CLASS 10

QUADRATIC EQUATION

Nature or Characteristics of Roots of Quadratic Equation

ROOTS OF A QUADRATIC EQUATION

The value of x which satisfies the given quadratic equation is known as its root. The roots of

the given equation are known as its solution.

General form of a quadratic equation is :

ax2 +bx+c=0

or 4a2x2 + 4abx + 4ac = - 4ac [Multiplying by 4a]
or 4a2x2 + 4abx = - 4ac [By adding b2 both sides]
or 4a2x2 + 4abc + b2 = b2 - 4ac

or (2ax + b)2 = b2 - 4ac

Taking square root of both the sides

2ax +b = +/b? —4ac

—b+vb2—4ac
2a

Or x=

Hence, roots of the quadratic equation ax2 +bx+c=0are

—b+/b?—4ac —b—/b?—4ac
" and "

REMARK:

A quadratic equation is satisfied by exactly two values of ‘a’ which may be real or
imaginary. The equation, ax? + bx + c=01is:

* A quadratic equation if Two roots

* Alinear equation if a = 0, One root

* A contradiction ifa=b =0, No root
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An identify if a =b = ¢ = 0 Infinite roots
A quadratic equation cannot have more than two roots.
If follows from the above statement that if a quadratic equation is satisfied by more

than two values of x, then it is satisfied by every value of x and so it is an identity.

NATURE Of ROOTS :

Consider the quadratic equation, ax2 +bx+c=0 having af} as its rdots and b2 - 4ac is
called discriminate of roots of quadratic equation. It is denoted by D or

Roots of the given quadratic equation may be

(i) Real and unequal (ii) Real and equal (iii) Imaginary and unequal.

Let the roots of the quadratic equation axZ2 +bx+c¢=0 (where a#0,b,ceR) bea and  then

—oVbAac V;’;% (i)

and P=
The nature of roots depends upon the value of expression ‘b2 - 4ac’ with in the square root

sign. This is known as discriminate of the given quadratic equation.

Case-1 Whenb? -4ac> 0, (D>0)

In this case roots of the given equation are real and distinct and are as follows

T

When a(=0),bc eQand b2 - 4ac is a perfect square

In this case both the roots are rational and distinct.

When a(=0),bc eCand b2 - 4ac is not a perfect square

In this case both the roots are irrational and distinct. [See remarks also]

Case-2 Whenb? - 4ac=0, (D=0)
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In this case both the roots are real and equal to —k

Case-3 Whenb? - 4ac <0, (b<0)

In this case b2 - 4ac < 0, then 4ac - b2 >0

a_—b+\/m n OB_—b— (g,zc—bz)

2a

a_—b+hg?eiﬁ and}_—b—ng?eiﬂ =1

i.e. in this case both the root are imaginary and distinct

REMARK:

* Ifa,b,c €Qand b2 - 4ac is positive (D > 0) but not a perfect square, then the roots

are irrational and they always occur in conjugate pairs like 2+J/3 and 2-/3.

However, if a, b, c are irrational number and b2 - 4ac is positive but not a perfect

square, then the roots may not occur in conjugate pairs.

If b2 - 4acis negative (D > 0), then the roots are complex conjugate of each other. In
fact, complex roots of an equation with real coefficients always occur in conjugate

pairs like 2 + 3i and 2 - 3i. However, this may not be true in case of equations with
complex coefficients. For example, x2 - 2ix - 1 = 0 has both roots equal to i.

If a and c are of the same sign and b has a sign opposite to that of a as well as c, then

both the roots are positive, the sum as well as the product of roots is positive (D=0).
If a, b, are of the same sign then both the roots are negative, the sum of the roots is
negative
Ex.1 Without solving, examine the nature of roots of the equations :
(i) 2x2+2x+3=0

(i) 2x2-7x+3=0
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(i) x2-5x-2=0
(iv)4x2-4x+1=0
Sol.(i) Comparing 2x2 4+ 2x+3 =0
withax2+bx+c=0;weget:a=2,b=2andc=3
D=b2-4ac=(2)2-4x2x3=4-24
= - 20; which is negative.

.. The roots of the given equation are imaginary.
Comparing 2x2-7x+3=0

with ax2 + bx + ¢ = 0;

weget:a=2,b=-7andc=3

D=b2-4ac=(-7)2-4x2x3

= 49 - 24 = 25, which is perfect square.

.. The roots of the given equation are rational and unequal.

Comparing x2 - 5x -2 =0

with ax2 + bx + c = 0;

weget:a=1,b=-5andc=-2
D=b2-4ac=(-5)2-4x1x-2

= 25 4+ 8 = 33 ; which is positive but not a perfect square.
.. The roots of the given equation are irrational and unequal.
Comparing 4x2 - 4x+1=0

with ax2 + bx + c = 0;

weget:a=4,b=-4,andc=1
D=b2-4ac=(-4)2-4x4x1

=16-16=0

Roots are real and equal.
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Ex.2 For what value of m, are the roots of the equation (3m 4+ 1) x2 + (11 + m)x+9=0

equal?

Comparing the given equation

with ax2 + bx + ¢ = 0;

weget:a=3m+1,b=11+mandc=9
Discriminant, D = b2 - 4ac

=(11+m)2-4(Bm+1)x9

=121+ 22m + m2 - 108 m - 36

=m2 - 86m + 85

=m2-85m-m + 85

=m(m-85)-1(m-85)

=(m-85)(m-1)

Since the roots are equal, D =0

= (m-85)(m-1)=0

> m-8=0o0orm-1=0

> m=85orm=1

SUM AND PRODUCT OF THE ROOTS
Let o and B be the two roots of the quadratic equation ax2 +bx+c=0.

—b+Jk? —4ac
23

Since,ax2+bx+c=0 =X=

then, let: o =

—b+V?—4ac
22

and B :_b_— gm

. The sum of the roots = a + 3
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_ —b+\/ c —b— \/ 4ac

_ —b+Jb?—dac—b—Jb?—4ac
22

2__b
22 a

And, the product of the roots = o .

[

23

_ (0P (P —dacf _ P’ —4ag
- da? B 4a?

_ bP-b?+4ac
432

_ 4c _
=27 =

. If o and P are the roots of the quadratic equation ax2 + bx 4+ ¢ =0 ; then :

(i) The sum of the roots
b

=Q -|- B = - a
coefficidiof x

~ coefficignf X2

(ii) The product of the roots

=af = C _ consart term
a coefficid¢of x2

TO CONSTRUCT A QUADRATIC EQUATION WHOSE ROOTS ARE GIVEN

x2 - (sum of roots) x + product of roots = 0
To get the quadratic equation with given roots :
(1) Find the sum of the roots.

(ii)  Find the product of the roots.
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(iii)  Substitute the values of steps (i) and (ii) in
x2 - (sum of the roots)x + (product of roots) = 0
and get the required quadratic equation.

Ex.3 For each quadratic equation given below, find the sum of the roots and the product

of the roots :

(i) x2+3x-6=0

(i) 2x2 + 5/3x+ 6 =0

(iii) 3x2 + 2/5x-5=0

Comparing x2 4 3x - 6 = 0 with ax2 + bx+ c=0,weget:a=1,b=3andc=-6

b 3

. The sum of theroots=-= =->
a 2

And, the product of the roots == = =-6

Comparing 2x2 + 5/3x+ 6 = 0 withax2 + bx + c=0;weget:a=2,b =5 +3and
c=6

. The sum of the roots = -

And, the product of the roots =

Comparing 3x2 + 2v/5x -5 = 0 with ax2 + bx + c=0; we get:a=3,b=2+/5 and

c=-5

.. The sum of the roots = —g =-

and, the product of the roots = = =

Ex.4 Construct the quadratic equation whose roots are given below -
i 3,-3
(i) 3+ +3,3-3
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... 2+J5 2-5
(i) ==, =%~

Sol.(i) Since, the sum of the roots = (3) + (-3) =3-3=0

and, the product of the roots = (3) (-3) =-9
. The required quadratic equation is :

x2 - (sum of roots) x + (product of roots) = 0
= x2-(0)x+(-9)=0, ie,x2-9=0
Since, the sum of the roots

=3+ J3+3- J3=6

and, the product of the roots
=3+v3)(3-¥3)=9-3=6

.. The required quadratic equation is :

x2 - (sum of roots) x 4+ (product of roots) = 0

= xX2-6x+6=0

Since, the sum of the roots

_2+J5,2-J5_2+/5+2—/5
== t— = 2

_4_
_7_2

and, the product of the roots

_[2+/5](2-/5)|_4-5 1
2 2 )4 4

. The required quadratic equation is:

x2 - (sum of roots) x 4+ (product of roots) = 0
= x2-2x+ (—%Jzo

1

2 _
= -2x-= =0,
X X 4

ie,4x2-8x-1=0
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Ex.5 Ifaand care such that the quadratic equation ax2 - 5x + 3 = 0 has 10 as the sum of

the roots and also as the product of the roots, find a and c.

Forax2-5x+c=0

the sum of roots = -

coefficigofx _ 5 _ 5
coeffici¢of x? a a

consartterm _ ¢

and the product of roots = coefficientx® _ a

Given : The sum of the roots = 10

S

= 5=1O,i.e., 10a=5 = a=

The product of roots = 10

~ C 10> c=10a=10xL =5
a 2

= a=% andc=>5

Relation between Roots and Coefficients
If roots of quadratic equation ax? + bx +c=0 (a# 0) are o and f then:
@D (a-p) =y(o+py —4ap

_ 4 b2 —4ac _ +/D
T a  a

oc2+[32=(oc+[3)2—2(x[3=b2—;2@c

o = B2 = (o + ) y(o+BF —doif

P —4ac  +JD
2 a

o3+ B3=(a+P) (a2 + B2 -ap).

0 + B = (o + B)? - 30p (o + B)
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__bi*-39
=

o3 - B3 = (0t~ B) (0 + B2 + ap).
o - B3 = (ot~ B)? + 301p (o - B)
= J(o+BP—4oB{(c + B)? - ap}
_ P-agiP —ac

a

ot + B4 = {(a + B)2 - 20B)2 - 202p2
:(bz —ZaCJ2 c?

-2
@) &

= B = (o - B9) (o + )
_ (P20 —ac
_ C

a?+taf +p2= (o + B)?-opf

o+F _ (0P’ —20
of o3

) a?p+pra=ap (a+p)

— o B — (a2 BZ)Z ZQ.ZBZ
= > =

o o

(ix) %-I_(% -

Ex. 6 Find the equation whose roots are the reciprocals of the roots of 3x2-5x+7=0

Sol. The equation whose roots are the reciprocals of the roots of f(x) = 0 is f(%) =0

. 1Y (1)
The required equation is X — X +7=0

10
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(%J—g +7=0

7x2-5x +3=0
If one root of x2 - x -k = 0 is square that of other, then find the value of k.

Other root = a2
Sum of the roots = + 1

= a+al=

product of roots = - k
1
= a.a2=-k = ad=-k = a=(-k)s

a2 +a=+1

1
substituting a = (—k)3 from equation (2), we get

[(«)?T HKp=H

2 1
k3—k3=l1
2 1
[ki‘*—k?T:(])3 =  k?-k-3k=1

—kZ_-4k=1 kZ2_-4k-1=0

k:4i€m k:4ig20

K= 4i§J5 —2+5

Find the condition that the quadratic equations x2+ax+b=0andx2+bx+a=0

may have a common root.
Let a be a common root of the given equations.

Then a2 +aa +b=0 and a2 +ba +a=0

11
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o a 1
By the method of cross - multiplication, we get = =
y P 217 b-a b-a

This gives =% :(a+b)anda:1

= (1)2=-(a+b)
=1=-a-b

= a+ b+ 1= 0 is the required




