N3

Real Numbers

In the Chapter

In earlier classes you have studied about various collection of numbers and their properties. On account
of various rules and numbers, we again give brief introduction of numbers.

NATURAL NUMBERS: The numbers that man first used were the numbers be needed for counting called
Natural Numbers or Counting Numbers.

The natural numbers are denoted by the letters N={1,2,3.4...}. 1 is smallest natural number but there is no
largest narural number.

REMARKS

1. Natural numbers together with zero are called wholenumbers.

2. Every natural number is a whole number.

3. The sum and multiplication of two natural numbers is always a natural number.

4. Subtraction of two natural numbers is not always a natural number. If a> b, then a - b is a natural number.
But a > b, then a—b is a not a natural number.

INTEGERS: All natural number, 0 and negatives of numbers are called integers. These are denoted by
letter Z.

REMARKS

1. Every natural number is an integer. Natural numbers are also called positive integers.

2. Every whole number is an integer. Whole numbers are also called non- negative integers.

3. Integers are closed to operations of addition, subtraction and multiplication.

e.g,aeZandbe Z thena+b e Zanda— be Z.

Also,axb e Z.

But I is not closed to division.

Representation of integers on number line:

1 L Il 1 & 1 L i Il Y
T T T Cal

5 -4 -3 -2 -1 0 1 2 3 4 s

L

RATIONAL NUMBERS: The numbers which can be expressed in the form p/q, where p and q are both
integers and q # 0 are called rational numbers. these are denoted by Q.

Note: The condition q # 0 is necessary, as division by zero is not defined.

REMARKS

1. All the whole numbers are rational numbers since they can be represented as ratio. e.g.,

5 > 7 !
=—,7 Tetc.
1’1
2. Natural number and negative of natural numbers, zero and common fractions are rational numbers.

(11)
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3. A rational number may be positive, negative or zero.

q
form 2" 5™ where n and m are non - negative integers.

For any rational number —; with terminating decimal representation, the prime factorisation of q is of the

q
negative , the decimal representation is terminating.

For any rational number  where prime factorisation of q is of the form 2" 5™ where n and m are non -

q

negative integers. the decimal representation is non— terminating and repeating.

IRRATIONAL NUMBERS: We have seen that every terminating decimal and non- terminating repeating
decimals cannot be expressed in the form of p/q, where 'p' and 'q' are integers and q=0 . But there are some
decimal numbers which are non- terminating and non- repeating. These decimal cannot be represented in the
form of p/q

Exp.0.51511511151111... is neither terminating nor repeating. So, it does not represent a rational number.
thus, a number which can neither be expressed as a terminating decimal nor as a repeating decimal, is called
irrational number.

REMARKS

1. mis an irrational number.

[ Note:r=3.1428571428...]

2. \/5,\/_2, \/Eﬁ\/ﬁ, etc. all are irrational number.

REAL NUMBERS: The set of rational numbers and irrational number. together compose the set of real
numbers.

For any rational number  where prime factorisation of q is of the form 2" 5™ where n and m are non -

Real Numbers (R)
| |
Rational Number ( Q) Irrational Number. ( Q)

EUCLID'SDIVISONLEMMAOREUCLID'SDIVISONALGORITHM

Note:

1. Algorithm: It is a series of well defined steps which gives a procedure for solving a type of problem.

2. Lemma: It is a Proven statement used for proving another statement.

Euclid's Division Lemma: For any positive integers a and b there exist unique whole numbers q and r such
thata=bq+r, where 0 <r<b

Note:

1. Euclid's division algorithm technique is used to compute the HCL of two given integers.

2. In the given condition, a =bq+r, we consider a as dividend, b as divisor, q as quotient and r as remainder.

3. Dividend= ( Divisor x Quotient + Remainder.

FUNDAMENTAL THEOREM OFARITHMETIC: Every composite number can be expressed ( factorised)
as a product of primes this factorisation is unique, apart from the order in which the prime factor occur.

NCERT TEXT BOOK QUESTION (SOLVED)

| EXERCISE 1.1 |
Q.1.UseEuclid'sdivisonalgorithmtofindthe  lemmato 225 and 135, we get
HCF of : L 225=135%1+90 1355%2“
(i) 135 and and 225 (ii) 196 and 38220 T

Ans. (i) Given integers are 135 and 225, clearly
225> 135. Therefore, by applying Euclid's division
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II. Since, the remainder 90 # 0, we apply
division lemma to 135 and 90 =0, to get
£ 90) 135 (1
-90
45
II. We consider the new divisor 90 and new
remainder 45 and apply division lemma to get

90 = 45x2+0
: 457 90 (2

—90

0

The remainder of this step is zero. So, the divisor
at this stage or the remainder at the previous stage
1.e.,451sthe HCF of 135 and 225.

(i1) Given integers are 196 and 38220. Therefore
by applying Euclid's division lemma to 196 and 38220,

we get
1.38220=196%195+0 196)38220(195
38220
0

The remainder at this step is zero. So, our
procedure stops and divisor at this stage i.e. 195 is
the HCF of 196 and 38220.

Q.2. Show that any positive integer is of the
form 6g+ 1 or 6q+ 3 or 6g+ 5, where g issome
integer.

Ans. Let a be any odd positive integer and b= 6.
Let q be a quotient and r be remainder.

Therefore, applying division lemma, we have

a=6q+r,where 0 <r<6

= a=6q+0
or a=6q+1
or a=6q+2
or a=6q+3
or a=o6q+4 [0£r<6]
or a=6q+5
= r=0,1,2,3,4,5
= But a=6g,a=6q+2,a=6q+4

given values of a.

Thus, when a is odd, it is at the form (6q+ 1) or
(6g+3) or (6q+5) for some integer Q.

Q.3. An army contingent of 616 membersisto
mar ch behind an army band of 32 membersin a
parade. Thetwo groupsaretomarch in thesame
number of columns. What isthemaximum number
of columnsin which they can march ?

Ans. Given integers are 32 and 616.

Clearly 616 > 32. Therefore, applying Euclid's
division lemma to 616 and 32, we get

3261619
608
8

Since, the remainder 8 #0, we apply the division

lemma, to get
32=8x4+0 85%@‘

0

The remainder has now become zero, so our
procedure stops. Since the divisor at this stage is 8.

Therefore, the maximum number of columns in
which both 616 members (army contingent) and 32
members (army band) can march is 8.

Q.4. Show that thesquar eof any positiveinteger
isof theform 3m or 3m + 1 for someinteger.

[C.B.S.E.2001]

Ans. Let a be any positive integer. Let g be the
quotient and r be remainder. Then

a=bhq-+r

where ¢ and r are also positive integers and
0<r<b

Taking b= 3, we get
a=3q+r,where0<r<3

When,r=0 = a=3q

When,r=1 = a=3q+1

When,r=2 = a=3q+2

Now, we have to show that the squares of

positive integers 3q, 3+ 1 and 3+ 2 can be expressed
as 3mor 3m+ 1 for some integer m.

= (ay
= 9¢’=3(30g)’=3m
When m is some integer.
Square of 3q+1 = (3q+1)?
= 9g*+6q+1 = (33 +20) +1
= 3m+ 1, where m is some

= Squares of 3q

integer
Square of 3q+2 = (3q+ 1)
= (3q+2)
=90’ +12g9+4
=9+ 129+3+1
=33’ +4q+1)+1
= 3m-+ 1 for some integer m.

.. The square of any positive integer is either of
the form 3mor 3m+ 1 for some integer m.
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Q.5.UseEuclid'sdivision lemmato show that
thecube of any positiveinteger isof theform 9m,
9m+1or 9m+8. [C.B.S.E. 2009 (O)]

Ans. Let a and b be two positive integers such
that a is greater than b; then :

a=hqg+r
Where q and r are positive integers 0 <r <b
Taking b= 3, we get
a =3qg+r;where0<r<b.
= Different values of integer a are 3¢, 39+ 1 or
3q+2.
Cube of 3q = (30)°
=27¢'=9(39°)=9m;
where m is some integer.
Cubeof3q+1 = (3q+1)
= (30’ +3(3gy x 1
+33g) x 12+ 1°
[(a+b)’=a’+3a’b+3ab’ + b’]
=278 +270¢+9g+1

= 9B +3¢¢+9)+1
=9m+1;
where mis some integer.
Cube of3q+1 = (3q+1)
= (30’ +3(3qr x 1
+33g)x 12+ 1°
[(a+Db)’=a’+3a’b+ 3ab’ + b’]
=278 +27¢¢+9q+1
=93P +3¢¢+9)+1
=om+1;
where mis some integer.
Cube of 3q+2 = (3q+2)
= 30y’ +3(3q)° %2
+3x3g9x22+23
=270 + 5407 +36Q+8
=9(3q+6¢*+4q)+8=9m+8
where m is some integer.
.. Cube of any positive integer is of the form 9m

or9m+1or9m+8.

[EXERCISE 1.2

Q.1. Expresseach number asa product of its

primefactors:

(i) 140 (i) 156
(iii)y 3825 (iv) 5005
(V) 7429
Ans. (i) 140
So, 140 = 2x2x5x%x7
= 22x5x7
(i) 156
So, 156 = 2x2x3x13

22x3x%x13

(iii) 3825

So, 3825= 3x3x5x17
R2x5x17
(iv) 5005

So, 5005 = 5x7x11x13.
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(V) 7429

So, 7429 = 17 x19x23
Q.2.FindtheL.C.M.and H.C.F. of thefollowing
pairsof integersand verify that L.C.M.xH.C.F.

(i) 26and91 (i) 510and 92
(i) 336and 54
Ans. (i)
(2 (3] [7][13]
So, 26 = 2x13
and 91 = 7x13
H.CF.(26,91) = 2x7x13
= 182
Verification :

LCM.xHCF=182x13=2366
Procuct of the two nos. =26 x 91 =2366
.. L.C.M. x H.C.F. = Product of the two nos.

Verified.
(i)
ERES 21 [23]
So, 510 =2x3x5x17
and % =2x2x23

H.CF.(510,92) =2
and L.C.M.(510,92) =2x2x5x17x23
= 23460
Verification
L.CM. xH.C.F.=23460 x 2=46920
Product of the two nos. =510 x 92 =46920
.. L.C.M. x H.C.F. = Product of the nos.

So, 336 = 24x3x7
and ¥4 = 2x3

HCF = 2x3=6

and LCM. = 24x33=3024
Verification

L.CM.xH.CF.=3024 x6=18144
Product of the two nos. =336 x 54=18144
.. L.C.M. x H.C.F. = Product of the nos.
Verified.
Q.3.FindtheL.C.M.and H.C.F. of thefallowing
integer shy applyingtheprimefactorisation method:
(i) 17,23 and29

(i) 12,15and21
(iii) 8,9and?25.
Ans. (i)

= 2x2x3=22x3
= 22x5,21=3x7
Here, 3 is the smallest common prime factor.
. HCF.(12,15,21)=3
And 22,31, 51, and 71 are the greatest powers of
prime factors.
oo LLCM. (12,15,21)=22x 3! x5! x 71 =420

Lolfz] [offas] [ff29]
Now, 17=1x17,23=1x23.29x1x29
Here, 1 is the smallest common factor.
- HCF.(17,23,29)=1
And 17, 23" and 29" are the greatest powers
of prime factors.
S L.CM.(17,23,29)=17x23 x29=11339

8 =2x2x2=23

9 =3x3=32

and 25 =5%x5=52

Since, there is no smallest common factor.
. HCF.(8,9,25)=1

And 23, 32 and 5* are greatest powers of prime
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factors.
L.CM.(8,9,25) = 23x32x5?
= 1800
Q.4.Giventhat H.C.F. (306,657)=9,find L.C.M.
(306, 657).
Ans. HCF (306,657) = 9

LCM (306, 657)

201042
9
22338
Q.5. Check whether 6n can end with thedigit
'0' for any n eN. [CBSE2010]
Ans. If the number 6", for any natural number n,
ends with digit 0, then it is divisible by 5. That is, the
prime factorisation of 6" contains the prime 5. This is
not possible because the primes in the factorisation
of 6" are 2 and 3 the uniqueness of the Fundamental
Theorem of Artihmetic guarantees that there are no
other primes in the factorisation of 6".
So, there is no natural number n for which 6"
ends with digit zero.
Q.6. Explainwhy 7x11x 13+13and 7x 6% 5
x 4 x 3+5arecompositenumbers.
Ans. Any positive number, which has more than

two factors, is called a composite number.

Since,

Tx11x13+13 = 13x(Tx11+1)

13x78
13x13%x3x2

that is, the given number has more than two
factors and it is a composite number.

Similarly

Tx6x5x4x3+5
=5x(7Tx6x4x3+1)
= 5x505=5%x5x101

= The given number is a composite number.

Q.7.Thereisacircular path around a sports
field. Soniatakes 18 minutestodriveoneround of
thefield, while Ravi takes12 minutesfor thesame.
Supposethey both start at thesamepoint and at the
sametime, and goin thesamedirection. After how
many minuteswill they meet again at thestarting
point ?

Ans. Required number of minutes is the LCM of
18 and 12.

We have,

18 =2x3?
and 12 =22x3
.. LCMof 18 and 12is2? x 32=36
Hence, Ravi and Sonia will meet again at the
starting point after 36 minutes.

[EXERCISE 1.3

Q.1.Provethat ,/5 isirrational.

Ans. Let us assume, to the contrary, that JE is

rational.
So, we can find coprime integers a and b (b #0)
such that

ol

J5
= Jsb =a

Squaring on both sides, we get

52 = a?
Therefore, 5 divides &
Therefore, 5 divides a
So, we can write

S5k? 25¢?

b? = 5
This means that 5 divides b?, and so 5 divides b.
Therefore, a and b have at least 5 as a common
factor.

But this contradicts the fact that a and b have
no common factors other than 1.
This contradiction has arisen because of our

incorrect assumption that /5 is rational.
So, we conclude that /5 is irrational.

Q.2.Provethat 3+ 2,/5 isirrational.
Ans. Let us assume, to the contrary that 3 +

2\/5 is rational.
That is, we can find coprime a and b (b #0) such

that3+2\/_=%.

|

3+ 2\/5
= b 2.5

Therefore,

<8}
I
98]
o T
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- 5=

. . a 3.
Since a and b are integers, we get TR

rational, and so /5 is rational.

But this contradicts the fact that JE is irrational.

This contradiction has arisen because of our

incorrect assumption that 3 + 2\/5 is rational.

So, we conclude that 3 + 2,/5 is irrational.
Q.3. Provethat thefollowingareirrational :

1
(i)ﬁ (i) 74/5 (i) 6+ 2

1
Ans. (i) ﬁ
Let us assume, to the contrary, that ﬁ is

rational.

So, we can find coprime integers aand b (b 0)
such that

L b
> 2 h 27%
Since, aand b are integers

2 isrational.

But this contradicts the fact that [y is
irrational.

R b is rational, and so

1
So, we conclude that ﬁ is irrational.

(i) 745
Let us assume to the contrary, that 7./5 is

rational.
So, we can find coprime integers aand b (b= 0)
such that

a

W5 =3

-8

= V5 = 7
Since, a and b are integers, =~ is rational, and

> Th
5 is rational.
But this contradicts the fact that /5 is irrational.
So, we conclude that 7, /5 is irrational.
(iii) 6+ JE
Let us assume to the contrary, that /7 is rational.

Then, 6 +,/7 is rational.
So, we can find coprime integers aand b (b 0)

such that
a
6+2 =%
a
= 6—3 =2

Since, a and b are integers, we get is rational and

a
S0, 6 — E is rational and so, /7 is rational.

But this contradicts the fact that /7 is
irrational.

So, we conclude that 6 +,/7 is irrational.

[EXERCISE 1.4

Q.1. Without actually performing the long
division, state whether the following rational
number swill haveater minating decimal expansion
or anon-terminating r epeating decimal expansion :

() 1z iy i

. ) 23
V) o5 V) 35 O JuT
y 129

(vii) W (viil) % (ix) 2(5)

77
® 210
1313 13x2°
Ans.(i) 3755 S5 T 5 .s
= 3 B 3 has a terminating decimal expansion.
[ By NCERT Theorem 1.6]
. 17 17
i J =53

17 L . .
= — has a terminating decimal expansion.

8
[ By NCERT Theorem 1.6]
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iy - 64
455 5x7x13

4 o . .
= 64 has a non-terminating repeating decimal

455
expansion. [ By NCERT Theorem 1.7]
15 15

(V) 7600 = 26 x 52

= has a terminating decimal expansion.

[ By NCERT Theorem 1.6]

15
1600

29 29

(V) 343 - 73

2 o .
= 2 has a non-terminating decimal

343
expansion. [ By NCERT Theorem 1.7]

(Vi)

expansion.

23
2352

= has a terminating decimal
[ By NCERT Theorem 1.6]

129
(vii) W = has a non-terminating

repeating decimal expansion.
[ By NCERT Theorem 1.7]

L6 62 o
(viii) 5 3x5 3 = has a terminating
decimal expansion. [ By NCERT Theorem 1.6]
35 35

(IX) 50 " 2x52 = has a terminating decimal

expansion. [ By NCERT Theorem 1.6]
77 77
M 210 7 2x3x5x7 — has @ non-
terminating decimal. [ By NCERT Theorem 1.6]

Q.2.Writedown thedecimal expansionsof those
rational numbers in question 1 which have
terminating decimal expansions.

. 13 13 13x2°
Ans’(l) 3125 = 55 = 25><55
416
= (10)5 =0.00416
N 17 17 17x5°
(N ? A 23 %53
2125
= (10)6 =2.125
" 15 15 15x5%
(iv) 1600 26x52 2656
9375

= (1 0)6 =0.009375

y B 3 us
(V1) 252 T 2x5 (o
6 2 2x2 4
(Vi) 15 ~ 5 s5x2 10 0%
. 35 35 35x2
(x) 50  2x5%  22x5?

70

(10)2 =0.70

Q.3. Thefollowing real number shavedecimal
expansions as given below. In each case decide
whether they arerational or not. If they arerational,
and of theform p/g, what can you say about theprime
factorsof q?

(1) 43123456789
(i) 0.120120012000120000 ...

(i) 43123456789

(iv) 123.09 V) 2123478

43123456789

Ans. (i) 1000000000

43.123456789 =

43123456789
a 10°

43123456789
- 22x5°

43.123456789 is a rational number of the form
p/g, where 'p' and 'q' are co-primes and the prime
factors of 'q' are of the form 2".5", where n is non-
negative integer.

(if) Clearly, 0.120120012000120000 ... is a non-
termating and non-repeating decimal and therefore,
itis irrational.

(i) 43.123456789 =43.123456789123456789..

which is non-termaing and repeating. Therefore, it is
arational number which can be expressed in the form
p/g, where p and gare co-primes and the prime factors
of'q' are of the form 2".5", where 'n' is non-negative
integer.

. 123096
(iv) 123.096 = <7555

123096 123096

10° 2353

. 123.096 is a rational number of the form p/q
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where the denominator 'q' has the prime factors of

the form 2".5", where n is non-negative integer.
(V) 21.23478 =21.234787878 ...

which is non-terminating and repeating.
Therefore, it is a rational number which can be
expressed in the form p/q and the prime factors of 'qf
are of the form 2".5", where nis a non-negative integer.

Additional Questions

Q.1. Thenumber 525and 3000 areboth divisible
only by 3, 5, 15, 25 and 75. What isthe HCF (525,
3000)? Justify your answer.

Ans. Since, the HCF (525, 3000) =75

Division

By Euclid's Lemma,

3000=>525x5+375
525=375x1+150
375=150%2+75
150=75%2+0

And the numbers, 3, 5, 15, 25 and 75 divide the
numbers 525 and 3000 that mean these terms are
common in both 525 and 3000. So, the highest common
factor among these is 75.

Q.2.Explain why 3 x 5 x 7 + 7 is composite
number.

Ans. Wehave3 x5x7+7=105+7=112

112=2x%x2x2x2x7=24x7

So, it is the product of prime factors 2 and 7

Hence, it is a composite number.

Q.3.Arational number initsdecimal expansion
is 327.7081. What can you say about the prime
factorsof g, when thisnumber isexpressed in the

p
form E ?Givereasons.

Ans. 327.7081 is terminating. So, it represents a
rational number.

3277081 _p
10000 q

g=10* =2x2x2x2x5x5x5x5
=24x54=(2x5)
So, the prime factors of qis 2 and 5.
Q.4.Provethat, if xand yareboth odd positive
integer s, then x? + y?iseven but not divisibleby 4.
Ans.Letx = 2m+ | and y=2m+ 3 are odd positive
integers, for every positive integer m.
Then, X2+y? =(2m+1)>+(2m+3)>
=4+ 1+4m—+4n?+9+12m
=8mP+ 16m+ 10=even

Thus, 327.7081 =

=2(4mP+8m+5)or
42mP +4m+2) +1
. X2+ y?is even for every positive integer m.

But not divisible by 4.

Q.5.UseEuclid'sdivison algorithm tofind the
HCF of 441, 567, 693.

Ans.Leta=693,b=567,and c=441

Now, by Euclid's algorithms

a=bg+r
First we take, a= 693 and b= 567, and find their
HCE
693=567x1+126
567=126x4+63
126=63%x2+0
HCF (693, 567)=63
Now, we take ¢ =441 and say d = 63, then find their
HCF
c=dg+r
= 441=63x7+0

HCF (693, 567,441)=63.

Q.6. Show that 12" cannot end with thedigit O or
5for any natural number n.

Ans. If any number ends with the digit zero, it is
always divisible by 5.
= If 12" ends with the digit zero it must be divisible

by 5.

This is possible only if prime factorisation of 12"
contains the prime number 5.

Now, 12=2x2x3=22x3

= 127=(22x3)"=22x 3"

= There is no value of N € N for which 12" ends
with digit zero or five.

Q.7. Theproduct of three consecutive positive
integersisdivisible by 6. I sthis statement true or
false? Justify your answer.

Ans. Since three consecutive integers include
an integer which is a multiple of 2 and an integer which
is amultiple of 3.

.. the product of three consecutive integers is
divisible by 6.

.. The statement is true.
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Q.8. Writewhether thesquareof any positive
integer can be of theform 3m + 2, wheremisa
natural number. Justify your answer.

Ans. The square of any positive integer cannot
be written in the form 3m+ 2, where mis a natural
number.

As for an example

Let the number is 3, its square is 9.

Now 9 cannot be writen as 3m+ 2.

3m+2=9.

= m= 3 which is not a natural number.

Q.9. A positiveinteger isof theform 3q+ 1, g

beinganatural number. Can you writeitssquarein
any form other than 3m + 1, i.e,, 3m + 2 for some
integer m? Justify your answer.
Ans. No. Since any positive integer is of the
form 3q+ 1, therefore, its square will be
(Bg+1)*=9¢g>+6q+1
=33g+2q) +1
=3m+1
Q.10. Cantwo numbershave 18 astheir HCF
and 380 astheir LCM ? Givereasons.
Ans. Since 18 does not divide 380.
.. any two numbers cannot have 18 as their HCF
and 380 as their LCM.

Multiple Choice Questions

3
Q.1 Zindecimal formis:

8
(@) 0.125 (b)0.0125
(c) 0.0375 (d)0.375
Ans. (d)

Q.2.For any positive integer a and 3, there exist
uniqueintegersqand r such that a=3q + 4,
wherer mut satisfy.

(@ 0<r<3 (b)y1<r<3
(c) 0<r<3 (d)o<r<3
Ans. (a)

Q.3.Theproduct of twoirrational numbersis:
(a) always a rational number
(b) always an irrational number
(c) sometimes a rational number, sometimes

irrational
(d) not a real number.
Ans. (c)
Q.4.Theprimefactorsof 98are:
(@) 22x7 (b)23x7
() 2x7 (d)22x7?
Ans. (c)
Q.5.Theleast positiveinteger divisibleby 20and 24
is:
(a) 240 (b) 480
() 120 (d)960
Ans. (c)

Q.6. TheHCF of thesmallest compositenumber and
thesmallest primenumber is:

(@ 1 (b) 3
(© 2 (d) 4
Ans. (c)

Q.7.Theproduct of twoirrational numbersis:
(a) always rational
(b) always irrational
(c) one
(d) always a non-zero number
Ans. (d)
Q.8.Thereciprocal of anirrational number is:
(a) an integer
(b) rational
(c) anatural number
(d) irrational

Ans. (d)

Q.9.A rational number can be expressed as a
terminating decimal if the denominator has
factors:

(a)2,3 (or) S only

(b) 2 (or) 3 only

(c) 3 (or) 5 only

(d) 2 (or) 5 only
Ans. (d)

21
Q.10. Thedecimal expansion of P will terminate

after how many placesof decimal?
(@ 1 (b) 2
(c) 3 d 4
Ans. (6)



