__CLASS - 12 MATHS NCERT SOLUTIONS

determinants

Exercise 4.1

1. Evaluate the determinant:

2 |4
5 (-1

: : 2| 4
Ans:  Solving the determinant 5‘ 1,%e have:

2 4
=2(-1)-4(-5
=2 Y2 4(5)
2 4
= =-2+20
-5 -]
.‘2 4‘:18
5 -]

2. Evaluate the determinants.

i cos® -—sin®
" |sin®  cos®
) _ cos® -—sin6
Ans: Solving the determinant | , we have:
sin® cosO

cosO -sin0
sin@ cos0

=(cos8)(cos6)—(—sinB)(sinb)



cosO -sin0

_ = ¢c0s’0+sin®0
sin® cosO

We know,
cos’0+sin‘6=1

cosO -sin0
sin@ cosO

. x?-x+1 x-1

X+1 X+1

: . 2x+1  x-1
Ans: Solving the determinant XX X , We have:
X+l  x+1
x*-x+1 x-1| , ,
= = X°-X+1)(x+1)—(x-1)(x+1
) )~ () (xv)
2x+1  x-1
N X =x3-x2+x+x2-x+l—(x2-1)
X+l  x+]
So,
2
X°-x+1 x-1 I
X+l  x+1
2
X -x+1 xl_xg,_xz+2
Xx+1  x+]

3. If A= B ﬂ then show that [2A|=4|A|.



Ans:

i 1 2
Given that, A=
4 2

Multiplying A by 2, we have:

1 2 2 4
= 2A=2 =
4 2 8 4
2 4
= 2A=
8 4

2 4
© LH.S =|2A|=‘8 4‘

—|2A|=2x4-4x8
=[2A|=8-32
~J2A|=-24

The value of determinant A is

R.H.Sis given as 4/A|.

4‘A‘ :4><(-6):-24

Hence, we have L.H.S = R.H.S
~[2A[=4|A|.



1 0 1
4, If A=|0 1 2|, thenshow that 3A|=27]A|.
0 0 4
1 01
Ans: Given, A=|0 1
0 0 4
Determining the value of determinant A, by expanding along the first column, i.e.,
Ci, we get:
1 20 [0 1 |0 1
=|A|=1 -0 +0
0 4 10 4 |1 2

—|A=1(4-0)-0+0
~.|A|=4

Hence, 27|A|=27x4
= 27|A|=108
The value of [3A| is obtained as:

1 0 1]

=3A=3[0 1 2

0 0 4]

3 0 3]
=3A=/0 3 6

0 0 12

3 6| [0 3| [0 3
-0 +0
0 127 |3 6



= 3(36-0)+0+0
= |3A|=3x36
Thus, [3A|=108
From equations (1) and (2), we have:
\3A\ =27\A\

Hence proved.

5. Evaluate the determinants
3 -1 -2
i. 0 0 -1
3 5 0

3 -1 -2
Ans: Let A=0 0 -1
3 5 0

Determining the value of A by expanding along the third row, we have:

-1 -2 3 2 3 -1
= |A| =3 —(-5) +0
0 -1 0 -1 0O O

=|A|=(3-15)
~|A|=-12
3 -4 5

. 1 1 -2
2 3 1



3 4 5
Ans: Let A=1 1 -2
2 3 1

Determining the value of A by expanding along the first row, we have:

1 -2
3 1

1 -2
2 1

+4 +5

=|A| =3‘
2 3

11‘

= |A|=3(1+6)+4(1+4)+5(3-2)
= |A|=21+20+5

- |A|=46

0
ii. |-1

w o -

2
-3|.
0

N

0O 1 2
Ans: Let A=|-1 0 -3
2 3 0

Determining the value of A by expanding along the first row, we have:

0 -3

:>|A|=O‘3 0

-1 -3 |11 0

2 0/ 2 3
=|A[=0(9)-(-6)+2(-3)

“|AJ=0



2 -1 -2
iv.|0 2 -1
3 50

2 -1 -2
Ans: Let A=l0 2 -1
3 5 0

Determining the value of A by expanding along the first column, we have:

2 - -1 -2 -1 -2
= \A\ =2 -0 +3
S5 0 |5 0 2 -1

= |A|=2(-5)-0+3(5)

= |A|=—-10+15
~|Al=5
1 1 -2
6. IfA=|2 1 -3|, find|A|.
5 4 -9
1 1 -2
Ans: Given, A={2 1 -3
5 4 -9

Determining the value of A by expanding along the first row, we have:
1 -3 12 -3 12 1
‘-l‘ ‘-2‘ ‘

:>|A|=1‘4 o o 4



—|A|=1(-9+12)-1(~18+15)-2(8-5)
—|A|=3+3-6

-|A=0

7. Find values of x , if
2 4 2x 4
5 1| |6 X

2X 4
6 X

Ans: Given,

2 4
5 1

Solving it, we have:
:>(2><1)—(5><4):(2X><X)—(6><4)
=2-20=2x*-24

= 18+ 24 =2x°

=3=x"

Applying square root on both the sides, we obtain:

—X=+/3

Il
4 5

N ‘2 3‘

X 3
2X 5

Ans: Given,

4 5 2x 5

23‘

x3‘

Solving it, we have:



= (2x5) —(3x4)=(xx5)—(3x2x)
=10-12=5x -6x9
= —2=—-X

Multiplying by (—1) on both the sides, we obtain:

=>X=2
X 2| |6 :
8. = , then x is equal to
18 x| (18 6
A. 6
B. +6
C. -6
D. 0
i X 2/ |6 2
Ans: Given, =
18 x| (18 6
Solving it, we have:
= Xx*—-36=36-36
= x> —-36=0
= x°=36
Applying square root on both the sides, we obtain:
= X=16
Hence, B. £6 is the correct answer.
Exercise 4.2

1. Using the property of determinants and without expanding, prove that:



X a Xta

y b y+b|=0.
Z C z+C
X a Xxt+a
Ans: Givenmatrix |y b y+b|.
Z C ztc

Applying the Sum Property of determinants, we have

X a x+al |[Xx a X/ |x a a
y b ytbl=ly b y/+ly b b
Z C z+c| |z ¢ z| |z ¢ cC

We know, if two rows or columns of a determinant are identical, then the value of
the determinant is zero.

Since, the two columns in both the determinants are identical, thus its determinant
would be zero.

X a X+a
=y b yt+b|=0+0
Z C z+c

X a X+a
Sy b oy+b|=0
Z ¢ ztc

2. Using the property of determinants and without expanding, prove that:
a-b b-c c-a
b-c c-a a-bj=0
c-a a-b b-c



C C—-a
Ans: Let A=lb-¢c c¢c—a a-b
b b-c

Applying row operation, R, > R,+R,

a—-b+b-c b-ctc—-a c—-ata-b
=A=| b-c c—a a—b
c—a a-b b-c

Multiplying the third row by (-1), we get:

a—-c b-a c-b
= A=|b-c c—-a a-b
a—-c b-a c-b

v O o

We know, if two rows or columns of a determinant are identical, then the value of
the determinant is zero.

Since, the two rows R, and R, are identical.
L A=0

D O T

a—>b C cC—-a
Hence, b—c c—a a-b|=0.
c—a -b b-c



3. Using the property of determinants and without expanding, prove that:

2 7 65
3 8 75/=0
5 9 86

2 7 65
Ans: LetA=|3 8 75
5 9 86

2 7 63+2
S A=]3 8 72+3
5 9 8145

Applying the Sum Property of determinants, we get

2 7 63 |2 7 2
=A=3 8 72|+|3 8 3
5 9 84 |5 9 5

The two columns of the second determinant are identical, thus it’s value becomes
Zero.

Hence,

2 [ 63
=A=[3 8 72]+0
5 9 81

2 7 9(7)
—A=[3 8 9(8)
5 9 9(9)

Taking 9 common from the third column, we have



2 7 7
=A=9|]3 8 8
5 9 9

Since, the two columns C, and C,

.are identical.
S A=0
2 7 65

Hence, |3 8 75/=0
5 9 86

4, Using the property of determinants and without expanding, prove that:
1 bc a(b+c)
1 ca b(c+a)=0.
1 ab c(ath)

1 bc a(b+c)
Ans: Let A=|l ca b(cta)
1 ab c(ath)

Applying the column operation, C, - C,+C,.

1 bc ab+bc+ca
A=|l ca abtbct+ca
1 ab ab+bc+ca

Taking (ab+bc+ca) common from the third column, we get:



1 bc
A=(ab+bc+ca)ll ca 1
1 ab

Since, the two columns C, and C, are identical.

S A=0
1 bc a(b+c)
Hence, I ca b(c+a)=0.
1 ab c(ath)
5. Using the property of determinants and without expanding, prove that:

b+c g+r y+z| |a p X
cta r+p z+x|=2|b q VY.
atb p+tq xty| |c r z

b+c q+r y+z
Ans: Let A=|cta rtp zt+x
atbh p+tq x+ty

Applying the Sum Property, we get

b+c q+r y+z| [btc Qgtr y+z
— A=|c+a r+p z+x|+|cta r+p z+X
a p X b q y
Suppose A=Ai+A2 ...... (¢H)
b+c qg+r y+z
Now, A,=|cta rtp ztx
a p X



Applying the row operation, R, > R, — R,

b+c qt+r y+z

a p X
Again, applying the row operation, R, > R, - R,

b q vy
=>A=lc r z
a p X

We know, that if any two rows or columns of a determinant are interchanged, the
value of the determinant is multiplied by (-1).

Hence, interchanging the rows, R, <> R, and R, <> R,, we have

a p X
=A=(-1)’b q ¥
c r z
a p X
A=lb q y| ... ()
c r z

b+c g+r y+z
We have, A;=|cta r+p ztx

b q y
Applying the row operation, R, > R, —R,

C r z
= A,=|cta rtp zx

b q vy



Applying the row operation, R, > R, - R,

c r z
= A>=la p X
b gy

Interchanging the rows, R, <> R, and R, <> R,

p X
qQ 'y
rz

From (2) and (3), we get:

a p X
A =0=b q y
cC r z

From (1), we have:
= A=2A,

a p
- A=2|b

b+c g+r y+z| ja p X
Hence, |cta r+p z+x|=2|lb q .
atbh ptqg x+y| [c r z



6. By using properties of determinants, show that:

0 a -b
-a 0 -c|=0.
b ¢ 0
0 a -b
Ans: Given, A=ra 0 -c
b ¢ 0

We know, that if we multiply the elements of a matrix by a scalar ¢, then we will

multiply the matrix by the scalar, l.
C

Applying R, > cR;:

. 0 ac -bc
=>A=—]-a 0 -c
Cc
b ¢ 0

Applying R, > R, - bR,

. ab ac O

=—l-a 0 -—c
C

b ¢ O

Taking a common from the first row, we have:

b ¢ 0

:>A:E -a 0 -c
C

b ¢ 0

Since, the two rows R, and R, are identical.

S A=0



0 a -b
Hence,|-a 0 -c|=0.
b ¢ O

7. By using properties of determinants, show that:

-a> ab ac
ba -b*> bc|=4a’b*c®.
ca cb -°
-a® ab ac
Ans: Let A=lba -b® bc
ca cbh -¢°

Taking out a,b,c from R,, R, and R, respectively, we have:

-a b ¢
= A=abcla -b ¢
a b -c

Similarly, taking out a,b,c from C,, C, and C, respectively, we have:

11 1
= A=a’b’c?|1 -1 1
1 1 -

Applying the row operations R, -» R,+R, and R, > R,+R;



e

= A=a’b’c?|0
0

N O -
o N

Solving it along the first column, C, we get:
0 2
= A=a’b’c*(-1)
2 0

= A=a’b’c*(0-4)

. A=4a’b*c?
-a? ab ac

Hence, |ba -b?> bc|=4a’b’c®.
ca cb -c?

8. By using properties of determinants, show that:

1 a a°
i. L b b*=(a-b)(b-c)(c-a)
1 ¢ ¢
1 4 a
Ans: LetA=|l b b
1T c

Applying the row operations R, >R, -R, and R, > R, - R,

0 ac a’-c?
= A=|0 b-c b?-c?
1 ¢ c?



We know, a’ —b® =(a+b)(a—b)

Thus,
0 -1 —(a+c)
= A=(c—-a)(b-c)j0 1 b+c
1 ¢ c?

Applying R, > R, +R,

0 0 —-a+b
= A=(b-c)(c-a)l0 1 btc

1 ¢ ¢

0 0 —(a—b)
= A=(b—c)(c—-a)l0 1  btc

1 ¢ c?

Taking out (a—b) common from R,

0O 0 -1
= A=(a-b)(b—c)(c-a){0 1 b+c
1 ¢ ¢

Expanding along C,,

0 1

= A=(a-b)(b-c)(c-a) L brc

. A=(a-b)(b-c)(c-a)

1 a a°
Hence,[1 b b*|=(a-b)(b-c)(c-a)
1 ¢ c?



Ans:

1 1 1
ii.la b c|=(a-b)(b-c)(c-a)(atb+c)

a® b® ¢t
1 1 1
Let A=|la b ¢
a® b ¢

Applying the column operations, C, - C,-C, and C, > C, -C,

0 0 1
= A=| a-c b-c ¢
a’-c® pdc ¢l

We know, x° —y® =(x—y)(x* +y* +xy).

0 0 1
= A= a-C b-c C

(a-c)(a’+ac+c®) (b-c)(b*+bc+c®) ¢
Taking out (c—a) and (b—c) common from C, and C, respectively,
0 0 1
= A=(c—-a)(b-c) -1 1 c
—(a’+ac+c®) (b*+betc?) ¢
Applying C, > C, +C,

0 0 1
= A=(c—a)(b—c) 0 1 C
(bz—a2)+c(b—a) (b2+bc+cz) c



Taking out (a—c) common from C,, we get:

0 0 1
= A=(a-b)(c-a)(b-c)] O 0 C

-(atb+c) (b*+betc?) cf
Again taking out (a+b+c) common from C,, we get:

0 0 1
= A=(a-b)(b—c)(c-a)(a+b+c)|0 0 C
-1 (b2+bc+cz) c

Expanding along C,, we get:

:>A=(a—b)(b—c)(c—a)(a+b+c)(—1)‘2 :

. A=(a-b)(b-c)(c-a)(a+b+c)

1 1 1
Hence, [a b c|=(a-b)(b-c)(c-a)(a+b+c)
a® b® ¢

By using properties of determinants, show that:

2 vz
y?  zx|=(%-y)(y-z)(z-x)(xy+yz+zx).

2

z 7° Xy



X x* yz
Ans: Let A=y y* zx

z 7 Xy

Applying the row operations R, > R, —R, and R, > R; R,

X X yz

= A=|y-x y'x® zx-yz
Z-X  7°-X*  Xxy-yz

X X yz

:>A=—(X-y) -(x-y)(X+y) Z(X'y)
(z-x) (zx)(z+x) -y(z-x)

Taking out (x—y) and (z—x) common from R, and R, respectively

X X yz

= A=(x-y)(z-x)-1 —x-y z

1 z+x -y
Applying R, > R, +R,

X X o yz
:>A=(x—y)(z—x) -1 x-y z

0 z-y z-y
Taking out (z—y) common from R, we get:

2

X X yz
= A=(x-y)(z-x)(z-y)-1 —x-y z
0 1 1

Expanding along R,



10.

Ans:

2

X z
y+1X X

-1 z

|

:»A—[<x—y>(z—x>(z—y>][<—1>

-1 —X-y

= A=(x—y)(z—x)(z—y)[(—xz—yz)+(—x2—xy+x2 )]
= A=—(Xx-y)(z—x)(z-y)(xy+yz+zx)
A= (X—y)(y—2)(z—x)(xy+yz+zx)

X X° yz
Hence, |y y* zx|=(x-Y)(y-2)(z—x)(xy+yz+zx)

z 7° xy

By using properties of determinants, show that:
X+4 2x  2X

i |2x x+4 2X :(5x+4)(4-x)2
2X  2X  x+4

Xx+4 2x  2X
Let A=|2x x+4 2x
2X  2X XxX+4

Applying the row operation, R, > R,;+R,+R,

5x+4 5x+4 5x+4
= A=| 2x x+4 2x
2X 2X X+4

Taking out (5x +4) common from R,



1 1 1
= A=(5x+4) 2X X+4 2Xx
2x 0 x+4

Applying the column operations, C, »C,-C, and C, > C,-C,

1 0 0
= A=(5x+4) 2x 4-x 0
2X 0 4—-X

Taking out (4—x) common from C, and C, respectively,

1 O
= A=(5x+4)(4-x)(4-x)]2x 1 0
2x 0

Expanding along C,

= A=(5x+4)(4-x)’

1 0
2x 1

< A=(5x+4)(4-x)’

X+4 2x  2X
Hence, | 2x  x+4  2x |=(5x+4)(4-x)’
2X  2X X+4

y+k y y
i.|y ytk y [=k*(3x+k)
y y y+k



ytk y y
Ans: LetA=|y vtk vy

y |y ytk
Applying the row operation, R, > R,+R,+R,

3y+k 3yt+k 3y+k
=>A=| y y+k y
y y y+k

Taking out (3y+k) common from R,

1 1 1
= A=(3y+k)ly y+k 'y
y ¥ vk

Applying the column operations, C, - C,-C, and C, > C,-C,

= A=(3y+k)

o =~ O

1 0
y 0
y k
)

Taking out (k) common from C, and C, respectively,

= A=k*(3x+k)ly 1 0
y

Expanding along C,
1

o A=k2(3x+k)‘ O‘
y

. A=k? (3x+k)



ytk y y
Hence, | y  y+k y |=k*(3x+k).

y y y+k

11. By using properties of determinants, show that:
a-b-c 2a 2a
i. [2b b-ca 2b |=(atb+c)’
2C 2c c-a-b

atb+c atb+c at+b+c
Ans: Let A=| 2b b-c-a 2b
2C 2C c-a-b

Applying the row operation, R, > R,+R,+R,

atb+c a+b+c at+b+c
=A=| 2b b-c-a 2b
2C 2C c-a-b

Taking out (a+b+c) common from R,

1 1 1
= A=(atb+c)(2b b-c-a 2b
2c 2c c-a-b

Applying the column operations, C, - C,-C, and C, > C,-C,

1 0 0
= A=(atb+c)[2b -(atb+c) 0
2c 0 -(atb+c)

Taking out (a+b+c) common from C, and C, respectively,



1 0 O
= A:(a+b+c)3 2b -1 0
2c 0 -1

Expanding along C,
= A=(a+b+c)’(-1)(-1)
A=(a+b+c)3

a-b-c  2a 2a
Hence, | 2b b-ca 2b |=(a+b+c)’.
2C 2c c-a-b

X+y+2z X y
i.| z y+z+27 y =2(x+y+z)3
Z X Z+x+2y

X+y+22 X y
Ans:  Let A=| z y+z+2z y
z X Z+x+2y

Applying the column operation, C, - C,+C,+C,

2(x+y+z) X y
= A=|2(xtytz) ytz+2z y
2(x+y+z) X Z+X+2y

Taking out 2(x + Y +z) common from C,



12,

1 X y
= A=2(x+y+z)[l y+z+2z y
1 X Z+x+2y

Applying the row operations R, > R, —R, and R, > R; —-R,

1 X y
= A=2 ( X+y+z) 0 xtytz 0
0 0 X+y+z

Taking out (x+y+z) common from R, and R, respectively,

= A=2(x+y+2)

o O =
O +— X

y
0
1
Expanding along R,

= A=2(x+y+z)’ (1)(1-0)

A=2(x+y+z)3

X+y+22 X y
Hence, | z  y+z+#2z y |=2(x+y+z).
V4 X Z+Xx+2y

By using properties of determinants, show that:

1 x X
x* 1 x|= (l—x3 )2 .
x x* 1



Ans: Let A=|x> 1 x

Applying R, > R,+R,+R,

14+X+Xx%  1+X+x2  1+x+X3
= A=| x? 1 X

X x? 1

Taking out (1+x+x*) common from R,

1 1 1
:>A=(1+x+x2) x2 1 x
x x> 1

Applying C, »C,-C,and C, > C,-C,

1 0 0
:>A=(1+x+x2)X2 1-x?  x-x°

X  X%-x 1-X

Taking out (1—x) common from C, and C, respectively,

1 0O O
:>A=(1+x+x2)(1-x)(1-x)x2 1+x X
X x 1
1 0 O
:>A:(1-x3)(1-x) x? 1+x X
X x 1

Expanding along R;,.



1+x X
-x 1

= A=(1-x%)(1-x)(1)

— A= (1-x3)(1-x)(1+x+x2)

= A=(1x)(1x°)

A=(1-x3)2
1 x X

Hence, [x> 1 X =(1-x3)2.
x x? 1

13. By using properties of determinants, show that:
1+a’-b®  2ab -2b
2ab  1-a’+b*  2a |=(1+a’+b’)
2b -2a  1-a*-b?

3

1+a?-b? 2ab -2b
Ans: Let A=| 2ab  1-a®+b? 2a
2b 2a  1-a®-b?

Applying the row operations, R, > R,+bR, and R, > R, —R,
1+a2+b? 0 -b(1+a’+b?)

—=A=| 0 1+a%+b° a(1+a2+b2)

2b -2a 1-a2-b?

Taking out (1+a’+b”) common from R, and R, respectively,



1 0 -b
:>A:(1+a2+b2)2 0 1 a

2b -2a 1-a*-b°
Expanding along R,

0 1
2b -2a

1 a
—2a 1-a’-b?

= A=(1+a2+b2){(1)‘

= A=(1+2%+b? ) [1-1-a>b?+2a%-b(2b)
= A=(1+a%+b?) (1+a2+b?)

A=(1+a2+b2)3

1+a%-b? 2ab -2b
Hence,| 2ab  1-a%+b®> 2a =(l+a2+b2)3 .
2b 2a  1-a%-b?

14. By using properties of determinants, show that:

a’+1 ab ac

ab b*+l bc |=1+a®+b?+c?.
ca cb c*+1

a’+1 ab ac

Ans: Let A=| ab b?+1 bc
ca cb ¢+l

Taking out a,b and ¢ from R, , R, and R, respectively



= A=abc| a b+% c

a b c+1
C

Applying the row operations R, > R, -R, and R, > R, - R,

a+l b c
a
= A=abc¢ —E 1 0
a b
141
a C

Applying C, »aC, , C, > bC, and C, — cC,

a’+1l b? c?
:>A=abc><i -1 1 O
abc

-1 0 1

Expanding along C,

a’+1l b?
-1 1

b? ¢?
1 O

= A=-1 +1

= A=1(-c*)+(a*+1+b?)
. A=1+a’+b*+c’

a’+1 ab ac

Hence, | ab  b*+1 bc |=1+a’+b?+c?.

ca cb c?+1



15.  Choose the correct answer. Let A be a square matrix of order 3x3 , then
A. |kA| is equal to k|A|
B. K2[A|
C. K°|A|
D. 3Kk|A|

Ans: Since, A is asquare matrix of order 3x3.

a‘1 bl Cl
Let us suppose A=|a, b, c,
a3 b3 CS
ka, kb, Kkc,
Thus, kA=| ka, kb, Kkc,
ka, kb, Kc,
ka, kb, Kkc,
~.|kA|=|ka, kb, kc,
ka, kb, Kc,

Taking out (k) common from each row, we have:

a‘1 bl C1
= |kA|=k’la, b, c,

a3 b3 C3
- [KA|=K®|A|

Hence, B. k*|A| is the correct option.

16.  Which of the following is correct?
A. Determinant is a square matrix.



B. Determinant is a number associated to a matrix.
C. Determinant is a number associated to a square matrix.
D. None of these.

Ans:  For every square matrix, A=| a; | of order n, we can determine or associate

a value which is termed as determinant of square matrix A, where aij:(i,j)th
element of A .

Thus, the determinant is a number associated to a square matrix.

Hence, C. Determinant is a number associated to a square matrix is the correct

option.

Exercise 4.2

1. Find area of the triangle with vertices at the point given in each of the
following:

i.(1,0),(6,0),(4,3)
Ans:  Given vertices, (1,0),(6,0),(4,3)

We know, if we have three points (x,,y,), (X,,y,) and (X,,y;), then the area of
the triangle is given by,

|
A=x, vy, 1
X; Y; 1

Thus, the area of the triangle is given by,
1 01

:>A=%601
4 3 1



= A= %[1(0-3)-0(6-4)+1(18-0)]
1
= A=_[-3+18]
= A=§ square units
~.Area of the triangle with vertices (1,0),(6,0),(4,3) is % square units.
ii. (2,7).(1,1),(10,8)

Ans:  Given vertices, (2,7),(1,1),(10,8)

We know, if we have three points (x,,Y, ), (X,,Y,) and (X,,y,), then the area of
the triangle is given by,

<

1 1

]
<
[N

X
A =X
X

<

3 3

Thus, the area of the triangle is given by,

2 7 1
=>A=—|1 1 1
10 8 1

2(1-8)-7(1-10)+1(8-10) |

= A=2[2(-7)-7(9)+1(-2) |



= A:%[-16+63]
= A=4—27 square units

.. Area of the triangle with vertices (2,7),(1,1),(10,8) is g square units.

i (-2,-3),(3,2),(-1,-8)
Ans:  Given vertices, (-2,-3),(3,2),(-1,-8)

We know, if we have three points (x,,y,), (X,,y,) and (X,,y,), then the area of
the triangle is given by,

<

1 1

N
<
N

X
A =X
X

<

3 3

Thus, the area of the triangle with vertices (-2,-3),(3,2),(-1,-8) is given by,

2 -3 1
=>A=—|3 2 1
-1 -8 1

= A=%:-2(2+8)+3(3+1)+1(-24+2)]

= A=%[—20+12—22]

30



.. The area of the triangle with vertices (2,7),(1,1),(10,8)is |-15/=15 square units.

2. Show that points A(a,b+c),B(b,c +a),C(c,a +b) are collinear.

Ans: To show that the points A(a,b+c),B(b,c +a),C(c,a +b) are collinear, the

area of the triangle formed by these points as vertices should be zero.
.. Area of AABC is given by,
. a b+a 1
=A==|b cta 1
c ath 1

Applying the row operations R, >R, -R, and R, > R, —R;

a b+c 1
= A:% b-a ab O
cla ac O

Taking out (a—b) and (c—a) common from Rz and Rs respectively,

a bt+tc 1
- A=%(a—b)(c-a) 11 0
1 -1 O

Applying the row operation R, - R,+R,

a btc 1
= A=%(a—b)(c—a) 1 1 0
0O 0 O

Since all the elements of the last row of the matrix are zero then the value of the
determinant will be 0.



-.A=0
Thus, the area of the triangle formed by points A , B and C is zero.

Hence, the points A(a,b+c),B(b,c +a),C(c,a +b) are collinear.

3. Find values of k if area of triangle is 4 square units and vertices are
i. (k0),(4.0).(0,2)

Ans:  Given vertices are (k,0),(4,0),(0,2).

We know, if we have three points (x,,Y; ), (X,,Y,) and (X;,y,), then the area of
the triangle is given by,

<

1 1

N
<
N

X
A =X
X

<

3 3

Thus, the area of the triangle is given by,

:>A=E

o ~ X
N © O

1
1
1

= A==[ k(0-2)-0(4-0)+1(8-0) |

:A:%[-2k+8]

~A=—-k+4

Since the area is given to be 4 square units, thus
—Kk+4=44

When -k +4=-4



- k=8.

When -k +4=4
~k=0.

Hence, k=0,8.

ii. (-2,0),(0,4).(0.k)
Ans:  Given vertices are (-2,0),(0,4),(0k).

We know, if we have three points (x,,y;), (X,,y,) and (X,,y,), then the area of
the triangle is given by,

<

1 1

N
<
N

X
A=|X
X

<

3 3

The area of the triangle is given by,

-2 0
=A=—|0 4 1
0 k

:>A=%:—2(4—k)]

=A=k-4

Since the area is given to be 4 square units, thus
k—4=14

When k—4=-4

S k=0.

When k—-4=4



Ans:

Ans:

- k=8.
Hence, k=0,8.

Determine the following:
i. Find equation of line joining (1,2) and (3,6) using determinants.

Let us assume a point, P(x, y) on the line joining points A(1,2) and B(3,6)
Then, the point A,B and P are collinear.
Thus, the area of triangle ABP will be zero.
. 1 2 1
=13 6 1=0

2
x y 1

= %[1(6-y)-2(3-x) +1(3y-6x) |=0
= 6-y-6+2x+3y-6x=0

= 2y-4x=0

= y=2X

.. The equation of the line joining the given points is y =2x .

ii. Find equation of line joining (3,1) and (9,3) using determinants.
Let us assume a point, P(x, y) on the line joining points A(3,1) and B(9,3).

Then, the point A,B and P are collinear.

Thus, the area of the triangle ABP will be zero.



.
"3

X © w

11
3 1=0
y 1

:>%[3(3-y)-1(9-x)+1(9y-3x)]:O

= 9-3y-9+x+9y-3x=0
= 6y-2x=0
= X-3y=0

.. The equation of the line joining the given points is x-3y=0 .

5. If the area of triangle is 35 square units with vertices (2,-6) , (5,4) and
(k4) . Then Kk is

A 12

B. -2

C. -12,-2

D. 12,-2

Ans: Given vertices, (2,-6),(5,4) and (k,4)

We know, if we have three points (x,,Y,), (X,,y,) and (X,,y,), then the area of
the triangle is given by,

<

1 1

N
<
N
[ T

X
A =X
X

<

3 3

The area of the triangle is given by,



I

I
PO B\ )
A B S
B =

=N Azl'2(4-4)+6(5-k)+1(20-4k)]

= A=%[50-10k]

= A=25-5k
Given, the area of the triangle is 35 square units .
Thus, we have:

= 25-5k =435

= 5(5-k)=+35
=5-k=47.
When 5-k =7
~k=-2.

When 5—-k =-7
s k=12.

Hence, k=12,-2 .

Thus, D. 12,-2 is the correct option.

Exercise 4.3

1. Write Minors and Cofactors of the elements of following determinants:
2 -4
0 3




Ans: Given,
3

Minor of an element is termed as the determinant obtained by removing the row
and the column in which that element is present.

Minor of element a;; is denoted by M;;,where

ij !
I and j denotes the row and the column of the determinant respectively.
- M, =3

M,,=0

M, =-4

M,,=2

Cofactor of an element is termed as the determinant obtained by removing the row
and the column in which that element is present preceded by a negative or a
positive sign based on the position of the element.

Thus,

Cofactor of a; is A;=(-1)" M,
1+1

:>A11=(—1) M,

= A, =(-1)°(3)

~A,=3

Similarly,

= A,=(-1)" M,

:>A12=(-1)3(0)



- A,=0
= A, =(-1)"M,,
= A= () (4)
S A, =4

= A,=(-1)"M,,
= Azz:('1)4 (2)

S A,=2

a c
b d

a
Ans: Given, d‘

Minor of element a;; is denoted by M.
- M, =d

M,,=b

M,,=c

M,,=a

Cofactor of a; is A;=(-1)" M,
=A,=(-1)"M,,

= Ay = ('1)2 (d)



- A,=d
Similarly,
=A,=(-1)" M,
:>A12:(-1)3(b)
~A,=—b

= A, =(-1)"M,,
= A,=(-1)°(c)
SJA,=—C

= A,,=(-1)" M,,
= A,=(-1)'(a)

~A,=a

2. Write Minors and Cofactors of the elements of following determinants:
1 00

.0 1 0
0 01

1
Ans: Given determinant, 0
0

o - O
)

Minor of element a;; is denoted by M.



1

Cofactor of a; is A;=(-1)" M,

ij *

1+1

=A,=(-1)" M, =1
=A,=(-1)" M, =0

=A,=(-1)"M, =0



1 0 4

.3 5 -1

01 2
1 0 4
Ans: Given determinant, 3 5 -1
01 2

Minor of element a;; is denoted by M.
5 -

=M= =10+1=11
1 2

3 -1
‘=6—O=6
2

3 5
‘:3-0=3
1



0
=M,=| |=0-4=-4
1

=M=\ |=2:0=2

0
=M=l [710=1

= M, =|_ |=0-20=-20

=M,z |=-1-12=-13
3

0
=M=l |=5-05

ij "



3+2

= A,=(-1)""M,, =13

= A,,=(-1)""M, =5

3. Using Cofactors of elements of second row, evaluate A=

R N O
N © W
W == OO

W = o

5 3
Ans: Given determinant, 2 0
1 2

Determining the minors and cofactors, we get:

3 8

=My g

‘:9—16=—7

S AL=(-1)T M, =T

2+1

F A=) My =7

Since, A is equal to the sum of the product of the elements of the second row with
their corresponding cofactors.

SA= a21A21 + azzAzz + a23A23



= A=2(7)+0(7)+1(7)

Hence, A=21.

1 x yz
Using Cofactors of elements of third column, evaluate A=]1 y zx|.

1 z xy
1 X vyz
Ans: Given determinant, 1 y zX

1 z xy

Determining the minors and cofactors, we get:

1

:>M13=1 z ==Y

P AL=(-1) " My=(z-y)
1 X

:>M23—1 . =Z-X

fAL=(-1) My =(y —x)

Since, A is equal to the sum of the product of the elements of the first row with
their corresponding cofactors.

SA= a13A13 + a-23A23 + a33A33



Ans:

= A=yz(z-y)+zx(Xx-2)+xy(y-X)

= A=Yz’ - Y2+ X°2-X2° + Xy’ - X’y
:>A=(xzz-y22)+(yz2 -x22)+(xy2 -xzy)
:A:(x-y)[zx+zy-zz-xy]

= A=(x-y)[2(x-2)+Yy(z-X)]

Thus, A=(x—y)(y—z)(z—x).

all a'12 a13
If A=ja,, a, a,|and A; isCofactorsof a; , then value of A is given by

ij !
a a a

31 32 33

a) a11A31 + a12'A\?>2 + al3A33
b) a11'0\11 + alZAZl + a13A31
C) a'21'A\ll + aZZ'A\ZI.Z + a'23'6\13
d) allAll + a21'0\21 + a31'6\31

all alZ a13
Itisgiventhat A=a,, a,, a.
a31 a32 a33

The value of A by expanding along first column is obtained as,
ay;; (azz'a33 - azs'asz) —ay (alz'ass —a;3.d5 ) +ay (alz'az3 - a13'azz) oo 1

Now, the cofactor A; of element a;; is given by (1)’ M,, where M; is the

ij?
minor. Minor is the determinant obtained by cancelling the ith row and jth column
of the original matrix.



a22 a23

Now for element a,,, the minoris M, =
a32 a33

=8,,.84; —8,.84, and the

cofactor is A, =(—1)" (8,85 — ys855 ) = Ay = (85 — By )-

a12 a13

Next for element a,,, the minor is M,, = =a,,.8,; —8,,.84, and the

32 a33

cofactor is A, = (1) (885 — 81585 ) = Ay = (8,85 — 1585 )-

a12 al3

Next for element a,,, the minor is M, = =a,,.d,; —a;,.8,, and the

a22 a23

cofactor is A, =(—1)"" (81,8, — 8138, ) = Ay = (8185 — 81585 )

Now substituting the terms as obtained from above computation in equation 1,
a,AL — 8, (—A, ) +asAs,

a AL +a,A, +agu A,

This matches with option d.

Exercise 4.4

1 2
1. Find the adjoint of each of the matrices. {3 4}

1 2
Ans: Let A=|: :|
3 4
Since, Cofactor of a, is A;=(-1)""M,.
Thus,

1+1

=A,=(-1)



= A, =4

3

=A,=(-1)" M, =(-1)’M

12
=A,=-3

2+1

= A, =(-1)""M,, =(-1)’'M,,
= A, =-2
=A,=(-1)""M,, =(-1)'M,,
=A,, =1

We know that adjoint of a matrix is the transpose of its cofactor matrix.

A, AT
Thus, ade:{ H 12}

A21 A22

4 -2

sLadjA= :

301
1 -1 2
2. Find adjoint of each of the matrices| 2 3 5].
2 0 1

1 -1 2

Ans: LetA=|2 3 5

2 0 1

i+ M

"

Since, Cofactor of a; is A;=(-1)

Thus,



Similarly,

=A,,=(-1)" M, =(-1)°'M,,




= A,=(-1)"" My, =(-1)" M,
1 -
= A, = ‘2 :j:3+2:5.

We know that adjoint of a matrix is the transpose of its cofactor matrix.

Au A As] [3 -12 6
Thus, adjA=| Az A,, Axz| =1 5 2
Axn A, As -9 -1 5

3. Verify A(ade):(ade)A:\A\l.ﬁ1 ?;3}
. {2 3}
Ans:  Given, A=
-4 -6

~|A|=-12—-(-12)

=|A[=0

1 0
Hence, \A\I :0{ }
0 1



0 0
:>|A|I:{0 O}

Since, Cofactor of a; is Aij:(-l)i+j M. .

]

Then,

=A,,=2
.. |6 4
Cofactor matrix is :
-3 2
We know that adjoint of a matrix is the transpose of its cofactor matrix.
-6 -3
Thus, adjA=
4 2

Now, multiplying A with its adjoint, we have:

:A(ade){_i .ﬂﬁ _ﬂ



12412 -
:A(ade):{ y 6+6}

24-24 12-12

.-.A(ade):B 8}

Similarly, multiplying (adjA) with A, we get:

- (ade)A=__46 _23}{_24 _36}

= (adjA) A=

[—-12+12 -18+18
8-8 12-12

.-.(ade)A{g 8}

Thus, A(adjA)=(adjA)A=|A|l

Hence verified.

1 -1 2
4. Verify A(adjA)=(adjA)A=|A]l. 3 0
1 0 3
1 -1 2
Ans: Let A=|3 0 -2
1 0 3

= |Al=1(0:0)+1(8+2)+2(0-0)

~|Al=11



10 0][11 0 0
AlI=11/0 1 0]=[0 11 0
001][0 0 11

Since, Cofactor of a, is A,=(-1)""M,.
Thus,

=A,=(-1)" M, =(-1)’'M,,
=A,;,=0

=A,=(-1)" M, =(-1)’M,,
=A,=-(9+2)=-11

1+3 4

= A,L=(-1) "M, =(-1)' My,
=A;=0

Similarly,

= A, =(-1)"M,, =(-1)’M,,
=A,=—(-3+0)=3
=A,,=(-1)""M,, =(-1)'M,,
= A, =3-2=1

2+3 5

= A,;=(-1)" My =(-1) My,



A, =2-0=2
= A,=(-1)"" My, =(-1)°'M,,
=A,=—(-2-6)=8

= A,=(-1)"" Mgy =(-1)° My,

= A,,;=0+3=3.

0 -11 0°
Cofactor matrixis |3 1 -1].
2 8 3

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

0 -11 0
=adjA=|3 1 -1
2 8 3
0 3 2
~adjA=|-11 1 8
0 -1 3

Now, multiplying A with its adjoint, we have:

1 1 2][0 3 2
= A(adjA)=[3 0 -2|-11 1 8
10 3]0 13

(0+11+0 3-1-2 2-8+6
= A(adjA)=| 0+0+0 9+0+2 6+0-6
| 0+0+0  3+0-3 2+0+9




11 0 0
~AadjA)=| 0 11 0
0 0 11

Similarly, multiplying (adjA) with A, we get:

[0 3 2][1 -1 2
= (adjA)A=|-11 1 8|3 0 -2
0 -1 3J[1 0 3

[ 0+9+2 0+0+0  0-6+6
= (adjA)A=| -11+3+8 11+0+0 -22-2+24
. 0-3+3  0+0+0  0+2+9

11 0 0
~(adjA)A=[ 0 11 0
0 0 11

Thus, A(adjA)=(adjA)A=|A|l

Hence verified.

2 -2
5. Find the inverse of each of the matrices (if it exists). L 3 }

2 -2
Ans: Let A=
3]
:>\A\=6+8
.'.\A\=14

Since, Cofactor of a; is A;=(-1)"M,

ij*



=A,,=2
.. |3 -4
Cofactor matrix is { }
2 2

We know that adjoint of a matrix is the transpose of its cofactor matrix.

Hence, the inverse of the matrix A is given by,

1

A

aa1[3 2
14)-4 2|

= A adjA



-1 5
6. Find the inverse of each of the matrices (if it exists). [ i 2}

-1 5
Ans: Let A{ 2}

=|A|=-2+15

~|A=13

Since, Cofactor of a; is A;=(-1)"M;.
Then,

=A,=(-1)" M, =(-1)'M,,

= A, =2

= A,=(-1)" M, =(-1)°'M,,

=A,=3

= A, =(-1)""M,, =(-1)’M,,
= A, =-5
=A,,=(-1)""M,, =(-1)'M,,
=A,,=-1

.12 3
Cofactor matrix is .
-5 -1

We know that adjoint of a matrix is the transpose of its cofactor matrix.

2 -5
ade{ }
3 -1



7.

Ans:

Hence, the inverse of the matrix A is given by,

'lzi

A

A_l_iz 5
13|3 -1}

= A adjA

Find the inverse of each of the matrices (if it exists).

1 2 3
Let A=|0 2 4

0 0 5
Then,

= |A[=1(10-0)-2(0-0)+3(0-0)
- |A=10

4]

Since, Cofactor of a; is A;=(-1) "M,

ij*
Thus,

= A,=(-1)" M, =(-1)°M,,

— A,=10-0=10

=A,=(-1) "M, =(-1)’M,,

= A, =—(0+0)=0

1
0
0

O N DN

o B~ W



1+3 4

= A,L=(-1)" My =(-1)' M,
= A,=0

Similarly,

= A, =(-1)"M,, =(-1)’M,,
= A,,=—(10-0)=-10

= A,,=(-1)""M,, =(-1)'M,,
=A,,=5-0=5

2+3

= A,,=(-1)" My, =(-1)° My,
=A,,=—(0-0)=0

And

= A, =(-1)" M, =(-1)' My,
= A, =8-6=2

= A,=(-1)" M, =(-1)" M,,
= A, =—(4-0)=—4

3+3 6

= A;=(-1)" My, =(-1) My,

= A, =2-0=2.

10 0 O
Cofactor matrixis |-10 5 O0].
2 -4 2

We know that adjoint of a matrix is the transpose of its cofactor matrix.



10 -10 2
~adjA=| 0 5 -4
0o 0 2

Hence, the inverse of the matrix A is given by,

— A= adjA
A
10 -10 2
.'.A'lzio 5 4
10
0O 0 2
1 00
8. Find the inverse of each of the matrices (if it exists). |3 3 0
5 2 -1
1 00
Ans: Let A=|3 3 O
5 2 -1
Then,

= |A|=1(-3-0)-0+0

JAl=-3

Since, Cofactor of a, is A,=(-1)"M,.
Thus,

=A,=(-1)" M, =(-1)’'M,,

—A,=-3-0=-3



= A,=(-1) "M, =(-1)’M,,

=A,=—(-3-0)=3

= A,=(-1)" My =(-1)' M,,

= A, =6-15=-9

Similarly,

= A, =(-1) My, =(-1)°'M,,

=A,,=—(0+0)=0

= A,,=(-1)""M,, =(-1)'M,,
—=A,=-1-0=-1

243

= A, =(-1)" My, =(-1)° M,
=A,=—(2-0)=-2

and

= A, =(-1)"M,, =(-1)' My,
= A, =0-0=0

= A, =(-1)" M, =(-1)° M,,



-3 3 -9
Cofactor matrixis| 0 -1 -2/{.
0O 0 3

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

3 3 -9
—adjA=| 0 -1 -2
0 0 3
3 0 0
~adjA=|3 -1 0
9 2 3

Hence, the inverse of the matrix A is given by,

:>A'1=iade
A
-3 00
.-.A‘1=i 3 -1 0
10
9 -2 3
2 1 3
Q. Find the inverse of each of the matrices (if it exists). 4 -1 0
7 21
2 1 3
Ans: Let A= 4 -1 O
702 1

Thus,



= |A|=2(-1-0)-1(4-0)+3(8-7)
= |A|=2(-1)-1(4)+3(2)

- |Al=-3

Since, Cofactor of a; is A;=(-1)"M,.
Thus,

=A,=(-1)" M, =(-1)°M,,
= A,=-1-0=-1

= A,=(-1)" M, =(-1)’M,,
= A, =—(4—0)=—4

= A,L=(-1)" My =(-1)" M,
—A,=8-7=1

Similarly,

=A,,=(-1) "My, =(-1)°' M,
=A,=—(1-6)=5
=A,,=(-1)""M,, =(-1)'M,,
= A, =2+21=23

= A,,=(-1)"" My, =(-1)" My,
=A,,=—(4+7)=-11

and



= A,=(-1)"M,, =(-1)' M,

= A, =0+3=3

3+2 5

= A,=(-1)" M, =(-1)" M,,
= A, =—(0-12)=12
= A,,=(-1)" My, =(-1)" My,

= A, =—2-4=-6.

-1 4 1
Cofactor matrixis| 5 23 -11].
3 12 -6

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

-1 -4 1
—adjA=|5 23 -11
3 12 -6
1 5 3
~adjA=| -4 23 12
1 11 -6

Hence, the inverse of the matrix A is given by,

:>A'l=iade
A
-1 5 3
.‘.A'1=i -4 23 12
10

1 -11 -6



10.

Ans:

1
Find the inverse of each of the matrices (if it exists). | O
3

1 -1 2
Let A=|0 2 -3
3 -2 4

Expanding along column C,,
= |A| =1(8 — 6)—O+3(3 — 4)
~]Al=-1

Since, Cofactor of a, is A,=(-1)"M,.
Thus,

=A,=(-1)" M, =(-1)°M,,
= A, =8-6=2

=A,=(-1)" M, =(-1)’'M,,
=A,=—(0+9)=-9

= A,=(-1) "My =(-1)" My,
—A,=0-6=-6

Similarly,

= A, =(-1)""M,, =(-1)’M,,

=A,=—(-4+4)=0

-1 2
2 -3

2 4



=A,,=(-1)""M,, =(-1)'M,,
= A,=4-6=-2

= A, =(-1)"" My, = (-1)° M,
=A,=—(—2+3)=-1

and

= A, =(-1)"M,, =(-1)' My,
= A, =3-4=-1

3+2

= A,=(-1)" M, =(-1)°'M,,
=A,=—(-3-0)=3
= AL=(-1)"" M =(-1)" M,

= A, =2-0=2.

2 -9 -6
Cofactor matrixis| 0 -2 -1].
-1 3 2

We know that adjoint of a matrix is the transpose of its cofactor matrix.

= -7

2 -9 -6
—adjA=| 0 -2 -1
-1 3 2|
(2 0 1]
—adjA=|-9 -2 3
6 -1 2|



The inverse of the matrix A is given by,

— A= adjA
A

2 0 -1
SA'=-11-9 -2 3
-6 -1 2
-2 0 1
Hence, A'=| 9 2 -3].
6 1 -2

1 0 0
11.  Find the inverse of each of the matrices (if it exists). [0 cosa sina
0 sina -cosa

1 0 0
Ans: Let A=|0 cosa sina
0O sina -cosa

Expanding along column, C,

=|A| =1(-cosza-sin2a)

=|A|= —(cosza+sin2a)

~|Al=-1

Since, Cofactor of a; is A,;=(-1)"M,.

Thus,



1+1 2

=A,=(-1)" M, =(-1)'M,,
= A,,=—cos’a-sin‘a=-1
= A,=(-1)" M, =(-1)’M,,
=A,=0

= AL=(-1) "My, =(-1)* My,
= A;=0

Similarly,

= A, =(-1)""M,, =(-1)’'M,,
= A, =0

=A,,=(-1)""M,, =(-1)'M,,

= A,, =—C0sa

2+3

= A,,=(-1)"" My =(-1)" My,
= A,=-sina

and

= A, =(-1)"M,, =(-1)' My,
= A, =0

3+2

= A,=(-1)"" M, =(-1)’M,,
= A,, =-sina

= A,,=(-1)" My, =(-1)° M,



= A,, =Cosa.

-1 0 0
Cofactor matrixis| 0 —cosa -sina|.
0 —sina cosa

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

-1 0 0
—adjA=| 0 -cosa -sina
0 -—sina cosa

10 0
-.adjA=| 0 -cosa -sina
0 -sina cosa

The inverse of the matrix A is given by,

— A= adjA
A

-1 0 0
~A'=-110 -cosa -sina
0 -sina cosa

1 0 0
Hence, A'=|0 cosa sina
0 sina -cosa

3 7 6 8 :
Let A{z 5} and |3=[7 9} . Verify that (AB) =B*A™,



3 7
Ans: Let A=
2 5

Thus, determining the value of |A|,
—|A|=15-14

~|A|=1

Since, Cofactor of a, is A,=(-1)""M,.
Thus,

1+1

=A,=(-1)" M, =(-1)’'M,,

= A,=5

2+1 3

= A, =(-1)"M,, =(-1)’M,,
=A, =1
=A,,=(-1)""M,, =(-1)'M,,
=A,, =3

We know that adjoint of a matrix is the transpose of its cofactor matrix.

5 2T
cLadjA=
7 3

: 5 -7
= adjA=
S



The inverse of a matrix is given by, A'1=iade

A
Hence, A‘lz{ > _7}
-2 3

6 8
For B=

— |B|=54-56
“|Bj=-2

Thus,

= A, =(-1)""M,, =(-1)’M,,
= A, =-8

2+2

= A,=(-1)""M,, =(-1)'M,,
=A,,=6

We know that adjoint of a matrix is the transpose of its cofactor matrix.

9 77
s.adjA=
8 6



i 9 -8
= adjA=
e

. 9 -8
Hence, aij{7 }

7 6
9 -8
- Bi=Ladjp=—_1
B] 2|-7 6
9
Thus, B = 72 .
3
2

Now, multiplying B™ and A™", we get:

9
2oy
Spiat=| 2|2 ]
7 -2 3
L3
| 2
-E-S §+12
:>B-1A-1: 2 2
§+6 -ﬁ-g
| 2 2
61 &7
LBA 22| (1)
ar o7
2 2

Similarly, multiplying the matrices A and B, we get:

<oy 15 3



18+49 24+63
= AB=
12+35 16+45

67 87
AB=
47 61
The value of \AB\ is
= |AB|=67x61-87x47

= | AB|=4087-4089

~.|AB|=-2

The adjoint of (AB) is given by,

:adj(AB)z{

61 -87
47 67

Thus, the inverse is,

— (AB)"=—adj(AB)

A8

SO

61 8
: 2 2

~(AB)'=
(AB) 7 &
2 2

From (1) and (2), we have:

(AB) =B'A*

Hence proved.



3 1
13.  If Az[ . 2} ,show that A*-5A+71=0 . Hence find A™.

) 3 1
Ans: Given, A=
-1 2

We can write, A’=A.A

e[ 13 1
121 2
:>A2—_9_1 3+2
-3-2 -1+4
:>A2=_8 >
5 3

. The value of A*-5A+71 is:

, (8 5| [3 1] _[1 0
— AZ5A+7I= 5 +7

-5 3] |1 2] |01
-7 0] [7 0]

= AZBA+TI= +
0 7] |0 7]

o 100
S A-BA+TI=
0 O

Hence, A*-5A+71=0
— A?-5A=-7|



Multiplying by A™ on both the sides, we have:
= AA(A)-5AAT=—TIA"

= A(AA")-5l=-T7IA"

= Al-5I=-7IA"

:>A'1=—%(A—5I)

:>A'1:%(5I ~-A)

-0 32 )
wetft ]

3 2
14. For the matrix A{1 J find the number a and b such that.

A?+aA+bl=0.
i 3 2
Ans: Given A=
1 1
We can write, A’=A.A
aeo[3 23 2
1111 1

pr |92 642
f— =
3+1 2+1



e [1L 8
4 3

Solving A*+aA+bl=0 by multiplying the whole equation by A™,
= (AA)A +aAA™ +bIA™=0

= A(AA™)+al+b(1A™)=0

= Al+al+bA™*=0

= A+al= -bA™

= A'1:%(A+al)

Now, determining the value of A™.
We know that the adjoint of a square matrix is the transpose of its cofactor matrix.
Hence, the adjoint of matrix A is:

: 1 -2
sadjA =
ol

1

A

The inverse is given by, A*'=—adjA.



1 2] 1([3 2 a 0
- == +

-1 3] b{[1 1|0 a
1 2] 1[3+a 2
-1 3] b 1 1+a

-3-a 2

1 -2 b b
- _ b b
L I
b b

Equating the corresponding elements of the two matrices, we get:

:>-1:-1
b

- b=1

s.a=—4

Thus, —4 and 1 are the required values of a and b respectively.

1 1 1
15.  For the matrix A=|1 2 -3| show that A*-6A*+5A+111=0 . Hence, A™.
2 -1 3
1 1 1

Ans: Given, A=|1 2 -3
2 -1 3



11 11 1 1
=A’=|1 2 3|1 2 -3
2 -1 3|2 -1 3

[1+1+1 1+2-1 1-3+3
= A’=| 1+2-6 1+4+3 1-6-9
_2—1+6 2-2-3 2+3+9

4 2 1
L A’=|-3 8 -14
7 -3 14

4 2 11 1 1
=A=A’A=|-3 8 -14||1 2 -3
7 -3 142 -1 3

4+2+2 4+4-1 4-6+3
= A’=| -3+8-28 -3+16+14 -3-24-42
7-3+28 7-6-14 7+9+42

g8 7 1
L A=[-23 27 69
32 -13 58

Substituting the values for A%, A% and A in A’>-6A*+5A+111, we have:
= A-6A%+5A+111=

8 7 1 4 2 1 1 1 1 1 00
-23 27 -69|-6/-3 8 -14(+5/1 2 -3|+1110 1 O
32 -13 58 /7 -3 14 2 -1 3 0 01

= A’-6A°+5A+11I=



g8 7 1 24 12 6 5 5 5 11 0 O
23 27 -69|-|-18 48 -84 |+/5 10 -15(+11j0 11 O
32 -13 58| |42 -18 84 2 -5 15 0O 0 11

24 12 6 24 12 6
= A’-6A*+5A+111=|-18 48 -84|-|-18 48 -84
42 -18 84 || 42 -18 84

0
- A*-6A’+5A+11I=| 0
0

o O O

0
0|=0
0

Thus, A*>-6A%*+5A+111=0

Since, A*>-6A%2+5A+111=0.

Multiplying the whole equation by A™, we have:
= (AAA)A*-6(AA)AT+5AA+11IA™=0

= AA(AA)-6A(AAT)+5(AA™)=11(IA")

— AZ-6A+5|=-11A"

L1
:Alz-ﬁ(A2-6A+5l) (1)

Now, A*-6A+5I is given by:
4 2 1 1 1 1 1 00

= A*-6A+5I=|-3 8 -14(-6/1 2 -3[+5/0 1 O
7 -3 14 2 -1 3 0 01



4 2 1 6 6 6 5 00
= A’-6A+51=|-3 8 -14|-|6 12 -18|+|/0 5 O
7 -3 14112 6 18 0 0 5

4 2 1 6 6 6
= A’-6A+5l=|-3 13 -14|-| 6 12 -18
7 -3 19|12 -6 18

3 4 5
~A%BA+5I=|-9 1 4
5 3 1

Substituting for A*-6A+5I equation (1), we get

3 -4 5
~At=Llg 1 a4
11
5 3 1
84 s
SA==19 -1 4
11
5 -3 -1

2 -1 1
16. If A=|-1 2 -1| verify that A*-6A*+9A+41=0 and hence find A™.
1 -1 2

2 -1 1
Ans: Given, A=-1 2 -1
1 -1 2



2 1 12 -1 1
—A’=[-1 2 -1|l-1 2 -1
1 -1 21 -1 2
[4+1+1 -2-2-1 2+1+2
= A’=| -2-2-1 1+4+1 -1-2-2
_2+1+2 -1-2-2 1+1+4
6 -5 5
~A’=|-5 6 -5
5 5 6
Similarly,
6 5 5|2 -1 1
= A=A’A=|-5 6 5|-1 2 -1
5 5 6|1 -1 2
12+5+5 -6-10-5 6+5+10
= A%=| -10-6-5 5+12+5 -5-6-10
10+5+6 -5-10-6 5+5+12
22 -21 21
A= 21 22 21
21 -21 22

Now, A®-6A%+9A-41 is given by:

= A’-6A°+9A-41=| -21 22

22 -21 21 6 -5 5 2 -1 1 1 00
-211-6|-5 6 -5(+9/-1 2 -1-40 1 O
21 -21 22 5 5 6 1 -1 2 0 01



(22 21 21][36 -30 30| [18 9 9][4 0 O
= A’-6A°+9A-4l=|-21 22 -21|-|-30 36 -30|+/9 18 -9|-|0 4 O
21 -21 22|30 -30 36 9 9 18||0 0 4

40 -30 30|[40 -30 30 0 0O
= A’-6A*+9A-41=|-30 40 -30|-|-30 40 -30|=|0 0 O
30 -30 40|30 -30 40| |0 O O

- A-6A%+9A-41=0

Since, A*-6A*+9A-41=0.

Multiplying the whole equation by A™, we have:
= (AAA)A™-6(AA)AT+IAA™-4IA™=0

= AA(AA™)-6A(AAT)+9(AAT)=4(1AT)

= AAI-GAI+91=4A"

= A*-6A+91=4A™

:>A'1:%(A2-6A+9I) e (1)

Now, A?-6A+9l is given by:

6 5 5 2 -1 1 0
A’-6A+91=|-5 6 -5|6/-1 2 -1 +9{0
0

9

0

0

0

0

0

0 0

A*-6A+9I=|-5 6 -5|-|-6 12 -6 |+ 9 0]
0 9



3 1 41
SAPBAHII=I 1 3 1
-1 3 3
Substituting for A*-6A+9I equation (1), we get

3 1 -1
A'1=%131.

-1 3 3

17.  Let A be nonsingular square matrix of order 3x3 . Then adjA| is equal to
A |A|

D. 3JA|

Ans: Given A is anonsingular square matrix, i.e., it is a square matrix whose
determinant is not equal to zero.

The inverse of a matrix is given as A‘lziade.

A
) 1 .
= A A=—adjA
A
= |A|l =adjA

The adjoint of matrix A is given by,
Al 0 0

= (adjA)=A=|AlI=| 0 |A] 0
0 0 |A



Al 0 0
= |(adjA)Al=| 0 |A] ©
0 0 |A
100
= djAA[=|Al0 1 o]=|A[(1)
001

[HEN

- JadjA|=|A[

2 -
Hence, B. |A| is the correct answer.

18. If A isan invertible matrix of order 2 , then det(A'l) Is equal to

A. det(A)

1
% Get(A)

C. 1
D. 0

Ans: Since A is an invertible matrix, thus A™ exists and it is given by:
1

A

As matrix A is of order 2,

s
.. Let A= .
c d

Hence, |A|=ad-bc.

A'=_—adjA.

d -b
The adjoint of A would be, ade:{ ) a} :



Now, the inverse of the matrix is given by:

'1:i

= A adjA
A
4 b
aoc| A
Al AT
4 b
|
A Al
. 1 (d -b
ARl
:‘A'l‘—‘ 2‘(ad-bc)
:‘A'l‘—ﬁ.w
4 1
A
1 1
Thus, det(A ):det(A)'

1 )
Hence, B. ————— s the correct answer.

det(A)



Exercise 4.5

1. Examine the consistency of the system of equations.
X+2y=2
2x+3y=3
Ans: Given equations ,
X+2y=2
2X+3y=3

X

y
equations can be written in the form of AX=B.

1 2 2
Let us suppose A{Z 3] X:{ } and B:LJ such that, the given system of

Determining the value of A, we have:
:>\A\=1(3)—2(2)=3—4
\A\z -1+0

Hence, A is non-singular.

Thus, the inverse of A, i.e., A exists.

.. The given system of equations is consistent.

2. Examine the consistency of the system of equations.
2X-y=95
X+y=4

Ans: Given equations :

2X-y=5



X+y=4

1
equation can be written in the form of AX=B.

2 X 3) :
Let us suppose AzL } X:LJ and B:L} such that, the given system of

Determining the value of A, we have:
= |A|=2(1)-(-1)(1)=2+1

~|A|=3#0

Hence, A is non-singular.

Thus, A™ exists.

.. The given system of equations is consistent.

3. Examine the consistency of the system of equations.
X+3y=5
2X+0y=8
Ans: Given equations ,
X+3y=5
2X+06y=8
We know, that a given system of equations is consistent if it has at least one

solution.

1 3 X 5 . .
Let A{z 6} : X{y} and B= {8} such that, the given system of equation can

be written in the form of AX=B.

Determining the value of A, we have:



= |A[=1(6)-3(2)
~.|Al=0
Hence, A is a singular matrix.

We know that the adjoint of a square matrix is the transpose of its cofactor matrix.

Determining the adjoint of the matrix A, we have:
6 -3
adjA)=
= (i) 5 7|
6 -3|5| |30-24
= (adjA)B= =
-2 11/8| |-10+8
_ 6
.'.(adJA)Bz{ 2}&0

Thus, the solution of the given system of equations does not exists.

.. The given system of equations is inconsistent.

4, Examine the consistency of the system of equations.
X+y+z=1
2X+3y+27=2
ax+ay+2az=4
Ans:  Givenequations
X+y+z=1
2X+3y+27=2

ax+ay+2az=4



We know, that a given system of equations is consistent if it has at least one

solution.
1 1 1 X 1

Let A=|2 3 2 |, X=|y|and B=| 2| such that, the given system of equation
a a 2a y 4

can be written in the form of AX=B.
Determining the value of A, we have:

= |A|=1(6a—2a)—-1(4a—2a)+1(2a —3a)
=|A|=4a—-2a-a

~|Al=a=0

Hence A is non-singular matrix.

Thus, A™ exists.

.. The given system of equation is consistent.

5. Examine the consistency of the system of equations.
3X-y-22=2
2y-z=-1
3x-5y=3
Ans: Given equations
3X-y-2z=2
2y-z=-1
3X-5y=3



We know, that a given system of equations is consistent if it has at least one
solution.

3 -1 -2 X 2
Let A=|0 2 -1|, X=|y|and B=|-1] such that, this system of equations can
3 50 z 3

be written in the form of AX=B.
Determining the value of A, we have:
= |A|=3(-5)-0+3(1+4)

= |A|=-15+15

=|A|=0

- A is a singular matrix.

Determining the adjoint of matrix A.

Writing the cofactors,

2 _
A, = (-1 -5
-5 0
Lo -1
Ay = (_l)l ’ 3 0 =-3
o2
Ap= (1 =
-1 -2
A =(-D* =10
21 ( ) 5 0 ‘
L3 -2
A22:(_1)223 0‘26




3
A — _1 2+3
23 ( ) 3

-1
5‘ =[-15+3] =12

A — _1 3+1
31 ( ) 2

2
=[1+4]=5
1‘ [1+4]

A32 = (_1)3+2 3

3 -2
0 -1

3 _
=6
-

-5 -3 -6
Cofactor matrixis |10 6 12
5 3 6

A33 = (_1) >

Taking transpose,

5 10 5
= (adjA)=|3 6 3
6 12 6

-5 10 5|/ 2| [-10-10+15
= (adjA)B=|-3 6 3| -1|= -6-6+9
-6 12 6| 3| |-12-12+18
-5
~.(adjA)B=| -3 |#0
-6
Thus, the solution of the given system of equation does not exist.

.. The system of equations is inconsistent.



6. Examine the consistency of the system of equations.
OX-y+4z=5
2X+3y+5z=2
oX-2y+6z=-1

Ans: Given equations :

OX-y+4z=5

2X+3y+5z=2

oX-2y+6z=-1
5 -1 4 X 5

Let A=|2 3 5|, X=|y|and B=| 2 | such that, the system of equations can
3 2 6 Z -1

be written in the form of AX=B.

Determining the value of A, we have:
= |A|=5(18+10)+1(12-25) +4(-4-15)
—|A|=5(28)+1(-13)+4(-19)

= |A|=140-13-76

~JA|=5120

Hence, A is a non-singular matrix.

Thus, A™ exists.

.. The given system of equations is consistent.



7. Solve system of linear equations, using matrix method.
oX+2y=4
IX+3y=5
Ans: Given equations :
oX+2y=4
IX+3y=5

5 2 4
Let A:L 3} : X:B} and B:L_J such that, this system of equations can be

written in the form of AX=B.
Determining the value of A, we have:
= \A\=15-14

~JA[=12£0

Thus, A is a non-singular matrix.

Hence, its inverse exists.

We know that the adjoint of a square matrix is the transpose of its cofactor matrix.

3 2
cLadjA= { }
-7 5



[ e

Thus, x=2 and y=-3.

8. Solve system of linear equations, using matrix method.
2X-y=-2
3x+4y=3
Ans: Given equations :
2X-y=-2
3x+4y=3

2 -1 -2
Let A:L) 4} : X:B} and B:{ 3} such that, this system of equations can be

written in the form of AX=B.
Determining the value of A, we have:
=|A|=8+3

. |A|=112£0

Thus, A is non-singular.

.. It’s inverse exists.

We know that the adjoint of a square matrix is the transpose of its cofactor matrix.

: 4 1
sLadjA =
G

Now,



'y | 11| 6+6
'x] 1[-5
= =
y| 1112
)
X
N _| 11
M 12
11
Thus, x:—E and y:E.
11 11

Solve system of linear equations, using matrix method.
4x-3y=3

3X-25y=7

Ans: Given equations,

4x-3y=3

3X-5y=7.



-3

4 3
Let AzL } : X:D} and B= {7} such that, this system of equations can be

written in the form of AX=B.
Determining the value of A, we have:
= |A|=-20+9

~|A]=-11+£0

Thus, A is a non-singular matrix.
Hence, its inverse exists.

adjA

A

Formula for inverse is A™* =

Finding cofactors,
A, =) (-5)=-5
A,=(-1"@)=-3
A, =(-)**(-3)=3

Azz =(-1 o (4)=4

.. |-5 =3
Cofactor matrix is .
3 4

. . : -5 3
Taking its transpose to get adjoint matrix as 3 4l

Therefore inverse is

:>A'1—-i S 3
11/-3 4



x| 1[15-21
= =—
'y | 11] 9-28
5
X
N | 1
M 19
11
Thus, x:—E and y:—g.
11 11

10.  Solve system of linear equations, using matrix method.
oX+2y=3
3X+2y=5
Ans: Given equations :
5x+2y=3
OX+2y=3

5 2 3
Let A:L% 2} : X{X} and B= {5} such that, this system of equations can be
y

written in the form of AX=B.
Determining the value of A, we have:

=|A|=10-6



\A\ =4 £0
Thus A is non-singular,
Therefore, its inverse exists.

adjA

Formula for inverse is A™* = |A| .

Finding cofactors,
A, =(D)"(2)=2
A, =(-1)""(3)=-3
A, =(-)*"2)=-2

A, =(-1)*?(5)=5

.12 =3
Cofactor matrix is s |

2 -2
Taking its transpose to get adjoint matrix as { 3 & }

Therefore inverse is

A=l 2 2
4/-3 5




Thus, x=-1and y=4.

11.  Solve system of linear equations, using matrix method.

2xX+y+z=1
3
X-2y-72=—
Y 2

3y-52=9

Ans: Given equations :

2X+y+z=1
3

X-2y-72=—

y 2

3y-5z=9
2 1 1 X :1),

Let A=|1 -2 -1|, X=|y|and B= > such that, this system of equations can
0 3 -5 Z 9

be written in the form of AX=B.

The determinant of A is found by expanding along the first column,



= |A|=2(10+3)-1(-5-3)+0

= |A|=2(13)-1(-8)
=|A|=34%0

Thus, A is a non-singular matrix.

.. Its inverse exists.

Hence,

141 2

=A,=(-1)" M, =(-1)°M,,

= A,;=13

=A,=(-1)" M, =(-1)’M,,
=A,=5

= A,L=(-1)" M, =(-1)' My,
=>A;=3

Similarly,

= A, =(-1)""M,, =(-1)’M,,
=A, =8

= A,=(-1)"*M,, =(-1)'M,,
=A,,=-10

243

= A,,=(-1)"" My, =(-1)° My,
= A,=-6

and



3+1

= A,=(-1)"M,, =(-1)' My,

=A,; =1
= A,=(-1)""M,, =(-1)°'M,,
=A,;,=3

= AL=(-1)"" My, =(-1)" My,

= Ay, =-5.
13 5 3
Cofactor matrixis| 8 -10 -6/].
1 3 -5

We know that adjoint of a matrix is the transpose of its cofactor matrix.

13 5 3
—adjA=| 8 -10 -6
1 3 -5
13 8 1
—adjA=| 5 -10 3
(3 16 5

The inverse of a matrix is given by:
= A= (adjA)
A
13 8 1
.'.A'1=i 5 -10 3
3 -16 -5



13 8 1 L
X:A‘lB:i 5 -10 3 g
3 -16 -5 9|
x| [13+12+9
=y o 5-15+27
34
$Z | 3-9-45
X ] [ 34
=Yy =1 17
34
| Z | | -o1
1
Syl 2
2
3
L 2]
Thus, x=1and y:% and z:—g.

12.  Solve system of linear equations, using matrix method.
X-y+z=4
2x+y-3z=0
X+y+z=2

Ans: Given equations

X-y+z=4



2x+y-3z=0

X+y+z=2
111 X 4

Let A=|2 1 -3|, X=|y|and B=|0 | such that, this system of equations can be
111 z 2

written in the form of AX=B.
Determining the value of A, we have:
= |A|=1(1+3)+1(2+3)+1(2-1)

= |A|=4+5+1

~.|A|=10+0

Thus A is non-singular.

.. Its inverse exists.

Hence,

=A,=(-1)" M, =(-1)'M,,

= A, =4

3

= A,=(-1)" M, =(-1)°'M,,
=A,=-5

= A,=(-1)" My =(-1)' M,,
=>A;,=1

Similarly,

2+1

= A,,=(-1)" M, =(-1)°'M,,



3+1 4

= A31=(-1) M, = (-1) M.,

= A; =2
= A,=(-1)"" My, =(-1)°'M,,
= A;,=5
= A,=(-1)"" My, =(-1)" My,
= A, =3.
4 -5 1
Cofactor matrixis|2 0 -2].
2 5 3

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

4 -5 1
—adjA=|2 0 -2
2 5 3

The inverse of a matrix is given by:



[ 16+0+4 |

—|y|=2]-20+0+10
10

Z 4+0+6

20
=y |=—|-10
Z 10

Thus, x=2, y=-1and z=1.

Solve system of linear equations, using matrix method.
2X+3y+3z=5
X-2y+z=-4

3X-y-2z=3



Ans: Given equations,

2X+3y+3z=5

X-2y+z=-4

3X-y-2z=3
2 3 3 X 5

Let A=|1 -2 1|, X=|y|and B=|-4| such that, this system of equations can
3 -1 -2 y 3

be written in the form of AX=B.
Determining the value of A, we have:
= |A|=2(4+1)-3(2-3)+3(-1+6)
= |A[=2(5)-3(-5)+3(5)

= |A|=10+15+15

—=|A|=40=0

Thus, A is a non-singular matrix.
. It’s inverse exists.

Hence,

=A,=(-1)" M, =(-1)°M,,

= A;;=5

3

= A,=(-1)" M, =(-1)°'M,,
=A,=5

143 4

:>A13:('1) I\/I13:(-1) M,



= A,;=5

Similarly,

= A, =(-1)" My, =(-1)°' M,
= A,,=3

= A,=(-1)""M,, =(-1)'M,,
=A,=-13

= A, =(-1)"" My, =(-1)° My,
= A,,=11

and

= A, =(-1)"M,, =(-1)' My,
=A; =9

= A,=(-1)"" My, =(-1)°’M,,
=A, =1

= A,,=(-1)" My, = (-1)° M,

= A, =—1.
5 5 5
Cofactor matrixis |3 -13 11|.
9 1 -7

We know that adjoint of a matrix is the transpose of its cofactor matrix.



T

5 5 5
—adjA=|3 -13 11
9 1 -7

The inverse of a matrix is given by:

= A= (adjA)

A
5 3 9
.'.A‘1:i 5 -13 1
5 11 -7
. X=A"B
X ] . 5 3 915
=|y|=—|5 -13 1| -4
40
| Z ] 5 11 -7) 3
X | . [ 25-12427
=Yy |=—| 25+52+3
40
| Z ] | 25-44-21
X | . [ 40
= =—| 80
y 40
| Z ]  -40
x| [1
= =| 2
| Z | -1

Thus, x=1, y=2 and z=-1.



14.  Solve system of linear equations, using matrix method.
X-y+2z=7
3x+4y-5z=-5
2X-y+3z=12

Ans: Given equations :

X-y+2z=7

3x+4y-5z=-5

2X-y+3z=12
1 -1 2 X 7

Let A=|3 4 -5|, X=|y|and B=| -5 | such that, this system of equations can
2 -1 3 z 12

be written in the form of AX=B.
Determining the value of A, we have:
=|A|=1(12-5)+1(9+10)+2(-3-8)

= |A|=7+19-22

~|A]=4=0

Thus, A is a non-singular matrix.

.. It’s inverse exists.

Now,

2

=A,=(-1)" M, =(-1)°'M,,
= A, =7

3

= A,=(-1)" M, =(-1)’'M,,



=A,=-19

= A,L=(-1)" My =(-1)' M,
= A, =-11

Similarly,

= A, =(-1)""M,, =(-1)°'M,,
=A,=1

2+2 4

=A,,=(-1)" "M, =(-1) M,,

=A,=-1
= A,,=(-1)" My, =(-1)° M,
=>A,,=-1

and

3+1 4

= A31=(-1) M, = (-1) M.,

=>A; =-3

5

= A,=(-1)" M, =(-1)" M,,

=A,, =11

3+3 6

= A;=(-1)"" My =(-1) My,

=>A,=7.

7 -19 -11
Cofactor matrixis| 1 -1 -1 |.
-3 11 7



We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

(7 -19 -11
—adjA=|1 -1 -1
3 11 7
7 1 -3
—adjA=|-19 -1 11
11 -1 7

The inverse of a matrix is given by:

1 .
= A'=—(adjA
. 7 1 -3
:>A1:Z 19 -1 11
11 -1 7
X=A"'B
X | 7 1 3|7
= =% -19 -1 11( -5
z| |11 -1 7|12
X | 49-5-36
= =% -133+5+132
Z i -17+5+84 |
X ] 8
= =1 4
4
| Z | _12




Il
|

=Y

Thus x=2 , y=1 and z=3

2 -3 5
15, If A=[3 2 -4/, find A™. Using A~ solve the system of equations
1 1 =2
2X—-3y+5z=11

3X+2y—-4z=-5

X+y—22=-3
Ans: Given equations,

2X—-3y+5z=11

3X+2y—-4z=-5

X+y—-2z=-3
2 -3 5 X 11

Let A=|3 2 -4 |, X=|y|and B=|-5] such that, this system of equations
1 1 -2 A -3

can be written in the form of AX=B.
Determining the value of A, we have:
= |A|=2(-4+4)+3(-6+4)+5(3-2)

= |A|=0-6+5

~|A]=-1=0



Thus, A is a non-singular matrix.
.. It’s inverse exists.
Now,

1+1 2
:>A11=('1) M., :(-1) M.,
= A,;=0

3

= A,=(-1)" M, =(-1)’M,,
=>A,=2

1+3 4

:>A13:(-1) Mlsz(-l) M.,
=A, =1
Similarly,
= A, =(-1)""M,, =(-1)’M,,
=A,=-1

2+2

= A,,=(-1)""M,, =(-1)'M,,

=A,,=-9
= A, =(-1)" My, =(-1) M,
= A,=-5

and

3+1 4

:>A31=(-1) Mglz(-l) M.,
= A, =2

5

= A,=(-1)"" M, =(-1)’M

32



=A, =23

= A,=(-1)"" M, =(-1)’ My,

= A,, =13.
0o 2 1
Cofactor matrixis| -1 -9 -5].
2 23 13

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

0 2 1
—adjA=|-1 -9 -5
|2 23 13
0 -1 2
—adjA=|2 -9 23
1 -5 13

The inverse of a matrix is given by:

= A= (adjA)

A
0 -1 2
A=t 9 23
7l1 -5 13

. X=A"B



16.

ANS:

'x] [0 -1 2111
= =12 -9 23| -5
| Z ] _1 -5 13| -3
'x] [ 5-6
= |y |=-1] 22+45-69
| Z ]| _11+25-39
'x] [-1
= =1 -2
| Z ] _—3
x| [1
=Yy |=|2
Z 3

Thus x=1, y=2 and z=3.

The cost of 4kg onion, 3kg wheat and 2kg rice is Rs60. The cost of 2kg
onion, 4kgwheat and 6kg rice is Rs90. The cost of 6kg onion 2kg wheat
and 3kg rice is Rs70.

Find cost of each item per kg by matrix method.

Let us suppose that the cost of onions, wheat and rice per kgbe Rs x , Rs y
and Rs ¢z respectively.

Then, the given situation can be represented by a system of equations as:
= 4x+3y+2z=60
= 2X+4y+6z=90

= 6X+2y+32=70



4 3 2 X 60

Let A=|2 4 6|, X=|y|and B=[90 | such that, this system of equations can
6 2 3 z 70

be written in the form of AX=B.

= |A|=4(12-12)-3(6-36) +2(4-24)
= |A|=0+90-40
=|A|=50=0
Thus,

1+1 2
=A,=(-1)" M, =(-1)"M,,
= A,,=0
= A= ('1)1+2 My, = ('1)3 M,
=A,=30
= A,=(-1) "My =(-1)" My,
= A,;=-20
Similarly,
= A, = ('1)2+1 M,, = ('1)3 M,
=A,=-5
= A22=(—1)2+2 M., = ('1)4 M.,
=A,,=0

5

= A,,=(-1)" My, =(-1)" M,



= A,,=10

And

3+1

= A, =(-1)"M,, =(-1)' M,

= A, =10
= A,=(-1)" My, =(-1)°'M,,
= A,, =-20

= A,=(-1)""M,, =(-1)° My,

= A, =10.
0 30 -20
Cofactor matrixis|-5 0 10
10 -20 10

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

0 30 -20
—adjA=|-5 0 10
10 -20 10
0 5 10
~(adjA)=| 30 0 -20
20 10 10



Since, X=A"B

0 -5 107[60]
~X=—/30 0 -2090
20 10 10|70

0+450+700
= |y |=—| 1800+0-1400
y4 | -1200+900+700

250
=Y |=—| 400
z 400

Thus x=5, y=8 , and z=8

Hence, the cost of onions is Rs 5 per kg, the cost of wheat is Rs 8 per kg, and the
cost of rice is Rs 8 per kg.

Miscellaneous Solutions

X sin® cosO
1. Prove that the determinant -sin®  -x 1 |isindependent of 0.
cosO 1 X



X sin® cos0
Ans: Let A=|-sin@ -X 1
cosO 1 X

Solving it, we have:

= A =x(x*-1)-sin0(-xsin0 - cos )+ cos O(-sin 6+ xcoso)
= A=x°-X+Xsin*0+sin0cosO -sinOcosO + x cos” O
:>A:x3-x+x(sin26+cosze)

= A=X>-X+X

s A=XC

Hence, A is independent of 6 .

cosacosfp cosasinf -sina
2. Evaluate | -sinf cosp 0
sina.cosp  sinasinB  cosa

cosa.Ccosp cosasinf -sina
Ans: Let A=| -sinf cosP 0
sina.cosf sinasinB  cosa

Expanding along column C,

= A =-sina(-sinasin’ +cos’ Bsina.) + cosa(cosa.cos* B + cosasin’B)
= A =sin’a(ssin’ B+ cos’ )+ cos’ o (cos’ B +sin’ )

= A=sin’a(1)+cos® (1)

S A=



AnNs:

3 -1 1 1 2 =2
IfA*=|-15 6 -5|andB=|-1 3 0 |, find (AB)".
5 -2 2 0 -2 1

The below result will be used for simplification,
(AB)=B*A™

Finding inverse of matrix B. so, the determinant is
B|=1(3-0)-2(-1-0)-2(2-0)

= |B|=3+2-4

~.|B|=1

Now finding the cofactors,

3 0

Bll = (_1)1+1 2 1

L1 o
B12:(_1)12 0 1:>BlZ:1

51 3
B13:(_1)13 0 _2‘3813:2

2 2
B, =(-1)* 1 ‘3821:_(2_4):2

-2
1 -2

B,, = (_1)2+2 ‘: B,, =1
0 1

L1 2
523:(_1)230 _2‘3523:2

le = (_1)3+1

2 -2
3 0 =B, =6



3+2 1 -2
By, =(-1) 10 =By, =2
1 2
B, = (-1)*° =B, =(3+2)=5
-1 3
31 2
The cofactor matrixis [ 2 1 2 |. The adjoint will be the transpose of cofactor
6 2 5
matrix.
3 2 6
adj(B)=|1 1 2
2 2 5
adj(B
The inverse is given by B™ = |Jé| ).So,
3 2 6
B'={1 1 2
2 2 5
3 -1 1
Now, it is already given that A" =|-15 6 -5].
5 -2 2

So, we can compute (AB)_1 =B"A™" as below,

3263 -1 1
(AB)'=|1 1 2||-15 6 -5
2 2 5|5 -2 2

9-30+30 -3+12-12 3-10+12
=(AB) =|3-15+10 -1+6-4 1-5+4
6-30+25 -2+12-10 2-10+10



verify that

1 2
4, Let A=|2 3
1 1 5

Ans: Given, A=

1
1

i. [adjA]" =adj(A")
2
3
1

L S
g P

=|A|=1(15-1)-2(10-1) +1(2-3)

= \A\ =14-18-1
|Aj=-5
Thus,

1+1

=A,=(-1)" M, =(-1)’'M,,
—A,=14
= A,=(-1)" M, =(-1)°'M,,

=A,=-9

1+3 4

= A13:(-1) M, :(-1) M,
=A;=-1

Similarly,



= A, =1

= A, =(-1)"" My, =(-1) My,

= A;;=-1.
14 -9 -1
Cofactor matrixis|-9 4 1 |.
-1 1 -1

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

14 -9 -1
—adjA=|-9 4 1
-1 1 -1



14 -9 -1
~adjA=|-9 4 1
1 1 -1

14 -9 -1
Let us denote the adjointof AasB. So, B=|-9 4 1
-1 1 -1

The inverse of A is given by

At=1 (adja)

A

14 -9 -1
:>A'1=—% 9 4 1

-1 1 -1

-14 9 1
A'lzé 9 4 -1
1 -1 1

Now, we have to verify [ade]'1 :adj(A'l).

-14 9 1
Let us compute the RHS first, i.e. the adjoint of A'lzl 9 -4 -1jor
1 -1 1

A=




[y
N

= A :—g
5

e
w

u
>
it
=

=>A,;=—

gl

Similarly,
= A, =(-1)" M, =(-1)°'M,,

2
= A21:'g

=A,=(-1)"*M,, =(-1)'M,,



Cofactor matrix is

=adjA™" =| -
1
sadjA™ = _2
5

_1

T

. We know that adjoint of a matrix is the



Next, moving to the LHS, i.e. the inverse of adjoint of A. We have adjoint of A as
matrix B,

14 9 -1
B=|-9 4 1
-1 1 -1

Determinant of B is
|B|=|14(-4-1)+9(9+1)-1(-9+4) |
= |B|=[-70+90+5]

~.|B|=25

Now the cofactors,

Thus,

1+1 2

= Bn:(—l) M, :(—1) M,

= B,;=-5

3

= B,=(-1)""M,, =(-1)’M,,

=B, =-10

1+3 4

= Bl3=(-1) M., :(-1) M.,
=B,;=-95

Similarly,

= 821:('1)2+l M21 = ('1)3 M21

= B,,=-10

242 4

=B,=(-1)" "M, =(-1) M,



= B,,=-15

= B,,=(-1)"" My, = (-1)" M,
= B,;=-5

And

=B,,=(-1)""M,, =(-1)' My,
=B, =-5

= B,,=(-1)""M,, =(-1)’M,,

=B,;,=-5
3+3 6
:>B33:(—1) M., (1) M,,
= B,, =-25.
-5 -10 -5
Cofactor matrixis | =10 -15 -5
-5 -5 -25

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

5 -10 -5
—adjB=|-10 -15 -5
5 5 -25
5 -10 -5
-~.adjB=|-10 -15 -5
5 5 -25

Now the inverse is found as



1
B*=—(adjB
El
5 -10 -5
—Bi=[-10 -15 -5
25
5 5 25
(1 2 1]
5 5 5
~.B'= _z _§ _1
5 5 5
O
| 5 |
(1 2 1]
5 5 5
So, LHS is [adja]'=| -2 -3 1
5 5 5
B
|5 5 |

Since LHS=RHS, it is verified that [adjA]" =adj(A™).

i. (A1) =A

AnNsS:



1409 1
5 5 5§
Since Al= 2 41
5 5 5
1 1 1
' 5 5 5

70 90 5

(125 125 125

1 adjA’t
:>(A1) |A|
12
5 5
_ 2 3
= (A1) =5 =
11
5 5
121
(A1) =2 3 1
111

|

and adjA ™=

, thus,



Hence verified that (A'l)_1 =A.

X y Xty
5. Evaluate y x+ty X
Xty X y

X y Xty
Ans: Given, A=| y xty X
Xty X y

Applying R, > R, +R,+R,

2(x+y) 2(x+y) 2(x+y)
A=l y X+y X
Xty X y

Taking 2(x+y) common from R,

1 1 1
= A=2(xty)| y Xty X
Xty X Yy

Applying the row operations C, »C,-C, and C, > C,-C,

1 0 O
A=2 ( x+y) y X Xy
Xty -y X

Expanding along R,

= A=2(x+y)[l((x X (-X)) —(—y(x — y)))+0+0]



- A=2(x+y)[l((—x2)—(—yx + yz))}
= A=2(xty)[ —x+xy -y’ ]

= A=2(xty)[ x> —xy +y’ ]
Applying the identity,

SA=2 [X?’-i-y?’ ]

1 x y
6. Evaluate |1 x+y vy
1 x xty

1 X y
Ans: Given, A=l xty vy

1 X Xty

Applying the row operations R, > R, -R, and R, > R; - R,

1 y
= A=|0 0
0 X

O < X

Expanding along C,
= A=1(Xy-0)

S A=Xy

7. Solve the system of the following equations

2 3 10
Z+Z+24
Xy z



Ans:

ﬂ+ +§:1
X Z

20

+ =
Z

s
y
9_'_3 2
Xy

Given equations

Let 1 : 1:q and lzr
X y

z

Then the given system of equations becomes:

2p+3g+10r=4
4p-6g+5r=1
6p+9q+20r=2

2 3
Let A=|4 -6
6 9

Now,

10
5

-20
the form of AX=B.

p 4
, X=| g | and B=| 1 | such that, this system can be written in
r 2

— | A|=2(120-45)-3(-80-30) +10(36+36)

= |A|=150+330+720



= |A|=1200
Thus, A is anon-singular matrix.

.. Its inverse exists.

So,
. 6 5
= A,=(-1)"M,, =(-1)’ A _20‘
= A,=75
N 4 5
= A,=(-1)"M,, =(-1)’ ) _20‘
= A, =110
N 4 -6
= A,L=(-1)" My, =(-2)° 6 o ‘
= A, =72
Similarly,
. 3 10
= A, =(-1)"" My, =(-1)’ X _20‘
= A,,=150
2 10
A — -l 2+2|vI _ _14
= A,=(-1) 22()6—20‘
= A,, =100
2




= A, =-24.

The inverse of a matrix is given by:

75 150 /5

SAT= 1 110 -100 30
1200

2 0 -24

Now, X=A"B

P 75 150 7574

—|ql=—|110 -100 301
1200

72 0 242



p] 300+150+150
—|ql=—1_| 440-100+60
1200
v | 288+0-48
p] (600
= :i 400
1200
i | 240
n
2
p
=|q|= l
3
L
=2

P:E, q:1 and r:l
2 3 5

Thus x=2 , y=3 and z=5.

Choose the correct answer.

If X,Y,Z are nonzero real numbers, then the inverse of matrix A=

o O X

o O

N O O



Ans:

x* 0 0
B. xyzl 0 y* 0
0o 0 z*
[x 0 0
1
a4 |0 0 z
(1 0 0
1
D —|0 1 0
Xyz
Yo 0 1
x 0 0
Given, A=|0 y O
0 0 z
= |A|=x(yz-0)
~|A|=xyz =0
Thus,

=A,=(-1)" M, =(-1)'M,,
= A, =Yz
= AL=(-1)" M, =(-1)’'M,,
=A,=0
= A,=(-1)" M =(-1)' M,,
=A,=0

Similarly,



= A,=(-1)"" M, =(-1)" M,,

=A,;,=0
3+3 6
:>A33:(-1) M., :(-1) M.,
= Ay, =XY.
yz 0 O
Cofactor matrixis| 0 xz O
0 0 xy

We know that adjoint of a matrix is the transpose of its cofactor matrix.

T

yz 0 O
—adjA=| 0 xz O
0 0 xy



yz 0 O
~adjA=| 0 xz O
0 0 xy

The inverse of a matrix is given by:

1 )
= A'="(adjA
yz 0 O
:>A1:i 0 xz O
Xyz
0 0 xy
Yz 5 0
Xyz
Atz 0 X2 o
Xyz
0 0o X
i XyZ |
i 0O O
X
= A= 0 1 0
y
0O O l
L Z |
x* 0 0
A= 0 y' 0
0o o0 z*



-1

X 0 O
Thus, A.| 0 y* 0 |isthe correct answer.
o 0 =z*

0. Choose the correct answer.

1 sin@ 1

Let A=|-sin0O 1 sin@ | , where 0<0<2n , then
-1 -sin® 1

A.Det(A)=0

B. Det(A) € (2,00)
C.Det(A)e(24)
D. Det(A)[24]

1 sin@ 1
Ans: Given, A=|-sin0 1 sin@
-1 -sSin 0 1

~|A|=1(1+5in?0)-sinO(-sin®+sin0)+1(sin*0+1)
=|A|=1+sin’6+sin°0+1

=|A|=2+2sin’6

=|A|=2(1+sin’0)

We know, 0<sin6<1

—=1<1+sin’6<2

—=2< 2(1+sin29)s4

Thus, D. Det(A)[2,4] is the correct answer.



