_0
4x+1, ifx>0
continuity of f at x=17

} IS continuous at x=0. Also discuss the

2_ : <
Ans: The given function is f(x)= {}”(X 2x), ifx <0 }

4x+1, if x>0
Now the function will be continuous at x =0 if
Iir?_ f(X)= Iir?_ f(x)=f(0)
= lim x(x2 -2x)=1lim (4x+1)=7»(02 -2x0)

X—0" X—0"

= M07-2x0)=4x0+1=0

= 0=1=0, which is impossible.

Thus, there does not exist any value of A for which f is continuous at x =0.
Now, at X =1,

f(1)=4x+1=4x1+1=5 and



19.

Ans:

lim (4x+1)=4x1+1=5.

Xx—1

Therefore, Iin'11f(x)=f(1).

Hence, the function f is continuous at x = 1, for all values of A.

Prove that the function g(x)=x-[x] is not continuous at any integral point,
where |X] denotes the greatest integer value of x that are less than or equal
to x.

The given function is g(x)=x-[x].

Note that, the function is defined at every integral point.
Now, let assume that n be an integer.

Then, g(n)=n-[n]=n-n=0.

Now taking left-hand-limit as x — n to the function g gives
lim g(x)= lim [x-[X]]= lim (x)- lim[x]=n-(n-1)=1.

Again, the right-hand-limit on the function at x=n is

lim g(x)= lim [x-[x]]= lim (x)- lim [x]=n-n=0.

Note that, limg(x) = lim g(x).

Thus, the function f is cannot be continuous at x=r,

Hence, the function g is not continuous at any integral point.

20. Verify whether the function f(x)=x*-sinx+5 is continuous at x = a?
Ans: The given function is f(x)=x*-sinx+5.

Now, at x=m,



21.

AnNs:

f(x)=f(m)=n’-sinn+5=n°-0+5=n"+5.
Taking limit as x — = on the function f(x) gives

limf(x)=lim (x*-sinx+5).

X—>T X—T

Now substitute x=mn+h into the function f(x).

When x — =, then h > 0.

Therefore,

limf(x)=lim (x*-sinx)+5.

T 24 o
= Ihl_rg[(n+h ) sm(n+h)+5}
= lim (n+h)’-limsin(m+h)+1im5

h—0 h—0 h—0
=(n+0)°- lim(sinmcosh+cosnsinh]+5
=n’- ng sinmcosh- }11n3 cosmsinh+5
=1 -sinmtcos0-cosmsin0-+5
=n”-0%x1-(-1)x0+5=n"+5.
So, limf(x)=f(r).

Hence, it is concluded that the function f is continuous at x=r.

Determine whether the follwing functions are continuous.
(@) f(x) =sinx+cosx (b) f(x) =sinx-cosx (c) f(X)=sinxxcosx.

It is known that if two functions y and h are continuous, then g+h, g-hand
g,h are also continuous.

So, let us assume that, g(x)=sinx and h(x)=cosx are two continuous functions.



Now, as g(x)=sinx is defined for every real number, so let ¢ be a real number.
Substitute x=c+h into the function g .

When x —c¢, then h = 0.
So, g(c)=sinc.
Also,
limg(x)=limsinx
= ng()\sm(c+h)

= Lirg[sinccosh+coscsinh]
_)

= ngg (sinccosh)+ ngg (coscsinh)
=sinccos0+coscsin0

=sinc+0

=sinc

Therefore, limg(x)=g(c).

Hence, the function gy is a continuous.
Again, let us assume that h(x)=cosx .
Note that, the function h(x)=cosx is defined for every real number.

Now, let ¢ be a real number.
Substitute x=c+h into the function.
When x — ¢, then h—0.

So, h(c)=cosc and
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Ans:

limh(x)=limcosx
X—C X—C
= limcos(c+h)
h—0
=lim[cosccosh-sincsinh]
h—0
= limcosccosh-limsincsinh

h—0 h—0

=cosccos0-sincsin0
=coscx1-sincx0
=C0SC

Therefore, Ihlrrg h(x)=h(c).

Thus, the function h is continuous.

Hence, we conclude that all the following functions are continuous.
(@) f(x)=g(x)+h(x)=sinx+cosx .

(b) f(x)=g(x)-h(x)=sinx-cosx .

(c) f(X)=g(X)*h(X)=SINXXCOSX .

Verify whether the following trigonometric functions are continuous.
sine, cosine, cosecant, secant and cotangent.

We know that if two functions say g and h are continuous, then

I. M,g(x) = 0 is continuous.

9(x)

. i,g(x) # 0 is continuous.

9(x)

Ii. i,h(x) = 0 Is continuous.
h(x)
It can be observed that the function g(x)=sinx is defined for all real numbers.

Now, let consider ¢ be a real number and substitute x=c+h into the function y.



When, x —c, then h —0.
So, g(c)=sinc and
limg(x)=limsinx
X—C X—>C
= limsin(c+h)
h—0
= lim[sinccosh+coscsinh]
h—0
= lim(sinccosh)+ lim (coscsinh)
h—0 h—0
=sinccos0+coscsin0
=sinc+0
=sinc

Therefore, limg(x)=g(c).

Thus, the function g(x)=sinx is continuous.
Again, let h(x)=cosx .
It can be noted that h(x)=cosx is defined for all real numbers.

Now, let consider ¢ be a real number and substitute x=c+h into the function h.

Then, h(c)=cosc and

limh(x)=limcosx
X—C X—C
= limcos(c+h)
h—0
= lim[cosccosh-sincsinh]
h—0
= limcosccosh-limsincsinh
h—0 h—0
=cosccos0-sincsin0
=coscx1-sincx0
=C0SsC

Therefore, ng h(x)=h(c).

Thus, the function h(x)=cosx is continuous.



Now note that,

1 . . . .
cosec x=——, and sinx = 0 is a continuous function.
Sinx

—> COSeC X, X = Nn(n € Z) is also a continuous function.

Also, secant function is continuous except at x:(2n+1)g, neZ.

1 i )
Therefore, secx=———, cosx = 0 1S continuous.
COSX

T . . .
—> SeCX, X # (2n+1)§, n e isacontinuous function.

Thus, secant function is also continuous except at x:(2n+1)g, neZ.
And the cotangent function is

COSX . . . .
cotx=——, and where sinx = 0 is a continuous function.
sinx

=> cotX, X # nm, n € Z is a continuous function.

Hence, the cotangent function is continuous except at x=nm, neZ.

23.  Determine all the discontnuity points for the following function f defined

sinx .
—, 1f x<0
by f(x)=4 x .

x+1, if x>0
sinx .
—, If X<

Ans: The given functionis f(x)={ x X<

x+1,if x>0

Note that, the function f is defined at every point on the real number line.

Now, let consider ¢ be a real number.



Then there may arise three cases, either ¢<0, or ¢>0, or ¢=0.
Let us discuss one after another.
Case |: When ¢<0.
Then, f(c)=1C
C

Also, Iimf(x)(%j:w.
X—C X Cc

Therefore, limf(x)=f(c).

Hence, the function f is continuous at every point x, for x<0.

Case Il: When c¢>0.

Then f(c)=c+1.

Also, limf(x)=lim(x+1)=c+1.

Therefore, limf(x)=f(c).

Hence, the function f is continuous at every point, where x>0.

Case Ill: When c=0.

Then f(c)=f(0)=0+1=1.

Now, the left-hand-limit of the function f at x=0 is

lim f(x)=lim S _1 and the right-hand-limit is

x—0" x—0 X
Iirgf(x)z IirQ_ (x+1)=1
Therefore, Iino1_ f(x)= Iino1_ f(x)=f(0) .

So, the function f is continuous at x = 0.
Thus, the function f is continuous at every real point.

Hence, the function f does not have any point of discontinuity.



24,

ANsS:

Discuss the continuity of the function f defined by

1.
x?sin=, if x#0
f(x)= X

0, if x=0

XZsin L, if x 0
The given function is f(x)= X' :
0, if x=0

We can observe that the function f is defined at every point on the real number
line.

Now, let consider ¢ be a real number.
Then, there may arise two cases, either ¢ =0 or ¢=0.
Let us discuss the cases one after another.

Case I: When ¢c#0.

Then f(c)=c’sin %

Also,
|imf(x):|im(x2sinij =(|imx2)(|imsin1j:czsinl.
X—C X—>C X X—C X—C X C

Therefore, limf(x)=f(c).

Hence, the function f is continuous at every point x = 0.
Case Il: When ¢ =0.

Then f(0)=0 and also

lim f(x)=lim (xzsin ijz Iim(xzsin%j .

X—0" X—0 X X—0

Now, we know that,



-1§sinl <1 x=#0.
X

.1
— -x2<sin=<x?
X

= lim(-x*) < Iim(xzsiniJ <0

x—0 x—0 X

=0< Iim(xzsinlj <0

x—0 X

x—0 X

= Iim(xzsinEJ =0

Therefore, limf(x)=0.

X—0"

Similarly, we have,

x—0" x—0" X x—0 X

lim f(x)=lim [xzsin 1) = Iim[xzsin 1J:O
Therefore, Iiry_ f(x)=f(0)= Iirgl f(X) .

Thus, the function f is continuous at the point x =0.
So, the function f is continuous at all real points.

Hence, the function f is continuous.

25. Determine whether the following function f is continuous.

sinx-cosx, if x# 0 }

f such that f(x)={ 1 -

sinx-cosx, iIf x #0
1 if x=0|

Ans: The given function is f(x)={

It can be observed that the function f is defined at every point on the real number
line.



26.

Now, let consider ¢ be a real number.

Then, there may arise two cases, either ¢ =0 or c=0.
Let us discuss the cases one after another.

Case I: When ¢ =0.

Then, f(c)=sinc-cosc.

Also, limf(x)=Ilim(sinx-cosx)=sinc-cosc .
Therefore, limf(x)=f(c).

Hence, the function f is continuous at every point x for x # 0.
Case Il: When ¢ =0.

Then, f(0)=-1.

Now the left-hand-limit of the function f at x=0 is

Iinow_f(x) = Iino1_ (sinx-cosx)=sin0-cos0=0-1=-1 and the right-hand-limit is

lim f(X)= lim (sinx-cosx)=sin0-cos0=0-1=-1.
x—0*

x—0"

Therefore, Iirg f(x)= Iir(r)l f(x)=f(0) .

So, the function f is continuous at x =0.
Thus, the function f is continuous at all real points.

Hence, the function f is continuous.

Calculate the values of k for which the function f attains continuity at

the given points.

kcosx . T
X #E—=

3 ifx=Z
2




kcosx . T
X ==

T-2X

3 ifx=Z
2

Ans: The given function is f(x)

Observe that, f is defined and continuous at x=g . since the value of the f at

=g is equal with the limiting value of  at x=2

Since, T is defined at x:g and f(g)ﬂ, SO

limf(x) = lim KX

X—>— x>k T-2X
2 2

Substitute x:g+h into the function f(x).

So, we have, x—>g:>h—>0.

Then,

KCos kcos(72t+h)
limf(x)= lim X — |im

x> X—% T-2X h—0 7t-2(72t+hj

-sinh _ K. _sinh

= klim——=—=Ilim =E.1=E
h 2 2

Therefore, limf(x)=f (g}

:>E=3
2
= k=6

Hence, the value of k is 6 for which the function f is continuous.
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Ans:

28.

ANs:

29.

Determine the values of k for which the following function f satisfies
continuity at the given points.

2 ifx<
f(x)= kX,-IfX_2 at x=2.
3, ifx>2

) -
The given function is f(x):{kx ITx< 2}.

3, ifx>2

Note that, f is continuous at x =2 only if  is defined at x=2 and if the value
of f at x =2 is equal with the limiting value of f at x = 2.

Since, it is provided that f is defined at x=2 and f(2)=k(2)*=4k , so
lim f(x)= lim f(x)=f(2)

= fmoc)= fim ()=4k

= kx2°=3=4k

= 4k=3=4k

= 4k=3

:>sz
4

Hence, the value of Kk is % for which the function f is continuous.

Determine the values of k for which the following function f attains
continuity at the given point.

ol ifxsal
()= cosx, ifxom [ X7

For k(x) to be continuous at ,
kn+1=cosm

kn=-1-1

k=-2/n

Determine the values of k
continuity at the provided point. for which the following functionf attains

kx+1, if x<5
f(x)= _ at x=>5
3x-5, if x>5



Ans: The given function is f(x)={

30.

kx+1, if x <5
3x-5,ifx>5 |

Now, note that, the function f is continuous at x =5 only if the value of f at
x =5 is equal to the limiting value of f at x = 5.

Since it is given that, the function f is defined at x =5 and f(5)=kx+1=5k+1, so
lim f(x)=lim (3x-5)=5k+1

X—5" x—5"

= 5k+1=15-5=5k+1

= 5k+1=10

= 5k=9

:>k=g
5

Hence, the value of Kk is % for which the function f is continuous at x=5.

Determine the values of constants a and b for which the following
function f is continuous.

5 If x<2
f such that f(x)=1 ax+b, if 2<x<10
21, if x=10

5 if x<£2

Ans: The given function is f(x)=< ax+b, if 2<x<10

21, if x=10

Note that, T is defined at every point on the real number line.

Now, realise that if the function f is continuous then f is continuous at every
real number.

So, let T satisfies continuity at x=2 and x=10.
Then, since T is continuous at Xx=2, so

lim f(x)= lim f(x)=f(2)

X—2 x—2t

= Iirr21_ (5)= Iirg (axtb)=5
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ANs:

= 5=2a+b=5

—2ath=5 . (1)
Again, since f attains continuity at x=10, so
lim f(x)= lim f(x)=f(10)

= lim (ax+b)= lim (21)=21
x—10 x—10"

—10a+b-21=21

—10a+b=22 . (2)
Subtracting the equation (1) from the equation (2), gives
8a=16 = a=2

Substituting a=2 in the equation (1), gives

2x2+b=5
= 4+b=5= b=1

Hence, the values of a and b are 2 and 1 respectively for which f is a
continuous function.

Prove that the following function is continuous.
f(x)=cos(x?)
The given function is f(x)=cos(x?).

Note that, T is defined for all real numbers and so f can be expressed as the
composition of two functions as, f=g o h, where g(x)=cosx and h(x)=x".

[ (goh)(x)=g(h(x))=g(x*)=cos(x*)=f(x)]
Now, it is to be Proven that, the functions g(x)=cosx and h(x)=x> are continuous.

Since the function g is defined for all the real numbers, so let consider ¢ be a
real number.

Then, g(c)=cosc.
Substitute x=c+h into the function g.

When, x — ¢, then h —0.

Then we have,



limg(x)=Ilimcosx
X—C X—C
= limcos(c+h)
h—0
= lim[cosccosh-sincsinh]
h—0

= limcosccosh-limsincsinh

h—0 h—0

=cosccos0-sincsin0
=coscx1-sincx0
=CosC

Therefore, legg g(x)=g(c).

Hence, the function g(x)=cosx is continuous.

Again, h(x)=x” is defined for every real point.

So, let consider k be a real number, then h(k)=k’ and
!(I_r)le h(x)= IXiLrI(]xzzkz.

Therefore, lem h(x)=h(K).

Hence, the function h is continuous.

Now, remember that for real valued functions y and h , such that (g ° h) is
defined at ¢ , if g is continuous at ¢ and f is continuous at g(c), then (f o h)is
continuous at c.

Hence, the function f(x)=(g o h)(x)=cos(x?) is continuous.

32.  Prove that the following function is continuous.
f(x)=|cosx|

Ans: The given function is f(x)=\cosx\.



Note that, the function f is defined for all real numbers. So, the function f can
be expressed as the composition of two functions as, f=g - h, where g(x):\x\ and

h(X)=cosx .
[ (goh)(x)=g(h(x))=g(cosx)=|cosx| =f(x)]
Now, it is to be proved that the functions g(x):\x\ and h(x)=cosx are continuous.

Remember that, g(x)=|x|, can be written as

g(x):{_x’ if x<0 }

X, 1fx>0

Now, since the function y is defined for every real number, so let consider ¢ be
a real number.

Then there may arise three cases, either ¢<0, or ¢>0, or c=0.
Let discuss the cases one after another.

Case |I: When ¢<0.

Then, g(c)=-c.

Also, Ixiirgg(x)= leirg (-xX)=-c.

Therefore, leirg g(x)=g(c).

Hence, the function g is continuous at every point x, for x<0.

Case II: When ¢>0.

Then, g(c)=c.

Also, IXichlg(x)z Ixiirgx:c.

Therefore, legcl g(x)=g(c).

Hence, the function gy is continuous at every point x for x>0.

Case I11: When c=0.



Then, g(c)=g(0)=0.

Now, the left-hand-limit of the function g at x=0 is
XILT g(x):iLn; (-x)=0 and the right-hand-limit is

lim 9= 1im 09=0.

Therefore, XILT g(x)=XILr{)1 9(x)=9(0).

Hence, the function gy is continuous at x=0.

By observing the above three discussions, we can conclude that the function gy is
continuous at every real points.

Now, since the function h(x)=cosx is defined for all real numbers, so let consider
¢ be a real number. Then, substitute x=c+h into the function h.

So, when x — ¢, then h—0.

Then, we have

h(c)=cosc and
limh(x)=limcosx

X 1c X 1c

= 1|nT;)1cos(c+h)

= 1i%[cosccosh-sincsinh]

=limcosccosh-limsincsinh
h 10 h 10

=cosccos0-sincsin0
=coscx1-sincx0
=CO0SC

Therefore, limh(x)=h(c).

X—C

Hence, the function h(X)=C0sX is continuous.
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Ans:

Now remember that, for real valued functions g and h, such that (g h) is
defined at x=c only if g is continuous at ¢ and f is continuous at g(C), then
the composition functions (f o Q) is continuous at x=c.

Thus, the function f(x)=(goh)(x)=g(h(x))=g(cosx)=|cosXx| is continuous.

Examine that sin | x | is a continuous function.
First suppose that, f(x)=sin|x|.

Now, note that the function f is defined for all real numbers and so f can be
expressed as the composition of functions as, f=goh, where g(x)=|x| and

h(X)=sinx.
[ (@°h)X)=g(h(x))=g(sinx)=[sinx|=F(x) |
So, it is to be proved that the functions g(X):‘X‘ and h(X)=sinx are continuous.

Now, remember that, the function g(x)=|X| can be written as

X, 1fx=>0

g(x){_x’ if x<0 }

Note that, the function gy is defined for every real number, and so let consider ¢
be a real number.

Then, there may arise three cases, either ¢<0, or ¢>0, or ¢=0.
Let us discuss the cases one after another.

Case |: When ¢<0.

Then g(c)=-C.

Also, lim(-x)=limx=-c.
X 1c X 1c



Therefore, IXIrTrg g(x)=g(c).

Hence, the function gy is continuous at every point x for X<0.
Case 11: When ¢>0.

Then, g(c)=c

Also, IXirTrg(-x):IXiszc.

Therefore, Ixiqgg(x)=g(c).

Thus, the function y is continuous at every point x for x>0.
Case I11: When ¢ =0.

Then, g(c)=g(0)=0.

Also, the left-hand-limit of the function y at x=0 is

limg(x)=1im(-x)=0 and the right-hand -limit is
x 107 X 10

lim g(x)=lim (x)=0.

x 10" x 10*

Therefore, Ii?O] g(x)= IiquO] (x)=g(0).

Thus, the function y is continuous at x = 0.

By observing the above three discussions, we can conclude that that the function
g is continuous at every points.

Again, since the function h(x)=sinx is defined for all real numbers, so let
consider ¢ be a real number and substitute x=c+k into the function.

Now, when x 1c then k 1 0.
Then, we have
h(c)=sinc.

Also,



limh(x)=limsinx
X 1c X 1c
=limsin(c+k
imsin(c+K)
= Ikerrg [sinccosk+coscsink]
=lim (sinccosk)+ lim (coscsink)
k 10 h 10

=sinccos0+coscsin0
=sinc+0
=sinc

Therefore, IirTrg h(x)=g(c).

Hence, the function h is continuous.

Now, remember that, for any two real valued functions g and h, such that the
cmposition of functions geh is defined at ¢, if g is continuous at ¢ and T is
continuous at g(c), then the composition function f oh is continuous at c.

Thus, the function f(x)=(goh)(x)=g(h(x))=g(sinx):\sinx\ IS a continuous.

34.  Determine all the discontinuity points of the following function f defined
by f(x) =|x[-[x+1].

Ans: The given function is f(x)=|x|-|sinx|.
Let consider two functions
a(x)=|x| and h(x)=|x+1].
Then we get, f=g-h.

Now, the function g(x)=|x| can be written as

g(x)={_x’ if x<0 } |

X, 1Ifx>0



Note that, the function g is defined for every real number and so let consider ¢
be a real number.

Then there may arise three cases, either ¢<0, or ¢>0, or ¢=0.
Let us discuss the cases one after another.

Case I: When ¢<0.

Then, g(c)=g(0)=-c.

Also, 'Xing(X):lxirQ('X)z'C'

Therefore, IXirTrgg(x)=g(c).

Hence, the function gy is continuous at every point x for x<0.

Case Il: When c¢>0.

Then g(c)=c.

Also, IXirTrclg(x)zlxinTgx=c.

Therefore, Ixiqgg(x)=g(c).

Hence, the function g is continuous at every point x, where x>0.

Case Ill: When c=0.

Then g(c)=g(0)=0.

Also, the left-hand-limit of the function g at x=0 is
1ier_g(x)=1irTB1_(-x)=0 and the right-hand-limit is

lim g(x)=1im (x)=0.

Therefore, m} g(x)=xlirT(1)1+ (x)=g(0).

Hence, the function g is continuous at x =0,



Thus, we can conclude by observing the above three discussions that y is
continuous at every real point.

Now, remember that, the function h(x)=|x+1| can be written as

) (X):{-x(x+1), if, x<-1}.

x+1, if, x >-1

Note that, the function h is defined for all real numbers, and so let consider ¢ be
a real number.

Case I: When c<-1.

Then h(c)=-(c+1).

Also, Iirp[—(x+1)]=—(c+1).

Therefore, IirTn h(x)=h(c).

Hence, the function h attains continuity at every real point x, where x<-1.
Case Il: When c>-1.

Then, h(c)=c+1.

Also, "T h(x)=|irTrcl(x+1)=(c+1).

Therefore, IirTn h(x)=h(c).

Hence, the function h satisfies continuity at every real point x for x>-1.
Case Ill: When ¢ =-1.

Then, h(c)=h(-1)=-1+1=0.

Also, the left-hand-limit of the function h at x=1 is

Iirr11 h(x)= Iirr11[-(x+1)]:-(-1+1):0 and the right-hand-limit is
x 1 x 1

lim h(x)=lim (x+1)=(-1+1)=0.
X X



Therefore, IirT? h= IiTrp h(x)=h(-1).

Thus, the function h satisfies continuity at x=-1.

Hence, by observing the above three discussions, we can conclude that the
function h is continuous for every real point.

Now, since the functions gy and h are both continuous, so the function f=g-h is
also continuous.

Hence, the function f does not have any discontinuity points.

Exercise 5.2

1.

AnNs:

Compute the derivative of the function f(x)=sin(x’+5) with respect to x.
Let f(x)=sin(x*+5), u(x)=x>+5, and v(t)=sint

Then, (v o u)(X)=v(u(x))=v(x*+5)=tan(x>+5)=f(x)

Therefore, f is a composition of two functions u and v.

Substitute t=u(x)=x’+5.

Then, it gives

?j_\t’_—(smt) cost=cos(x*+5)

ﬂ _( 2, 5):_(X2)+_(5):2x+O=2X
dx dx dx

Applying the chain rule of derivatives gives

— =— . —=c0s(X*+5)x2X=2XC0S(X>+5)
dx dt dx

An alternate method:

— =—  —=cos(x*+5 x%+5
dx dt dx ( ) ( )



AnNs:

_ 2 d o, d
=cos(X +5).[d—x(x )+d—X(5)}
=cos(x*+5).[2x+0]

=2XC0S(X*+5)

Hence, the derivative of the function f(x)=sin(x*+5) is 2xcos(x’+5).

Compute the derivative of the function f(x)=cos(sinx) with respect to x.
Let suppose that, f(x)=cos(sinx), u(x)=sinx, and v(t)=cost

Then, (v o u)(X)=v(u(x))=v(sinx)=cos(sinx)=f(x)

Therefore, it is observed that f is the composition of two functions u and v.
Now, substitute t=u(x)=sinx.

Then,

dv d . s
— =—(cost)=-sint=-sin(sinx) and
dt dt( ) (5Inx)

dt _d,.
— =—(Sinx)=cosx .
dx dx

Applying the chain rule of derivatives gives

df _dv dt _ . . o
— =—.—=Sin(sinX).cosx=-cosxsin(sinx)
dx dt dx

An alternate method:

d o d o
d—[cos(smx)]——sm(smx).d—(S|nx)——S|n(5|nx)—cosx——cosxsm(smx) :
X X

Hence, the derivative of the function f(x)=cos(sinx) is -cosxsin(sinx).



3. Compute the derivative of the function f(x)=sin(ax+b) with respect to x
Ans: Let suppose that, f(x)=sin(ax+b), u(x)=ax+b,, and v(t)=sint
Then we get, (Ve u)(X)=v(u(x))=v(ax+b)=sin(ax+b)=f(x).
It is observed that the function f is the composition of two functions u and v .
Now, substitute t=u(x)=ax+b.
Therefore,

v_d (sint)=cost=cos(ax+b) and
dt dt

d _d dt d
— =— (ax+b)=— (ax)+—(b)=a+0=a.
dx dx( ) dx( ) dx( )

Applying the chain rule deriavtives, gives

Alternate method

dix[sin(ax+b)] :cos(ax+b).dix(aX+b)

=cos(ax+b)>{dix (ax)+%(b)}

=cos(ax+b)x(a+0)
=acos(ax+b)

Hence, the derivative of the function f(x)=sin(ax+b) is acos(ax+b).

4. Compute the derivative of the function f(x) = sec(tan(\&)) with resepcet
to x.

Ans: Let suppose that, f(x)=sec(tan(~/x)), u(x)=v/x,v(t)=tant, and w(s)=secs



Then, we get, (W o v o U)(X)=W[v(u(X))|=W[v(v/X )]=w(tan/x )=Ff(X) .

It is observed that the function gy is the composition of three functions u , v and
W

Now, substitute s=v(t) and t=u(x)=/x .

Then, we get
dw _d
& = o (secs)=secs=sec(tant)xtan(tant) [s=tant]
=sec(tan/x )xtan(tan/x ) [t=+/X]
Thus, applying the chain rule of derivatives gives
dt_dw ds dt
dx ds dt dx
=sec(tan(~/X )x(tan(~/x )xsec?\/x x L
24/x
_ 1 e JX (tan/x)tan(tan/x)
24/x
_ sec?\/xsec(tan+/x )tan(tan~/x )

22

An alternate method:
i[sec(tan(\/; ))] :sec(tan(\/; ).(tan(\/; ).i(tan(\/; )
dx dx

:sec(tan\/; )Xtan(tan\/; )xsecz(\/; )xdix(\/;)
1

:sec(tan\/;)Xtan(tan\/;)xsecz(\/;)x X
X

_ sec(tan+/x)xtan(tan/x ) xsec?(v/x)
- 2%

Hence, the derivative of the function f(x)= sec(tan(\/;)) is




sec?+/xsec(tan/x )tan(tan/x)

242
5. Compute the derivative of the function f(x)= SIN(@X*D) itk respect to
cos(cx+d)

X.

Ans: The given function is f(x):w.
cos(cx+d)
Now, let g(x)=sin(ax+b) and h(x)=cos(cx+d).
. . . ,_g'h-gh’
Here we will use the divide formula of derivatives f'= ranERE (1)

First, consider the function g(x)=sin(ax+b).
Let assume u(x)=ax+b, and v(t)=sint.
Then, we get (v o u)(X)=v(u(x))=v(ax+b)=sin(ax+b)=g(x) .

Therefore, we observe that the function g is the composition of two functions, u
and v .

So, substitute t=u(x)=ax+b.
Then,

dv_d (sint)=cost=cos(ax+b) and
dt dt

dt d dt d
—=— (ax+b)=—(ax)+—(b)=a+0=a.
dx dx( ) dx( ) dx()

Therefore, applying the chain rule of derivatives gives

Now, consider the function h(x)=cos(cx+d).



Let suppose p(x)=cx+d, and g(t)=cosy.

Then, we have (g p)(X)=q(p(x))=g(cx+d)=cos(cx+d)=h(x).

Therefore, the function h is the composition of two functions p and g.
Now, substitute y=p(x)=cx+d.

Then we have,

g—q = di (cosy)=-siny=-sin(cx+d) and

dy _d d d
—=—(cx+d)=—(cx)+—(d)=c.

dx dx( ) dx( ) dx()

Therefore, applying the chain rule of derivatives gives

e% :d_q,g_y=_sin(cx+d)><c=—csin(cx+d) :
X

Now, substituting all the obtained derivatives into the formula (1) gives

acos(ax+b)xcos(cx+d)-sin(ax+b)(-csincx+d)

f=
[cos(cx+d]?
_ acos(ax+b) +csin(ax-+h)x sin(cx+d) « 1
cos(cx+d) cos(cx+d) cos(cx+d)

=acos(ax+b)sec(cx+d)+csin(ax+b)tan(cx+d)sec(cx+d)

sin(ax+b) i

Hence, the derivative of the function f(x)=
cos(cx+d)

acos(ax+b)sec(cx+d)+csin(ax+b)tan(cx+d)sec(cx+d).

6.  Compute the derivative of the function f(x)=cos(x3)xsin2(x5) with

resepct to x.

Ans: The given function is f(x)=cos(x*)xsin?(x®).



Ans:

Then,
d 3 2 (U \T—cin2 (v d 3 3 d fa2 (5
&[cosx xsin“(x>)]=sin“(x )x&(cosx )+C0oSX x&[sm (x)]
=sin®(x°)x(-sinx )><dd (x®)+cosx’+2sin(x’ )xd [sinx°]
=sin®(x°)x(-sinx )><dd (x®)+cosx’+2sin(x’ )><OI [sinx°]
:sinz(x5)><(-sinx3)xd—(x3)+cosx3+23in(x5)xd—[sinx5]
=sin®(x>)x(-sinx )><dd (x*)+cosx>+2sin(x’ )xd—[smx ]

: . : d
:S|nx3sm2(x5)><3x2+25|nx5cosx3><cosx5><d—(x5)

X
=3x’sinx’xsin®(x°)+2sinx°cosx°cosx°*x5x*
=10x*sinx°cosx°cosx’-3x°sinx’sin*(x°)

Hence, the derivative of the function f(x)=cos(x’)xsin®(x®) s

10x"*sinx°cosx’cosx>-3x’sinx’sin’(x°)..

Compute the derivative of the function f(x):$/cot(x2) with respect to x

The given function is f (x) = g/cot(x?) .

Then,

%Hcot(xz)}
oL 4 2
=2 ot OIX[cot(x )]

sin(x?)
cot(x?)

xcosecz(xz)xi(xz)
dx



8.

_ /sin(xz))< _ 21 _x(2%)
cot(x“) sin“(x?)

- -2/2x
\/cosxlesinixzsinx2

___

~ J2sinxcosx?sinx?

2

~ sinx?y/sin2x?

Hence, the derivative of the function f(x)=/cot(x*) is

242x

sinx2+/sin2x2

Compute the derivative of the function f(x)=cos(+/x) with respect to x.

Ans: The given function is f(x)=cos(~/x)

Now, let u(x)=+/x and v(t)=cost .
Then, we have, (v o u)(x)=v(u(x))=v(v/x )=cos/x =f(x) .

It is observed that the function f is the composition of two functions u and v.
So, let t=u(x)=/x .

Then,

E:i(\/_)_i[xi}:lxé 1 .
dx dx dx 2 N3
Also,

dv_d

E_a(cost):-sint:sin(\/;)-

Now, by applying the chain rule of derivatives, gives



ANS:

dx dt dx

:-sin(\/;)x 2\1/;

_ 1
= 2\/;sm(\/;)

_ sin(vx)
24/x

An alternate method:

d%[cos(&)}

=-sin(4%).-% (%)
dx

:-sin(\/;)xi[xij
dx

1 :
:-sin\/;xzx2

_-sin/x
Sk

Hence, the derivative of the function f(x)=cos(~/x) is -

sin(~/X)
2x

Prove that the function f(x)=|x-1|, xe R is not differentiable at x =1.
The given function is f(x)=|x-1,xeR.

We know that a function f is called differentiable at a point x=c in its domain if

fet)-f©) i FEH)A(©)

both the lim
k 107 h 10

are finite and equal.

Now verify the differentiability for the function f at the point x =1.

First, the left-hand-derivative is



10.

Ans:

i T L F+h-1-1

h 10° h h 10°

f|h|-0 -
Iim—|:lim—h:1,since h<0= |h|=-h
ho h h 10* h

Now the right-hand-derivative is

i - L fh-2-1
+ h h TO+

im im—h—-l since h>0:>\h\ h.
10" 10" h

T —

From the above, it is noted that !lww # r!im—f(l"'?'f(l) _

Hence, the function f(x)=|x-1],x € R is not differentiable at the point x=1.

Prove that f(x)=[x], 0<x<3, the greatest integer function is not
differentiable at the points x=1 and x=2 .

The given function is f(x)=[x], 0<x<3.

Remember that a function f is called differentiable at a point x=c in its domain

feH)f(e) , 4 o FEH)-F(©)
h h

if both the limits, lim
h 107 h 10"

are finite and equal.

First, take the left-hand-derivative of the function f at x=1 such that

i D) LAY, O

m m——oo
h 10° h h 10 h 10°

h h 10" h

Now, take the right-hand-derivative of the function f at x=1 such that

Imf(1+h)-f(1):Iim [1+h][1] _lim g
h 10" h h 10* h h 10 h

-IlmO 0.




fLH)A(D) | o fh)-f(L)

Therefore, it is being noticed that, lim
h 10 h 10* h

Thus, the function f is not differentiable at x=1.

Now, justify the differentiability of the function f at x=2.

First, take the left-hand-derivative of the function f at x=2, such that

of@)-AQ) _ . [2+h)2] _ (12) 1
h v h h o h v hoohwth

Now, take the right-hand-derivative of the function f at x=2, such that

lim f(2+h)12) _ =lim [2+h][2] =lim 2—I m 0=0
h 10° h h T0+ h h1" h ho

f(2+h)-f(2) . lim f(2+h)-f(2) .

It is observed from the above discussion that, lim
h 107 h 10" h

Thus, the function f is not differentiable at the point x=2.

Exercise 5.3

Determine dy from equation 2x+3y=sinx.
X

. The given equation is 2x+3y=sinx.

Differentiating both sides of the equation with respect to x , gives

9 2x+3y)=3 (sinx)
dy dx
d d : . I
= d—(2x)+d—(3y):cosx , applying the addition rule of derivatives.
X X

= 2+3d—y =COSX
dx

= 3d— =COSX-2
dx



dy COSX- 2

Therefore,
dx 3
2. Determine d_y from the equation 2x+3y=siny.
X

Ans: The given equation is 2x+3y=siny .

Differentiating both sides of the equation with respect to x, gives
d d d, .

—(2x)+—(3y)=—(sin

@)+ (3y)=(siny)

= 2+3—y=cosyd—y , applying the chain rule of derivatives.
X

dx

dy

= 2=(cosy-3)—
(cosy-3)

dy__ 2

dx cosy-3°

Therefore,

3. Determine g—y from the equation ax+by*=cosy .
X

Ans: The given function is ax+by*=cosy.
Differentiating both sides of the equation with respect to x, gives

d d d
— (ax)+— (by?)=—((cos
OIX( ) dx(y) dx( y)
dy d . : N
—a-l1+ b (y ) (cosy) , applying the chain rule of derivatives.

dy _ dy
— a+bx2 =-sin
Yax VY ax



Ans:

Ans:

= (2by+siny) ™ =a
X

dy_ -a

Therefore, _
dx dy2by+S| ny

Determine g—y from the equation xy+y*=tanx+y .
X

The given equation is Xy+y’=tanx+y.
Differentiating both sides of the equation with respect to X, gives

i(xy+y2)=i(tanx+y)

—(xy) (y )——(tany)+—

= [yxi(x)+xxd—y} +2yi:seczx+d—y , applying chain rule of derivatives.
dx dx dx
= y><1+xﬂ +2y — dy =seC’X+—= dy
dx dx
2
Therefore, dy _ sec'xy
dx (x+2y-1)

Determine g—y from the equation x*+xy+y*=100.
X

The given equation is x*+xy+y*=100.
Differentiating both sides of the equation with respect to X, gives

y(x +Xy+y?)= —100

y(x )+ (xy)+ (y )=0



AnNs:

= 2x+[yxi(x)+xxd—y} +2yd—y=0 , applying the chain rule of derivatives.
dx dx dx

= 2X+yx1+xX dy +2yﬂ =0
dx dx
= 2X+y+(X+2y) dy =

dx

Therefore, ﬂ—- 2x+y.
dx x+2y

Determine dy from the equation x*+x*y+xy*+y°*=81.
X

The given equation is X*+x°y+xy*+y*=81,

Differentiating both sides of the equation with respect to x, gives
dy 2 2 2 3 d

— (X +X7y+xy“+y’)=—(81

1 KXYy HyT)=— (81)

d d d d
= SO0y )+ L (r)=0
dx dx

:>3x2+: dd (x*)+x? jﬂ { ™ (x)+x (y )}3)’ gl_y_

= 3x%+ y><2+x gy} [y2x1+xx2yx jy}+3y g—y_o , applying chain rule.
X X

= (X*+2xy+3y?) j—y +(3x%+2xy+y*)=0
X

Therefore, —= _ B T+2xy+y’)
dx (x?+2xy+3y?)




Ans:

Ans:

. X : :
Determlneg— from the equation sin’y+cosxy=m.
y

The given equation is sin*y+cosxy=m.
Differentiating both sides of the equation with respect to x, gives

i(sin2y+cosxy)=in
dx dx

d d (D)
= — (sin®y)+—(cosxy)=0
dx dx
Applying the chain rule of derivatives gives
i(sinzy):ZSinyi(siny):ZSinycosyd—y )
dx dx dx

= d (cosxy)=-si nxyi (xy)=—sinxy[yi (X)+x d_y} =-ySINXy-Xsi nxyd— ....(3)
dx dx dx dx d

From (1), (2) and (3), we obtain

dy _

dy . .
YSINXY-XSINXy —— =
dx

2sinycosy —-
dx

= (2sinycosy-xsinxy) dy =ysinxy

dx
: . dx _ .
= (S|n2y—xsmxy)d—=ysmxy
dx ysinxy

Therefore, —=— : .
dy sin2y-xsinxy

. d . i
Determine =Y. from the equation sin?x+cos?y=1 .

dx

The given equation is sin2x+cos2y=1.

Differentiating both sides of the equation with respect to x, gives



AnNsS:

OI—y(sin2x+coszy)=i (1)
dx dx

= i(sinzx)+i(cos2y)=0
dx dx

= Zsinxxi(sinx)+2003y><i(cosy)=0
dx dx

= 25inxcosx+2cosy(-siny)xg—§ =0
= sin2x—sin2yd—y:
dx
. dx _sin2x
dy sin2y

Determine dy from the equation y =sin™ 2X = |-
dx 1+Xx

) . ) 2X
The given equation is y=sin™ .
g q y (1+x2j

. 2X
Now, y=sin™
y (1+x2j

= siny=

1+x2

Differentiating both sides of the equation with respect to x, gives

i(siny):i( 2X j
dx dx \ 1+x2

:cosyﬂ=i( 2x j ...... (1)

dx dx\1+x®

is of the form of 5.

Now, the function 2x
1 \Y;

+x2



Applying the quotient rule, gives

2y d d 2

1( ox ):(1+x )d—X(ZX)-Zxxd—X(Hx )

dx \ 1+x° (1+x%)?

(1+x )x2- 2x><[0+2x] 2+2x°-4x?
(1+x?)? (1+x?)?

2
Therefore, df ) 2y )
dx (14x2 ) (1+x?)?

It is given that,

siny=
y 1+x°>

/ (1+x7)-ax?
=> COSy=4/1-sin’y =, [1- 1+x \/W

(1'X2)2 1
(1x?) 1

—> COSY=

.. (3)

From the equation (1), (2) and (3), gives

1-x? dy 2(1-x?)
1+x2 dx (1+x%)?

Therefore, _y: 2

dx 1+x2

_y3
10.  Determine ax from the equation y:tan‘l[?’xx ] A <X< L

dy 1-3x% ) 3 7 3

3
Ans:  The given function is y:tan‘l(i’xsx2 J
-3X



3
Now, y=tan'l£fx X j

3X-X
1-3x?

= tany=
According to the trigonometric formulas,
3tan ¥ -tan® Y

tany= 3 3 e (2)
1-3tan? ;/

By comparing the equations (1) and (2), gives

y
X=tan=-. 3
3 (3)

Differentiating both sides of the equation (3) with respect to x, gives

i (X): i(tan XJ
dx dx 3

— 1=sec? —xi(xJ
3 dx\3

:>1:seczxx1xd—y

3 3 dx
.3 3

X sec2Y  1+tan??y
3 3

Therefore, d—X: 3 >
dy 1+x

2

=X | o<x<t.
1+x

11.  Determine j—y from the equation y=cos'1[
X

2
Ans: The given equation is y=cos™ 1 X2
1+x



2
Ans: The given equation is y:sin'l(1 X J

2

= C0Sy=1—73

1-tan?Y

- 2
- 2 x (1)
1+tan? Y 1X
2
By comparing both sides of the equation (1) give
y _
tan=—=x 2
> 2)

Differentiating both sides of the equation (2) with respect to x, gives

sec’ yxi(z):i( )
2 dx\2) dx
jseczleizl
2 2dx
dy__ 2
X gec??
2
dy 2
X q4tanzY
Therefore, ay_ 12.
dx 1+x
. dy o 1x?
Determine —= from the equation y=sin > [, 0<x<1
dx 1+x

1+x°2

. 1-x2
Now, y=sin™
W, y=s [mzj



2

— (1)

= siny= ,
X

Differentiating both sides of the equation with respect to x, gives

1-x?
—(siny)=— v (2
( y)= (“X j 2)
Using chain rule, we get
di(smy) cosy><0|—y ------ 3)
2 2 22 22 2
(1+x°)°-(1-x°) 4x :
cosy=4/1-sin’y= = , using the
y= 1+x 1+x? (1+x%)? :
equation (1).
—> CO0S _1+X2 ...... (4)
Therefore, from the equation (3) and (4) gives
2X dy
= — .. (5
1+x? dx )
Now,
2 2Y(1 v 2\ (1 2 2
A 1x7 ) _(Ax)(AxXT) (212x )A+x7) , applying the quotient rule.
dx { 1+x (1+x°)
_(1+x3)(-2x)-(1-x?)(2%)
(1+x%)*
-2x-2x%-2x+2x°
(1-x*)*
d(1-x* 4
— =-— e (6
:>dx£1+x2j (1+x%)? ©)

Using the equations (2), (5), and (6), gives



2x dy _ -4x
1+x% dx  (1+x%)?

Therefore, dy _ _22 .
dx 1+x

An alternate method:

y=sin™ X’
1+x°

2

iny=
= siny: e

= (1+x?)siny=1-x°
= (1+siny)x*=1-siny

IV 1-si_ny
1+siny
2
cosx-sinx
[y
=X = >
(cosy+sinyj
2 X
cosx-sinx
= X= 2
cosx+sinx
2 2

T T
= X=tan| —-—
53)

Differentiating both sides of the equation with respect to x, gives

i (X): i|:tan (E _XJ:|
dx dx 4 2

jlzsecz(z_zjxdl(z_z)
4 2) dx\4 2



Therefore, ax_ -2
dy 1+x

5

13.  Determine dy from the equation y=cos™ 2X2
dx 1+x

j, -1<x<1

Ans: The given equation is y=cos™ 2x2 :
1+x

2X
Now, y=cos™
"y (szj

—> COSY=

14+x%
Differentiating both sides of the equation with respect to x, gives

i (Cosy):ix( 2x J

dx dx \1+x2

(1-x2)><£( (2x)-2xx; (1+x?)

dy_
dx (1+x%)?

dy _ (1+x%)x2-2xx2x
- 1_ 2 7 =
= -\/1-COS Y 3 1)

:>[ 1-( 2x j ]d_x:{ 2(1')()2]using the equation (1).

= -Sinyx , applying the quotient rule.

1+x% ) |dy | (1+x?)?



14.

AnNs:

(1-x*)*-4x* _dy _-2(1-x)°
(1+x%)*  dx  (1+x%)

. /(1—x2)2 dy _-2(1-x)°

(1+x?)% dx  (1+x%)
1-x° dy -2(1-x)?
1+x2 dx  (1+x?)

y_ -2
dx (1+x?)

Therefore,

dy ( \/7) 1 1
Determine from the equation y=sin™{ 2x+/1-X X< —=.
dx ey 7%
The given equation is y:sin'l(2x\/1-x2 ) :
Now, y:sin‘1(2xxll-x2)
=siny=2x~1-x*. (1)

Differentiating both sides of the equation with respect to x, gives

cosyj—y- {xd—(\/l X )+\/1 X2 jx}

X

= 1—sin2yd—y: {gx 2 _ +\/1—x2}

dx 1-x

2

_ _ 2
:>\/1-(2x\/1-x2 2:%: {#} using the equation (1).
1-Xx

dy .| 1-2x?
1-4x% (1-x?)* L=
= J1-4x?(1-x%) i { ,_1-x2}



= /(1-2x)? j—zz{\l/%}

_ 2
:>(1-2x2)d—y= {12x }
dx 1-x?
ay__2
dX 1x2

Therefore,

15. Determine dy from the equation y=sec™ LZ : O<x<i.
dx 2x°-1

N

1( )
2x2-1J'

Ans: The given equation is y:sec‘lk

Now,

y:sec'l( 12 j
2x°-1

—> secy=

2x%-1
= cosy=2x°-1
= 2x*=1+cosy
— 2x2=2c0s% Y

— x=cos ¥
2

Differentiating both sides of the equation with respect to x, gives

i (X): i(cos XJ
dx dx 2

:>1=sinxxi(xj
2 dx\2



=== = = 2 =, using the equation (1).
X sinY ,/1-cosz¥ 1-X
2 2

Therefore,d—yz 2 .
dx 1-X

Exercise 5.4

X

: N : e :
1. Find the derivative of the function y= Sinx with respect to x.

X

Ans: The given function is y= °

SInX

Then, we have

. od o, d .
OI_y:smxdx(e )-e* —(sinx)

dx sin’x

, by applying the quotient rule of derivatives.

_sinxx(e”)-e"x(cosx)
sin’x

Therefore, the derivative of the function vy is

dy _ e’ (sinx-cosx)
ax sin’x

, X#nhm, ne”Z.

2. Find the derivative of the function y=e"™*

Ans: The given function is y=e""*.

Then, we have



dy d sinx
—= e
dx dx ax . )

:esin'lx X i (SI n -1X)
X

sin"ix 1

=e X
1-x*

il
sin™x
€

1-x°
Therefore, the derivative of the function vy is

dy sm X

™ 1x2 , xe(-1,1).

3. Find the derivative of the functiony = e* with respect to x.

Ans: The given function is y=ex3

Given:

¥ =c*

Diff w.rix

dy o5 d 3
= C dx(!'i )
% =& . 3%

4, Find the derivative of the function is y =sin(tan™e™) with respect to x.

Ans: The given function is y=sin(tan™e™).

Now, applying the chain rule of derivatives, give
dy dr. 1o

— =—/sin(tan™e

dx dx[ ( )}

=cos(tan™e’ )xd (tan™e™)

=cos(tan'e™)x

1+(e™ )x&( )



-1.-X
:cos(tan e )x Xy d

— (X
1+(e™) dx( )
_e™cos(tan"e™)
S 1+e® D)

Therefore, the derivative of the function vy is

dy -e*cos(tan"e™)
dx 1+e™ '

5. Find the derivative of the function y = |09(005(ex))
Ans: Let y=|09(003(ex))

Now, by applying the chain rule of derivatives give
dy d

d—X—d—X[Iog(cos(ex))]

1 d )
- cose™ x&(cos(e ))

1 . do
) cosexx(_sm(e ))xd_x(e )
_ -sine”
~ cose”

X

Therefore, the derivative of the function vy is

d—y=—extan(ex), x#@2n+1)Z neN.
dx 2

Find the derivative of the function y=g¢* +eX +..+¢* with respect to x.
Ans: The given function is y=e*+e* +...+e* .

Then, differentiating with respect to x both sides, give

dy :i(ex+exz+...+exs)
dx dx



:i(e )+ (e )+—(e )+—(e ) applying the sum rule of derivatives.

dx dx dx dx

=X +[eXZ x&(x2 )} +[ex3x%(x3 )} +[ex4x%(x4)} +[ex5x%(x5 )}
=e* +(e¥ x2X)+(e* x3x%)+(eX x4x°®)+(e* x5x*)

Therefore, the derivative of the function y is

gy—e +2xe* +3x%e” +4x% +5x‘e*
X

7. Find the derivative of the function y=\/e\/;, x>0 with respect to x.
Ans: The given function is y=\/e\/; :

Then squaring both sides both sides of the equation give

y*=e’"

Now, differentiating both sides with respect to x gives

7)==

dy_

~ dx 4r Jx

Therefore,

, Substituting the value of y.

dy eVx

dX  44/xe’™




8. Find the derivative of the function y=log(logx), x>1.
Ans: The given function is y=log(logx).

Now, differentiating both sides with respect to x gives

dy d

ax gy Hog(logx)]

= xi(logx) , by applying the chain rule of derivatives.
logx dx

1 .1

= X—
logx x

Therefore, d—y:L x>1.
dx xlog

9.  Find the derivative of the function y= (I:Oﬂ, x>0 with respect to x.
0gX
COSX

Ans: The given function is y= .
logx

Differentiating both sides with respect to x gives

d d
dy d—(cosx)XIogx-cosxxd—(Iogx) _ _
&Y _ dx X , by applying the quotient rule.
dx (logx)

: 1
-SinXlogx-Ccosxx—
_ X

~ (logx)?

Therefore,

dy _ -[xlogxsinx+cosx]
dx x(logx)®

x>0.

10.  Find the derivative of the function y=cos(logx+e*), x>0 with resepct to x

Ans: The given function is y=cos(logx+e*).

Then differentiating both sides with respect to x gives

g—i:dix[cos(logﬁex)].



= d—y——sm[logx+e ]xdi(logx+e ), by applying the chain rule of derivatives.
X

=sin(logx+ex)>{i(logx)+i(ex)}
dx dx
=Sl X (1 Xj
=sin(logx+e*)x| —+e

X

Therefore, dy = (l +ex)sin(logx+ex), x>0,
dx \x

Exercise 5.5

1. Find the derivative of the function y=cosxxcos2xxcos3x with respect to x

Ans: The given function is y=C0SXXC0S2XXC0S3X.
First, taking logarithm both sides of the equation give,
logy=log(cosx*xcos2x*xcos3X)
= logy=Ilog(cosx)+log(cos2x)+log(cos3x), by the property of logarithm.

Now, differentiating both sides of the equation with respect to x gives

ldy_ 1 xi(cosx)+ L xdi(0052x)+ xdi(cos3x)
X

ydx cosx dx COS2X C0S3X
:>d_y: [ 5|nx_sm2x d 2x)- sin3x xi(3 )]

dx COSX COS2X  dX cos3x dx
Therefore,

dy =-COSXCOS2XXCOS3X [tanx+2tan2x+3tan3x] .

dx

(x-1)(x-2)

2. Find the derivative of the function y = with respect to
(%-3)(x-4)(x-5)

X.

Ans: The given function is y:\/ x1)(x-2)
(x-3)(x-4)(x-5)

First taking logarithm both sides of the equation give



_ (X-1)(x-2)
'Ogy'log\/ (x-3)(x-4)(x-5)

— Iogy:%|09|: (X-l)(X-Z) }

(x-3)(x-4)(x-5)
= l09y=%[log{(X-l)(X-2)}-log{(><-3)(X-4)(X-5)}]
= Iogy=%[Iog(x—1)+Iog(x—2)—|og(x—3)—|og(x—4)—|og(x—5)]

Now, differentiating both sides of the equation with respect to x give

gz 1d [Iog(x 1)+log(x-2)-log(x-3)-log(x-4)-log(x-5)].
ld_y l X _x_ __x_ - __x_
y dx 2|:Xl dx( A X-2 dx 02) x-3 dx (3) X-4 X(X4)
1
-Ex&(x 5)}

dy _ y( 1 1 1 1 1 j
- === + + + +
dx 2\{x-1 x-2 x-3 x4 x-5

Therefore,

dy 1 [ (x-1)(x-2) [1+1+1+1+1}
dx 2\ (x-3)(x-4)(X5) | x-1 X2 X3 x4 x5]

3. Find the derivative of the function y=(logx)“** with respect to x.
Ans: The given function is y=(logx)“*".
First, taking logarithm both sides of the equation give
logy=cosx.log(logx).

Now, differentiating both sides of the equation with respect to x give



Ans:

_x_y—d_(cosx)x|og(|ogx)+cosx><—[|09(|09X)]

y dx
dy _ 1 d . :
== ><——-smx|og(|ogx)+cosx>< x—(logx) , by applying the chain rule.
y dx logx dx
dy _ { . COSX 1}
= —==y| - X
dx logx X
Therefore,

d_y:(mgx)“’sX ﬂ-sinxmg(logx) .
dx xlogx

Determine the derivative of the function y=x*-2""™ with respect to x.

The given function is y=x*-2""™.

Now, let x*=u . (1)
and 2°™=v. (2)
Therefore, y=u-v. (3)

Then differentiating the equation (3) with respect to x gives

Now, taking logarithm both sides of the equation (1) give

log(u) =log(x*)

= logu=xlogx

Differentiating both sides of the equation with respect to x gives

1 du d
—— = —(X)xlogx+xx— (logx
ix [d() g OI(9)}



du 1
= —=U [1><Iogx+x><—}
dx X

= d—uzxx(logx+1)
dx

N oy ()
dx

Now, taking logarithm both sides of the equation (2) give
Iog(ZSi”X)zlogv
= logv=sinxxlog2.

Differentiating both sides of the equation with respect to x, give

1 dv d .
—x—=]og2x—(Sinx
v dx J dx( )

dv
— —=vlog2cosx
dx

- v =2""cosxlog2 ... (6)
dx
Therefore, from the equation (4), (5) and (6) give

g_y =x* (1+logx)-2°"™cosxlog2 .
X

5. Find the deri vative of the function y=(x+3)*(x+4)%(x+5)* with respect to x
Ans:  The given function is y=(x+3)*(x+4)*(x+5)".

First, taking logarithm both sides of the equation give

logy=log [(x+3)2 (x+4)° (x+5)“]

= logy=2log(x+3)+3log(x+4)+log4(x+5)

Now, differentiating both sides of the equation with respect to x, give



Lo e b eraprax—t x & xrayrax 1 x L (xa5)
X+4  dx X+5 dx

y dy X-3 dz
dy [ 2 3 4 }
+ +
dx X+3 Xx+4 x+5
dy _ 2 3 4
—=(X+3)°(x+4)°(x+5)"x + +
:>d =Ox+3) (x+4) (x+5)° | X+3 x+4 x+5}
2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4)
(x+3)(x+4)(x+5)

= j_y =(x+3)* (x+4)° (x+5)*x
:ﬂ:(x+3) (x+4)% (x+5)? [2(x2+9x+20)+3(x2+9x+15)+4(x2+7x+12)]

Therefore,

g_yz(x+3)(x+4)2(x+5)3(9xz +70x+133).
X

141

6. Find the derivative of the function y=(x+ %) +x( X) with respect to x.

1+2
X

Ans: The given function is yz(x+£j +x[
X

X l+1
First, let u=(x+lj and v:x( X]
X

Therefore, y=u+v. ... (1)
Differentiating the equation (1) both sides with respect to x give

_ dy_du_dv @)
dx dx dx

Now, u:(x+£j
X



1 X
= Iogu=|og(x+ —j
X

1
= Iogu=x|og(x+—j
X
Differentiating both sides of the equation with respect to x gives
l1du_d 1 d 1
——=—{(x)xlog| x+— |+xx—| log| x+—
udx dx X dx X

1du 1 1 d 1
= ——=1xlog| x+— |+XX X—| X+=
u dx X ( 1j dx | X
X+=
X

1

Also, vzx[ X)
) [

= logv=log| x

1
= Iogv=(x+—jlogx
X



Ans:

Differentiating both sides of the equation with respect to x gives

1 dv d 1 1) d
“x—=| —| 1+= | |[xlogx+| 1+= |[x—Ilogx
v dx |dx X X ) dx

1dv_logx 1 1
-7 = + 4+
vdx x* x x°
B e @)
dx x?

Hence, from the equations (2), (3) and (4), give

X 2 X+t -
d—y:(x+lj {X2—4+Iog(x+£ﬂ+x[ Xj(%j
dx X)) | Xx°+1 X X

Determine derivative of the function y=(logx)* +x"°* with respect to x.
The given function is y=(logx)*+x"%

Then, let u=(logx)* and v=x"%,

Therefore, y=u+v.

Differentiating both sides of the equation with respect to x gives

Now, u=(logx)*

= Iogu=|og[(logx)x]

= logu=xlog(logx)

Differentiating both sides of the equation with respect to x gives

%3_:1:%(x)><Iog(logx)+xx%[|09(|ogx)]



. 1xlog(logx)+xx L xi(|09X)
X logx dx

x 1
X —
xx}

= du =(logx)*| log(logx)+ —}
i logx

= OI—u:(logx)X
dx

:>d—u:(logx) _| log(logx)xlogx+1
dx logx

d_;.]( =(Iogx)x-1 [1+|ngx|og(logX)]

logx

Again, v=x

= log v=log(x"%")

= log v=logxlogx=(log x)2
Differentiating both sides of the equation with respect to x gives

1_dx
Vo 9]

— lxd_ :2(|ogx)><— (logx)
v dx dx

d_V =2XI0gx IOgX
dx X

L =2x"%xlogx
dx

Hence, from the equations (1), (2), and (3), gives

dy =(logx)***[1+logxxlog(logx) | +2x"**xlogx .
X



8.

Find the derivative of the functiony = (sinx) +sin™~/x with respect to x

Ans: The given function is y=(sinx) *+sin \/x .

Now, let u=(sinx)* and v=sin™/x .
Therefore, y=u+v.

Then, differentiating both sides of the equation with respect to x gives

Now, u=(sinx)*

= logu=xlog(sinx)*

= logu=xlog(sinx)

Differentiating both sides of the equation with respect to x gives

1du d : d .
— —=—(x)xlog(sinx)+xx—1|log(sinx
1 = o (xlog(sinx)+xx—[log(sinx)]

:d—u:u[lxlog(sinxﬁxx _1 xi(sinx)}
dx sinx dx

= d—uz(sinx)x [Iog(sinx)+_ixcosx}
dx sinx

= g_u =(sinx)*(xcotx+logsinx) ... (2)
X

Again, v=sin™y/x .
Differentiating both sides of the equation with respect to x gives
dv 1 d
—=_ = x—(Jx)
dx 1_(\/;)2 dx
dv_ 1 1

==X
dx +/1-x 2\&



Ans:

dv 1

Tx 24 %x-x?

Hence, from the equations (1), (2) and (3), gives

j_v =(sinx)? (xcotx+logsinx)+
X

1
N

Find the derivative of the function y = x™ + (sinx)®> with respect to x.

COSX

The given function is y=x""+(sinx)

COsSX

Then, let u=x"" and v=(sinx)
Therefore, y=u+v.

Differentiating both sides of the equation with respect to x gives

= logu=xlog(x*™)
= logu=sinxlogx

Differentiating both sides of the equation with respect to x gives

1 du
et —smx xlo x+smx><— logx
o dx (sinx)xlog i (logx)

du _ _[ : 1}
= —=u=| cosxlogx+sinxx—
dx X

— d_u ¥ SN |:COSX|09X+ %:l e (2)
dx X

COsX

Again, v=(sinx)



10.

ANS:

COsX

= logv=Ilog(sinx)
= logv=coslog(sinx)

Then, differentiating both sides of the equation with respect to x gives

ldv d d
——=—(cosx)xlog(sinx)+cosxx—/log(sinx
= o (Cosx)xlog(sinx)-cosxx-_[log(sin)]

dv ) ) 1 d,.
= — =v| -sinxxlog(sinx)+cosxx ——x—(sinx)
dx sinx dx

COSX

= g—uz(sinx) [-sinxlogsinx+cotxcosx |
X

— j_v =(sinx)*[cosxcotx+sinxlogsinx] ... 3)
X

Hence, from the equations (1), (2) and (3), gives

du sinx
d_ x*™| cosxlogx+—— |+(sinx)® [cosxcotx+sinxlogsinx] .
X X

2
XCOSX

Find the derivative function y = x

: . X
The given function is y=x""*+

x2+1
x2-1"

First, let u=x*** and v=

Therefore, y=u+v.

Differentiating both sides of the equation with respect to x gives

XCOSX

Now, u=x

1 .
71 with respect to x.

Then, differentiating both sides of the equation with respect to x gives



11.

Ans:

ldu_d d d
—— —(x)><cosx|ogx+x><d—(cosx)xlogx+xcosx><d—(Iogx)

udx dx

du _ : 1
:>d——u 1xcosxxlogx+xx(-sinx)logx+Xxcosxx —
X X

du .
= ™ =xX***(cosxlogx-xsinxlogx+cosx) ... (2)
X

2

Again, v= X2

= logv=log(x*+1)-log(x*-1)
Differentiating both sides of the equation with respect to x gives

1 dv_ 2x 2X

v odx x2+1 x2-1
dv :V{zx(x -1)-2X(x2+1) |

dx (x*+1)(x?-1)
_ du_x 2+1 { -4x

TUx X1 (x2+1)(x*-1) |
dv -4x

........ 3)
dx (x -1)?

Hence, from the equations (1), (2) and (3), give

4x
— =x"* [ cosx(1+loax)-xsinxlogx | -

1
Find the derivative of the function y=(xcosx)*+(xsinx)? with respect to x

1
The given function is y=(xcosx)’+(xsinx)2.

1
Then, let u=(xcosx)* and v=(xsinx)2.



Therefore, y=u+v.

:>d_y:d_u+d_v ....... (1)

dx dx dx
Again, u=(xcosx)’

= logu=log(xcosx)
= logu=ulog(xcosx)
= logu=x[logx+logcosx]
= logu=xlogx+xlogcosx

Differentiating both sides of the equation with respect to x gives

ldu :i(xlogcosx)
udx dx

= du =u {Iogxxi (x)+x><i(Iogx)}+{logcosx><i(x)+x><i(logcosx)}
dx dx dx dx dx

:>d—u:(xcosx)X {Iogxx1+xxl}+{Iogcosx—1+xx ! xi(cosx)}
dx i 2 cosx dx

X X(-sinx)H
SX

= du =(xcosx)”| {logx+1} + {Iogcosx-1+
dx i co

- g_u =(xcosx)* [ (logx+1)+(logcosx-xtanx)]
X

= g—i =(xcosx)* [1-xtanx+(logx+logcosx) |

Therefore,

du X

™ =(xcosx)*[1-xtanx+(logx(xcosx)| ... (2)
X

1
Again, v=(xsinx)*

1
= logv=log(xsinx)*



= logv= 1 log(xsinx)
X
1 :
= logv==—(logx+logsinx)
X
1 1 :
= logv==logx+—logsinx
X X

Differentiating both sides of the equation with respect to x gives
ld—v—i(ilo xj+i[ilo (sinx)}
vdx dx\x J dx| x J

1dv _

v dXx

{l Iogxxi(l}lxi(logx)} +{Iog(sinx)xi(lj+lxi{(logsinx)}}
dx \ x dx

X dx\ x /) x dx X

— ld_V:F|ogxx(-i2J+£xl}{Iog(sinx){—%j+£><ixi(3inx)}

vdx | X X X X X X sinx dx
— ld_v:iz(l_logx){l-logx +— xcosx}
vdx X X XSINX
1 -
:ld—vziz(xsinx)u[l Iozgx_l_ Iog(smx2)+xcotx}
vdx Xx X

1 -
. av _ (xsinx)X[l_ logx — Iog(szln X) + xcotx}
dx X

Therefore,

2

1 -
dv _ (xsinx)* [1-Iog(xsmx)+xcotx}
dx X

Hence, from the equations (1), (2) and (3), gives

2

1-log(xsinx)+xcotx }
. :

1
X



12.

AnNs:

Determine dy from the equation x’+y*=1.

dx
The given function is x¥+y*=1.
Then, let x’=u and y*=v.
Therefore, u+v=1.

Differentiating both sides of the equation with respect to x gives

du dv_
dx dy

Now, u=x" (1)

= logu=Ilog(x”)
= logu=ylogx

Differentiating both sides of the equation with respect to x gives

ld——logx—y+y><—(logx)
u dx dx

= d—u:u[logxd—y+y><—}
dx dx X

Therefore, d—uzxy[logxﬂ+x} ............ (2)
dx dx x

Also, v=y*
Taking logarithm both sides of the equation give

= logv=log(y®)
= logv=xlogy

Differentiating both sides of the equation with respect to x gives

lx_:|ogyx_(x)+xx_(|ogy)
v dx



13.

AnNs:

dv _ 1 _dy
= —=V| logyx1+xx—x—=
dx y dx

Therefore, OI—V:yX Iogy+§d—y
dx y dx
So, from the equation (1), (2) and (3), gives

x” (Iogx— (Iogy+——]
dy _

(x +Iogx+xyy1) (yXy1+y |09Y)

y-1
Hence, dy _yx+y Iogy
dx xylogx+xy

Determine d—y from the equation y*=x".
X

The given equation is y*=x".
Then, taking logarithm both sides of the equation give
xlogy=ylogx .

Differentiating both sides of the equation with respect to x gives
10gyX < (x)+x%~L (logy)=logxx~- (y) +y*~ (logx)
dx dx dx dx

Iogyx1+xx 1 xﬂ_logxxd—y+yxi
y dx dx X

Iogy+——y—logx—y Y
y dx

dx x

= (i-logx]g—yzx-logy

y X X

- (3



14.

Ans:

15.

Ans:

[x ylogx dy y-xlogy

[ x-ylogx de y-xlogy

Therefore, dy _y( y-xlogy
dx x| x-ylogx )

Determine dy from the equation (cosx)’ =(cosy)”.
X

The given equation is (cosx)”=(cosy)*.
Then, taking logarithm both sides of the equation give
ylogcosx=xlogcosy .

Now, differentiating both sides of the equation with respect to x gives

Iogcosxxd—y+yxi(Iogcosx)=|ogcosyxi(x)+x><i(logcosy)
dx dx dx dx
:>IogcosxOIy y ——x(-sinx)= Iogcosy+—(s.|ny)><d—y
co cosy dx

= logcosx dy -ytanx:Iogcosy-xtany dy
dx dx

= (logcosx+xtany) g—i =ytanx+logcosy

dy ytanx+logcosy
dx xtany+logcosx

Therefore,

Determine d_y from the equation xy=e*¥.
X

The given equation is xy=e*¥



16.

Ans:

Then, taking logarithm both sides of the equation give

log(xy)=log(e™)

= logx+logy=(x-y)loge
= logx+logy=(x-y)x1
= logx+logy=x-y

Now, differentiating both sides of the equation with respect to x gives

—(logX)+—(|09y) —(X)-—

:(l+ljd_y_x__1

yjdx X

Therefore, —= yx-1)
dx x(x+1)

Determine the derivative of the following function f and hence evaluate
f'(1).

f(X)=(1+X)(1+x?)(1+x*)(1+x°).

The given function is f(X)=(1+x)(1+x?)(1+x*)(1+x?).
By taking logarithm both sides of the equation give
logf(x)=log(1+x)+log(1+x>)+log(1+x*)+log(1+x®)

Now, differentiating both sides of the equation with respect to x gives

1

00 d—[f(X)] —|Og(1+x)+—log(1+x )+—Iog(1+x )+—Iog(1+x )



1 1 1 1 d
= —xf'(X)=—x—(1+x)+ x—log(1+x?)+
f(x) ) 1+x dx( ) 1+x* dx 9(1x7) 1+x*
1

1+x8

:3ﬂ@ﬁ&{f%+

xilog(1+x4)
dx

+

xd log(1+x®)
dx

1 X 2X+ y x4x3 +
1+x 1+x 1+x

8

X8x7}

Therefore,

f'(X)=(1+X)(1+X2)(1+X4)(1+X8)|: 1 + 2X 4)(3 8X7 :|

2+ 4+
1+x  1+x% 1+x* 1+x8

So,

1 2x1 4x1® 8x1’
f(1D)=(1+1)(1+13)(1+1*)(1+18 + + +
(D=(1+1)(1+17)(1+17)( )Lﬂ TCAETSL 1+18}

=2X2%X2%2 1+g+ﬂ+§
2 2 2 2

:m{%j

=16><%=120

Hence, f'(1)=120.

17.  Differentiate the function y=(x*-5x+8)(x*+7x+9) in three ways as
described below. Also, verify whether all the answers are the same.

(a) By using product rules.
Ans:  The given function is y=(x*-5x+8)(x* + 7x+9).
Now, let consider u=(x*-5x+8) and v=(x>+7x+9)

Therefore, y=uv.



:>dy du ViU du

dx dv.  dx
:>j—y=—(x -5x+8).(X*+7x+9)+(x>-5x+8). —(x +7x+9)
X dx

- j—y =(2x-5)(X*+7x+9).(x?-5x+8)(3x2+7)
X

= j—y =2X(X>+7x+9)-5(x*-5x+8)+x” (3x*+7)-5x(3x* +7)-8(3x*+7)
X

= j—y =(2x"* +14x° +18x)-5x>-35x-45+(3x* +7x?)-15x°-35x+24x> +56
X

Hence, :—y:5x4-20x3+45x2+52x+11.
X

(b) By expanding the factors as a polynomial.
Ans: The given function is
y=(x*-5x+8)(x*+7x+9) .
Then, calculating the product, gives
y=x*(x*+7x+9)-5x" (x* +7x+9)+8(x° +7x+9)
= y=X"+7x°+9x*-5x>-26X* +11X+72
Now, differentiating both sides of the equation with respect to x gives

j—y = di (x> +7x3+9x>-5x%-26x° +11x+72)
X dx

:—(x)5—(x )+15 (x)26 (x )+11—( )+—(72)

=5x*-5x4x°+15x3x* —26><2X+11><1+0

Hence, g—y=5x4—20x3+45x2—52x+11.
X



Ans:

(c) By using a logarithmic function.

The given function is

y=(X*-5x+8)(X>+7x+9) .

Now, taking logarithm both sides of the function give

logy=log(x?-5x+8)+log(x’>+7x+9)

Differentiating both sides of the equation with respect to x gives

1dy_ —Iog(x 5x+8)+—|og(x +7x+9)
ydx dx

id_y_# (X?-5X+8)+————. —(x +7x+9)

ydx x%-5x+8 dx x> +7x+9 dx

dy 1 2

—= X(2X-5)+ ————x(3x“+7

~ dx y[x -5x+8 (2x-5) X3 +7x+9 ( )}

B _ 2

:>d—y=(x2—5x+8)(x3+7x+9) 32X > ?X ull

dx X°-5x+8 X°+7x+9

= j—y =(x*-5x+8)(x*+7x+9)
X

_(2x-5)(x3+7x+9)+(3x2+7)(x2-5x+8)}

(x3-5x+8)+(x*+7x+9)

= j—y =2X(X*+7Xx+9x?)-5(X> +7x+9)+3x* (X *-5x+8)+7(X > +7x+9)
X

= j—y =(2x"* +14x° +18X)+(5x>-35x+45)+(3x*-15x° +24x?)+(7x* +35x+56)
X

Therefore,
dx

Hence, comparing the above three results, it is concluded that the derivative

are the same for all methods.

Y _5x2 20X +45x2-52x+11.

dy

dx



18.

Ans:

Let u, v, and w are functions of x , then prove that

i(u.v.w)=0|—uv.w+ud—u.w+u.vd—W in two ways. First by using repeated
dx dx dx dx

application of product rule and second by applying logarithmic
differentiation.

Let the function y=u.v.w=u.(v.w).
Then applying the product rule of derivatives, give

dy _

o dx (v W)+U. di(v W)

d—y—d—v +u{dv.w+v.d—v} (Using the product rule again)
dx dx dx dx

Thus,

dy du dv dw
—=— V.WHU.— . .WHU.V— .

dx dx dx dx

Now, take logarithm both sides of the function y=u.v.w.
Then, we have logy=logu+logv+logw .
Differentiating both sides of the equation with respect to x gives

ld_y = a4 (Iogu)+i (Iogv)+ a4 (Iogw)
y dx dx

1 dy_1du 1dv 1 dw

y dx udx vdx de

dy (1du ldv, 1dwj
— A

dx “ludx vdx wdx

dy [1du 1 dv 1dwj

= —Z=U.V.W
udx vdx w dx

dx

dy du du dw
Hence, —=—v.w+u—.w+u.v—.
dx dx dx dx



Exercise 5.6

Ans:

Ans:

Determine di from the equations x=2at’, y=at*, without eliminating the
parameter t, where a,b are constants.

The given equations are

x=2at> L (1)

and y=at* . (2)

Then, differentiating both sides of the equation (1) with respect to t gives

d_X_E(z at?)= 2ax—(t )=2ax2t=4at. ... 3)

dt
Also, differentiating both sides of the equation (2) with respect to t gives

dy d
=" (at ax tY)=ax4xt®=4at®* ... 4
™ dt( )= ( )= (4)

Now, dividing the equations (4) by (3) gives

dy
dy (dt) 4at’

2= = =t°.
dx (de 4at
dt
Hence, Y _p.
dx
Determine d_y from the equations x=acos0, y=bcos0 , without eliminating
X

the parameter 0, where a,b are constants.
The given equations are
X=acos6 L (1)

and y=bcos6 . (2)



Then, differentiating both sides of the equation (1) with respect to 6 gives

ax_ =— (aCOSG) a(-sin@)=-asin6. ... 3)

do do
Also, differentiating both sides of the equation (1) with respect to 6 gives

3—39/ = % (bcosO)=b(-sinf)=-bsin6 ... 4)

Therefore, dividing the equation (4) by (3) gives

( -bsiné _b

).
dx ( ) asind a’

Hence, < =—
dx a

3. Determine dy from the equations x=sint, y=cos2t without eliminating the

dx
parameter t.

Ans: The given equations are
x=sint
and y=cos2t

Then, differentiating both sides of the equation (1) with respect to t gives

dx _d .
—=—(sint)=cost. .. 3
dt dt( ) )

Also, differentiating both sides of the equation (2) with respect to t gives

%:_(cosm) S|n2tx—(2t) -2sin2t L (4)

Therefore, by dividing the equation (4) by (3) gives



4.

Ans:

Determine —=
dx

).
dy _ (dt _ZS'nZt-_ZXZS'mCOSt:ASint
dx (de cost cost

d

Hence, y =-4sint.

dx

dy from the equations x=4t, y:% without eliminating the

parameter t.

The given equations are

x=4t

4
and y=—
y {

Now, differentiating both sides of the equation (1) with respect to t gives

dx _d
—=—(4t)=4. . 3

o Olt( )= 3)

Also, differentiating both sides of the equation (2) with respect to t gives
dy d d(1l -1\ _ -4

2= =4x — =X = == .. 4

dt dt( j dt(j (tzj t? )

Therefore, dividing the equation (4) by (3) gives

o ) ()1
dx(j

Hence, —= d =g




AnNs:

Ans:

Determine g—y from the equations x=cos0-cos20, y=sin0-sin20, without
X

eliminating the parameter 6.

The given equations are

X=cos@-cos26 (1)
and y=sin@-sin26 (2)
Then, differentiating both sides of the equation (1) with respect to 6 gives

d_x E(COSG cosZG)——(cosO)——(cos26)——s1n6( 2sin20)=2sin20-sin0 ... (3)

do
Also, differentiating both sides of the equation (2) with respect to 6 gives

gg =— (sino- s1n26)——(s1n0)-—(s1n26) =cos0-2cosh e (@)

Therefore, dividing the equation (4) by (3) gives

dy
d_y do ) _ cosB-2cosH

dx (dX) 25in20-sind
dé

dy c0s0-2cosO

Hence, )
dx  2sin20-sind

Determine dy from the equations x=a(0-sin@), y=a(1+cos0), without

eliminatingqc)rie parameter 0, where a,b are constants.

The given equations are

x=a(@-sin®) (1)
and y=a(l+cospy . (2)

Then, differentiating both sides of the equation (1) with respect to 6 gives



dx_|d ~d . |
E_a[de 0) g7 (sm@)} a(l-cos) 3)

Also, differentiating both sides of the equation (2) with respect to 6 gives

% =a {% (1)+ % (cose)} =a [0+(-sin6)] =-asin®@ ... 4)

Therefore, by dividing the equation (4) by (3) gives

(dyj pcin o5 0

dy \do) -asing - smzcosz_-cosz__COS

dx (dx) a(l-cosh) 28 0 2
do 2 2

Hence, d—=—cos—.
dx 2

. dy : sin’t cos’t :
7. Determine — from the equations x=- Y= , without
dx a \Jcos2t Y \/cos2t
eliminating the parameter t.
Ans: The given equations are,
sin’t
S———_ (1)
\Jcos2t
cos’t
...... (2)

and y=
Y \Jcos2t

Then, differentiating both sides of the equation (1) with respect to t gives

dx _d| sin’t

a_a{\/cosm }
Jcos2t (;jt (sin3t)-sin3txci\/0032t

cos2t



) d ., . )
\J€0os2tx3sin?tx— (sint)-sin>tx — (cos2t
dt (sint) 2\/c032 ( )

Cos2t
. sin’t .
3./cos2txsin’tcost-———— x(-2sin2t
_ 2-/cos2t ( )
C0S2t~/cos2t

Also, differentiating both sides of the equation (2) with respect to t gives

dx _ 3cos2tsin’tcost+sin’tsin2t
dt cos2t+/cos2t '

dy d| cos’t
dt dt| «/cos2t
Jcosth:t(cos3t)-cos3t><§t(\/0032t)

cos2t

34/cos2tcos’t(-sint)-cos tx ————

Q (cos2t)

(\/ COS2t) dt

cos2t

dy _ -3cos2txcos’txsint+cos’tsin2t

dt cos2tx<cos2t 7

Thus, dividing the equation (4) by the equation (3) gives

dx
dy [dtj _ -3cos2txcos’txsint+cos’tsin2t

dx ( dx j ~ 3cos2tcostsin’t+sin’tsin2t
dt

sintcost[-3c052txcost+20033t}

sintcost [30032tsi nt+25in3t]

[-3(Zcoszt-1)cost+2<:os3t} cos2t=(2co0s’t-1)
- [3(1-25in3t)sint+23in3t] cos2t=(1-2sin’t)



ANS:

_ -4cos’t+3cost

 3sint-4dsin’t cos3t=4cos’t-3cost

_ -Cos3t sin3t=3sint-4sin’t
sin3t

Hence, d—y:-cotSt .

dx

. d i i
Determine d—y from the parametric equations
X

t . i S
x=a(cost+|ogtan E)’ y=asint , without eliminating the parameter t.
The given equations are

t
x:a(cost+logtan Ej ...... (1)

and y=asint (2)

Then, differentiating both sides of the equation (1) with respect to t gives

dx d d t
— =ax| —(cost)+— (logtan —
dt {de( Y30 (% 2)}
=a| -sint+

— . t ,t d(t
=a| -sint+cot —xsec”* —x—| —
2 2 dt\ 2




Ans:

=a| -sint+
] t
2SIN —C0S —
2 2

1 )
=a| -sint+—
sint

—sin2t+1j

sint

cos’t

sint

Therefore, d—xza
dt

Also, differentiating both sides of the equation (2) with respect to t gives

dy d, .
—=a—(sint)=acost ... 4
el Sl (4)

Thus, dividing the equation (4) by the equation (3) gives

dy
dy \(dt)_ acost _sint _

— = = =tant.
dx (dX) cos?t ) cost
a—;
dt sint

Hence, d—y=tant.

dx

. d i . .
Determine d_y from the parametric equations x=asec, y=btan0, without
X

eliminating the parameter 6, where a,b are constants.

The given equations are

X=dseC (1 )

and y=btan6 (2)

Then, differentiating both sides of the equation (1) with respect to 6 gives



ax =ax d_ (secO)=asecOtan®0 . (3)

do
Also, differentiating both sides of the equation (2) with respect to 6 gives

Sg —b><— (tan@)=bsec’® . 4)

Thus, dividing the equation (4) by the equation (3) gives

dy)
dy_ (de bsec’d Esecet 9—-—bcose ZEXL:Ecosece
dx (dxj asecOtan0 a acosOsin® a sinf a
do
Hence, d_y = Ecosece .
dx a
dy

10. Determine ™ from the parametric equations
x=a(cos0+0sin0), y=a(sin0-0cos0), without eliminating the parameter 0,
where a,b are constants.

Ans: The given equations are

x=a(cos+0sin0) . (1)
and y=a(sin-6cos® . (2)
Then, differentiating both sides of the equation (1) with respect to 0 gives

. —a [i cos0+ d G sme)} - {_Sin(ﬂe 4 (sin®)+sinb = (6)}
do do do do do

=a[-sinf-+0cosO+sinf].

Therefore, 3—)(;=aecose ...... (3)



Also, differentiating both sides of the equation (2) with respect to 6 gives

dy =a [— (si nO)-— (GCOSG):I =a {cos@ {9 % (c0s9)+cos€)><% (G)H
= % =a[cosf+0sinf-coso |

Therefore, dy —Z =a0sind
do

Thus, dividing the equation (4) by the equation (3) gives

@)
d_y: do / aOsind —tand
dx (dX] afsino

do

Hence, dy —=tanf.
dx

11.  Prove that d—yz Y whereitis provided that x:\/as”"1t , y:\/aCOS'lt
X X

Ans: The given parametric equations are x=ya™"* and y=va™ t

P 1
Now, x=va™ " and y=va™"
1

= X= ( a™" t) and y-( °°Sl‘)2

Laint Loost

—SI
= x=a2 and y=a?

1|nt

Therefore, first consider x=a?
Take logarithms on both sides of the equation.

Then, we have



Iogx:%sin‘ltloga.

Then, differentiating both sides of the equation with respect to t gives

Therefore, ?j—); xloga. ...... (1)

24/1-t?

Loost

Again, consider the equation y=a?
Take logarithm both sides of the equation.

Then, we have
1 4
Iogyzgcos tloga

Differentiating both sides of the equation with respect to t gives

l><d—x——loga><—(cos t)
y dt 2 dt

_ X dx yloga 1
dt 2 \J1-t2

Therefore, ((jjt yloga - )

212

Thus, dividing the equation (2) by the equation (1) gives

(%) ()
dy ( dt 241t2 )y

dx (dxj (xlogaj_;'
dt) | 24142

Hence, d_y = y )
dx Xx




Exercise 5.7

1.

Ans:

AnNs:

Determine the second order derivative for the following function
y=x"+3x+2.

The given function is y=x*+3x+2.

Then, differentiating both sides with respect to x gives

:_V_i(x )+—(3x)+—(2) DX +3+0=2x+3
X

That is,

d_y = 2X+3.

dx

Again, differentiating both sides with respect to x gives

gy d (2x+3)——(2x)+—(3) 2+0=2
X

2
Hence, d—y:2.

X2

Determine the second order derivative for the following function y = x.

The given function is y=x*
Then, differentiating both sides with respect to x gives

dy d
dx dx

Again, differentiating both sides with respect to x gives

(X 20) 20X19



2
j_y_i(zo *)=20 (x19) 20(19)x**=380x".
X

Hence, d" 9Y _ 380x.
dx?

3. Determine the second order derivative for the following function
Yy = X-COUSX.

Ans: The given function is y=x.cusx.

Then, differentiating both sides with respect to x gives

dy _d

— (X.COSX)=COSX. i(x)+xi(cosx) =COSX.1+X(-SINX)=COSX-XSINX
dx dx dx dx

That is, dy = COSX-XSINX .
dx
Again, differentiating both sides with respect to x gives

d?y _ d d d .
——5 — ——(COSX- XSinx)=— (cosx)-— (xsinx
T )= —(€090)-— (xsinx)

=-sinx-[sinx.i (x)+x.i (sinx)
dx dx

=-Sinx-(Sinx+Cosx)

d2y
Hence, r =-(XCosx+2sinx).
x?

4, Determine the second order derivative for the following function  y =logx

Ans: The given function is y=logx.

Then, differentiating both sides with respect to x gives



Again, differentiating both sides with respect to x gives

ﬂ-i(lj-'_l
dx? dx\x) x2

2
1
Hence, d—)::-—z
X“ X
5. Determine the second order derivative for the following functiony=x*logx

Ans: The given function is y=x’logx .
Then, differentiating both sides with respect to x gives

@y i[x%gx] “logr-L ()43 2 (logx)=logx.3x2 +x° L =logx 3x2+x?
dx dx dx dx X

That is, d—y:x2(1+3logx) :
dx

Again, differentiating both sides with respect to x gives

d%y _d
d—;g:d—x(xz(uslogx))

=(1+3Iogx).i(x2)+x2 4 (1+3logx)
dx dx

=(1+3Iogx).2x+x3.§
X

=2X+6logx+3x
=5x+6Xxlogx
dy _

Hence, —=-=x(5+6logx).
dx

6. Determine the second order derivative for the following function.
y =e’sin5x



Ans:

AnNs:

The given function is y=e*sin5x.
Then, differentiating both sides with respect to x gives

dy _d : . d d, .
—Z =—| e*sin5x |=sinx — (e*)+e* —(sin5x
dx dx[ } dx( ) dx( )

— d_y:5|n5x_eX +eX.0035x.i(5X)
d dx

X
That is, d—y:ex(sin5x+5c055x).

X
Again, differentiating both sides with respect to x gives

d’y _d ., .
v &[e (sin5x+5¢085X) |

=(sin5x+5c:os5x).i(eX)+eX.i (sin5x+5c0s5x)
dx dx

=(sin5x+5c0s5x)(e*)+e” [cosSx.diX (5x)+5(-sin5x).dix (5X)}
=e* (sin5x+5c0s5%)+e* (5c0s5%-25sin5X)

=e* (10cos5x-24sin5X) .

2
Hence, g Y _ 2¢* (5cox5x-12sin5x) .
x?

Determine the second order derivative for the following function.
y=e*C0S3X.

The given function is y=e™cos3x.
Then, differentiating both sides with respect to x gives

d—y:—(EGXCOSBX) cosSxxd (eGX)+eex>< ™ (cos3x)

dx dx

S cos3x><e6X><—(6X)+e6xx(-8in3x)x— (3x)
dx dx

dx



Therefore,

dy =6e*cos3x-3e¥sin3x ... (1)
dx
Again, differentiating both sides with respect to x gives
dy_

—2= (6e6xcos3x 3e¥sin3x)=6x— (eﬁxcosfo) 3x— (eexsm3x)
dx® dx dx dx

=6x| 6e*cos3x-3e%sin3x | 3><[sm3x><d—(esx)+esx>< (S|n3x)} [using (1)]

:36e6X0033x-18e6Xsin3x-3[sin3x><e6x><6+e6x><0053x-3]

=36e%c0s3x-18e%sin3x-18e%*sin3x-9e®cos3x

2

Hence, d—i’ =9e* (3c0s3x-4sin3X).

Determine the second order derivative for the following function
y = tan™x.

Ans: The given function is y=tan™x .

Then, differentiating both sides with respect to x gives

L
dx dx 1-x

Again, differentiating both sides with respect to x gives

dzy_ d 1 X X
W_&(nx j_—(“X )=(-1)x(1+x?) (1+X)

= 1 X2X
(1+x%)

2 -
Hence, d 32/: 2x2 :
dx®  (1+x°)



9. Determine the second order derivative for the following function.
y=log(logx).

Ans: The given function is y=log(logx).
Now, differentiating both sides with respect to x gives

ay_

d
o g Log(logx)]

! ><i (logx)
logx dx

p—

= L:(xlogx)'l
logx

Again, differentiating both sides with respect to x gives

%zdix[(xlogx)'l}=(-1)><(X|09X)'2 d%(X'OQX)
-1
(xlogx)®

1] 1}
= ———X| logxx1xx—
(xlogx)® | X

X Iogxxi(x)+xxi(logx)}
i dx dx

d’y _-(1+logx)
dx? (xlogx)?

Hence,

10. Determine the second order derivative for the follo wing function.
y=sin(logx) .

Ans: The given function is y=sin(logx).
Now, differentiating both sides with respect to x gives

d_y:i[sin(logx)]zcos(logx)xi(|09X) =
dx dx dx

cos(logx)

Again, differentiating both sides with respect to x gives



11.

Ans:

ﬂzi[cos(logx)}
dx* dx X

X [cos(logx)]-cos(logx)x(i((x)

X2

x[-sin(logx)xddx(Iogx)}-cos(logx)xl

XZ

-xsin(logx)X)l(-cos(Iogx)

2

X
2 -sin(logx)+(l
Hence. d 32/:[ sin( ogxz (ogx)].
dx X
d’y
Prove that +y=0 when y=5c0sx-3sinx .

dx?
The given equation is y=5cosx-3sinx .

Then, differentiating both sides with respect to x gives

dy = d (SCosx)—i (3si nx):5i (cosx)—3i (sinx)=5(-sinx)-3cosx
dx dx dx dx dx

Therefore, j—yz—(Ssinx+3c:osx).
X

Again, differentiating both sides with respect to x gives

d’y _d .
—~ =—[-(5sinx+3cosx
dx? dx[ ( )

:-[SXi(sinx)+3xi(cosx)}
dx dx

=[5cosx+3(-sinx)]
=y



2

. d%y
That is, —==-y.
dx? y

2

dy

Hence, —
dx

+y=0.

d’y

12.  Determine —
dx

Ans: The given function is y=cos™x .

Now, differentiating both sides with respect to x gives

-1 51

dy_ =-(1-x%)
1-x?

dx

a4 (cos™x)=
X

Again, differentiating both sides with respect to x gives

ﬂ = i{_(l_XZ)-zl}

dx? dx
-1 2 d
—| = 1_ 2\ 2 el 1_ 2
(ij( yex L (100
1
Y(1-x*)°
d’y X
- dx? \/(1-)(2)3

x(-2X)

Now, y=cos™x => Xx=cosy.
Therefore, substituting x=cosy into equation (1), gives

d’°x _ -cosy

dy* /(1-cos?y)?

containing the terms of y only when y=cos™x .

------



13.

Ans:

_ -Cusy
sin’y

_cosy 1
siny  sin’y

dy_

2
Hence, v =cotyxcosec’y.

Prove that x°y,+xy,+y=0 when y=3cos(logx)+4sin(logx).
The given equations are y=3cos(logx)+4sin(logx) ~  ...... (1)
and x’y,+xy,+y=0

------

Then, differentiating both sides of the equation (1) with respect to x gives

y1=3><i[cos(logx)]+4xi[sin(logx)]
dx dx

=3>{-sin(logx)xdix (Iogx)} +4><[cos(|ogx)><diX (Iogx)}

V.= -3sin(logx) N 4cos(logx) _ 4cos(logx)-3sin(logx)
X X X

Again, differentiating both sides with respect to x gives

_d (4cos(logx)-33in(logx)j
2 dx X

_ x{4cos(logx)-3sin(logx)}-{4cos(logx)-3sin(logx)}
X2
X :4{cos(logx)}-{33in(Iogx)}] -{4cos(logx)-3sin(logx)}x1

X2

x[-4sin(logx)(logx)™-3cos(logx)(logx) | -4cos(logx)+3sin(logx)

X2




14.

Ans:

x[-4sin(logx))1(-3cos(logx) )1(}-4cos(logx)+35in(logx)

X2

_-4sin(logx)-3cos(logx)-4cos(logx)+3sin(logx)

X2

-sin(logx)-7cos(logx)

X2

Therefore, y, =

Now, substituting the derivatives y, ,y, and y into the LHS of the equation (2)
gives

X°Y, XY, +Y

_ 5 -sin(logx)-7cos(logx) 4cos(logx)-3sin(logx)
=X v +X )
=-sin(logx)-7cos(logx)+4cos(logx)-3sin(logx)+4sin(logx)
=0

j+3005(logx)+4sin(logx)

Hence, it has been proved that x?y,+xy,+y=0.

d2y dy —_— —_— mx nx
Prove that W-(m+n)&+mny—0 when y=Ae"™ +Be™.

The given equations are y=Ae"™ +Be™ (1)

d’y

dy
and —=-(m+n)—=+mny=0
dx? ( )dx y

Then, differentiating both sides of the equation (1) with respect to x gives
d—y=A.i(emx)+B.i(emX)=A.emX.i(mx)+B.e”X.i(nx)=AmemX+BnenX
dx dx dx dx dx

Again, differentiating both sides with respect to x gives

d’y _d d d
—Z =— (Ame™+Bne™)=Am.— (™)+Bn.— (™
dx? dx( ) dx( ) dx( )



=Am.emx.i(mx)+Bn.e”X.i(nx)
dx dx

d’y
Therefore, —2-=Am“™ +Bn’e™.

dx

Thus, substituting the derivatives y, ,y, and y into the LHS of the equation (2)
gives

dy
d 1u2
=Am’ex™ +Bn’e™-(m+n).(Ame™ +Bne™)+mn(Ae™ +Be™)

2 ANX

(m+n) dy +mny
dx

=Am?ex™ +Bn%e™-Amex™ +Bmne™ +Amne™ +BnZ™ +Amne™ +Bmne™

=0

2
Thus, it has been proved that j—-(m+n) y +mny=0.
X dx

2

15.  Prove that %:My when y=500e™+600e ™™ .

Ans: The given equation is y=500e™ +600e ™ L (1)

Then, differentiating both sides with respect to x gives
gy 500><(e7x)+600><—( 7%)
X

:500xe7x><— (7x)+600><e‘7x><— (-7X)
dx dx

=3500e"™-4200e™

Again, differentiating both sides with respect to x gives

d—y =3500% (e7x)4200>< d &™)
dx? dx

—3500xe7x>< (7x) 4200><e7x><—( -7X)



=7%x3500xe"™* +7x4200xe"*
=49x500e "™ +49x600e "™
=49(500e7*+600e )

=49y, using the equation (1).

2
Thus, it has been proved that g—y 49y.
X

d’y _(dyY’ _
16.  Prove that —-=| — [ when e’ (x+1)=1.

x> Ldx

Ans: The given equation is e”(x+1)=1.

Now, ¢’ (x+1)=1=e’=—.
X+1

So, taking logarithm bth sides of the equation gives

=lo
y=log (x+1)

Therefore, differentiating both sides with respect to x gives

1 -1 -1
(X )_(_J (X+l)x(x+1)2 x+1

That is,

dy -1
dx x+1




Again, differentiating both sides with respect to x gives

ﬂ:i:(sz_ 1)1
dx* dx \x+1 (x+1)* ) (x+1)?
2 2
jd_y:('_l)

dx® (x+1

d?y _(dyY . -
prvcel s , using the equation (1).

2 2
Thus, it is proved that d_gz(d_yj :
dx® \dx

17.  Prove that (x*+1)%y,+2x(x*+1)y,=2 when y=(tanx)’.
Ans: The given equations are y=(tanx)>.

Then, differentiating both sides with respect to x gives

y,=2tan"'x a4 (tan™'x)
dx

1

= y,=2tan"'xx
% 1+x3
= (1+x?)y,=2tan"'x

Again, differentiating both sides with respect to x gives

1
1+x2)y, +2xy, =2
(L)Y, +2xy, (sz
= (L+x7)y, +2x(1+x°)y, =2

Thus, it has been proved that (1+x?)y,+2x(1+x%)y,=2.



Miscellaneous Exercise

1.

Ans:

2.

Ans:

Ans:

Differentiate the functiony=(3x*-9x+5)° with respect to x.

The given function is y=(3x*-9x+5)°.
Differentiating both sides with respect to x gives

dy_d =(3x?-9x+5)°
dx dx

=9(3x2-9x+5)8><di (3x%-9x+5)
X

=9(3x*-9x+5)®x(6x-9x)
=0(3x2-Ox+5)*x3(2x-3)
=27(3x?-9x+5)°(2x-3)

Differentiate the function y=sin®x+cos®x with respect to x.
The given function is y=sin®x+cos®x.

Differentiating both sides with respect to x gives

dy d - d 6
—~ =—=(sin°x)+—(cos°X
dx dx ( ) dx( )

:3sin2x><i (sinx)+60035xi (cosx)
dx dx

=35in*XxCOSX+6C0s°X(-SinX)
=3sinxcosx(sinx-2cos"*x)

Differentiate the functiony=(5x)*** with respect to x.
The given function is y=(5x)>***.

First, take the logarithm of both sides of the function.

logy =3cos2xlog5x.

Then, differentiating both sides with respect to x gives



ldy_ {|og5_i(cost)+cost.i(|Og5X)}

y dx dx dx

:>d_y:3y I095X(-Sin2X).i(2X)+0052X'i'i(sx)}

dx dx 5x dx

= —=3y| -2sin2xlog5x+ coszx
dx 7| X
dy y 3c0s2x -6sin2xlog5x
dx X i

{3c032x

Hence, g—yz(Sx)3"°SZX —6sin2x|ong} :
X

4. Differentiate the functiory:sin'l(x\/;), 0<x<1 with respect to x.

Ans: The given function is y:sin'l(x\/;).

Then, differentiating both sides with respect to x by using the chain rule gives

dy_ 9 gn (xJ_)

dx dx

I S x_ X
o (xx)

|_\

1 df_;
= —| x
\/1_)(3 dx
1
1-x3
<N
J1-x3

Hence, dy § .
dx 2\/1x

w
—

x> x2

N

N




X
cos™ =
5. Differentiate the functiony = \/2_72 , -2<x<2 with respect to x.
+

cos‘lz
Ans: The given function is y= :
N2+7

Then, differentiating both sides with respect to x using the quotient rule gives

dy \/2x+7£((cos'lxj-(cos'lxjd(\/2x+7)

dy 2 2 )dx

- (]

-1 d(x 1 X 1 d
N2X+HT | ———— —|1]-| cos™ = — (2x+7
(2) ( 2)2\/2x+7 dx( )

1 X
ST coslg
V4-X? X (2x+7) (\/2x+7)(2x+7)
cos* X
dy_ 1 2

dx A-x*[2x+T7 (2x+7)§ |

J1+sinx++/1-sinx
J1+sinx-+/1-sinx

6. Differentiate the function y:cot‘l{ } 0<x<2 with

respect to x.



Ans: The given function is y:cot'l{\/“smx +\/1-smx}

J1+sinx -y/1-sinx

J1+sinx ++/1-sinx

Now,
J14sinx-+/1-sinx

(J1+sinx +\/1—sinx)
J1+sinx -v/1-sinx )v/1+sinx ++/1-sinx
( )

_ (L+sinx)+(1-sinx)+2,/(1+sinx)-(1-sinx)
- (1+sinx)-(1-sinx)

_ 2+2y1-sin’x
- 2sinx

_ 1+cosx
~sinx

2c0s% X
2

. X X
2SINX —C0S —
2 2

Therefore,

¢qu+ﬁﬂwxxm§_ ...... )
J1+sinx -y/1-sinx 2

So, from the equations (1) and (2) we obtain,

y=cot™ (cotzj

—y=2
2

Now, differentiating both sides with respect to x gives

dy 1 d

o 2



&

Hence,
dx

7. Differentiate the functiony=(logx)"%, x>1 with respect to x.

ANS: The given function is y=(logx)" .

First take logarithm both sides of the function.
logy=logxxlog(logx).
Now, differentiating both sides with respect to x gives

ldy d
——Z =—[logxxlog(lo
y dx OIX[ gxxlog(logx)]

L ldy_
y dx
:>d—y=y Iog(logx)x1+logxx
dx X I

Iog(logx)X%(Iogx)+%[log(logx)]

L xi(logx)}
gx dx

:>d—y:y 1Iog(logx)+£}
dx | X X

Hence, d—y:(logx)'°gx [1+M}.
dx X X

8. Differentiate the function y=cos(acosx+bsinx), where a and b are any
constants.

Ans: The given function is y=cos(acosx+bsinx).

Now, differentiating both sides with respect to x by using the chain rule of
derivatives gives

dy_d cos(acosx+bsinx)
dx dx



AnNs:

10.

= dy =-sin(acosx+bsinx)><i (acosx+bsinx)
dx dx

= -sin(acosx+bsinx)x[a(-sinx)+bcosx ]|

Hence, :_y = (asinx+bcosx)xsin(acosx+bsinx) .
X

. i i . - 3 .
Differentiate the functiony=(sinx-cosx)®™ > %<X<Tn with respect to x

) (sinx-cosx)

The given function is y=(sinx-cosx
First take logarithm both sides of the function.

|Ogy:|og |:(SI nX-COSX) (sinx-cosx) :|
= logy=(sinx-cosx)xlog(sinx-cosx)

Now, differentiating both sides with respect to x gives

1dy_ 1[(sinx-cosx)><Iog(sinx-cosx)]

ydx dx
1dy . d, . : d .

= ——=log(sinx-cosx)x— (sinx-c0sX)+(sinx-cosx)x — log(sinx-cosx)
y dx dx dx

= 1dy =Iog(sinx—cosx)x(cosx+sinx)+(sinx—cosx)><_;xi (sinx-cosx)
y dx (sinx-cosx) dx

d : - . : .
- % =(sinx-cosx) ™) [(cosx+smx)xIog(S|nx—cosx)+(cosx+smx)]

Hnece, the required derivative is

dy =(sinx-cosx) ™ (cosx-+sinx)[1+log(sinx-cosx)].

Differentiate the functiony=x*+x"+a*+a" with respect to x, where for
a>0 and x>0 are any fixed constants.



AnNs:

The given function is y=x*+x"+a*+a".
Now, assume that x*=u, x*=v, a*=w and a"=s
Therefore, we have y=u+v+w+s.

So, differentiating both sides with respect to x gives

dy_du,dv aw ds 1)

dx dx dx dx dx
Also, u=x*

= logu=logx*
= logu=xlogx
Then, differentiating both sides with respect to x gives

1 du d d
— —=logx.— (X)+x.— (logx
u dx g dx( ) dx( 9%)

du 1
=—=U [Iogx.1+x.—}
dx X

Thus, g—u:xx[logx+1]:xx(1+logx) ....... (2)
X

Again, v=x*

Then, differentiating both sides with respect to x gives

du_d , ,
—=—(X
dx dx( )

= av =ax** (3)
dx

Also, w=a"

= logw=loga*
= logw=xloga

So, differentiating both sides with respect to x gives



11.

Ans:

i d_W:|oga i(x)
w dx “dx

dw
= —=wloga
dx
= aw =a*loga .. 4)
dx
and
s=a“
Then differentiating both sides with respect to x gives

ds
—=0, 5
I (5)

as a Is constant, and so a® is also a constant.

Now, from the equations (1), (2), (3), (4), and (5) we have

g—y =x’(1+logx)+ax**+a*loga+0
X

Hence, g—y=x2(1+logx)+axa'l+axloga.
X

Differentiate the functiony:xxz'3+(x-3)xz , for x>3 with respect to x.
The given function is y=x*"3+(x-3)* .

Now suppose that u=x*"* and v:(x-3)X2

Therefore, y=u+v.

Now, differentiating both sides with respect to x gives

dy_gu v ()
dx dx dx



Also, u=x*"?.

Take logarithm both sides of the equation.

— logu=log(x*"*)

= logu=(x*-3)logx

Differentiating both sides with respect to x gives

ld_“=|ogx,i(x2-3)+(x2-3).i(IogX)
u dx dx dx

= EOI—u:Iogx.2x+(x2—3).l
u dx X

2—
Hence, d—u:xxz'3.{x—3+2xlogx}.
dx X

Again, v=(x-3)* .
Take logarithm both sides of the equation.

— logv=log(x-3)*°
= logv=x°log(x-3)

Now, differentiating both sides with respect to x gives

Lo ogx-3). L (x2)+x?.L[log(x-3)]
u dx dx dx

1 dv 1 d

= —= -3).2x+x%. — . —(x-3
:>udx 0g(X-3).2x+X 3dx(x )

2
= av =v.| 2xlog(x-3)+ X 1
dx 3

2
Hence, OI—V:(x-3)Xz {X— +2x|og(x-3)}
dx 3

Thus, from the equations (1), (2) and (3) we obtain



2

Y _yx 3{" 3+2x|ogx}+(x 3)* {X—+2xlog(x—3)}.
dx X 3

12.  Determine dy from the parametric equations
X

y=12(1-cost),x=10(t-sint), g<t<g , without eliminating the parameter t.

Ans: The given equations are y=12(1-cost), ... (1)
and x=10(t-sinty . (2)
Then differentiating the equations (1) and (2) with respect to x gives

?TT dg[lo(t sint)]= 10><—(t sint)=10(1-cost)

dy d : .
—=—112(1-cost) |=12x—(1-cost)=12x|0-(-sint) |=12sint
ot dt[ ( )] OIt( ) [0-(-sint)]

Therefore, by dividing d_y by d_ we have,

( 12sint

j 12x2sin i><cos.£
_ 2 2
2

Hence, d_y == COt—

13.  Determine dy from the equation y=sin™x+sin*v1-x*, -1<x<1.

Ans: The given equation is y=sin"x+sinv1-x* .

Differentiating both sides of the equation with respect to x gives



d—yzi[sin'lx%.in'1 1-x2}

dx dx
4y _d inge 3 (sin i iod
:dx_dx (sin x)+dx(sm 1-x )
:>d—y: ! . L xi( 1-x2)
dx 1’ \/1(\/17) dx
dy 1 1
=== + -2
dx  \1-x? Zx\/l-xz( )
dy 1 1

:__ -
dX  1-x* 1-X°

Hence, d—y:O.

dx

14.  Prove that g—y:- (1+1 % when X /1+y +y«/1+x=0, for -1<x<1.
X X

Ans: The given equation is

X /1+y +y/1+x=0
= X{/1+y =y/1+X

Now, squaring both sides of the equation, gives

x*(1+y)=y*(1+x)
- X2+X2y:y2 +Xy2
— Xz_yz =xy2 —x2y
= X*-y*=xy(y-X)
= (X+Y)(X-y)=xy(y-X)
S XHy=-Xy
= (1+x)y=x
-X

Y 1w




Now, differentiating both sides of the equation with respect to x gives

d_y_(l x) (x)x (1 X) (1+x)x

dx (1+x) (1+x)°
Hence, dy__1
dx (1+x)*

|:1+ (;y :I
X
15.  prove that 7 Is a constant independent from a and b,

a’yy
dx?

when (x-a)’+(y-b)*=c*, for some constant ¢>0.
Ans: The given equation is (x-a)’+(y-b)*=c® .
Differentiating both sides of the equation with respect to x gives
d 2. d 2 d
—=[(x-a) ]+—[(y-b)"]=—(c
- =loca) L) 1= ()
= 2(x-a).i (x-a)+2(y—b).i (y-b)=0
dx dx
= 2(x-a).1+2(y—b).d—y:0
dx

_-(x-a)

Hence, — e (1
dx y-b M

Again, differentiating both sides of the equation with respect to x gives

d’y_d|-(x-a)
dx> dx| y-b




16.

Ans:

o) g a0 o)
6oy

(-0)-(x-2).
X
(y-b)’
(y-b)-(x-a){'(x'a)}
y-b
(yb)’

- : (y-b)’+(x+a)* }
(y-b)*

Therefore,

dy \ (x-a)ZH
1+(dxj ) _[“ (D)

N w
N w

[(y—b)%(x-af}g E f
L ov | oy

dy __'(y-a)2+(x-a)2}_ _{(y—a)ﬁ(x-a)ﬂ ¢
x| | () (y-a)° (y-b)®
_ 2
2 2
1(?) o
— d23)/( = (yéz) =-C, Is a constant, and is independent of a and b.
- dx® | (yb)

2
Prove that d_y:m

- , cosa# x£1 from the equation cosy=xcos(a+y).
dx sina

The given equation is cosy=xcos(a+y) .

Then, differentiating both sides of the equation with respect to x gives



d _d
&[cosy]— &[xcos(a+y)]

= -sinyg—y =cos(a+y).0|i (x)+x.di [cos(aty)]
X X X

= -siny:_y :Cos(a+y)+X.[-Sin(a+y)]j_§
X

= [xsin(a+y)-siny] ;I_y =cos(aty) ... (1)
X

cosy
cos(aty)

Since cosy=xcos(at+y) = x= , S0 from the equation (1) gives

cosy . . |dy _
.SIn(a+y)-siny |[— =cos(a+
Los(aw) (aty) y} ™ (aty)

= [cosy.sin(a+y)-siny.cos(a-y)]. g—i =cos’ (a+y)
= sin(a+y-y) g—z =cos’ (a+h)

dy _ cos’(a+h)

Hence, it has been proved that -
dx sina

d’y

17. DetermineW from the parametric equations x=a(cost+tsint) and
y=a(sint-tcost), without cancelling the parameter t.

Ans: The given equations are
x=a(cost+tsinty .. (1)
and y=a(sint-tcost) ... (2)

Then, differentiating both sides of the equation (1) with respect to x gives



d i . d d, .
—=a| -sint+sint.— (t)+t.—(sint
dt [ O+ ( )}

=a[-sint+sint+cost|=atcost

Again, differentiating both sides of the equation (2) with respect to x gives

ay_
dt

a{cost-{cost.%(t)+t.%(COSI)H

a[cost-{cost-tsint}]=atsint

d, .
a.— (sint-tcost
o ( )

Therefore,

)
dy _\ dt =atsmt_t ¢

= =tan
dx ( dx ) atcost
dx

Now, differentiating both sides with respect to x gives

2
d—ilzi(d—yj=i(tant)=seczt.ﬂ:sec2t. 1
dx® dx\dx/ dx dx atcost

Wat 2

2 3
Hence, d’y _5e¢ t, 0<t<E [ d—Xzatcost = ﬂ= 1 }
dt dx atcost

18.  Prove that f”/(x) exists for all real values of x when f(x):\x\3 and hence

evaluate it.

X,1f x>0
Ans:  Remember that, [x|= S« if X<O

Therefore, if x>0, then f(x):\x\?’ =x2.

Then, f'(x)=3x" .



19.

Ans:

Differentiating both sides with respect to x gives

£ (X)=6X..
Now, if x<0, then f(x)=|x| =(x*)=x".
So, f'(x)=3x".

Therefore, differentiating both sides with respect to x gives

£ (X)=6X .

Hence, for f(x)=\x\3, f”(x) exists for all real values of x and is provided as

6%,if X >0
fr =g o X =P
-6x,if x<0

Derive the sum formula for cosine from the sum formula of sine
sin(A+B)=sinAcosB+cosAsIinB , by using differentiation.

The given sum formula is sin(A+B)=sinAcosB+cosAsinB.

Now, differentiating both sides with respect to x gives

i[Si”(AJfB)]:i(SinAcosB)+i(cosAsinB)

= cos(A+B)><i(A+B):cosB><i(sinA)+sinA><i(cosB)+siani(cosA)
dx dx dx dx

+cosA><i (sinB)
dx

= cos(A+B)><i(A+B):cosB><cosAi+sinA(-sinB)d—B+sinB(-sinA)><d—A
dx dx dx dx

+cosAcosBd—B
dx
= C0S(A+B) d—A+d—B =(cosAcosB-sinAsinB)x d—A+d_B
dx dx dx dx

Hence the required sum formula for cosines is cos(A+B)=cosAcosB-sinAsinB.



20.  Does there exist a function which is continuous everywhere
but not differentiable at exactly tow points? Justify your answer.

Ans: Yes there exist such a function
f(X) = x-1+ Ix—2

As you can see the graph of the function, this function is continuous at every point.
But it is differentiable at exactly two points,

viz (1,1) and (2,1) because of a sharp turn.

A

1L,1) (2,1
'( ( I) (I )I | )’

(0,0) O
f(x)g(x)h(x) f(x)g(x)h(x)
21. Provethatd—iz Il m n|{wheny=| | m n
a b c a b c
f(x)g(x)h(x)
Ans: The given function is y=| | m n
a b c

Evaluate the determinant.
y=(mc-nb)f(x)-(Ic-na)g(x)+(Ib-ma)h(x).

Now, differentiating both sides with respect to x gives



22.

AnNs:

=2 [(me-nb)f(]- - [(le-na)g(]+ [1b-mah()]
X dx dx dx

=(mc-nb)f(x)-(lc-na)g(x)+(Ib-ma)h(x)
f()9()h(x)
=l m n

a b c

f(x)g(x)h(x)

Hence,—y: | m n
dx

a b c

2
Prove that (1-x2)¥-xg—i-a2y:0 when y=e*** -1<x<1.

The given equation is y=e**>
Then take logarithm both sides of the equation.

logy=acosxloge
= logy=acos'x

Now, differentiating both sides with respect to x gives

Therefore, squaring both the sides of the equation, gives

34
dx 1-x?




Again, differentiating both sides with respect to x gives

Ay d ooy (YY) |2 d
(&) -y &K&] }a e

dy i 2 dy dzy 2 dy
— | (-2X)+(1-X")x2 L x—==q“x2yx—=
:(dx) (2x)+(1x°) dx dx? y dx
dy 2 dzy 2
X—+(1-x°)—==a°x
= dx ( )dxz y

2
Hence, it is proved that (1—x2)%-xd—y-a2y=0.
X X



