CLASS - 11 MATHS

NCERT SOLUTIONS

Ans:

Ans:

Ans:

Ans:

Ans:

limits and derivatives

R

Evaluate the Given limit: limx+3

X—3

H@x+3:3+3:6

Evaluate the Given limit: Iim(x—gJ
[ 22) ( 22)
lim| x——|=| 7—-=—
X—Z 7 7

Evaluate the Given limit: limzr?

r-l

lim zr? =7z(12)=7r

Evaluate the Given limit: lim 2X*3

—x-1 X

"m4X+3_4@)+3_16+3_19
ol Xx—=2  4-2 2 2

10 5
Evaluate the Given limit: tim XX *+1

x—-1 X=1

Iimx1°+x5+1_(—1)1°+(—1)5+1_1—1+1__1
o1 x—1 11 2 2




(x+1)° -1

6. Evaluate the Given limit: Iing
X—> X
Ans:  lim &) =t
: x—0 X

Put x+1=yso that y »1as x—0

(X+1)5 -1 =lim (y)5 -1

Accordingly, lim
gy x—0 X x—1 y_]_

5. 1°% {Iimx —4 znd"1}=5
Xx=»>a X —a
T x50 X
2_ —_—
7. Evaluate the Given limit: Iingg’xz—x10
X—> X" —

Ans: At x-2, the value of the given rational function takes the form %

. 3x*—x-10 . (x=2)(3x+5)
lim =2 T i BT ERSEEY)
-2 X°—4 -2 (X=2)(x+2)

. 3x+5
lim
X2 X42

_3(2)+5
242

11

4

8. Evaluate the Given limit: lim



Ans: At x=2, the value of the given rational function takes the form %

Coxtogr . (x=3)(x+3)(x*+9)
lim———=1im
>3 2X°—5x—-3 8 (x-3)(2x+1)

_ (x+3)(x*+9)
im————m—~
>3 (2x+1)
(3+3)(3°+9)
- 2(9)+1
~ 6x18
7
_108
7
9. Evaluate the Given limit: lim 22
-0 cxX+1
Ans:
max+b _ a(0)+b b
x>0 cx+1  d(0)+1
1,
10. Evaluate the Given limit: Iin233—
7! ?_l
1
Ans:  imZ 1

1
At z=1, the value of the given function takes the form % Put z¢6 =x so that z—»1

as x—1.



11.

Ans:

12.

1
: i X2 -1
Accordingly, lim€— =1lim
x—>1 = x>l X—=1
2t -1
. xP-1
=lim
x>l X=1
=217 {Iimx a nd“l}
X—a X_a
=2
1
3 _
limZ 1)
Xx—1 l
51
ax’ +bx+c

Evaluate the Given limit: lim—;
-1 CX° +bx+a

"mw@+M+c_a®2+MD+c
10X’ +bx+a  c()’+b()+a

_a+b+c
a+b+c

=1

[a+b+c=0]

Evaluate the given limit: lim X<
x>-2 X 42

11
~+

,a+b+c#0



At x=-2, the value of the given function takes the form %

1 1 (2+x]

Y X
Now, lim X—2 — |im

X+2

13.  Evaluate the given limit: lim S'Eax
X X
AnS lim SIn ax
x—0 bX

At x=0, the value of the given function takes the form %

. Sinax ,. sinax ax
Now, lim =lim X —
x-0  px x->0  gx bx

. (sinax) a
=lim X —
x—0 ax b

%Ii O(SInan [x > 0= ax—0]

ax
:Exl
b
[
x—0 y
_a
b

14. Evaluate the given limit: lim S?n s

,a,b=0
x-0 sjin bx




. Sinax
Ans: lim =
x=0 Sin bx

,a,b=0

At x=0, the value of the given function takes the form 0

sinaxj
. sinax .. ax
Now, lim——=Ilim| ——%—
x>0 sinbx x>0 (smbx)
x bx

ax
. [ sinax
lim
a ax—0 ax

- X—_
b .. (sm be
lim
bx—0 ax

X—>0=ax—>0

and X >0=bx—>0

_a
b
15.  Evaluate the given limit: lim *"7 %)
X—17 72-(7[_)()
Ans:  lim 7%

x>7 77(7 — X)

Itisseenthatx > 7= (7-X) >0




16.

Ans:

17.

Ans:

g“m(smaxj [x >0=ax—0]
b ax—0 ax
:Exl
b
{nm(_s'”yﬂ
Xx—0 y
_a
b
Evaluate the given limit: Iingw
X 7[_X
. _cosx cosO 1
lim Y _ =
x>07x—-X -0 ~«
; . ... 00s2x-1
Evaluate the given limit: lim—="=—-
x>0 cosSX—1
. cos2x-1
lim—=
x>0 coSX—1

At x =0, the value of the given function takes the form %

. cos2x—-1 .. 1-2sin®x-1
Now, |IrTg—=||rrg—X
20 cosx—1 209 Heinz X g

{cosx =1-2sin’ ﬂ



. .. . X+ X X
18. Evaluate the given limit: ljm X XC0SX
x>0 psin X
. aX+ XCOoSX
Ans:  lim—————
x>0 psin X

At x=0, the value of the given function takes the form %



19.

Ans:

20.

Ans:

. ax+xcosx 1. x(a+cosx
Now, lim &XFXC0sX 1, X(@+cosx)

x>0  psinx b x-0 sin X

i X i
I|m( - )xllm(a+cosx)
b—01\ SIN X x—0

1

1 .
—| —————~ |xlim(a+cosx)
bl (sinx x—>0
lim
x—0 X

1><(a+cosO) {Iimwzl}
b y=0 X

a+1

b

Evaluate the given limit: lim xsec x

) ] X 0 0
limxsecx=liMm——=——=—=0

x—0 x>0cosXx cosO 1

Evaluate the given limit: lim 302+ . b 21 h20

x=0 gX 4+ Sin bx

At x=0, the value of the given function takes the form % Now, lim

sin ax
( jax+bx
) ax

=lim

x—0 (sin bx)
ax + bx
bx

. sinax) .. .
(Ilm jxllm(ax)+llm(bx)
x=>0 ax x—0 x—0

x—0 x—0

limax+lim bx(lim
x=0  pX

= _ [ AsS x—>0=ax—0 and bx — 0]
smbxj

sin ax + bx
x-0 gx 4+ sin bx



lim(ax) + limbx
x—0 x—0

~ limax+ limbx

x—0 x—0

{Iim—smx =1}
y—=>0 X
Iing(ax+bx)
- lim(ax +bx)
=lim(1)

x—0

=1

21. Evaluate the given limit: lim(cosec x —cot x)

Ans: At x=0, the value of the given function takes the form -« Now,
Ixirrg(r:{)secx cot x)

. (1-cosx
lim -
x>0 sin X

(l—cos xj
. X
=lim

x>0 (sin X
X

. 1-cosx
lim
Xx—0 X

. sinx
lim——
X—0 X




lim =0 and lim=—==1
y—0 X y—=>0 X

{. 1-cos X sin x }

=0

22. Evaluate the given limit: lim tan 2x
or T
2
Ans:  lim 2" 2X
S
272

At x:%, the value of the given function takes the form % Now, put So that
T T
—~~—y so that ~,y—0
X > Yy X—> > y—

T
. tan2x . tan2(y+2)
m =lim

i
i T y-0
S y

lim tan(z + 2y)

y—0 y
_lim tan2y
y—0 y

[tan(z +2y) =tan 2y]

. sin2y
—lim
y=>0 yCcos2y

. [sin2y 2
lim x
y=0( 2y  c0S2y

. sin2y ) .. 2
—[ lim xlim| x
y-0 2y y=>0{  cos2y

[y—>0=2y—0]




qx 2 {limwﬂ}
cos0 | e=0 X

:1)(—

2X+3, x<0

23.  Find lim f(x) and lim f (x), where f(X)={3(X+1) x>0

Ans:  The given function is

2x+3, x<0
f(x)=
3(x+1), x>0

Ixigg f(x) = IXiLrg[2x+3]: 2(0)+3-3
VILT f(x):lxiLrJB(x+1)—3(0+1)—3
XILT f(x)=XILrI)1 f(x):lxiirg f(x)=3
IX@ f(x)= 'X‘L?(X +1)=3(1+1) =6

SAim f(x) = lim f(x) = IirT} f(x)=6
X—>+ Xx—1" X—!

x2-1 x<1

24, Find lim f (x), when f(x):{
Xt -x-1, x>1

Ans:  The given function is

2 _ <
F(x) = x°=1 x<1
-Xx-1, x>1

T L 2_ _2___:
..mf(x)_lxum[x 1]-1°-1-1-1=0



25.

Ans:

It is observed that lim f (x) = Iirp f(x).

Hence, lim f(x) does not exist.

| x]
Evaluate Ixingf(x),where f(x)=41 x ' x#0
0, x=0
. . m x#0
The given function is f(x)={ x '
0, x=0

Iir(r)] f(x)=Ilim [M}

x—0" X

. —X
- Ilm[—j
x—0 X

[When x is negative, |x|=-x]

- limt-1)
-1

lim f(x)=lim [M}
x—0* x—0"| X

. X
— Ilm(—J
x>0\ X

[When x is positive, | x| —x]
= lim(
-1

It is observed that lim f (x) = Iirp f(x).



Hence, lim £ (x) does not exist.

X
26.  Find lim f (x)- x|’
0, x=0

Xx=0

Ans:  The given function is

lim f(x):lim{i}

x—0~ x—=0 I X |

. X
- Ilm[—j
x=>0\ —X

[When x <0,| x|--x]

—lim(~1)

x—0

=1
lim f(x) = lim| =
x—0* x—0" |X|

(3
—lim| —
x=0\ X
[ When x>0,|x|=x]
-lino)
-1

It is observed that lim f (x) = Iinoq f(x).

Hence, lim £ (x) does not exist.



27. Find lim £ (x), where f(x)=|x|- 5

Ans:  The given functionis f(x)=x|- 5

lim £ (x) = lim(| x| =5)
y—5~ X—5

= lim(x —5)

x5
[When x>0,|x|-x]
-5.5

-0

lim 7 (x) =lim( x| -5)
-t

[ When x>0,|x|—x]
-5-5

=0

i 109= i 10 =C

Hence, Iing f(x)=0

a+bx, x<0
28. Suppose f(x) =14, x=1 and if lim £ (x) = f (1) what are possible values of
b—ax, x>1
aand b?

Ans: The given function is

a+bx, x<O0
f(x)=14, x=1
b-—ax, x>1



lim f (x) = lim(a+bx) =a+b
lem f(x)= Ixim(b—ax) =b-a

fQ=4

It is given that lim £ (x) = £ (1).
~lim £ (x) = lim £ () =1lim £ () = f Q)

—a+b—-4and b-a=4

On solving these two equations, we obtain a=0 and b=4. Thus, the respective
possible values of aand b are 0 and 4 .

29. Let a,a,,...,a, be fixed real numbers and define a function

f(x)=(x-a)(x-a,)....(x-a,)

What is lim f(x)? For some a=a,a,,...,a,. Compute lim f (x).

Ans:  The given function is f(x)=(x-a,)(x-a,)....(x—a)
XIiﬂgf(x):Ixim[(x—ai)(x—az) ..... (x-a,)]

=(a,-a)(a,-a,)....(a,—a,)=0

~limf(x)=0

Now, lim f (x) = Ixim[(x—ai)(x—az).....(x—an)]
-(a-a)(a-a,).....(a-a)

~limf(x)=(a—a,)(a-a,)......(a—a)



| x]+1, x<O
30. If f(x)=+0, x=0 For what value (s) does Ixirr; f(x) exists?
[x]-1, x>1

Ans:  The given function is

if f(x):{|x|+1’ x<0.
0, x=0
When a=0

i 169=lip( x|+
= lim(-x+1)

[ If x<0,|x|=—x]
=0+1

-1

lim £ (x) = lim | x| +1)
-0

[ If x>0,/ x|=—x]
=0-1

=1

Here, it is observed that lim £ (x) ILT f(x).
~lim f(x) does not exist.

When a<0 lim f(x):XILT(|x|+1)
=Ixi£2(—x+1)

[x<a<0=|x|——X]



31.

=-a+l

lim £ (x) = lim( x| +1)
=lim(-x+1)
[a<x<0=|Xx|——X]

=-a

+1
;JHEf(x):JEBf(x):—a+l
Thus, limit of f(x) exists at x—a, where a<0. When a>0
lim f (x) = lim(| x| +1)

- limex-1)
[O<x<a=|x|—X]

=a-1

lim 7 (x) =lim(| x| -1)

- lim-x-1)
[O<x<a=|x|=X]

=a-1

- lim £ () =lim f (x) =a-1

Thus, limit of f(x) existsat x=a, where a>0 Thus, lim £ (x) exists for all a=0.

f(x)-2

x? -1

If the function f(x) satisfies, lim =, evaluate lim £ (x)



f-2_

Ans:  lim—;
x>l x°—1
lim(f (x)-2)
x—=1 =1
H 2
im (x* -1)

:>@Hﬁ(@—2)=ﬂgm(%-4)
:3@gum—a=nw—g

= lim(f (x)-2) =0

= lim f (x)~1im2=0

= lim f(x)-2=0

- lim £ (x) =2

mx2+n, x<0
32. If f(x)={nx+m, 0<x<1
nc+m, x>1

For what integers m and n does lim £ (x) and lim £ (x) exist?

mx2+n, x<0
Ans:  f(x)={nx+m, 0<x<1
nE+m, x>1

nmfuquym%+®

x—0
=m(0)*+n
=n

=n(0)+m



=m

Thus, "rgl f(x) exists if m=n.
XILT:f(X)ZIX'ﬂ?(nXer)
=n@)+m

=m+n

- _ - 3

lim f(x)_lxlm(nx +m)
=n()’+m

=m+n

XILr? f(x)= lem f(x)= leiq f(x).

Thus, lim £ (x) exists for any internal value of m and n.

Exercise 12.2

Ans:

Find the derivative of x?-2 at x=10.

Let f(x)=x*-2. Accordingly. f’(10):|hin3

f (10+h) - f (10)
h

i [(10+h)* —2]-(10*-2)

h—0 h

102 +2.10-h+h?*-=2-10° +2

=lim
h—0 h
. 20h+h?

=1im
h—0 h

= [im(20+h) =20+0=20

Thus, the derivative of x> -2 at x-10 is 20 .



2. Find the derivative of 99x at x-100.

Ans:  Let f(x)=99x. Accordingly,

f'@00) = i f (100 + hz— f (100)

_ jim 990100+ ) —99(100)

n—0 h

. 99x100+99h—-99x100
=lim

h—0 h

. 99h
=lim—
h—0 |

= 1im(99) = 99

Thus, the derivative of 99 x at x=100 is 99..

3. Find the derivative of x at x=1.
Ans:  Let f(x)=x. Accordingly.
@ =tin f(1+h;— f ()

i @) -1

h—0 h
=1im@®) =1
Thus, the derivative of x at x=11is1.

4. Find the derivative of the following functions from first principles.

(i) x*—27



(i) (x-1)(x-2)
(iii) Xi
(iv) X4

Ans: (i) Let f(x)=x*-27. Aocordingly, from the first principle,

(0 = tim f(x+hr)]—f(x)

[ (x+h)*=27]—-(x*-27)

h—0 h

x® +h®+3x%h +3xt®> —x*

h—0 h

. h*+3x*h+3xh?
=lim

h—0

= Iim(h3+3x2h+3xh2)

h—0
=0+3x*+0=3x>

(i) Let f(x)=(x-1(x—-2). Accordingly, from the first principle,

fl(x):Li_rfJ f(x+hr)]—f(x)

_lim (Xx+h=-)(x+h-2)—(x-1)(x-2)

h—0 h

i (X +hx—2x+hx+t* —=2h—x—h+2)—(x* - 2x—x+2)
=lim

n—0 h

_(hx+hx+h*~2h—h)
=lim

h—0 h
2hx+h?—-3h

=lim
h—0



= Iirrg(2x+ h-23)

—2X—-3
(iii) Let f(x) = % . Accordingly, from the first principle,
£ 00 = lim f(x+h)— f(x)
n—0 h
11
_lim (x+h)? x?
h—0 h

“hooh| X (x+h)?

1 X =x2—2hx—h?
=lim= > 5
h-0h|  x°(x+h)

1] —A-2hx
>0 h| x*(x+h)?

.| —h®-2x
=lim| ——
h-0| x°(x+h)

0-2x -2

- X2 (x+0)? %

(iv) Let f(x)=§—+i. Accordingly, from the first principle,

f(x+h)— f(x)

=i

x+h+1_x+1
Xx+h-1 x-1

i 1| (X=D)(X+h+1) - (x+D(x+h-1)
(X=D(x+h-1)



1 (xz+hx+x—x—h—1)—(x2+hx—x+x+h—1)
n—0 h (X—].)(X+h—1)

1] —2h }
=lim=
-0 h| (x=1)(x+h-1)

! { . }
=lim
0| (x—=1)(x+h-1)

22
T (x=D(x-1) (x-1)?2

10 59 2

5. For the function F(x):X—+X—+---+X—+x+1
100 99 2

Prove that f(1)=100f (0)

Ans:  The given function is

Xm X59 2

F(x):—+—+---+x—+x+1
100 99 2

—f(X)=—| —+—+--+—+Xx+1
dx dx| 100 99 2

100 99 2
if(X):i X— +i X_ +...+i X_ +i(x)+i(1)
dx dx\ 100 | dx| 99 dx\ 2 dx dx

On using theorem di(x”): nx"*, we obtain
X

d d[x™ xm NG }

100x* = 99x* 2X
+ +--+—+1+0
100 99

d
5 f0=

=xP 4+ x¥ 4+ x+1
SEO)=xP x4+l

At x=0



f'(0) =1
At x=1,

Thus, f(1) =100f (0)

6. Find the derivative of x"+ax""+a’x"*+ +a"'y+a" for some fixed real
number a.

Ans:  Let f(x)=x"+ax""+a’x"*+---+a" " 'x+a"

d f (X) :i(x" +ax"t +a’x"? +---+a”’lx+d”)
dx dx

=S (0)ra () et S () ekt S v S )

On using theorem di(x”) n"*, we obtain
X

f'O)=nx""+a(n-)x"*+a’(n-2)x" > +---+a" " +a"(0)

SE)=nx""+a(n-Dx"*+a’(n-2)x" > +---+a"*

7. For some constants a and b, find the derivative of
(i) (x—a)(x-b)
(ii) (ax +b)’
(iii) i;j
Ans: (i) Let f(x)=(x—a)(x-b)
= f(X)=x*—(a+b)x+ab

f'(x):%(xz—(a+b)x+ab)



d /o, d d
—&(x )—(a+b)&(x)+&(ab)

On using theorem di(x”)z nx"*, we obtain
X

f'(x)=2x—(a+b)+0
=2Xx—a-b
(ii) Let f(x)—(ax2 +b)2

= f(x) =a’x* + 2abx® +b*

- f(x) = %(azx4 +2abx’ +b?)
= az—x(x4)+ 2ab%(x2)+%b2

On using theorem %(x”)= nx"*, we obtain

f'(x) =a*(4x®)+2ab(2x) +b*(0)

= 4a*x® + 4abx

= 4ax(ax2 + b)

X—a
, d(x-a
= <X):&(rbj

By quotient rule,

(x-b) 9 (x—a)—(x—a) 9 (x—b)
fI(X)= dx . dx
(x_b)

_ (x=b)@) - (x-a)@)
(x—b)*




_X-b-x+a

(x-b)?
__a-b_
(x-b)?
8. Find the derivative of XX_Z for some constant a.
Ans: Let f(x)=2 _g

d d
(x-a) — (x"—a")-(x"-a") - (x-a)
By quotient rule, f'(x)= dx( (X)_ 2)2 )dx

__(x——a)(nx”4=—0)——(x"——a")
) (x-a)’

n n n

—anx"" —x
(x—a)’

nx

+a

9: Find the derivative of
. 3

O)ZX—Z
(ii) (5x°+3x—1)(x-1)
(iii) x*(5+3x)

(iv) x*(3-6x")

(v) x’4(3——4x’5)

2

. 2 X
Vi) ——
( ) X+1 3x-1



Ans: (i) Let f(x):ZX—g

f'(x):%[ﬂ—%]

-2 g00-5(3)

—2-0

(ii) Let .f (x) =(5X° +3x—1)(x—1)

By Leibnitz product rule,

t'(x) =(5%° +3x—1)%(x—1)+(x—1)%(5x3+3x—1)

—(5x° +3x—1) (1) + (x—1)(5.3x* +3-0)

—(5x° +3x—1)+(x—1) (15x* +3)

—5x% +3x—1+15x°> +3x—15x* -3

=20x> —15%* + 6Xx —4

(iii) Let f(x) =x°(5+3x)

By Leibnitz product rule,

f’(x):x3di(5+3x)+(5+3x)i(x3)
X dx

=x°(0+3)+(5+3x)(3x**)

= x‘3(3)+(5+3x)(3x‘4)

=3x3-1656x"*-9x®



=—6x3—-15x*

=-3x° (2 + E]
X

-3x7°
X

(2x+5)

:;—43(5+2x)

(iv) Let f(x)=x*(3-6x")

By Leibnitz product rule,

f'(x)= XS%(3—6X9)+(3—6X9)%(X5)
= x* {0-6(-9)x >} +(3-6x")(5x")

= x°(54x ") +15x" —30x°

=54x° +15x* —30x°
=24x° +15x*

=15x* +2—?
X

(v) Let f(x)= x‘4(3—4x5)
By Leibnitz product rule,

' -4 d -5 -5 d -4
f (x)=x &(3—4x )+(3—4x )&(x )
=X {0—4(-5)x "} +(3-4x° ) (-4)x
- x’1(20x6)+(3—4x5)(—4x’5)

=20x° —12x"° +16x7°



=36x"° —12x°°

12, %

+ —_—
X5 X20

. 2 x?
vi) Let f(x)=—-
( ) () Xx+1 3x-1

2
f'(x):i(ij_i X
dx\ x+1/ dx|3x-1

By quotient rule,

d d d /. , d
(x+1)&(2)—2&(x+1) i (3x—1)&(x )-x &(3x—1)
(x+1)° (3x—-1)?

f'(x) =

[ (x+D(0)-2(0) | | (Bx-1)(2x)-x*(3)
- (X +1)? (3x—1)?

-2 e -2x-3%
(x+D)* | (3x-1)7?
S
(x+D)? | (3x-1)°

_ =2 x(3x-2)
T (x+1)? (3x-1)?

10. Find the derivative of cos x from first principle.

Ans:  Let f(x)—cosx. Accordingly, from the first principle, f’(x):lnirrg f(”hg_f(x)

i cos(X + hr)] — cos(x)}

_lim | cos xcosh —sin xsin h—cos x
B n—0 h



11:

Ans:

: {—cos X(L—cosh) —sin xsin h}
=lim . .

. (1—cosh . . (sinh
:—cosx{llm( ﬂ—sm x{llm(—ﬂ
n—0 h n—0 h

1-cosh =0 and Iim—SIEh =1}

n—0

n—0

=—c0s X(0) —sin x(1) {Inlino

o (X)=—sinx

Find the derivative of the following functions:
(i) sinxcosx

(ii) secx

(iii) 5secx+4cosx

(iv) cosecx

(V) 3cotx+5cosecx

(vi) 5sinx—6cosx+7

(vil) 2tanx—7secx

(i) Let f(x)=sinxcosx. Accordingly, from the first principle,

f'(x):Ini_r>r01 f(x+hr)]—f(x)

_lim sin(x + h) cos(x +h) —sin xcos x
n—0 h

= Lirrg%[Zsin(x+ h) cos(x +h) —2sin xcos x]

o1 . )
=lim—[sin 2(x +h) —sin 2x
lim—-[sin 2(x + h) ~sin 2x]



1 2X+2h+2x . 2x+2h—-2x
=lim—| 2cos -sin

h—0 2h | 2 2
10 4x+2h . 2h
=lim—| 2cos -Sin —

h—0 2h

.1 .
=lim—[cos(2x+h)sinh
lim - [cos(2x -+ h)sinh]

_limcos(2x+h)-lim &P
n—0 n—»0 |

=Cc0S(2x+h)-1

=C0S 2X

(if) Let f(x)=secx. Accordingly, from the first principle,

f'(x)=lim

n—0

f(x+h)— f(x)
h

_lim sec(x +h)—secx
n—0 h

11 1
=lim= -
h—0 h| cos(x+h) cosx

1[ cosx—cos(x +h)
=0 hy| cosxcos(x+h)

. (x+x+hj. (x—x—hj
-2sIn sin
1 1 2 2

=——:-lim=
CcosX n-0h cos(x+h)
- . [ 2x
=2sin
1 1 (

P S P

CoSX h-0h cos(x + h)




()
S

- cosx -0 2h cos(x + h)

: (hj : (2x+hj
sin| — sin
1 . 2 i 2

= -lim im
COSX -0 (hj i-0 cos(x + h)
2

1 sin X

- .27

© COSX  COSX

=sec xtan x

(i) Let f (x) =5sec x +4cos x. Accordingly, from the first principle,

fl(x):Li_rQ f(x+hr)]—f(x)

_lim 5sec(x+h)+4cos(x+h)—[5sec x+4cosx]

n—0 h

_5lim [sec(x +h) —secx] L alim [cos(x+h)—cos x]

n—0 h n—0 h

1 1 1
=5lim= -
-0 h| cos(x+h) cosx

}+4Iin(1)%[cos(x+ h) —cos X]

. 1] cosx—cos(x +h)
=5lim=
-0 h| cosxcos(x+h)

1 . .
}+4I|rrg—[cosxcosh—sm xsinh—cos x]
n—

= lim=
h—0

—2sin 2x+h sin -h

5 1 2 2 . (l—cosx) . . sinh
+4| —cos xlim~——~2—sinxlim——

CosXx h-0h cos(x +h) h—0 h h



e Sin(_zhj
, 5

= lim + 4[—cos x(0) —sin x(1
COSX h-0 cos(x + h) [ © @
. h) .(2x+h
sin| — sin
5 . 2) .. 2 .
- 1 lim lim —4sin X
COSX | n-0 (h] >0 cos(X + h)
2
:i-ﬂ-l—%inx
COSX COSX

=5sec xtan x—4sin x

(iv) Let f (x) = cosec x. Accordingly, from the first principle.

00 = im f(x+hr)]—f(x)

= Iirrg %[cosec(x +h) —cosec x]

11 1
=lim=| — ——
—0 h{ sin(x+h) sin x}

1[ sinx—sin(x +h)
-0 h| sinxsin(x+h)

I [x+x+hj . (x—x—hj
2C0S -sin
1 2 2

h—0 sin xsin(x+h)

- 2x+hj . (=h
2c0S -sin| —
1 2 2

h—0 h sin xsin(x+h)




[ 2xeh Sin(_zhj
il

h—0 sin xsin(x + h)

(2X+hj . (hj
—CO0S sin| —

. 2 . 2

=lim lim

0| sinxsin(x+h) | 1, (hj

2
:( _—cos_x ).1
sin xsin x

= —C0sec xcot X

(v) Let f(x)=3cotx+5cosecx. Accordingly, from the first principle,

f'(x):Ini_rJg f(x+hr)]—f(x)

= Iing%[Scot(x+ h) +5cosec(x + h) —3cot x —5cosec x]

= 3Iirrg%[cot(x+ h) —cot x]+5|ing%[cosec(x+ h) —cosec x]

Now, Iing%[cot(x+h)—cotx]:Iiml{

cos(x+h) cosx
n—0 h

sin(x+h) sinx

1[ cos(x+h)sin x—cos xsin(x + h)
-0 h| sin xsin(x+h)

[ sin(x—x—h) |
| sinxsin(x+h) |

sin(—h)
| sinxsin(x+h) |




.sinh . 1
=lim——:lim| ———
h—0 h 0] sin xsin(x+h)

1A
sinxsin(x+h) sin®x

=—cosec’ X ....(2)

Iiml[cosec(x+h)—cosecx]=Iim1 : 1 _1
-0 -0 h| sin(x+h) sinx

1[ sin x—sin(x + h)
=0 hy| sinxsin(x+h)

i (x+x+h} . (x—x—hj
2C0s -sin
1 2 2

h-0 h sin xsin(x+h)

- 2x+hj . (=h
2c0S -sin| —
1 2 2

h—0 sin xsin(x+h)

o[ 2t _Sin(_zhj
Rl

h—0 sin xsin(x+h)

(2X+hj . (hj
—CO0S sin| —

. 2 . 2

=lim lim

h->0| sin xsin(x+h) | no (hj

2
2( .—cos.x )1
sin xsin x

= —C0sec xcot X

From (1), (2), and (3), we obtain

f'(x) =—3cosec” X —5c0sec X cot X



(vi) Let f(x)=5sinx—6cosx+7. Accordingly, from the first principle,
f(x+h)—f(x)
h

JOR:
= Ling%[SSin(X—f- h)—6cos(x+h)+7—-5sinx+6cosx—7]

:5Iing%[sin(x+ h) —sin x]—6|irrg%[cos(x+ h) —cos x]

1 X+h+x) . (x+h-x . oS X cos h —sin xsinh—cos x
=5lim=| 2cos 5 -sin 5 —6lim

n—0 h i n—0 h

:5Iim% 2COS(2x2+ hj's”‘[ﬂ }_mim[—cos x(1—cosh) —sin xsin h}

n—0 2 n—0 h

sin(j L
_sjim 1 cos(ZXJrhj- 2 _6"m{—cosx(i—cosh)_smxsmh}

(hj n—0 h
2 -
. (h
sin| — .
{. (2x+hﬂ : (2) { ( 1—coshj . ( smhﬂ
=5[limcos| —— ||| lim —6| —cosx| lim —sin x| lim——
n—0 2 h—0 (h) n—0 h n—»0 h

n—0

2
=5c0s X-1—6[(—cos x) - (0) —sin x-1]
=5C0s X +6sin X

(vii) Let f(x)=2tanx—7secx. Accordingly, from the first principle,
f,(X)zlimf(x+r2—f(x)

n—0

= Iirrg%[Ztan(x+ h) —7sec(x+h) —2tan x+ 7sec x]

= 2Iing%[tan(x+ h) —tan x]—7|irrg%[sec(x+ h) —sec x]

. 1] sin(x+h) sinx .1 1 1
=2lim= - —7lim= -
h~0h| cos(x+h) cosx n~0 h| cosec(x+h) cosecx



_Zlimi_cosxsin(x+h)—sinxcos(x+h) i 1| COSX—cOs(X+h)
-0 h| cos xcos(x + h) -0 h| cosxcos(x+h)
. ([ X+X+h) . (x=x-h
oo —2sin sin
. 1| sinx+h-=x 1 2 2
=2lim= —7lim=
h—0 h| cosxcos(x+ h) -0 h cos xcos(x +h)

S E N S, B -zain[ 2 [

h Jcosxcos(x+h) -0 h cos xcos(x +h)

n—0

) hj .(2x+hj

sin| — sin

2 . 2
lim

h—0 cos X COS(X + h)

:Z(Iimﬂj lim— 1 7/ lim
h-0 h h—0 cOS X COS(X + h) h—0

NS —~

:2.1.1;_7‘1[&)
COS XCOS X COS XCOS X

= 2sec® X —7sec xtan x

Miscellaneous Exercise

1: Find the derivative of the following functions from first principle:
(i) -x
(it) (%7
(i) sin(x+1)

(iv) cos(x —%)

Ans: (i) Let f(x)=—x.Accordingly, f(x+h)=—(x+h)

By first principle, f'(x)=lim Flx+ hr: = 1)



_lim —(x+h)—(-x)

h—0 h
. —X—h+x
=lim
n—0
. —h
=lim—
n>0 h
- lim(-)=-1
(i) Let 1‘(X)=(—x)‘1=i= . Accordingly, f(x+h)_( 1h)
—X

By first principle,

f'(x)=lim

n—0

1 -1 (-1)}
=lim= S —
-0 h| (x+h) { X
1[ =x+(x+h)
-0 h|  X(x+h)

1] n
=lim=
h—0 h _x(x+h)}

f(x+h)—f(x)
h

lim
-0 X(X + h)

11
X-X X2

(iii) Let f(x)=sin(x+1). Accordingly, f(x+h)=sin(x+h+1)

By first principle,

f'(x)=lim

n—0

f(x+h)—f(x)
h

- |ing%[sin(x+h+1)-sin(x+1)]



.1 X+h+1+x+1) . (X+h+1-x-1
=lim=| 2cos — 5 sin I

1 2x+h+2 h
=lim=| 2cos| —— nE

h

n —
2 L {Ash—>0:>g—>0}
E

) [2x+h+2 }
=Inlgg coSs
h

1 (2x+h+2j
=lim=cos |

n—0

:cos(zx+o+2j-1 [Iim sin X :1}
2 h—0 ¥

= CoS(X+1)
(iv) Letf(x) = cos(x—gj. Accordingly, f (x +h) —cos(x+ h —%j
By first principle,

£ (x) =

CFx -0
0 h

o1 T T
=lim= cos(x+h——j—cos(x——j
h—0 h 8 8




=lim| —sin

4
n—0 2 (h)
i 2

i . _(h
vt st
~lim| —sin| ——4 | |.lim [Ash >0= — 0
n—0 2 %ﬁo (h) 2
L 2
2x+0-7"
=-sin 1
. T
=-=SIN| X——
)
2. Find the derivative of the following functions (it is to be understood that a,
b, c,d. p, q, rand s are fixed non-zero constants and m and n are integers):
(x+2a)

Ans: Let f(x)=x+a. Accordingly. f(x+h)—x+h+a By first principle,

fKX):LEEf(x+42——f(x)

. X+h+a—-x-a
lim
n—0 h

! (hj
lim| —
n—0 h

~lim()

n—0

=1



3. Find the derivative of the following functions (it is to be understood that a,
b, c. d, p, g, r and s are fixed non- zero constants and m and n are integers):

(px+q)(£+sj
X

Ans: Let f(x) :(px+q)(£+sj

By Leibnitz product rule.
f'(x):(px+q)(£+sj +(£+sj(px+q)'
X X
—(px+q)(rxl+s)y+(£+sj(p)
X

2 (T
—(px+q)(—nx )+(;+3] P

RN BT s
X X X
qr
pS—?
4, Find the derivativesf the following functions (it is to be understood that a,
b,c,d, p,q, rand are fixed non-zero constants and m and n are integers):
(ax+b)(cx+d)?

Ans: Let f'(x)=(ax+b)(cx+d)?

By Leibnitz product rule,

f'(x)=(ax+b)%(cx+d)2%(ax+b)



(ax+b)i(c2x2+2cdx2)+(cx+d)2i(ax+b)
dx dx
(ax+b){%(czx2)+%(20dx)+%d2}+(cx+d)zL?—Xax+%b}

= (ax+b)(2¢°x+2cd )+ (cx+d)’a

—2c(ax+b)(cx+d)+a(cx+d)?

5. Find the derivative of the following functions (it is to be understood that a,
b, c,d, p,q, rand s are fixed non zero constants and m and n are integers):
ax+b
cx +d

ax+hb
cx+d

Ans: Let f(x)=
By quotient rule,

(cx+d);((ax+b)—(ax+b);jx(cx+d)

(cx+d)?

f(x) =

_ (ex+d)(a)—(ax+d)(c)
- (cx+d)>?

acx+ad —acx—bc
(cx+d)?

ad —bc
(cx+d)?

6. Find the derivative of the following functions (it is to be understood thata
b, c, d, p, g, rand s are fixed non-zero constants and m and n are integers):

1+1
X

1t
X



1 x+1
e T x#l
Ans:  Let f(x)=—2X="X_= , Where x=0
11 x-1 x-1
X X

(x—l)(;j)((x—l)—(x+1)(i((x—l)

By quotient rule, f'(x)= -1 X#0,1
_ (x=D@)-(x+H@) x#0,1
(x=1)°
LH,HOJ
(x=1)°
_—2, X # 0,1
(x-1)

7. Find the derivative of the following functions (it is to be understood that a,
b, c, d, p, g, r and s are fixed non-zero constants and.m and n are integers)
.

“ax? +bx+c
: 1

Ans:  Let f(x)=———

ax®+bx+c

By quotient rule,

(ax? +bx+c)§x(1)—::)((ax2 +bx+c)

f'(x) =

(ax2 +bx+c)2

(ax2 +bx+c)(0)—(2ax+b)

(ax2 +bx+c)2

—(2ax+b)

(ax2 +bx+c)2



Ans:

Ans:

Find the derivative of the following functions (it is to be understood that a,

b, ¢, d, p, g, rand s are fixed non-zero constants and m and.n are integers
ax+b

PX> + QX+

ax+hb

Let f(X)=————
PX° + QX +T

By quotient rule,

(pXZ +qx+r)§x(ax+b)—(ax+b)(;j)((pxz+qx+r)

f(x) =
¥ (px* +ax+ r)2

(PxX* +ax+r)(a) - (ax+b)(2 px+0q)

(px2 +OX+ r)2

_apx® +agx+ar —agx -+ 2npx -+ bq

(px2 +qx+r)2

—apx® + 2bpx +ar —bq
( pX? + X + r)2

Find the derivative of the following functions (it is to be understood that a,
b, c.d, p,q, r and s are fixed non-zero constants and m and n are integers):

PXZ +gX+ T
ax+hb

PX> + X+

Let f(9=""_"

By quotient rule,

(ax+b):X(px2+qx+n)—(px2+qx+ r)(;jx(ax+b)

(ax +b)?

f(x)=



10:

Ans:

11:

Ans:

(ax+b)(2px+0) —( px* +ax+r)(a)
(ax+Db)?

_ 2apx® +aqgx + 2bpx +bg —agx® —agx —ar
(ax+b)?

apx® + 2bpx +bq —ar
(ax+b)?

Find the derivative of the following functions (it is to be understood that a,

b,c,d, p,q, r and s are fixed non-zero constants and m and n are integers):

a

b +COSX
x* X2

Let f(x)=%—%+cosx
X' x

, dfa) d{fa) d
f (X):&(F)_&(?J—F&(COSX)

a%(X_A)—b%(X2)+%(COS X)

—a(—4x*)=b(-2x*)+ (~sin x) [%(x”)z nx"* and %(cos X) = —sin x}

-4a 2b .
—— +——sinx
X X

Find the derivative of the following functions (it is to be understood that a,
b, c, d, p, g, rand s are fixed nonzero constants and m and n are integers):

4x -2
Let f(x)=4x-2

(=2 (X -2 = (4% -2

X



12.

Ans:

o,
o4

Find the derivative of the following functions (it is to be understood that a,
b, c,d, p, q, rand s are fixed non-zero constants and m and n are integers):
@x+ by’

Let f(x)=(ax+b)". Accordingly, f(x+h)—{a(x+h)+b}" —(ax+ah+b)"

By first principle,

f'(x) = lim

n—0

f(x+h)—f(x)
h

_lim (ax+ah+b)—(ax+b)

h—0 h

(ax+b)”[1+ ah j-(ax+b)”
_lim ax+b
" ho0 h

—_— ah n(in-1)( ah ? . . i
=(ax+b)"lim=[{1+n + +---¢t=1|  (using binomial theorem)
n—-0 h ax+b 2 ax+b

B 2|2
= (ax+b)" Ling% (afib}r ”é?a‘xlii)i‘ +--- (Terms containing higher degrees of h) |

= (ax+h)" lim

n—0

na +n(n—1)3‘_]7h2+m
(ax+b)  2(ax+b)?

:(ax+b)"{ na +o}
(ax +b)

(ax+b)"
ax+b

=na




—na(ax+b)"*

13. Find the derivative of the following functions (it is to be understood that a,
b, c,d, p,q, rand s are fixed non-zero constants and m and n are integers):
(ax+b)"(cx+d)"

Ans: Let f(x)=(ax+b)"(cx+d)"
By Leibnitz product rule,

f'(x):(ax+b)”%(cx+d)m +(cx+d)”‘%(ax+b)n

Now let f (x)=(cx+d)"

f,(x+h)=(cx+ch+d)"

(00 = lim f(x+ hr)] —,(x)

:“ng (cx+ch+d)h —(cx+d)

:(cx+d)mlirrg% (1+ ch j —1}

cxX+d

2|2 m
~(ex+d)" lim || 10 ML, mm=D_Ch )y
h—0 hy (cx+d) 2 (cx+d)

B _ 1\~2R2
:(cx+d)”‘lirr01£ mch +m(m Dcch

h| (cx+d)  2(cx+d) +--- (Terms containing higher degree oh h)]

=(cx+d) IhILrO]

mc +m(m—1)czh2+m
(cx+d)  2(cx+d)?

=(Cx+a)m{ meh +o}
(cx+d)



_ me(ex+d)"
~ (cx+d)

=mec(cx+d)™*

i(cx+d)m =md(x+d)™*
dx

Similarly, - (ax-+b)" = na(ax-+b)""

.. (3)
Therefore, from (1), (2), and (3), we obtain

£'(x) = (ax+b)" {mc(cx+d)"*} +(c+d)" {naax+b)"*}

= (ax+b)"*(cx+d)™[mc(ax +b) + na(cx +d)]

14, Find the derivative of the following functions (it is to be understood that a,
b, ¢, d, p, g, r and s are fixed non-zero constants and m and n are integers):

sin(x+ a)

Ans: Let, f(x)=sin(x+a)

f (x+h)=sin(x+h+a)

By first principle, f'(x)=lim f(x”g_ f(x)

sin(x+h+a)—sin(x+a)

=lim

n—0 h

1 x+h+a+x+a). (x+h+a-—x-a
=lim=| 2cos sin

n—>0h_ 2 2

1 (2x+2a+hj. (h]
=lim=| 2cos| ————— |sin| —
n—0 h 2 2



[ As h—>0:>g—>0}

=cos(x+a)

15: Find the derivative of the following functions (it is to be understood that a,
b, c,d, p, q, rand s are fixed non-zero constants and m and n are integers):
cosec xcot x

Ans: Let f(x)=cosecxcotx
By Leibnitz product rule,
f'(x) = cosec x(cot ) +cot x(cosecX) ....(1)
Let f (x)=cotx. Accordingly, f,(x+h)=cot(x+h)
By first principle,

f(x+h)— f(x)

9 =lim 2

_ ng cot(x + h) —cot(x)

1 [cos(x +h) cos(x)j

“heoh sin(x+h) sinx

B Iiml sin xcos(x + h) —cos xsin(x + h)
sin xsin(x+h)

n—0



:"ml( sin(x—x+h)j

h—0 h{ sin xsin(x+h)

1 . 1| sin(-h)
= oo M) = —
sin X hh|sin(x+h)

=1 (,._sinh}(,. 1
=— (Ilm ) lim—
sinx\ 0 h -0 sin(Xx + h)

-1 . 1
=——- 1| lim———
sin X -0 sin(x+0)

3 -1
sin? x

= —C0sec” X
~.(cotx) =—cosec®x ... (2)
Now, let f,(x)=cosecx. Accordingly, f,(x+h)=cosec(x+h)

f(x+h) - f,(x)
h

By first principle, f,(x)= lim

= Ihi m %[cosec(x +h) —cosec(x)]

.1 1 1
=lim=| — ——
-0 h{ sin(x+h) sinx

—Iiml sin x—sin(x+h)
-0 h{ sinxsin(x+h)

(x+x+h} . (x—x—hj
2C0S sin
1 1 2 2

=——-lim= -
sinx h-0h sin(x+h)




1 1
=——-lim— -
sinx n-0h sin(x+h)
. (hj (2x+h}
—sin| — | cos
1 . 2 2
=——-lim —
sinx h-0 (hj sin(x+h)
2

. (h 2X+h
sin| — cosS
-1 .. 2) .. 2
= -lim -lim

sinx -0 (hj >0 sin(x + h)
2

cos(2X+hj
_ -1 1. 2

Tsinx sin(x+0)

-1 cosX

~sinx sinx
= —COSEC X - COt X
. (cosecx) =—cosec x-cot X

From (1), (2), and (3), we obtain

f'(x) = cosec x(—cosec? x )+ cot x(—cosec x cot x)

= —cosec® X —cot? x cosec X

16. Find the derivative of the following functions (it is to be understood that a,

b, c, d, p, g, rand s are fixed non-zero constants and m and n are integers):
COS X

1+sinx

COS X
1+sinx

Ans:  Let f(x)=




By quotient rule,

(d+sin x)i(cos X) —(cos x)i (1+sinx)
dx dx

f'(x) =

(1+sin x)?

_ (L+sin x)(—sin x) — (cos x)(cos X)
- (1+sin x)?

_ —sinx—sin® x—cos’ X
(L+sin x)?

—sin x—(sin2 X + C0S? x)

(1+sin x)?

_ —sinx-1
(1+sin x)?

_ —(1-sinx)
~ (L+sinx)?

B -1
(1+sin x)?

17. Find the derivative of the following functions (it is to be understood that a,
b, ¢, d, p, g, r and s are fixed non zero constants and m and n are integers):
SIN X+ COS X
sin X —Cos X

sin X +Cos X

Ans: Let f(x)==
SIN X—CO0S X

By quotient rule,

(sinx—cos x):X(sin X+ C0S X) — (Sin X + cos x)sx(sin X —COS X)

f(x)=

(sin X+ cos x)*

_ (sin x—cos x)(cos x —sin X) — (sin X + cos X)(Cos X +sin X)
(sin x+cos x)°




_ —(sinx—cos x)? —(sin X+ cos )
(sin x+cos x)*

—[sin2 X+ C0S% X — 25N X COS X +Sin? X + Cos2 X + 25in X COs x]

(sin X+ cos x)*

B —{1+1]
~ (sin x—cos x)?

B -2
(sin X —cos x)?

18. Find the derivative of the following functions (it is to be understood that a,

b, c, d. p, g, rand s are fixed non-zero constants and m and n are integers):
secx—1

secX+1

Ans: Let f(x)= secx-1
secx+1

1

-1
f(X)Z COS X _1—COSX

1 -
1 1+ cos X
COS X

By quotient rule,

(1+cos x)i (1—cosx)—(L—cos x)i(1+ COS X)
dx dx

f'(x)=

(1+cos x)*

_ (I+cosx)(sin x) — (L—cos x)(—sin x)
- (1+cos X)?

B Sin X+ C0S XSin X+ sin X —sin X cos X
(1+cos x)°

_2sinx
(1+cosx)?



2sin x 2sin x

( 1 ]2 - (secx+1)°
I+—— | ey
sec X Sec” X

_ 2sin xsec? x
(secx +1)?

COS X
(secx+1)°

_ 2secxtanx
(secx+1)°

19. Find the derivative of the following functions (it is to be understood that a,
b, ¢, d. p, g, r and s are fixed non-zero constants and m and n are integers):
sin" x

Ans: Let y=sin"x
Accordingly, for n=1,y =sinx

.'.%zcosx, i.e., isinx:cosx

X dx
For n=2,y=sin’*x.

dy = i(sin Xsin x)
dx dx
= (sinx) (sinx+sinx(sinx)  [By Leibnitz product rule]

= C0S XSIN X 4+ Sin X COS X
=2Sin X oS X
..(D

For n=3,y=sin®x



Jdy_d
Cdx dx

(sin xsin? x)

= (sin X) sin® x+sin x(sin x)’

[By Leibnitz product rule]

—cos xsin® x+sin x(2sinxcosx) [ Using ()]

= C0S XSin’ X +Sin? X Cos X

=3sin? X cos X

We assert that di(sin” x) =nsin®™?® xcos x
X

Let our assertion be true for n=k.

ie., i(sink x)=ksin®? xcosx ... (2)
dx

Consider

%(sin"+l x) = %(sin xsin® x)

= (sin x) sin® x +sin x(sink x)n

[By Leibnitz product rule]

= cos xsin* x+sinx(ksin**cosx) [ Using (2)]
= cos xsin® x +2sin* x cos x

—(k +1)sin* xcos x

Thus, our assertion is true for n=k +1.

Hence, by mathematical induction, Oli(sinn x) =nsin®™™ xcos x
X



20.

Ans:

21:

Ans:

Find the derivative of the following functions (it is to be understood that a,

b, c, d, p, g, r and s are fixed non-zero constants and m and n are integers):
a+bsinx

c+dcos X

a+bsinx

Let f(x)=
c+dcosx

By quotient rule,

(c+d cosx)i(a+bsin X) —(a+bsin x)i(c+d COS X)
fI(X)= dx dx

(c+d cos x)?

_ (c+dcosx)(bcosx)—(a+bsin x)(—d sin x)
(c+d cos x)?

_ cbcosx+bd cos® x +ad sin x +bd sin? x
(c+d cos x)?

bc cos X + ad sin x + bd (cos2 X +sin? x)
- (C +d cos x)?

_ bccosx+adsinx+bd
(c+d cos x)?

Find the derivative of the following functions (it is to be understood that a,
b, ¢, d, p, g, r and s are fixed non-zero constants and m and n are integers):
sin(x+ @)

COS X

sin(x+a)
COS X

Let f(x)=
By quotient rule,

oS xi[sin(x+ a)]-sin(x+ a)icos X
X dx

£'(x) =

cos® x



Ccos xi[sin(x +a)]-sin(x+a) a (=sinx)
dx dx

f'(x) =

cos” X
Let g(x)—sin(x+a). Accordingly, g(x+h) =sin(x+h+a)
By first principle,

g(X+h) g(x)
g (x)= ™

= Iing%[sin(x+ h+a)—sin(x+a)]

1 x+h+a+x+a x+h+a X—a
=I|mH 2c0s

)
o

i
T

:(cos 2x+2a}<1 {Iimﬂ =1}
2 n—0 h

=cos(x+a) ... (i)

=lim=| 2cos

1] (2x+2a+h

. (2x+2a+hj
=lim| cos

[ As h—)O:%—)O}

COS X COS(X +a) +Ssin xsin(x +a)
cos® X

From (i) and (ii), we obtain f'(x) =

_ COS(X+a—X)
cos’ X
cosa

cos? X




22: Find the derivative of the following functions (it is to be understood that a,

b, ¢, d. p, g, r and s are fixed non-zero constants and m and n are integers)
:x* (5sinx— 3cosx)

Ans: Let f(x)=x"(5sinx—3cosX)

By product rule.

f'(x) = x* i(55in X —3¢0s X) + (5sin X —3cos x)i(x“)
dx dx

- x4 [5%(sin X) —3%(005 x)}+ (5sin x—3c0s x)%(x“)

= x*[5¢0s X —3(=sin x)] + (5sin x —3cos x)(4x3)

= x°[5x cos X + 3xsin X + 20sin X —12¢0s x]

23. Find the derivative of the following functions (it is to be understood that a,
b, ¢, d, p, g, r and s are fixed non-zero constants and m and n are integers):
(% +1)cos x

Ans: Let f(x):(x2+1)cosx
By product rule.
f'(x):(x2+l)i(cosx)+cosxi(x2+1)
dx dx
= (%* +1) (~sin x) +cos x(2x)

= —X?sin X —Sin X + 2X oS X



24 Find the derivative of the following functions (it is to be understood that a,
b, ¢, d, p, g, r and s are fixed non-zero constants and m and n are integers):
(2 +sinx) (p+g) cosx)

Ans: Let f(x):(ax2+sin x)(p+qcosx)

By product rule.
. d d, ,
f (x):(ax +smx)—(p+qcosx)+(p+qcosx)—(ax +smx)
dx dx

= (ax2 +sin x)(—q sin x) + (p + g cos x)(2ax + cos x)

= —qsin x(ax’ +sin x)+ (P +q cos x)(2ax +cos X)

25 Find the derivative of the following functions (it is to be understood that a,
b, ¢, d. p, g, r and s are fixed non-zero constants and m and n are integers):
(X+cos X)( x—tan x)

Ans: Let f(x)=(x+cosXx)(x—tanXx)

By product rule,
, d d
f (X) = (x+cos x)—(x—tan x) + (x —tan x) — (X + oS X)
dx dx

= (X+C0S X) _i(x) —i(tan x)} + (x—tan x)(1—sin x)
| dx dx

= (X+C0SX) _1—%(tan x)}+ (x—tan x)(1—sin x)

Let g(x)=tanx. Accordingly, g(x+h) =tan(x+h)

By first principle,

oy 9(Hh) g (x)
0" (9 =lim S



im tan(x + h) —tan(x)
h—0 h

1] sin(x+h) _sinx
-0 h| cos(x+h) cosx

1[ sin(x + h) cos x —sin xcos(x + h)
-0 hy| cos xcos(x + h)

! irnl_sin(x+h—x)
cosx"® ' h| cos(x+h)

1 .. 1] sinh
=———lim=-| —————
COS X hh| cos(x+h)

1 . sinh( .. 1
= lim lim
cosx\ "0 h n-0 cos(x + h)

1 1
cosx | cos(x+0)

B 1
cos? x

=sec’x ... (ii)

Therefore, from (i) and (ii). We obtain

f'(X) = (X +C0s X) (1—sec2 x)+ (x—tan x)(L—sin X)
= (x+c0s X) (—tan’ x) + (x—tan x)(1—sin x)

=—tan® X(x+cos X) + (x — tan x)(1—sin x)

26: Find the derivative of the following functions (it is to be understood that a,

b, c, d, p, q, r and s are fixed non-zero constants and m and n are integers):
4x+5sinx

3X+7Cc0oSX



Ans:

27:

Ans:

Let f(x)=

4X +5sin x
3X+7c0s X

Quotient rule,

(3x+7cos x)dx(4x+55in X) —(4x+5sin x)(i((3x+7cos X)

f'(x)=
) (3 +7cos x)?

(3x+7cos x){4d(x) +5i(sin x)}—(4x+55in X) {3d(x) +7i(cos x)}
dx dx dx dx

(3 + 7 cos x)?

_ (3x+7cosx)[4x+5c0s x] - (4x+5sin X)[3—-7sin x]
(3x+7cosx)’

12X +15XCOS X + 28X COS X + 35082 X —12X + 28xsin X —15sin x+35(cos2 X +sin? x)

(3x+7cos x)*

15X COS X + 28C0S X + 28xsin X —15sin x+35(cos2 X +sin? x)
- (3X+ 705 X)?

_ 35+15xc0s X+ 28¢0s X + 28xsin x —15sin x
(3 +7cos x)?

Find the derivative of the following functions (it is to be understood that a,
b, c, d, p, g, r and s are fixed non-zero constants and m and n are integers):

x? cos(”j
_\4)

sin x

x* oS [Z)
Let f(X) =
sin x

- d 2 2 d -
sin x&(x )—x &(Sln X)

. ' T
By quotient rule, f (x):cos(zj S



_ Cos(gj{sin X(2%) - x2(cos x)}
4 sin“ X

xcos%[Zsin X —XCOS X]

sin® x

28. Find the derivative of the following functions (it is to be understood that a,

b, c. d, p, g, r and s are fixed non-zero constants and m and n are integers):
X

1+ tan x

X
1+tan x

Ans: Let f(x)=

(1+tan x)i(x) - (x)i(1+ tan x)
dx dx

(1+tan x)°

f(x)=

(1+tanx)— xi(1+ tan x)
dx

£'(x) =

(1+ tan x)*

Let g(x)=1+tanx. Accordingly g(x+h)=1+tan(x+h).

By first principle, g(x) = lim g(x+ hr)1 —9(x)

lim {1+ tan(x +h) —1— tan(x)}

h—0 h

1[ sin(x+h) sinx
-0 h| cos(x+h) cosx

1[ sin(x + h) cos x —sin x cos x(x + h)
-0 hy | cos(x + h) cos x

1[ sin(x+h-x)
-0 h| cos(x +h)cos x



.1 sinh
lim=
h—0 h| cos(x+h)cos x

. sinh . 1
—| lim—— -] lim
n~0 h n—~0 cos(X + h) cos x

—1x 1
COoS

_ 2
- =S5ec” X

=N i(1+tan2 X) =sec’ x
dx
From (i) and (ii), we obtain

1+ tan x — xsec? x
(1+ tan x)*

f(x)=

29. Find the derivative of the following functions (it is to be understood that
a,b,c, d, p, g, r and s are fixed non-zero constants and m and n are integers):

(x+secx)(x—tanx)
Ans: Let f(x)=(x+secx)(x—tanx)

By product rule.

f(x)= (x+secx)i(x—tan X)+ (X —tan x)i(x+secx)
dx dx

d d d d
—(x+secx) [& (x) —&tan x} +(x—tan x) {& (x)- &sec x}

—f (x+secx) [1—itan xj +(x—tanx) [1+ isec x}
dx dx

...(i)
Let f,(x)=tanx, f,(x)=secx

Accordingly, f,(x+h)-tan(x+h) and f,(x+h)—sec(x+h)



(0= 'niino( fl(x+hr)]— fl(x)j

_ Iim[tan(x+ h; —tan(x)}

1 _sin(x+ h) sinx
-0 h| cos(x+h) cosx

1 _sin(x+ h) cos x —sin xcos x(x + h)
-0 hy | cos(x + h) cos x

1 sin(x+h—-x) |
-0 h| cos(x+h)cosx |

1 sinh ]
-0 h| cos(x+h)cosx |

[ . sinhj : 1
—| lim—— |-| lim
n>0 h n~0 cos(Xx + h) cos x

—1x

=sec? x

cos?

= i(1+tan2 x) =sec? x
dx

£,(x) =lim

n—0

( f, +(x+h)— fz(x))
h

_ Iim(sec(x+ h) —sec(x)j

h—0 h

.1 1 1
=lim= -
n~0 | cos(x+h) cosx

i 1(cosx—cos(x+h)j

-0 cos(x + h) cos x




) (x+x+hj ) (x—x—h)
-2sin -sin
1 1 2 2

cosx™? h h cos(x+h)

_—25in(2X+hj-sin(_h)
1 .. 1 2
= lim=

 cosxh-0h cos(x + h)

Go(2xh Sin(gj |
D

= lim=
COS X -0 h cos(x+h)

(") ((jj

limcos(x + h)
n—0

d
= d—secx =sec X tan x

Fror% (1). (i), and (iii), we obtain

f(x) = (x+sec x) (1—sec’ x) + (x—tan x)(1+sec x tan x)



30: Find the derivative of the following functions (it is to be understood that a,

b, ¢, d, p, g, r and s are fixed non-zero constants and m and n are integers):
X

n

sin"x

Ans:  Let f(x)=—
SIn” X

sin” xix—xisinn X
By quotient rule, f'(x)= ax
sin®" x

: d . .
It can be easily shown that d—sm“ X =nsin"" xcos x
X

Therefore,

. d d .,
, SIn Xd—X—X&SIn X
f(x)= e

SIn™ X

sin” x-l—x(nin”‘1 X COS x)

sin?" x

_sin™™* x(sin x —nxcos x)
sin®" x

_ sinX—nNXCcos X

n+1

SiIn" X



