N>

Areas of Parallelograms
and Triangles

In the Chapter

Areaof afigureisanumber (in some unit) associated with the part of the plane enclosed by that figure.
Two congruent figures have equal areas but the converse need not be true.

If aplanar region formed by afigure T is made up of two non-overlapping planar regions formed by
figuresPand Q, thenar (T) =ar (P) + ar (Q), wherear (X) denotesthe area of figure X.

Two figures are said to be on the same base and between the same parallels, if they have acommon base
(side) and the vertices, (or the vertex) opposite to the common base of each figurelieonaline parallel to
the base.

Parallelograms on the same base (or equal bases) and between the same parallels are equal in area.
Areaof aparallelogram isthe product of its base and the corresponding altitude.

Parallelograms on the same base (or equal bases) and having equal areaslie between the same parallels.
If aparallelogram and atriangle are on the same base and between the same parallels, then area of the
triangleishalf the areaof the parallelogram.

Triangles on the same base (or equal bases) and between the same parallels are equal in area.

Areaof atriangleis half the product of its base and the corresponding altitude.

Triangles on the same base (or equal bases) and having equal areas lie between the same parallels.

A median of atriangle dividesit into two triangles of equal areas.

1
Areaof atriangle= 5 x Base x Height
1
Areaof aTrapezium= P x (Sum of the parallel sides) x (Distance between them)

1
Areaof arhombus = > x Product of the diagonals

Theline segment joining the mid-pointsof two sidesof atriangleisparallel to thethird side. [Mid-point
theorem]

If aplanar region formed by afigure T ismade up of two non-over- T
lapping planar regions formed by figuresPand Q, thenar (T) = ar

(P) +ar (Q). P Q
Figures on the same base and between the same parallels:

Two figures are said to be on the same base and between the same
parallels, if they have acommon base (side) and the vertices (or the
vertex) opposite to the common base of each figure lie on aline
parallel to the base.

(103)
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NCERT TEXT BOOK QUESTION (SOLVED)

[EXERCISE 9.1 |

Q.1. Which of thefollowing figur eslieon the samebase and between thesame parallels. In such acase,

writethecommon baseand thetwo parallels.

L7<& 27

(i)

(iii)
P A B

%557 /\\7 /7]

S D C R

(iv) W) Q (vi)

Ans. (i) APCD and trapezium ABCD are on the
same base DC and between the same parallels DC
andAB.

(if) The two figures are not between the same
parallels.

(i) AQRT and quad. RQTSareon the same base

RQ and between the same parallels QR and PS.

(iv) APQR and quad. ABCD are not on the same
base.

(V) Quad. ABCD and ADQPare onthe samebase
AD and between the same parallelsAD and BQ.

(vi) Thefigures are not on the same base.

[EXERCISE 9.2

Q.1. In Fig., ABCD is a parallelogram,
AELDCandCFLAD.IfAB=16cm,AE=8cm
and CF=10cm, find AD.

A B

F

L
D E C
Ans. Base DC =16 cm asoppositeAB =16 cm,
Height AE=8cm.
Areaof [gmABCD =DC xAE
= 16x%8
= 128cm? ()
Again taking AD as the base and height
= CF=10cm.
Areaof |[gmABCD =AD x CF
= ADx10
= 10ADcn? ..(ii)
Clearly from (i) and (ii)

10.(AD)= 128

AD—@—HS
10 cm.

Q.2.1f E,F,G and H arerespectively the mid-
pointsof thesidesof aparallelogram ABCD, show

1
that ar (EFGH) = - ar (ABCD).

Ans. Given :A pardlelogram ABCD inwhich E,F,
G and H aremid-points of sidesAB, BC, CD and DA
respectively.
1
Toprove: ar (EFGH) = 5 ar (ABCD)

Proof : AEFG and ||gm BCGF are on the same
base GE and between the same parallels GE and BC.

ar (FGH) = %ar(FBCH) (i)

and also ar (EFH) = %ar(AFHD) . (i)
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c

A F
Adding (i) and (ii), we get
area(FGH) +ar (EFH)

1 1
= & (FBCH)+  ar (AFHD)

1
Hence, ar (EFGH) = 5 ar (ABCD)

Q.3. Pand Q areany two pointslying on the
sides DC and AD respectively of a parallelogram
ABCD. Showthat :

ar (APB) =ar (BQC).

Ans. A parallelogram ABCD inwhich two points
Pand Q are lying on DC and Ad respectively. Also
ABCQ and AABPareformed.

Toprove: ar (APB) =ar (BQC).

Proof : AAPB and parallelogram ABCD areon
the same base AB and between the same parallels
ABandDC.

ar (APB) = %ar(ABCD) .(0)

D P

Similarly, ar (BCQ) = %ar(ABCD) (i)

From (i) and (ii), we get

Hence, ar (APB) =ar (BCQ)  Proved.

Q.4.InFig., Pisapointintheinterior of a
parallelogram ABCD. Show that

(i) ar (APB) +ar (PCD) = % ar (ABCD)

(iiyar (APD) +ar (PBC)=ar (APB) +ar (PCD)
[Hint: Through P,draw alineparallel toAB.]

A B
P
D C
Ans. Given : A parallelogram ABCD. Pisapoint
insideit.
ToProve:

(i) ar (APB) +ar (PCD) = % ar (ABCD)

(ii) ar (APD) +ar (PBC) =ar (APB) + ar (PCD)
Construction : Draw EF through P paralel to
AB, and GH through P parallel toAD.
Proof : Inparallelogram EPGA, APisadiagonal.
- areaof AAPG=areaof AAPF  ..(i)
In parallelogram BGPE, PB isadiagonal,
.. areaof ABPG =areaof AEPB
In parallelogram DHPF, DPisadiagonal,
.. areaof ADPH = areaof ADPF (i)
In parallelogram HCEPR, CPisadiagonal,
.. areaof ACPH = areaof ACPE (1)
Adding (i), (i), (iii) and (iv)
areaof AAPG + areaof ABPG + are of ADPH
+areaof ACPH
=areaof AAPF + areaof AEPB
+ areaof ADPF + areaof ACPE
= [areaof AAPG + areaof ABPG] +
[areaof ADPH + areaof ACPH]
=[areaof AAPB + areaof ABPG] +
[areaof AEPB + areaof ACPE]
= areaof AAPB + areaof ACPD
=areaof AAPD +areaof ABPC...(V)
But areaof parallelogramABCD
=areaof AAPB + areaof ACPD +
areaof AAPD + areaof ABPC
From (v) and (vi), we get
areaof AAPB + areaof APCD

..(ii)

(Vi)

> areaof ABCD

or,ar (APB) +ar (PCD) = % ar (ABCD)

Proved.
Also, from (v),
= a (APD)+ar (PBC)=ar (APB) +ar (CPD)
Proved.
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Q.5. In Fig., PQRS and ABRS are
parallelogramsand X isany point on sideBR. Show
that

(i) ar (PQRS)=ar (ABRS)

(i) ar (AX 9) = %ar (PQRS)
P A Q B

S R

Ans. Given : Two pardle ogransPQRSandABRS
and X isany point on side BR.
Toprove: (i) ar (PQRS) =ar (ABRS)

(i) ar (AAXS) = %ar(PQRS)

Proof : (i) Parallelograms PQRSand ABRS are
on the same base SR and between the same parallels
SR and PB.

So, ar (PQRS) =ar (ABRS) ()

(ii) AAXS are ||gm ABRS are on the same base
AS and between the same parallelsAS and RB.

S0, ar (AAXS) = % ar (ABRS)  ..(ii)

From (i) and (ii), we get

ar (AAXS) = %ar (PQRS.

Q.6.Afarmer washavingafieldintheformof a
parallelogram PQRS. Shetook any point Aon RS
andjoined it topointsPand Q. In how many partsthe
field isdivided? What ar ethe shapesof these parts?
Thefarmer wantsto sow wheat and pulsesin equal
portionsof thefield separately. How should shedo
it?

Ans. Given : A parallelogram PQRS. A is any
pointon SR. A joinedto Pand Q. Thefield isdivided
into threeparts (i) AASP, (ii) AAPQ and (iii) AAQR.

All the parts aretriangles.

S 2 R

P Q

AAPQ and [|gm PQRS are on the same base PQ
and between the same parall€els, so

ar (APQ) = %ar(ABC)

ar (ASP) +ar (AQR) % ar (PQRS)  .(ii)

From (i) and (ii), weget ar (APQ) =ar (ASP) +ar
(AQR). Thus she should sow wheat in AAPQ and
pulsesin other two A, or vice-versa.

Proved.

[EXERCISE 9.3 |

Q.1.InFig., Eisany point on median AD of a
AABC. Showthat ar (ABE) =ar (ACE).

A

B D C

Ans. Given: AtriangleABC, whose one median
isAD. Eisapoint onAD.

Toprove: ar (ABE) =ar (ACE)

Proof : Areaof AABD =Areaof AACD ..(i)

(Median dividesthetriangleinto two equal parts)

Again, in AEBC, ED isthe median, therefore,

Areaof AEBD  =areaof AECD (i)

(Median dividesthetriangleinto two equal parts)

Subtracting (ii) from (i), we have

areaof AABD —areaof AEBD = areaof AACD
—areaof AECD.

= areaof AABE = areaof AACE

= ar (ABE) =ar (ACE) Proved.

Q.2.In atriangle ABC, E isthe mid-point of

1
median AD. Show that ar (BED) = 2 ar(ABC).

Ans. Given : In AABC, E is the mid-point of
medianAD.

1
Toprove: ar (BED) = 2 ar (ABC)
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Proof : In AABC, AD isthe median. We know
that amedian divides atriangleinto two triangles of
equal area.

A
ar (ABD) = a(ADC)
Thusar (ABD) = % ar (ABC) (D)

Againinasimilar manner, in AABD, EB isthe
median.

1
Area(BED = P area(ABD)

From (i) and (ii), we get

(i)

1 1
ar (BED) = 5 X 5 ar (ABC)

1
Hence, ar (BED) = 2 ar (ABC). Proved.

Q.3. Show that thediagonalsof apar allelogram
divideitintofour trianglesof equal area.

A B

Ans. Given : A ||lgm ABCD in which diagonals
interset each other at O.

ToProve: ar (AOAB) =ar (ABOC)

=ar (ACOD) =ar (AAOD)

Proof : We know that the diagonals of a

parallelogram bisect each.
In AABC, OB isthe median and we know

that A'smedian divided atriangle of two triangles of

equal area.
ar(AAOB) = a(ABOC) ..()
Similarly,
a(ABOC) = a(ACOD) ..(ii)
Also  aACOD) = a(AAOD) ..(iii)
From (i), (ii) and (iii), we get
ar(AAOB) = a(ABOC)

= a (ACOD)=ar (AAOD)
Proved.
Q.4.InFig.,ABCandABD aretwotriangleson
thesamebaseAB. If line-segment CD isbisected by
ABat O, showthat ar(ABC) =ar (ABD).

C

D

Ans. Given : AABC and AABD areon the same
baseAB. ThelineCD ishisectedby AB at O.i.e.,, OC
=OD.

Toprove: ar (ABC)=ar (ABD)

Proof : INnAACD, OA isthemedian

ar (OAC) =ar (OAD) .()
Similarly, in ABCD, OB isthemedian
ar (OBC)=ar (OBD) (i)

From (i) and (ii), we get

ar (OAC) +ar (OBC) =ar (OAD) +ar (OBD)

Hence, ar (ABC) =ar (ABD). Proved.

Q.5.D, E and F arerespectively themid-paints
of thesidesBC, CA and AB of aAABC. Show that

(i) BDEFisaparallelogram.

(ii) ar (DEF) = %ar (ABC)

(iii) ar (BDEF) = %ar (ABC)

Ans. Given : AAABCinwhich D, Eand F are
respectively the mid-pointsof sidesBC, CA and AB.
Toprove: (i) BDEFisaparallelogram

(ii) ar (DEF) = %ar(ABC) A

(iii) ar (BDEF) = %ar(ABC)
F E




108 | Lifeskills' Complete NCERT Solutions Class-IX Mathematics

Proof : (i) INAABC, Fisthe mid-point of AB and
Eisthemid-point of AC.
. FE||BCor BD (mid-point theorem) ...(i)
AgaininDABC, Eisthemid-point of ACand D
isthemid-point of BC,
DE || BE (Mid-point theorem)
From (i) and (ii), we get
BDEFisaparallelogram.
(i) In|lgm BDEF,
ABDF = ADEF
[A diagonal of a||gmdividesit into two congruent
triangles]
Also AAFE = ADEC= ADEF=ABDF
a (AFE) =ar (DEC) =ar(DEF) =ar (BDF)...(iii)

(i)

1
Hence, area(DEF) = 2 ar (ABC)

(iii)ar (ABDEF) =ar (AFBD) +ar (ADEF)
=ar (ADEF) +ar (ADEF)
=2ar (ADEF) + (From (iii)]

=2ar (AABC)

1

= aAABC 25

Q.6. In Fig., diagonals AC and BD of
quadrilateral ABCD intersect at O such that OB =
OD.

If AB=CD, then show that:

(i) ar (DOC)=ar (AOB)

(ii)ar (DCB)=ar (ACB)

(iii) DA ||CB or ABCD isaparallelogram.

[Hint: From D and B, draw per pendicularsto

|

C

ar (BDEF). Provd

AC]

Ans. Given : A quadrilateral ABCD in which
diagonal AC and BD intersect at O such that OB =
OD.

Also AB = CD.

Toprove: (i) ar (DOC) =ar (AOB)

(ii)ar (DCB) =ar (ACB)

(iii)) DA || CB.

Construction : From D and B, draw DL and DM

perpendicularsto A.
Proof : (i) InADOL and ABMO

«DLO = «BMO (each=90°)
B = O (given)
«DOL = ZBOM
(Ver. opposite angles)
.. ADOL = ABMO (AASrule)
Thus DL = MB (CPCT) ...(0)
1
Now ar (DOC) = > x CA xDL (1))
1
ar (AOB) = > x CA x BM (i)
1 .
or a (AOB) = > x CA xDL (V)
From (ii) and (iv), we get
a(DOC)= ar(AOB)
(ii) Now
a(DOC)= ar(AOB)

Adding ar (BOC) to both sides.

ar (DOC) +ar (BOC) =ar (AOB) +ar (BOC)

Hence, ar (DCB) =ar (ABC)

(i) ar(DCB)=ar (ABC)

Asthe ADCB and AABC lie on the same base
and they are equal in area.

Therefore, DA CB

AsDA || CBandAB=CD.

HenceABCD isaparallelogram.  Proved.

Q.7.D and E are pointson sidesAB and AC
respectively of AABC suchthat ar (DBC)=ar (EBC).
Provethat DE || BC.

B C

Ans. Given : D and E are pointson sidesAB and

AC respectively of AABC, such that
a(ABCE) = a(ABCD).

Toprove: DE|| BC

Proof : ar (ABCE) =ar (ABCD)

Also, ABCE and ABCD have he same base BC.
Since, triangles having the same base and between
the sameparallel linesareequal inarea.
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. ABCE and ABCD must be between the same
parallel lines.

Hence, DE |BC. (Proved)

Q.8. XY isalineparallel tosideBC of atriangle
ABC.IfBE||ACand CF||ABmeet XY atEand F
respectively, showthat ar (ABE) =ar (ACF)

Ans.Given: XY isalineparallel tosideBE of a
AABC.

BE||ACandCF|AB

Toprove: ar (ABE) =ar (ACF)

A

Proof : AABE and parallelogram BCYE areon
the same base BE and between the same parallelsBE
andAC.

ar (ABE) = %ar(BCYE) (i)

[If atriangle and ||gm are on the same base and
between the same parallels then area of triangle is
half of theareaof ||gm]

Similarly,

ar (ACF) = % ar (BCFX) ..(ii)

[Same Reason|

But parallelogram BCY E and BCFX are on the

same base BE and between the same parallels BC
and EF.

a(BCYE) = a(BCFEX) ..(iii)
From (i), (ii) and (iii), we get
Hence,

ar (ABE) = a(AChH Proved.

Q.9. ThesideAB of aparallelogram ABCD is
produced toany point P.Alinethrough Aand paralle
to CP meetsCB produced at D C
Q and then parallelogram
PBQR is completed (see
Fig). Show that ar (ABCD) A B /¥
=ar (PBQR).

[Hint: JoinAC and PQ. Now
compare ar (ACQ) and ar

(APQ)] Q R

Ans. JoinAC and PQ.

Now, ar (ACQ) =
AQ||CPand base AQ issame.
Subtracting ar (AQB) from the both sides,

ar (ACQ) —ar (AQB) ar (AQB) —ar (AQB)

ar (AQP)

ar (ABC) ar (BPQ)

ar(ABC) = %ar(ABCD)
and a(BPQ) = %ar (PBQOR)
Hence, ar(ABCD) =ar(PBOR).

Q.10. Diagonals AC and BD of a trapezium
ABCD withAB || DC inter sect each other at O. Prove
that ar (AOD) =ar (BOC).

D C

A B

Ans. DiagonalsAC and BD of atrapezium ABCD
withAB || DC intersect each other at O.

AsAABC and AABD are on the same base and
between the same parall€els.

ar (ABD) = a(ABC)
= ar(ABD)-ar (AOB)
=ar (ABC)—ar (AOB)
[Subtracting ar (AOB) from the both sides)
= ar(AOD)=ar (BOC).

Q.11. In Fig., ABCDE is a pentagon. A line
through B parallel toAC meetsDC produced at F.
Showthat

(i)ar (ACB)=ar (ACF)

(i) ar (AEDF)=ar (ABCDE)

A B

D C F

Ans. GivenABCDE isapentagon and BF ||AC.
(i) AACB and AACF being on the same base AC
and between the same parallelsAC and BF.

a(AACB) = ar(AACF)  .(0)

(i) ar(AEDC) = ar (AEDC)+ar (AACF)
= a (AEDC)+ar (AACB)
=  ar(ABCDE)
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Q.12.Avillager Itwaari hasaplot of land of the
shapeof aquadrilateral. TheGram Panchayat of the
villagedecided totake over someportion of hisplot
from oneof thecor nerstocongtruct aHealth Centre.
Itwaari agrees to the above proposal with the
condition that he should begiven equal amount of
land in lieu of hisland adjoining hisplot so asto
form atriangular plot. Explain how thisproposal
will beimplemented.

Ans. Wearegiven aquadrilateral plot ABCD.

Sincethe quadrilateral hasto be constructed into
atriangle of equal area, so we proceed asfollows:

Draw CE || BD whichinersectsAB produced at
E.JoinD and E, intersecting BC at K.

Now AED istherequired triangular plot left after
giving to Gram Panchayat the triangular plot CDK,
we know that

ar (BDE) = a(BCD)

[Triangles on the same base and between the
sameparallelg]

Adding ar (ABD) to both sides, we get

ar (ABD) +ar (BDE) = ar (ABD) +ar (BCD)

ar (AAED) =ar (quad.ABCD)

Proved.

Q.13.ABCD isatrapezium with AB || DC. A
lineparallel toAC intersectsABat X and BC at Y.
Provethat ar (ADX)=ar (ACY).

[Hint: Join CX.]

Ans. Given,ABCD isatrapeziumandAB || CD.
Also, XY || AC. Now, join CX. Since, AADX and
AACX lie on the same base AX and between the
sameparalel linesAB and DC.

ar(AADX) = a(AACX) ()
Again, AACX and AACY lie on the same base
AC and between the same parallel linesAC and XY.

ar (AACX) =  a(AACY) (i)
Hence, from Egs.(i) and (ii), we get
ar(AADX) = a(AACY)
14.1nFig.,AP||BQ||CR. Provethat ar (AQC)
=ar (PBR).

Ans. Given:AsgiveninthefigureAP||BQ||CR.
Toprove: ar (AQC)=ar (PBR)

Proof : AABQ and APBQ are on the same base
BQ and between the same parallelsAPand BQ.

A P

C R

~a(ABQ) = a(PBQ) (1)

Again ABQC and AQBR are on the same base
BQ and between the same parallelsBQ and CR,

a(BQC)= a(QBR) (i)

Adding (i) and (ii), we get

ar (ABQ) +ar(BQC) =ar (PBQ) +ar (QBR)

ar (AQC) = ar(PBR). Proved.

Q.15. DiagonalsAC and BD of aquadrilateral
ABCD intersect at O in such away that ar (AOD) =
ar (BOC). Provethat ABCD isatrapezium.

D C

A B

Ans. Given : A quadrilateral ABCD in which
diagonals AC and BD intersect at O in such a way
that ar (AOD) =ar (BOC)

Toprove: ABCD isatrapezium.

Proof : ar (AOD) =ar (BOC) (Given)

Adding ar (COD) to both sides, we get

ar (AOD) +ar (COD) =ar (BOC) + ar (COD)

ar (ACD) = a(BCD)

we see that AACD and ABCD are on the same
base CD and their areas are equal, therefore, AB ||
CD.

Now two opposite sides of quadrilateral ABCD
areparald, therefore

ABCD isatrapezium.

Q.16.InFig.,ar (DRC)=ar (DPC) and ar (BDP)
= ar (ARC).
Show that A B
both  the
quadrilaterals
ABCD and D C
ACPR are
trapeziums.

R P
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Ans. Given:
a(ADPC) = a(ADRC) ..(i)
and a(ABDP) = a(AARC) ..(ii)

Onsubtracting Eq. (i) from Eq. (ii), we get

ar (ABDP)—ar (ADPC) =ar (AARC) —ar (ADRC)

=3 a(ABDC) = a(AADC)

Since, these two triangles are on the same base
DC.

DCJ|AB

Hence, ABCD isatrapezium.

Also, ar (ADRC) =ar (ADPC)

Since, both triangles have the same base DC.
RP|DC

Hence, PRCD isatrapezium.

[ EXERCISE 9.4 (Optional) |

Q.1. Paralldogram ABCD and rectangleABEF
areonthesamebaseAB and haveequal areas. Show
that the perimeter of the parallelogramisgreater

than that of therectangle.
F D E E
uj uj
A

Ans. Given : Parallelogram ABCD and rectangle
ABEF are on the same base AB and ar (ABCD) = ar
(ABEP).

Toprove: Perimeter of parallelogram > perimeter
of rectangle.

orAB+BC+CD+DA>AB+BE+EF+AF.

Proof : INAAFD, ZF=90°

- DA > FA (i)
Alsoin ABCE, ZCEF = 90°
: BC > BE (i)

Also AB = H (i)
(Opposite sides of arectangle)
CD = AB ..(iv) (Opp. d9desof a|lgm)

From (i), (ii), (iii) and (iv), we get

DA+BC+AB+CD>FA+BE+EF+AB

Hence, AB+BC+CD+DA>AB+BE+EF+FA.

Q.2.InFig.,D and E aretwo pointson BC such
that BD=DE =EC. Showthat ar (ABD) =ar (ADE) =
ar (AEC).

Canyou now answer thequestion that you have
leftinthe‘Introduction’ of thischapter, whether the
field of Budhiahasbeen actually divided intothree
partsof equal area?

[Remark: Notethat by takingBD = DE=EC, the
triangleABC isdividedinto threetrianglesABD, ADE
and AEC of equal areas. Inthe sameway, by dividing
BC into n equal parts and joining the points of
division so obtained to the opposite vertex of BC,
you candivide ZABC into ntrianglesof equal areas.]

B D E C

Ans. Given: ABCisatriangleand D and E are
two points on BC, such that
A

i_l
O

B D E C
BD = DE = EC
Let AO bethe perpendicular to BC.
1
a (AABD) = ExBDxAO
1
a (AADE) = ExDExAO
1
and ar (AAEC) = EXECXAO
Since, BD=DE=EC (Given)

ar (AABD) =ar (AADE) =ar (AAEC)

Yes, altitudes of all triangles are same. Budhia
has used the result of this question in dividing her
land in three equal parts.

Q.3. In Fig.,

A B
ABCD, DCFE and /\
ABFE are p C
parallelograms.
Showthat ar (ADE) “

E F

=ar (BCF).
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Ans. Given : There are three parallelograms
ABCD, DCEF andABFE.

Toprove: ar (ADE)=ar (BCF).

Proof : INnAADE and ABCF,

AE = BF
AD = BC
DE = CF
(Opposite sides of aparallelogram)
So, AADE = ABCF (SSSRule)

We know that congruent triangles are equal in
areas.

Hencear (ADE) =ar (BCF).  Proved.

Q.4.InFig.,ABCD isaparallelogram and BC
isproduced toapoint Q suchthat AD=CQ.IfAQ
intersect DC at P, show that ar (BPC) =ar (DPQ).
[Hint: JoinAC.]

A B

Q

Ans. Given : ABCD isaparallelogram.
BCisproducedto apoint Q suchthat AD = CQ,
AQ intersectsDC at P,
Toprove: ar (BPC) =ar (DPQ)
A B

D C
Q
Construction : JoinA and C.
AD= Q (Given)
and AD|] OQ

ADQC isaparallelogram.
[A pair of opposite sidesare equal and parallel]
a(APDQ) = a(PCQ)
Diagonals divide aparallelogram in 4 triangles
of equal area.

Thusar (DPQ) = a(PCQ) (D)

AlsoinPBQ,BC=AD=CQ

: BC= Q

. a(PCQ)= a((BPC) (1))

[Median of D dividesit into two triangles of equal
areg]

From (i) and (ii), we get
ar (BPC) =ar (DPQ) Proved.
Q.5.InFig.,ABC and BDE aretwo equilateral
trianglessuch that D isthemid-point of BC. If AE
intersectsBC at F, show that
A

(i) ar (BDE) = %ar (ABC)

(ii) ar (BDE) = %ar (BAE)

(iii)ar (ABC)=2ar (BEC)
(iv)ar (BFE)=ar (AFD)
(v)ar (BFE)=2ar (FED)

(vi)ar (FED)= % ar (AFC)

[Hint: Join ECand AD. Show that BE ||AC and
DE ||AB, etc]

Ans. Given : Two equilatral trianglesABC and
BDE such that D isthe mid-point of BC.

AEintersectsBCat F.

Toprove:

(i) ar (BDE) = %ar(ABC)

(i) ar (BDE) = %ar(BAE)

(iii)ar (ABC)=2ar (BEC)
(iv) ar (BFE) =ar (AFD)
(v)ar (BFE) =2ar (FED)
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(vi)ar (FED) = %ar (AFC)

Construction : Join Eand Cand alsojoin A and
D.DrawEL L BC.
Proof : (i) Let sideof ABDE =x.

Ve

at (BDE) = sz N0)
Now side of AABC = 2x

@(2@2:\/5)(2 .(ii)
Ondividing (i) by (ii), we get
Thus,ar (ABC) = 4ar(BDE)
Hence,

ar (ABC)=

a (BDE) = %ar(ABC)

(i) £LACB=«EBC (each=60°)

But these are alternate angles because
transversal BC intersects BE and AC.

. BE ||AC

Now ABEC and ABAE are on the same base BE
and between the same parallelsAC and BE.

a(BEC) = a(BAE) (i)
Againin ABEC, A isthemid-point of BC.

a (BDE) = %a(BEC) (i)
From (i) and (ii), we get

1
ar (BDE) = Ear(BEC) Proved.

(iii) Asmedian divides aA into two triangles of
equal area, therefore

a (BDE) = a(CDE)
a(BCE) = 2a(BED)
From part (i),

But (BED) = ZBar(ABC)}

A (Proved above)

el S
e 5}
v

Q

<

ar (BEC) = % ar (ABC)

Hencear (ABC) =2 ar( BEC).
(iv) «BDE=~/DBA=60°
But these are alternate angles because BD
intersectstwo linesAB and ED.
. AB| DE
Now AADE and ABED are on the same base ED
and between the same parallelsAB and DE.
a (ADE)= a (BED)
Subtracting ar (FED) from both sides.
ar (ADE) —ar (FED) =ar (BED) —ar (FED)
ar (AFD) =ar (BFE)
(V) InAABC,
AD?= AB2-BD?
I .
4

4
= AD = E
2

a
[LetAB=athenBD = E]

INABED

Fl? = DE2-DL?

2 2
ay_|a
HRH
& a8 s
4 16 16

a
= B = @ [BL=DL=]

[ABCisanequilateral A and AD ismedian]
So,AD will be LonBC,i.e. ZADF =90°.

AABD = AACD
1
ar (AFD)= EXFDXAD
1 V3 .
= - —a
> x FD x > (@)
1
andar (EFD) = EXFDXEL
1 NE

N

= —xFDx—a (I
5 ()
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From (i) and (ii), we have

ar (AFD)= 2ar (EFD)
Combining thisresult with part (iv).
Wehavear (BFE) =ar (AFD) =2 ar (EFD)
(iv) From part (i)

a (BDE) = %ar(ABC)

ar (BEF) +ar (FED) = % x 2ar (ADC)

= 2ar (FED) +a (FED)

- %(ar(AFC)—ar(AFD)) [Using part (v)]

1 1
= 3ar(FED)= > ar (AFC) — > x 2ar (FED)

1
= 4arFED= - a (AFC)

= a(FED) = %ar (AFC)

Q.6. DiagonalsAC and BD of aquadrilateral
ABCD inter sect each other at P. Show that ar (APB)
xar (CPD)=ar (APD) x ar (BPC).

[Hint : From A and C, draw perpendiculars to

BD]
D C

A B

Ans. Given : A quadrilateral in which diagonals
AC and BD intersect each other at P.
Toprove: ar (APB) x ar (CPD)

= a (APD)xar (BPC)
1
Proof: ar(APB)= EXBPXAN
1
and ar (APD)= EXPDXAN

1
Also  a(CPD)= EXPDXCM
1
and a (BPC) = EXBPXCM
LHS = a (APB)xar(CPD)
1
= —(BPxAN)x
2
1(PD><CM)
2
RHS = a (APD)xar (CPD)
1 1
> (PD x AN) x > (BPx CM)
Hence, LHS-RHS.  Proved.

Q.7.Pand Q arerespectively themid-pointsof
sidesAB and BC of atriangleABC and R isthemid-
point of AP, show that

(i) ar (PRQ) = %ar (ARC)

(i) ar (RQC) = gar (ABC)

(iii) ar (PBQ)=ar (ARC)

Ans. Given : Atriangle ABC, Pand Q are mid-
points of AB and BC, R isthe mid-point of AP.

Proof : Since CPisamedian of AABC.

= a(APC)=ar(PBC)=ar % (ABC)

[We know that the median dividesatriangleinto
two triangles of equal ared] ()

Q

R P

Similarly, CRisamedian of AAPC

ar (ARC)=ar (PRC) = %ar(APC) (1))
QRisamedian of AAPQ.

ar(ARQ)=ar(PRQ)=% ar (APQ) ..(iii)
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PQisamedian of APBC

ar (PQC)=ar (PQB) = % ar(PBC) ..(iv)
RQisamedianof ARBC.
ar (RQC)=ar (RQB) = % ar(RBC) ..(v)
(i) ar (PQA) = ar (PQC)

(Triangles on the same base PQ and between
the same parallelsPQ and AC)

= a(ARQ) +ar (PRQ) = %ar(PBC)
[From (iv)]

= 2ar(PRQ)=%ar(APC)[From(i),(iii)]
= 2(ar (PRQ) =ar (ARC) [From(ii)]

=3 ar(PRQ)=%ar(ARC) Proved.

[From equation (v)]
(ii) We have,

a (RQC) = %ar(RBC)
= %ar(PBC) + %ar(PRC)

= a(RQC)= %ar(ABC) + %ar(APC)
[From (i) and (ii)]

1 1
= - a (ABC) + 5 & (ABC)

T4
2ar (ABC) + ar (ABC)
= a(RQC)= P
= a(RQC):gar(ABC) Proved.
(i) We have
ar (PBQ)= % ar (PBC)
(Proved abovein egn. (iv)]
= % ar (ABC) ()
1
ar (ARC)= Ear(APC)

1 .
= Zar(ABC) (i)

From equations (i) and (ii), we get

ar (PBQ)=ar (ARC). Proved.

Q.8.InFig.,ABCisaright triangleright angled
atA.BCED,ACFGand ABMN aresguaresonthe
sidesBC, CAand AB respectively. Linesegment AX
1 DE meetsBC at Y. Show that:

G
N F
-
A /’/’
l\ /”
M&~o 1y >
72l
=1, A~
B I 1Y C
YN
i \
1 \
I \
I \\
I \
N \
i \
D X E
() AMBC=ABD

(i ar (BYXD)=2a (MBC)

(iii) ar (BY XD) =ar (ABMN)

(iv)AFCB = ACE

(V) ar (CYXE)=2ar (FCB)

(vi)ar (CYXE) =ar (ACFG)

(vii) ar (BCED) =ar (ABMN) +ar (ACFG)

Note : Result (vii) is the famous Theorem of
Pythagoras. You shall learn a simpler proof of this
theoremin Class X.

Ans. Given : AABCisrightangledat A. Onsides
BC, CA and AB there are respective squares BCED,
ACFG and ABMN on sides BC, CA and AB. Line
segment AX L DEwhichmeetsBCat Y.

Toprove:

() AMBC=AABD

(i) ar(BYXD)=2a (MBC)

(i) ar(BYXD)=ar(ABMN)

(iv) AFCB= AACE

(V) ar(CYXE)=2a (FCB)

(vi) ar (CYXE)=ar (ACFG)

(vii) ar (BCED) =ar (ABMN) +ar (ACFG)
Proof: (i) In AMBCandAABD

MB = AB (Sidesof asquare)
BC = BD (Sidesof asquare)
ZMBC = ZABD

[MBC =90° + ZABCand ZABD = 90° + Z/ABC]
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AMBC = AABC
(SAS Congruence Rule)
(i) .ar(MBC) = a(ABC) ()

[Areas of congruent triangles are equal ]
Now rectangleBY XD and AABD areonthesame
base BD and between the same parallels,

So, a(BYXD) = 2ar(ABD) (i)

From (i) and (ii), we get
a(BYXD) = 2a(MBC) (i)
(Proved)

(iii) Again sqguareABMN and AMBC are on the
same base MB and between the same parallels MB
and NA, So

2ar(MBC) = a(ABMN) .(iv)
From (iii) and (iv), we get
a(BYXD) = a (ABMN) ..(A)
(iv) InAFCB and AACE,
BC = CE(Sidesof aractangle)
CF = AC (sidesof asquare)
/BCF = ZACE

[90° + ZACB = /BCF = Z/ACE]

AFCB = AACE
(SAScongruencerule)
(v) ~a(FCB) = a(ACE) (V)

(Congruent triangles, are equal in area)
AACE andrectangle CY XE are on the same base
CE and between the same parallelsAX and CE.

a(CYXE) = 2a(ACE) (Vi)
From (v) and (vi), we get
a(CYXE) = 2a(FCB) ..(vii)

(vi) ABCF and square ACFG are on the same
base AC and between the same parallels CF and BAG.
a(ACFG) = 2a(CBF) ..(viii)
From (v), (vi), (vii) and (viii), we get
a(CYXE) = a(ACFG) (iIX)
(Proved)

(vii) Adding (viii) and (ix), we get
ar (BYXD)+ar (CYXE)
= a (ABMN)+ar (ACFG)
Hencear (BCED) = ar (ABMN) +ar (ACFG)
(Proved)

Additional Questions

Q.1. Iftheratioof altitudeand thearea of the
parallelogramis?2: 11, then find thelength of the
baseof parallelogram.

Ans. Let thelength of the altitude by x and base
of the parallelogram be b.

Then area of the parallelogram =b x x.

N dtitde 2
oW, area T oon
X 2
= bxx T 11
i 2
= b - 1
11 .
= b = 7 Units.

Q.2. Theareaof atriangleisequal tothear eaof
arectanglewhoselength and breadth are18cmand
12 cm respectively. If thebase of thetriangleis 24
cm, then, find itsaltitude.

Ans. Areaof rectangle = length x breadth

=(18x 12) cm?

1
And, areaof triangle= P x base x atitude

1
— | =x24xh 2
(2 Jcm
Also, areaof triangle = Areaof rectangle

1
Therefore, E x24xh=18x12

_ hoo= 2x18x12
B 24
= h = 18cm

Q.3.In figure ABCD and EFGH are two
paralleogram and G isthemid-point of CD. Then,

A_E P F g

D G C
ar (DPC) = g ar (EFGD)
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Ans. False. We know that, if a triangle and a
parallelogram are on the same base and btween the
same parallels, then areaof triangleisequal to half of
theareaof parallelogram.

ar (DPC) = % (ABCD) =ar (EFGD)

Q.4.Inwhich of thefallowing (fig.). You find two
polygons on the same base and between the same
parallels?

S R
L/
(a)

/ <; |
P Q
(c) (d)

Ans. (d) infigure(d) we havetwo polygons PQRA
and PQOA on the same base PQ and between the
same parallels PQ and AR. Similarly we have BQRS
and BORS on the same base RS and between the
sameparallelsRSand OB.

Q.5.InFig.,ABCD isaparalelogram and EFCD
isarectangle.

A D

O
O

E_A F B
1
D L C

Also,AL L DC. Provethat

(i) ar (ABCD) = ar (EFCD)

(i) ar (ABCD)=DCxAL

Ans. (i) As arectangle is also a parallelogram,
therefore,

ar (ABCD) =ar (EFCD) (Theorem 9.1)

(i) From aboveresult,

ar (ABCD)=DCxFC -(0)
(Areaof therectangle = length x breadth)

AsAL L DC, therefore, AFCL isasoarectangle
So, AL = FC (1))
Therefore,
a(ABCD) = DCxAL [From(i)and(ii)]
Q.6. Pisany point on themedian AD of AABC.
Showthat ar (APB)=ar (ACP)
Ans. SinceAD isthemedian of AABC, therefore,
a (AABD) = a(AACD) ..(i)
A

B D C

Also, PD isthemedian of APBC, therefore,
a(APBD) = ar(APCD) (i)
Subtracting (i) from (i), we get
ar (AABD)—ar (APBD)
= a (AACD)—a (APCD)
= a(AAPB) = a (AAPC)Proved.
Q.7.XY isalineparallel tosideBC of atriangle

ABC passing through A. If BE ||AC and CF || AB
meet XY at E and Frespectively, showthat :

ar (ABE)=ar (ACF),
Ans.

B c

Given: XY isalineparallel toside BE of AABC,
BE||ACandCF||AB.

Toprove: ar (ABE)=ar (ACF)

Proof : ar (ABE) = %ar(BCYE) (i)

[AABE and ||gm BCY E are on the same base BE
andBE||AC]

Similarly,
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ar (ACF)

%ar(BCFX) (i)

Butar (BCYE) ar (BCFX) (i)

[Parallelograms on the same base and between
thesameparallelsareequal in ared]

from (i), (ii) and (iii) we get

ar(ABE)= ar(ACF) Proved.

Q.8. X and Y arepointson theside LN of the
triangleLMN such that LX =XY =YN. Through X,
alineisdrawn parallel toLM tomeet MN at Z (See
Fig.). Provethat

ar (LZY)=ar (MZYX)

M Z N
Ans. Given: LX=XY =YNand
LM || XZ

Toprove: ar (LZY)=a (MZY X)

Proof : LM || XZ and ALXA and AXMZ areon
the same base (XZ) and between the same parallels.

ar(ALXZ) = a(AXMZ) ..(3)

Adding ar (AXY Z) to both the sides of equation
(i), weget

ar (ALXZ) +a (AXYZ) =ar (AXMZ) +ar (AXY Z)

= a (ALZY)=a (MZYX)

Q.9. Theareaof theparalledlogram ABCD is90
cm? (Seefig). Find

()a(ABEF)  (i)ar(ABD) (iii)ar(BEP)

F D E

C

A B

Ans. Given: ar (JlgmABCD) =90cm?
Tofind:

(i) ar (ABEF) (i) ar (ABD)

(iii) ar (BEF)

Proof : (i) ar (ABEF) =ar (JgmABCD) =90cny

[Since|lgm lie on the same base and between the
sameparallels)

= a(ABEF) 90c?

(i) ar (AABD)

1
> a (JamABCD)

[A diagonal of a||jgm divides it into two equal
parts)

1
E><90:45cm2

(iii) ar (ABEF)

1
2 & (lemABEF)

1
E><90:45cm2

Q.10. O isany point on the diagonal PR of a
parallelogram PQRS(Fig.). Provethat ar (PSO) =
ar (PQO).

P Q

Ans. Given : PQRSisa|/gmand Oisany point on
PR

Toprove: as(PSO) =ar (PQO)
Construction: JoinQtoS.
Proof: ST = TQ
PT isamedianof APQS
[Diagonal of a||gm bisect each other]
a(APTS) = a(APTQ) (D)
[Median of a A divides atriangle into two
triangles of equal area]
Also, OT isamedian of ASOQ
ar (AOST) =ar (AOQT) (1))
Onadding (i) and (ii), we get
a (APTS) +ar (AOPST) =ar (APTQ) +ar (AOQT)
= a(PSO) =ar (PQO) Proved.
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Multiple Choice Questions

Q.1. Two parallelogram areno n equal basesand
between thesameparallels. Theratio of their

areasis

@12 (b)1:1

(921 (d)31
Ans. (b) 1:1

Q.2. Themedian of atriangledividesitintotwo:
(a) right triangles
(b) isosceles triangles
(c) triangles of equal area
(d) congruent triangles.

Ans. (c) triangles of equal area

Q.3. Themid-point of thesidesof atrianglealong
with any of theverticesasthefourth point make
aparallelogram of areaequal to

@ %ar (ABC) (b) %ar (ABC)

(© % arABC (d)ar (ABC)

Ans. () %ar (ABC)

Q.4. ABCD isaquadrilateral whosediagonal AC
dividesit into two parts, equal in area, then
ABCD:

(a) isarectanige

(b) isalways arhombus
(c)isaparallelogram

(d) need not be any of (A), (B) or (C)

Ans. (d) need not be any of (A), (B) or (C)

Q.5. If atriangleand a parallelogram areon the
same base and between same parallels, then

theratioof theareaof thetriangletothearea
of parallelogramis:

@1:3 (b)1:2
(©3:1 (d)1:4
Ans.(b)1:2

Q.6. Ifareacftheparalledlogram ABCDis92.4cm?,
If E and F arethe mid— point of AB and CD
respectively then areaof paralldogram AEFD

is:
(@ 924cnv? (b)184.8cm?
(c) 46.7 cn? (d) 46.2 cm?

Ans. (d) 46.2 cnv
Q.7. AD ismedian of AABC. If area of AABC is
50cm?, thear eaof AABD isis:

() 100cn?? (b) 25cm?
(c) 50cm? (d) 750m?
Ans. (b) 25cm?

Q.8. Ifthelength of thediagonal of asquareis8cm,
thenitsareais:

(a) 64en? (b) 32 crr?
(c) 16cm? (d) 48 cm?
Ans. (b) 32cm?

Q.9. InAABC,D, E and F arethemid—pointsof BC,
CAand AB respectivdly. if ar (AABC)=56cm?,
thear (AEDF)is:

(a) 92cn?? (b) 28cm?
(c)46cm? (d) 42 cnv
Ans. (b) 28cm?
Q.10. Twofiguresarecalled congruenceif they have:
(a) samearea (b) same shape
(c) samesize

(d) same shape and size
Ans. (d) same shape and size



